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Preface

The origins of monodromy theory lie in the works of B. Riemann on functions
of complex variables and on complex linear differential equations. Riemann for-
mulated one of the fundamental problems in monodromy theory (now called the
Riemann–Hilbert problem): having given singularities and corresponding mon-
odromy transformations, find a differential equation which realizes these data.
The monodromy groups of linear differential equations and systems were inten-
sively studied in the nineteen century by F. Klein, G. G. Stokes, H. A. Schwarz, L.
Schlesinger, L. Pochhammer, E. Picard, R. Garnier, P. Painlevé, H. Poincaré, R.
Fuchs and others. Schwarz associated the monodromy group of the hypergeometric
equation with the spherical triangle groups, generated by inversions with respect
to the sides of a spherical triangle. Schlesinger investigated deformations of dif-
ferential systems with fixed monodromy. Fuchs associated the equation Painlevé
6 with the isomonodromic deformation equation. Stokes discovered a strange phe-
nomenon (the Stokes phenomenon) of non-uniqueness of constants in the asymp-
totic expansions of systems near irregular singularities.
In his talk at the 1900 International Congress of Mathematicians, D. Hilbert in-
cluded the Riemann problem mentioned above in his famous list of problems for
twentieth century mathematics (as the XXI-th). This problem was solved inde-
pendently by J. Plemelj and by H. Röhrl in the class of systems with regular
singularities. Only in the 1980s A. A. Bolibruch discovered that the Riemann–
Hilbert problem may have no solutions in the Fuchs class of systems with first
order poles. Recently some relations between linear differential systems and quan-
tum field theory was revealed (M. Sato, T. Miwa, M. Jimbo, B. A. Dubrovin).
Near the end of the 19th century, E. Picard and E. Vessiot created an analogue
of the algebraic Galois theory in the case of linear differential systems. The cor-
responding differential Galois group consists of symmetries of the system and is
identified with an algebraic subgroup of the linear group of automorphisms of a
complex vector space (E. Kolchin). In the regular case the differential Galois group
forms the Zariski closure of the monodromy group (Schlesinger). The fundamen-
tal result in this theory states that a differential system is solvable in quadratures
and algebraic functions iff the identity component of the differential Galois group
is solvable. An analogous result holds in the topological Galois theory which is
represented by the monodromy group of an algebraic function. A. G. Khovanski
generalized the latter result to a wider class of multivalued holomorphic functions.
The Stokes phenomenon which occurs in the case of irregular singularity found
complete explanation. Firstly, it was proved that there exists a formal normal
form which is diagonal and contains only a finite number of terms with rational
powers of the ‘time’ (M. Hukuhara, A. H. M. Levelt, H. Turrittin). Next the change
reducing the system to its formal normal form turns out to be analytic in sectors.
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This is done either by solving some integral equation (H. Poincaré, W. Wasow)
or by showing that the normalizing series belongs to some Gevrey class and is
summable in sectors. The moduli of analytic classification are cocycles in some
cohomology group with values in a certain Stokes sheaf and are represented by
‘differences’ between normalizing maps in adjacent sectors.
After publication of “Analysis situs” by H. Poincaré, investigation of the topology
of algebraic varieties began. At that time the first variant of the Picard–Lefschetz
formula, describing change of the topology of a family of algebraic varieties as the
parameter varies around a critical value, appeared. Further rapid progress in this
field occurred in the 1960s–70s. The research proceeded in two parallel streams.
J. Milnor proved that the local level of a holomorphic function near an isolated crit-
ical point has the homotopy type of a bucket of spheres. R. Thom, J.-C. Tougeron,
J. Martinet and V. I. Arnold developed a theory of normal forms of holomorphic
functions and began classification of singularities. The (topological) monodromy
groups of some singularities turned out to be isomorphic with certain Coxeter
groups generated by reflections. Relations with the classification of semi-simple
Lie algebras were revealed.
The other approach was more algebraic and based on the cohomology theory of
coherent sheaves developed by J. Leray, A. Grothendieck, P. Deligne and oth-
ers. Another tool was the theorem about resolution of singularities proved by H.
Hironaka. People studied families of algebraic varieties which degenerate as the
(complex) parameter approaches a critical value. Here the critical points can be
isolated and non-isolated as well. After resolution of the singularity, the singular
variety becomes a union of smooth divisors with normal crossings in the ambient
complex space. Information about multiplicities of these divisors allows us to de-
scribe the action of the (topological) monodromy (C. H. Clemens, N. A’Campo).
The fundamental result (the monodromy theorem) provides information about the
eigenvalues and the dimensions of Jordan cells of the monodromy operator.
The de Rham cohomologies of non-singular algebraic varieties, from a family, form
together a holomorphic vector bundle over the space of non-critical parameters.
A similar bundle, the cohomological Milnor bundle, is defined in the local case.
The cohomological bundle admits sections, defined by the integer cocycles. This
allows introduction of the famous Gauss–Manin connection, such that the integer
cocycles represent horizontal sections with respect to it. The holomorphic forms
on the ambient space form another class of sections of the cohomological bundle,
the geometrical sections. Their integrals along families of integer cycles are holo-
morphic functions which obey a system of linear differential equations called the
Picard–Fuchs equations. The Picard–Fuchs equations are related with the equa-
tions for horizontal sections with respect to the Gauss–Manin connection. They
have regular singularities (P. Griffiths, N. Katz). Together with the asymptotic
of integrals they constitute invariants of the degeneration (B. Malgrange, V. I.
Arnold, A. N. Varchenko, J. H. C. Steenbrink). The asymptotic of integrals is
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closely related with the asymptotic and geometry of oscillating integrals appearing
in wave optics and quantum physics (V. I. Arnold, A. N. Varchenko).
The integrals of holomorphic forms along integer cycles found application in the
linearized version of the XVI-th Hilbert problem, about limit cycles of polynomial
planar vector fields. This problem leads to the problem of estimation of the number
of zeroes of certain Abelian integrals (Arnold). Existence of such estimates and
some concrete formulas were obtained by A. N. Varchenko, A. G. Khovanski and
G. S. Petrov.
Any compact non-singular projective variety admits a so-called Hodge structure,
which says that one can represent the cohomology classes as harmonic forms with
their division into the (p, q)–types. P. Deligne proved that the non-compact and/or
singular variety admits a so-called mixed Hodge structure. It means that there is
a weight filtration of the cohomology space by an increasing series of subspaces,
such that the quotient spaces are equipped with Hodge structures (arising from
some complete smooth variety obtained after resolution of singularities). J. H.
C. Steenbrink and W. Schmid proved existence of a mixed Hodge structure in
the case of degeneration of algebraic varieties, and Steenbrink constructed such a
structure in the fibers of the cohomological Milnor bundle. The latter structure is
determined by the Jordan cells structure of the monodromy operator and by the
asymptotic of geometrical sections (Varchenko).
In the case of degeneration of algebraic varieties the monodromy and the mixed
Hodge structure are related with singularities of the period mapping, from the
parameter space to the classifying space of Hodge structures (Griffiths). This leads
to the problems of moduli of algebraic varieties and to theorems of Torelli type
(about injectivity of the period map on the moduli space).
Besides the linear monodromy theory there is its nonlinear part. It is represented
by the holonomy groups of some distinguished leaves of holomorphic foliations.
This theory is well developed only in two dimensions, where the foliation is de-
fined as a phase portrait of an analytic vector field (with complex ‘time’). The
singularities were resolved by Seidenberg and after resolution there remain only
foci, nodes, saddles and saddle–nodes. The foci and the nodes were classified ana-
lytically by Poincaré. The classification of saddles leads to the classification of the
holonomy maps associated with loops in one of its separatrices. If the multiplica-
tor of a germ of a holomorphic one-dimensional diffeomorphism is resonant, then
the situation is like the case of Stokes’ phenomenon. The functional invariants of
the analytic classification were found by J. Ecalle and S. M. Voronin. If the mul-
tiplicator is non-resonant, then the analyticity of the formal normal form (which
is linear) depends on whether the multiplicator satisfies the so-called Briuno con-
dition (A. D. Briuno, J.-C. Yoccoz). In the case of a saddle–node the functional
moduli were described by J. Martinet and J.-P. Ramis. Here the main tool of the
proof is certain sectorial normalization which is proved either by means of some
functional analytic methods (M. Hukuhara, T. Kimura, T. Matuda) or by means
of the Gevrey expansions.
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The holomorphic foliations exist on algebraic surfaces; they are defined by means
of polynomial vector fields. J. P. Jouanolou constructed examples of foliations on
the projective plane without algebraic leaves, and A. Lins-Neto proved that such
foliations are typical. M. F. Singer proved that if a polynomial planar vector field
has a first integral expressed by quadratures, then it has a simple integrating factor
(exponent of integral of a rational 1-form). It turns out that, for a typical foliation
with the line at infinity invariant, a generic leaf is dense in the projective plane (M.
O. Hudai-Verenov) and there are infinitely many limit cycles (Yu. S. Il’yashenko).
The latter two results are proved using the monodromy group of the leaf at infinity.
This is a subgroup of the group of germs of one-dimensional diffeomorphisms. The
abelian and solvable groups of this type were classified (D. Cerveau, R. Moussu)
and the non-solvable groups are rigid, in the sense that their formal or topological
equivalence implies their analytical equivalence (J.-P. Ramis, A. A. Shcherbakov,
I. Nakai).
S. L. Ziglin used the monodromy to prove the non-integrability of certain Hamil-
tonian systems, e.g., the Poisson–Euler system.
Among modern developments of the classical monodromy theory we cite gener-
alizations of the Euler hypergeometric integrals to the case with more singulari-
ties (P. Deligne, G. D. Mostow) and to many dimensions (I. M. Gelfand, A. N.
Varchenko). Here the monodromy group realizes a representation of the funda-
mental group of the complement to the discriminant variety and some classical
results (like the theorem of Schwarz) were generalized.
The above outlines the history of the monodromy theory. These topics constitute
the rough contents of this book.

The monodromy theory can be called a clever bifurcation theory. In the usual
bifurcation theory one investigates some objects (functions, varieties, maps, vector
fields) depending on real parameter(s) and their changes as the parameter passes
through the critical values. For example, the Morse theory describes degeneration
of the hypersurface level of a function as the value tends to a critical value. Usually
the objects are defined analytically. In that case clever investigation relies on
observing the transformation of the object as the parameter varies along a loop
around the critical value (in the complex parameter space). Therefore the complex
analogue of the Morse theory is the Picard–Lefschetz theory. The monodromy
approach to the bifurcation problems turns out to be very effective. It allows us
to obtain results out of reach when using the real methods.
There is something mysterious and undefined in the monodromy theory, at least
for non-specialists. Often people use it rather loosely, without providing rigorous
definitions.

The aim of this monograph is to introduce the reader into the complex of notions
and methods used in the monodromy theory. Because these notions and methods
involve large parts of modern mathematics, the book contains a lot of auxiliary
mathematical material. It is written to be as self-contained as possible. We strived
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not to omit technical parts of the proofs. We have included such elements as a
proof of the analytic version of the Hadamard–Perron theorem or the proof of the
Thom–Martinet preparation theorem. On the other hand, the results which are
not fundamental and constitute generalizations of simpler results are treated more
loosely. In these cases we present only ideas and general arguments.
The book touches practically all branches of monodromy theory. But it does not
contain all known results. Many theorems are not even mentioned. Also the liter-
ature reference list is not complete.

The idea of writing this book appeared in 1996, when the author began to deliver a
two-year course at Warsaw University. The subject was continued in seminars. The
lectures were written down and constitute essential parts of the book. Therefore
the book is addressed mainly to (graduate) students.
Another reason was the author’s self-education. It was a great enterprise which
consumed much of the author’s time and energy during its writing. There is hope
that this effort was not useless and will help others to learn relatively quickly
techniques of the monodromy theory.
In concluding this preface I would like to express my thanks to my students T.
Maszczyk, G. Świrszcz, E. Stróżyna, A. Langer, M. Rams, P. Leszczyński, M.
Borodzik, Ł. Wiechecki, P. Goldstein, M. Bobieński and M. Borodzik for their
patience during lectures and seminars and for detecting many mistakes. I thank
V. Gromak for sending me notes from the lectures of G. Mahoux. I thank A.
Maciejewski for drawing my attention to the works of S. L. Ziglin, J. J. Morales-
Ruiz and J.-P. Ramis. I thank P. Mormul for showing me some references. I thank
F. Loray for giving me preprints of some papers and lecture notes. I would like
also to thank A. Weber, Ś. Gal, P. Pragacz, Z. Marciniak, Yu. Il’yashenko, A.
Varchenko and J. Steenbrink for their interest in this book.
During the work on this monograph the author was supported by the Polish KBN
Grant No 2 P03A 022 08, No 2 P03A 041 15 and 2 P03A 010 22.



Chapter 1

Analytic Functions and Morse Theory

This chapter is special. Its aim is quick introduction of the notion of monodromy
in applications to multivalued holomorphic functions and their Riemann surfaces.
The classical theorem about monodromy is a theorem about such functions.
The simplest example of a multivalued holomorphic function is the implicit func-
tion defined by means of a quadratic equation in two variables. This leads to the
Morse lemma in two (and more) dimensions.
We apply the Morse theory (in the real domain) to calculate the self-intersection
index of the cycle generating the homology of a noncritical complex level of a
quadratic homogeneous function.

§1 Theorem about Monodromy

1.1. Definition of the analytic element and of the Riemann surface. By an analytic
element we mean a pair (D, f), where D = Da ⊂ C is a disc with center at a
and f = fa is a holomorphic function on D, such that the Taylor series of f at a
is convergent in Da. We say that the analytic element (Da, fa) has prolongation
to an element (Db, fb) along a path γ ⊂ C if γ can be covered by domains of
analytic elements such that the corresponding functions agree at the adjacent
intersections. The sum of analytic elements obtained from prolongations of (D, f)
forms the Riemann surface of the (generally multivalued) holomorphic function f .

Figure 1

1.2. Theorem about monodromy. If the paths γ1, γ2 joining the points a and b are
homotopically equivalent in a domain where the function f is (locally) analytic,
then the prolongations of (Da, f) to (Db,i, fi) along γi’s are the same. It means
that f1 ≡ f2 at Db,1 ∩Db,2.
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Proof. Let γs be a 1-parameter family of paths joining a with b and realizing
the homotopy between γi. Their union spreads over some compact domain E.
We cover this domain by analytic elements, starting from (Da, f), which agree at
intersections. In this way we obtain the Riemann surface of f over E. It is clear
that this Riemann surface is diffeomorphic to E. Thus f is single-valued on E. �

1.3. Remark. The reader can see that the theorem about monodromy bears a
topological character; it informs us about coverings. One can formulate it in the
following way:

Let π : Y → X be a covering of topological spaces and let γi, i = 1, 2, be two paths
in X joining the points a and b. If the paths are homotopically equivalent, then
the two maps π−1(a)→ π−1(b), defined by lifts of the paths γi to Y , coincide.

If f is a multivalued function on U ⊂ C and M is its Riemann surface, then one
has the single-valued function f̃ on M ,

M
f̃→ C

π ↓ ↑ f
U = U

Figure 2

Example. f(z) =
√

z, z �= 0. The prolongation of this function around 0 does not
give the same value, but after two turns around 0 we get the same function. In
order to get the Riemann surface of

√
z, we take two copies of the complex plane

and cut them along the closed positive axis z ≥ 0.
We put these sheets one above another, turn the upper one along the real axis and
glue the boundaries. The Riemann surface of

√
z is equal C \ 0 and we have the

diagram
C\0 x→ C
π ↓ ↑

√
z

C\0 = C\0

We can prolong π to the map on C, π(x) = x2. Then we say that π is a ramified
covering; with one ramification point x = 0.
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We can compactify the complex plane to the projective plane (or the Riemann
sphere)

C ∪∞ = CP 1 = C � S2

and we can also compactify the Riemann surface M → M ∪ ∞ � CP 1. The
point ∞ is also a ramification point, because after the change of variables we
have 1/x → 1/z = (1/x)2. In Figure 3 the pole ∞ is sent to the pole ∞ and the
indicated circles are mapped with degree 2.

We shall study the multivalued holomorphic functions and their algebraic and
topological invariants in Chapter 11.

§2 Morse Lemma

Let U ⊂ C be a domain containing 0 and let f : U → C be a holomorphic function.

1.4. Definition. We say that the point 0 is critical for f iff f ′(0) = 0. The critical
point 0 is called non-degenerate iff f ′′(0) �= 0. The value f(0) is called the critical
value of f .

The Morse Lemma in one dimension. Let 0 be a non-degenerate critical point of
f . Then there exists a local holomorphic change x = ϕ(y), x(0) = 0 such that

f(ϕ(y)) = f(0) + y2.

Proof. We can assume that f(0) = 0.

The Hadamard lemma. If f(0) = 0, then f(x) = xg(x) with some analytic func-
tion g.

Figure 3

Proof. We have f(x) = f(x)− f(0) =
∫ 1

0 [ d
dtf(tx)]dt = x

∫ 1

0 f ′(tx)dt. �
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We have g(0) = f ′(0) = 0. We apply the Hadamard lemma again and we obtain
g(x) = xh(x) and f(x) = x2h(x), where h(0) = 1

2f ′′(0) �= 0. We put y = x
√

h(x),
where we can choose one of the two unique branches of the square root. �

Consider now the multidimensional case. Let f : U → C be a holomorphic function,
U ⊂ Cn, 0 ∈ U .

1.5. Definition. The point 0 is critical iff Df(0) = 0. It is non-degenerate iff the
Hessian matrix D2f(0) is non-singular or (equivalently) iff det ∂2f

∂xi∂xj
(0) �= 0. The

value f(0) is called the critical value of f .

1.6. Morse Lemma. If 0 is not a degenerate critical point of the function f , then
there exists a holomorphic change of variables x = ϕ(y), y = (y1, . . . , yn), ϕ(0) =
0, such that

f(ϕ(y)) = f(0) + y2
1 + . . . + y2

n.

1.7. Remark. In the real case the thesis of the Morse Lemma says that

f(ϕ(y)) = f(0) + y2
1 + . . . + y2

k − y2
k+1 − . . .− y2

n.

Using the Morse Lemma we shall investigate the level surfaces of a holomorphic
function in a neighborhood of the non-degenerate critical point. Any such level
surface forms an analytic subvariety in Cn of complex codimension 1, or a codi-
mension 2 real subvariety in R2n. Let

g(y) = y2
1 + . . . + y2

n.

The case n = 1. Here {g(y) = c} is either one point 0 for c = 0 or two points ±
√

c
otherwise.

The case n = 2. We have y2 =
√

c− y2
1 . The level surface {g = c} is the Riemann

surface of the function
√

c− y2
1 .

Let c = 0. Then y2 = ±
√
−1y1. We get two complex lines joined at one point.

Topologically it is diffeomorphic to the cone as in Figure 4.
If c �= 0, then the function

√
c− y2

1 has two branching points y1 = ±
√

c. When the
variable y1 varies, turning once around one branching point, then we arrive at the
other sheet of the Riemann surface. When y1 runs around both ramifications, then
we arrive at the same place. In order to get the Riemann surface of y2(y1) we take
two copies of the complex plane cut along the segment joining the ramification
points. We put one sheet above another, turn the upper sheet around the line
passing through the branching points and glue the two sheets along the cuts (see
Figure 5). We obtain a surface diffeomorphic to an infinite cylinder. The image of
the cut forms a closed curve ∆; it is a cycle generating the homology group of this
surface in dimension 1.
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Figure 4

1.8. Proposition (Topology of levels of a Morse function).

(a) If c �= 0 then the surface {g = c} is diffeomorphic to TSn−1 (i.e. the tangent
bundle to the unit sphere in Rn) and the zero section ∆ of this bundle is a
cycle generating the reduced homology groups of this surface.

(b) Moreover, the space {x : 0 ≤ g(x) ≤ 1} is homotopically equivalent to the
space {g(x) = 1} ∪Dn, where Dn is a ball glued to ∆ ⊂ {g = 1} along the
boundary. The deformation retraction of {0 ≤ g ≤ 1} to {g = 1}∪Dn can be
realized in such way that the part of {0 ≤ g ≤ 1} outside some neighborhood
of 0 is sent to the analogous part of {g = 1}.

1.9. Remark. In Chapter 3 below we give definitions of the homology groups and
other notions from algebraic topology which will be used in monodromy theory.

Proof of Proposition 1.8. (a) For n = 1 this is obvious. For n = 2 this follows from
Figure 5. Below we present the formulas realizing this diffeomorphism.
Denote y1 = u1 + iv1, y2 = u2 + iv2, u = (u1, u2), v = (v1, v2). Assume that c > 0.
The equation y2

1 + y2
2 = c means that

u2
1 + u2

2 = c + v2
1 + v2

2 , u1v1 + u2v2 = 0.

The latter equation means that the vectors u and v are orthogonal, 〈u, v〉 = 0.
The diffeomorphism is

(u, v) →
(
u/
√

c + |v|2, v
)

.

(The first component lies in S1, the second component lies in the linear subspace
of R2 orthogonal to the first component, i.e. tangent to S1).
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If c = |c|eiθ ≯ 0 then we apply the transformation

(y1, y2)→ (eiθ/2y1, e
iθ/2y2),

which is a diffeomorphism, and use the above arguments.

Let n > 2. It turns out that the formulas obtained in the previous case are in use
in the general situation. Let yj = uj +

√
−1vj , u = (u1, . . . , un), v = (v1, . . . , vn).

If c > 0 then the equation y2
1 + . . . + y2

n = c means that

|u|2 = c + |v|2, 〈u, v〉 = 0.

The map
(u, v)→

(
u/
√

c + |v|2, v
)

transforms the level surface {g = c} to TSn−1, the tangent space to the unit
(n− 1)-dimensional sphere in Rn. We treat the case arg c �= 0 in the same way as
before.
Here also we have the (n − 1)-dimensional cycle ∆, the preimage of the zero
section of this tangent bundle. It generates the reduced homology group of the
surface {g = c} in dimension n − 1. As c → 0 the cycle ∆ tends to the critical
point.
(b) We note that the space TSn−1 is contractible, along fibers, to Sn−1. Thus the
set {0 ≤ g ≤ 1} is contractible to a disc, the sum of spheres Sn−1

r ⊂ {g = r2} with
radii r ∈ [0, 1]. This is the ball Dn from Proposition 1.8(b). Also it is not difficult
to construct the deformation retraction as in the thesis of Proposition 1.8(b). �

Figure 5

1.10. Definition. The cycle ∆ is called the vanishing cycle.

Proof of the Morse Lemma. Here I present the proof suggested to me by T.
Maszczyk. Firstly we need a multidimensional version of the Hadamard lemma.

The Hadamard lemma. If f(x), x ∈ (Cn, 0) is a germ of an analytic function such
that f(0) = 0, then f(x) =

∑
xigi(x) with analytic functions gi.

Let 0 be a non-degenerate critical point of the function f . We can assume that
f(0) = 0. We apply the Hadamard lemma two times, to f and to the gi’s, and
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obtain f(x) =
∑

hij(x)xixj where hij are analytic functions. Applying the change
(hij) → (1

2 (hij + hji)) we can assume that the matrix [hij(x)] is symmetric. It is
non-singular for small x (because 2[hij(0)] = D2f(0)).
Consider the quadratic form

ξ → Φ(ξ) =
∑

hij(x)ξiξj .

It is diagonalizable, which means that there exists a linear transformation (ξi) →
(ηi =

∑
αij(x)ξj) such that Φ(ξ) =

∑
η2

i . Now it is enough to put yi =
∑

αij(x)xj .
�

§3 The Morse Theory
Consider the tangent bundle to the sphere TSn. Let ∆ = {(x, v) : v = 0} be its
zero section representing a closed n-dimensional cycle. Is it possible to perturb
slightly the cycle ∆, to some cycle ∆1 in such a way that ∆ ∩∆1 = ∅?
In order to study this problem we reformulate it. We can consider the cycle ∆ as
a map Sn → TSn,

∆ : x → (x, 0).

Its perturbation also will be a map from Sn to its tangent bundle of the form

∆1 : x→ (y(x), v(x)),

where supx{|y(x)− x|+ |v(x)|} < ε. It is clear that we can assume that y(x) ≡ x.
In such case we have a vector field {v(x)} on the sphere and the previous problem
follows: can we comb the sphere? (Is there a vector field on Sn non-vanishing at
any point?)
If n = 1, then the vector field (x1, x2) → (x2,−x1)provides an example. Gen-
erally, if n is odd, then the answer is positive: v(x1, x2, x3, x4, . . . , x2k−1, x2k) =
(x2,−x1, x4,−x3, . . . , x2k, −x2k−1).

If n is even, then the answer is negative.

To show this we need some new notions. Let M be a real n–dimensional manifold
and let {v(x), x ∈M} be a vector field on it, v(x) ∈ TxM .

1.11. Definition. A point x0 ∈ M is called a singular (or critical or equilibrium)
point iff v(x0) = 0. Assume that x0 is an isolated singular point.
Take a small sphere S(x0, ε) around x0 of radius ε and consider the map

S(x0, ε) � x
φ�−→ v(x)
|v(x)| ∈ Sn−1.

The degree of the map φ is called the index of the singular point x0 and is denoted
by ix0v.
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Figure 6

1.12. Remark. If a vector field has non-isolated critical points, then it can be
perturbed, in the class of differentiable vector fields, to such with only isolated
critical points. It is done using the Sard theorem as follows.
The singular point x0 is called degenerate iff detDv(x0) = 0. The non-isolated
singular points are degenerate. The degenerate singular points for v(x) are the
critical points for the maps x → v(x). Because the critical values form a set of
Lebesque measure zero (the Sard theorem), the vector field v(x) − w for suit-
ably small w ∈ Rn does not have degenerate singular points (in a chart of M
diffeomorphic to a subset of Rn).

1.13. Remark. The degree of a map f between differentiable oriented manifolds
M and N of the same dimensions is defined in Chapter 3 below in homological
terms. Here we give the analytic definition.
If the map is sufficiently regular then the degree is calculated as follows. Let y ∈ N
and f−1(y) = {x1, . . . , xk}. Then we have

deg f =
k∑

i=1

±1,

where the sign is +, when Df(xi) preserves the orientation and is −, if it reverses
the orientation.
If the map f is not regular, then we approximate it by a regular map fε and put
deg f = deg fε.

Examples. For the vector field ẋ = x, ẏ = −y (or x ∂
∂x − y ∂

∂y ) the index at 0 is
−1. For the vector field ẋ = x + y, ẏ = −x + y the index is 1. The examples of
vector fields with index 2 and −2 provide the fields ż = z2 and ż = z̄2 respectively
(written using the complex variable z = x + iy).
Generally, for a linear vector field, given by the non-singular matrix A, the index
at 0 is signdetA.
Consider the vector field ż = 1 in C � R2. It prolongs itself to a vector field in
the Riemann sphere with index at ∞ equal to 2. Indeed, in the variable ξ = 1/z
we get ξ̇ = −ξ2, which is (up to sign) the same as the vector field from one of the
previous examples.
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For the vector field ż = z the index at z = 0 is 1 and the index at z = ∞ is also
1. Thus the sum of indices is the same for both vector fields and is equal to 2.

Figure 7

1.14. The Poincaré–Hopf theorem. If the vector field v(x) has only isolated singular
points x1, . . . , xr, then ∑

ixjv = χ(M),

where χ(M) is the Euler characteristic of the manifold M .

1.15. Remark. The Euler characteristic is calculated as follows. We take a partition
of the manifold M into cells (or simplices) and we obtain a complex which consists
of m0 0-dimensional cells, m1 1-dimensional cells etc. Then we define

χ(M) = m0 −m1 + m2 −m3 + . . .±mn.

Proof of Theorem 1.14. We sketch the proof of the Poincaré–Hopf theorem based
on Morse’s Lemma. Let X be the space of all differentiable vector fields (equipped
with some natural topology). Let X0 ⊂ X consist of vector fields with only
non-degenerate singular points, i.e. such that detDv(xi) �= 0. Note that then
ixiv =signdetDv(xi).
The set X0 is open and dense in X (see Remark 1.12 above). The function v →∑

(indices) is locally constant at X0. It is enough to show that it is the same at
the boundary of X0.
Let v ∈ X \ X0 be a vector field with degenerate critical points but isolated and
with finite indices. We take some small perturbation vε ∈ X0 of v. The field vε has
only non-degenerate critical points, where some of them may coalesce as vε → v.
From Figure 8(b) it is seen that the sums of indices of v and of its perturbation
are the same; (the index calculated along the outer cycle is equal to the sum of
indices calculated along the inner circles).
Therefore it remains to calculate the sum of indices of some particular vector field
from X0.
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1.16. Definition. A twice differentiable function f : M → R which has only non-
degenerate critical points and different critical values is called the Morse function.

Assume that M is a Riemannian manifold, i.e. it is equipped with a Riemannian
metric 〈·, ·〉x. (If M is compact and smooth, then using the partition of unity 1
can always construct such a metric.) This metric tensor defines the isomorphism
TxM � w → 〈·, w〉 ∈ T ∗

x M . If f is a function on M , then applying the inverse of this
isomorphism to df(x) ∈ T ∗

xM we obtain the gradient vector field v(x) =gradf(x) =
∇f(x). In local coordinates with the euclidean metric, we have ẋi = ∂f/∂xi and
Dv = (∂2f/∂xi∂xj). In particular, the index of the gradient vector field at a
critical point x0 is signdet(∂2f/∂xi∂xj). In the case of general metric 〈·, ·〉x =
(A(x)·, ·) we have ∇f = A−1∂f/∂x, and the same formula for index holds.

Figure 8

Let f : M → R be a Morse function. As the model vector field, for calculating the
sum of indices, we take ∇f(x).
Now we present the Morse theory about determination of the topology of a man-
ifold using its Morse function (see [Mil1]). Its main ingredient is the behavior of
the level surfaces of the function f in neighborhoods of its critical points.
By the real Morse Lemma it is enough to study bifurcations of the level surfaces
for the function

f(x) = f(0) + x2
1 + . . . + x2

k − x2
k+1 − . . .− x2

n,

a constant plus a quadratic form. The Morse index of quadratic form is equal to
the number of its minuses; we call it the Morse index of the critical point of the
function f .
We investigate the sets {f = c} and {f ≤ c} as c varies from its minimal value to
its maximal value. Altogether we construct some partition of M into cells.
If k = n, then the Morse index of the critical point is 0 and we have a local
minimum. The sets {f ≤ c} are discs. We associate with each critical point xj of
index 0 a 0-dimensional cell σ0

j = {xj} of the promised cell complex.
If k = n− 1, then we observe the following bifurcation. Locally the sets {f ≤ c},
c < f(0) consist of two pieces; they are diffeomorphic to Dn×S0, where Dk denotes
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the k-dimensional ball with the boundary ∂Dk = Sk−1. (It is homotopically equiv-
alent to S0.) After bifurcation, c > f(0), the two components became connected
which (up to homotopy) means adding a segment joining the components. With
each critical point of Morse index 1 we associate a 1-dimensional cell (a closed con-
nected curve) σ1

j , which is adjoined to the 0-dimensional skeleton in the way the
bifurcation of passing through this critical value says: ∂σ1

j = S0 ⊂ {f < f(0)− ε}.
Generally, near any critical point of Morse index i = n − k the sets {f ≤ c},
c < f(0) are diffeomorphic to Dn−i+1×Si−1 � Si−1. The bifurcation is equivalent
to adjoining to this set the handle Dn−i×Di � Di. So we add to our complex an
i-dimensional cell σi

l glued along the boundary to the (i− 1)-dimensional skeleton
(see Figure 9).
Of course, the Euler characteristic of M is equal to the number of cells associated
with critical points of index 0 minus the number of cells associated with points of
index 1 plus, etc. This completes the proof of the Poincaré–Hopf theorem. �
1.17. The self-intersection of the cycle ∆. We have χ(Sn) = 0 if n is odd, and = 2
if n is even. By the Poincaré–Hopf theorem this means that the odd-dimensional
spheres can have empty intersections with their deformations in their tangent
spaces and the even-dimensional spheres do not have this property.
The sum of indices of a vector field on Sn can be treated as the index of self-
intersection of this sphere in its tangent bundle. We proved that this number is
equal to

(∆, ∆) = 1 + (−1)n.

We shall use these facts in the sequel.

Figure 9



Chapter 2

Normal Forms of Functions

In this chapter we present elements of the theory of singularities of holomorphic
functions. We introduce notions of multiplicity, stability, versal deformation, and
normal form, and we describe their main properties. We present also the beginning
of the list of normal forms for singularities.
This subject is rather standard and well elaborated in many sources. We follow
mainly the first volume of the book of V. I. Arnold, A. N. Varchenko and S. M.
Gusein-Zade [AVG].

§1 Tougeron Theorem
2.1. Notations and definitions. By Ox0 = Ox0(Cn) we denote the local ring of
germs at x0 of holomorphic functions, i.e. functions holomorphic in some neigh-
borhood of x0. Two functions, f at U and g at V , are equivalent iff f ≡ g at U ∩V .
Usually we put x0 = 0 and write O or C {x} = C {x1, . . . , xn}, instead of O0. It is
usual to write f : (Cn, 0)→ C.
By m we denote the maximal ideal of the ring O, m = {f : f(0) = 0}. The ideal
m is generated by x1, . . . , xn (Hadamard’s lemma).
By jkf = jkf(0), i.e. the k-th jet of f , we denote the Taylor series of f up to
order k. By Jk we denote the space of k-jets.
The gradient ideal of the germ f is generated by ∂f/∂xi and is denoted by

If = (∂f/∂x1, . . . , ∂f/∂xn).

The local algebra of the germ f is

Af = O/If .

The Milnor number, or the multiplicity, of the germ f is

µ = dimAf .

Examples. 1. Let f(x) = xn+1. Then If = (xn), the set of polynomials with zero
first n − 1 derivatives at x = 0. The local algebra is generated by the monomials
1, x, x2, . . . , xn−1 and µ(f) = n. The functions xn+1 form the series An of simple
singularities (see below).
2. Let f(x, y) = x3 + y4, i.e. the simple singularity E6 (see Theorem 2.38 below).
Its gradient ideal is generated by x2 and y3. In order to calculate the local algebra
of this function we present the situation graphically.
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At Figure 1(a) we have the lattice Z2
+ consisting of points of the plane with

non-negative integer coordinates (i, j). Each such point represents the monomial
xiyj ∈ O. The ideal If contains all monomials from the set represented by(

(2, 0) + Z2
+

)
∪
(
(0, 3) + Z2

+

)
,

i.e. we add to the basic points all the uppe-right quarters of Z2
+. The remaining

points from the lattice represent the basis of the local algebra. Its dimension is 6.

3. Let f(x, y) = x2y + y3, i.e. the simple singularity D4 (see Theorem 2.38 below).
Then the generators of the gradient ideal (2xy, x2 + 3y2) are represented by: the
point (1, 1) and by two points (2, 0), (0, 2) which are associated one with another
(see Figure 1(b)).
Of course, If contains (1, 1) + Z2

+. It is also clear that the monomials represented
by (0, 0), (1, 0), (0, 1) are outside If and form a part of the basis of the local ring
Af .
The two points (2, 0), (0, 2) cannot lie simultaneously in the ideal as well as cannot
be simultaneously outside of it, (they are dependent in Af ). So we add one of
them, e.g. (0, 2), to the basis of Af . Considering the quadratic parts of the Taylor
expansions of the functions from our (preliminary) basis and from the ideal If , we
see that the monomials (0, 0), (1, 0), (0, 1), (0, 2) are independent in Af . The rest
is in the gradient ideal, which means that J = C + xC + yC + y2C + If = O.
To prove this it is enough to show that the monomials xi, yj are in J . But x2 =
(x2 +3y2)−3(y2) ∈ If +y2C and xi = xi−2(x2 +3y2)+3xi−3y(xy) ∈ If . Similarly
we treat the monomials yj .
Therefore µ(f) = 4.

Figure 1

4. Problem: show that µ(x2y + xk−1) = k.
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2.2. Theorem (Isolated critical points). The Milnor number µ < ∞ iff x = 0 is
an isolated critical point of the function f .

Parallel with the multiplicity of a function one can define the multiplicity of germs
of vector fields.
Let F : (Cn, 0) → (Cn, 0), F = (f1, . . . , fn) be a germ of a holomorphic map. Let
AF = O/(f1, . . . , fn) be the local algebra of the germ F . Then µ(F ) = dim AF is
the multiplicity of the germ F.

2.3. Theorem. The multiplicity µ = dimAF < ∞ iff x = 0 is an isolated solution
of the equation F = 0.

2.4. Theorem (Index and multiplicity). When we treat F as a vector field, then
µ(F ) = i0F where i0F is the index of the singular point x = 0 of F.

The above two theorems are proved in the next section.

2.5. Theorem of Tougeron. Let f be a germ of a holomorphic function such that
µ = µ(f) < ∞. Then there exists an analytic change of variables y = h(x) such
that f ◦ h = jµ+1f(0).

2.6. Remark. A jet jkf is called sufficient iff any two germs with this k-th jet are
analytically equivalent. It means stability with respect to high order perturbations.
The theorem of Tougeron says that the jet jµ+1f is sufficient.

Proof of Theorem 2.5. Unfortunately here we cannot repeat the proof of the Morse
lemma. We follow the book of Arnold, Varchenko and Gusein-Zade [AVG].
Assume that f has a critical point at 0 of multiplicity µ and let φ ∈ mµ+2. We
shall show that f + φ ∼ f .
We use the homotopy method. Namely we join the functions f and f + φ by
an arc in a functional space of functions and we seek a one-parameter family of
diffeomorphisms realizing equivalences with f . In other words, we try to solve the
equation

(f + tφ) ◦ ht(x) ≡ f(x), t ∈ [0, 1], (1.1)

where ht is unknown.
Introduce the non-autonomous vector field vt(x) by the formula

dht/dt = vt(ht(x)).

We shall find the vector field vt first and then, integrating the latter equation, we
shall find the diffeomorphisms ht.
Differentiating (1.1) with respect to t we get the equation φ◦ht+(f +tφ)∗ ·vt◦ht ≡
0. Thus we have to solve the equation

(f + tφ)∗ · vt = −φ (1.2)

with respect to vt.



16 Chapter 2. Normal Forms of Functions

2.7. Lemma. We have mµ ∈ (∂(f + tφ)/∂x1, . . . , ∂(f + tφ)/∂xn), which means that
any monomial of sufficiently high degree lies in the gradient ideal of the function
f + tφ.

Example. For non-degenerate critical point the gradient ideal coincides with the
maximal ideal and µ = 1.

From Lemma 2.7 the theorem of Tougeron follows. Indeed, because φ ∈ mµ+2, the
equation (1.2) has solution vt =

∑
vt,i

∂
∂xi

. Its components vt,i ∈ m2 and hence
vt(0) = 0, Dv(0) = 0. Moreover vt depends smoothly on t.
So, in order to find the family of diffeomorphisms ht, it is sufficient to solve the
initial value problem

d

dt
ht = vt(ht(x)), h0 = Id.

The assumption φ ∈ mµ+2 is needed to ensure the existence and uniqueness of
solutions to the latter problem. Because vt(0) = 0, we get ht(0) = 0. �
Proof of Lemma 2.7. Consider firstly the case φ ≡ 0. Let φ1, . . . , φµ ∈ m. It is
enough to show that φ1 · . . . · φµ ∈ If where If is the gradient ideal.
Consider the series of functions: φ0 = 1, φ1, φ1φ2, . . . , φ1 . . . φµ. They are linearly
dependent in the local algebra Af . So, we have

c0 + c1φ1 + c2φ1φ2 + . . . + cµφ1 . . . φµ ∈ If

for some constants cj . If cr is the first nonzero coefficient, then φ1 . . . φr(cr + . . .) ∈
If , or φ1 . . . φr ∈ If . Of course, in this case the product of all φi’s also lies in the
gradient ideal.
Consider now the general case φ �≡ 0. Let M1, . . . , Mr be all the homogeneous
monomials of degree µ; they form a basis in the space of homogeneous polynomials
of degree µ. We know already that Mj ∈ If . This means that

Mj =
∑ ∂f

∂xi
hij =

∑ ∂(f+tφ)
∂xi

hij −
∑ ∂tφ

∂xi
hij .

The last sum in the above formulas belongs to mµ+1 and can be expressed by
means of the monomials Mj (Hadamard’s lemma). We get

Mj =
∑ ∂(f + tφ)

∂xi
hij − t

∑
k

Mk

∑
l

xlakl(x)

where akl ∈ m (by the assumption about φ). We can rewrite this system of equa-
tions in the matrix form

(I − tA)M = B

where tA is a small matrix and the components of the vector B belong to the
gradient ideal. Because the matrix I − tA is invertible, also the components Mi of
the vector M are in this ideal. �
2.8. Corollary Any germ of a function of finite multiplicity can be replaced by an
equivalent polynomial.
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§2 Deformations
We have to introduce some notions concerning actions of infinite-dimensional
groups on infinite-dimensional functional spaces. So, firstly we demonstrate them
in the finite-dimensional case.
Let M be a manifold (of finite dimension for a while) and let a group G act on it:
(f, g)→ gf , f ∈M , g ∈ G. Let f ∈ M . We denote its orbit by Gf = {gf : g ∈ G}.
2.9. Definition ([Arn2]). A deformation of f is a map F : Λ→ M , where Λ is the
base of the deformation with a distinguished point 0 and F (0) = f .
Two deformations F, F ′ are equivalent iff there is a family g(λ) ∈ G, λ ∈ Λ, such
that

F ′(λ) = g(λ)F (λ),

i.e. the equivalence along the orbits.
If φ : (Λ′, 0) → (Λ, 0) is a map between the base spaces, then the induced defor-
mation (from F by means of φ) is

φ∗F (λ′) = F (φ(λ′)),

i.e. a change of parameters.
A deformation F (of f) is called versal iff any other deformation of f is equivalent
to a deformation induced from the deformation F .
A deformation is called mini-versal iff it is versal and the dimension of its base is
minimal.

We can say that a deformation is versal iff it intersects all orbits near f (see Figure
2). In particular, the deformation with the base M and identity map is versal; but
usually is not mini-versal.

Figure 2

In the singularity theory we deal with the infinite-dimensional situation. The role of
the manifold M is played by the space of germs f = f(x) of holomorphic functions
and the role of G is played by the group of local analytic diffeomorphisms h = h(x)
acting on functions by compositions on the right; it is called the right equivalence.
However the definitions from 2.9 pass to the infinite-dimensional case unchanged.
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A deformation of a germ f : (Cn, 0)→ C is a germ F : (Cn×Ck, 0)→ C, F (x, 0) =
f(x). The equivalence of two deformations is written as F ′(x, λ) = F (h(x, λ), λ)
(where h(·, λ) = hλ is a family from G) and the induced deformation is given by
F ′(x, λ′) = F (x, φ(λ′)).

2.10. Definition. We say that a germ f is stable iff the orbit of f contains a
whole neighborhood of f . We say that a germ f is simple iff a neighborhood of
f is covered by a finite number of orbits. If a neighborhood of f is covered by
l-parameter families of orbits such that max l = m, then we say that the germ f
is m-modal.
By a normal form we mean some (simultaneous) choice of a member from each
orbit. This choice is not unique, so one should do it in a way as natural as possible.

2.11. Remarks. (a) In [AVG] singularities of other objects are considered: of maps
from Cn to Cm with the so-called left-right equivalence (when we can make in-
dependent changes in the source space and in the target space) and with respect
to the so-called V -equivalence (when the change in the target space is linear and
depends on x). There analogous definitions (as in the case of functions) are intro-
duced and analogous results are obtained.
(b) The singularity theory is used not only in local analysis. Usually one has a
function on a manifold, where it has a finite number of critical points. During
deformation of a function the critical points also can move with the parameter.
For example fε(x) = x2 − εx has a critical point at ε/2. Therefore it is reasonable
to keep some neighborhood of a critical point fixed during the deformation.

The notions of stability and versality have their infinitesimal versions. The in-
finitesimal stability is obtained from differentiation of the equality (f + tφ)(x) =
f ◦ ht(x) with respect to t at t = 0

φ(x) =
∑ ∂f

∂xi
vi(x). (2.1)

2.12. Definition of infinitesimal stability. The germ f is infinitesimally stable iff
the equation (2.1) has solution (vi) for every φ.

In particular, the proof of the theorem of Tougeron is a proof of the implication:
infinitesimal stability ⇒ stability (i.e. stability with respect to perturbations of
high order).
In fact, the notion of stability and of its infinitesimal version has greater application
in the theory of maps, e.g. the Whitney singularities of planar maps (see [AVG]):
(x, y)→ (x2, y) (the fold),
(x, y)→ (x3 + xy, y) (the cusp).

Let us differentiate the equation

F ′(x, λ′) = F (g(x, λ′), φ(λ′)),
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F ′ = f(x) + λ′α(x), g(x, 0) = x with respect to λ′ ∈ C. We get

α(x) =
n∑

i=1

∂F

∂xi
vi(x) +

k∑
j=1

∂F

∂λj
cj. (2.2)

2.13. Definition of infinitesimal versality. We say that a deformation F (x, λ) is
infinitesimally versal iff the equation (2.2) has solution vi(x) ∈ O, cj ∈ C for any
function α(x) ∈ O.

2.14. Theorem (Versal deformations). Any deformation infinitesimally versal is
versal.

Examples. 1. The deformation F (x, λ) = x2 + λ is versal because the equation
α(x) = 2xv(x) + c has the solution v(x) = (α(x)− α(0))/2x, c = α(0).
2. Similarly the deformation F = x3 + λ1x + λ2 is versal.
3. Generally, if e1(x), . . . , eµ(x) define a basis of the local algebra Af of the germ
f , then the deformation

F (x, λ) = f(x) + λ1e1(x) + . . . + λµeµ(x)

is versal. It is also mini-versal deformation.

2.15. Corollary. For any germ of finite multiplicity we can choose the function as
well as the mini-versal deformation in polynomial forms.

Remark. In the theory of singularities of functions and maps, theorems about
reductions (to a sufficient jet or to a normal form) are formulated in the analytic
versions. The corresponding changes of variables are analytic. In particular, the
formal classification (reduction by means of formal power series) coincides with
the analytic classification of singularities.
As the reader will see this is not the case in differential equations theory and in
dynamical systems theory. Very often power series, which reduce some singularity
of a vector field or of a diffeomorphism, diverge.

Proof of Theorem 2.14. This proof relies mostly on local algebra.
Let F (x, λ) be an infinitesimal deformation of a germ f and let F ′(x, λ′), λ′ ∈
(Ck′

, 0) be another deformation of f .
We apply a certain trick which allows us to reduce the problem to the case, when
F ′ is a deformation of F with one parameter. Take the function

F̃ (x, λ, λ′) = F (x, λ) + F ′(x, λ′)− f(x).

It is a deformation of f with parameters (λ, λ′) as well as a deformation of F with
the parameter λ′.
Any extension of an infinitesimally versal deformation is an infinitesimally versal
deformation. Consider the chain

Ck ⊂ Ck+1 ⊂ . . . ⊂ Ck+k′
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of spaces, which define a chain of deformations with one parameter. Now step-by-
step we show equivalence of each of these deformations with some deformations
induced from the previous one.

Consider therefore the following special case

Φ(x, λ, µ), λ ∈ Cl, µ ∈ C; Φ(x, λ, 0) = F (x, λ).

2.16. Proposition. The deformation Φ is equivalent to a deformation induced from
F .

Proof. The property that Φ is equivalent to a deformation induced from F can be
formulated as follows:

Φ(gµ(x, λ), φµ(λ), µ) ≡ F (x, λ), (2.3)

where hµ(x, λ) = (gµ(x, λ), φµ(λ) is a 1-parameter family of local diffeomorphisms.
(Apply h−1

µ to (2.3) and you obtain the definition from Definition 2.9). The family
hµ defines the non-autonomous vector field dhµ/dµ = Vµ ◦ hµ,

Vµ =
∑

Hj(x, λ, µ)
∂

∂xj
+
∑

ξi(λ, µ)
∂

∂λi

in Cn × Cl, analogously as in the proof of the Tougeron theorem.
Differentiating the identity (2.3) with respect to µ, we get the equation

∂Φ
∂µ

+
∑

Hj
∂Φ
∂xj

+
∑

ξi

∂Φ
∂λi

≡ 0.

As in the proof of the Tougeron theorem the problem reduces to that of solving
the equation

α(x, λ; µ) = H(x, λ; µ) · ∂Φ
∂x

+ Ξ(λ; µ) · ∂Φ
∂λ

(2.4)

for any α.
The assumption of Theorem 2.14, i.e. the infinitesimal versality, ensures existence
of a solution to the equation (2.4) for λ = 0, µ = 0. We need to extend this solution
to a solution of the equation (2.4) in the general case.
In order to pass from a particular solution to a general solution we need some
preparation theorems. There are three such theorems: the Weierstrass Preparation
Theorem, the Division Theorem and the Thom–Martinet Preparation Theorem.
What we need is the Thom–Martinet Preparation Theorem for modules over local
rings of holomorphic functions.

2.17. Thom–Martinet Preparation Theorem. Let (x, y) ∈ Cn × Ck, On+k =
O0(Cn × Ck), Ok = O0(Ck), On = O0(Cn). Let I ⊂ On+k be an ideal and
denote Ix,0 = {f(x, 0) : f ∈ I}.
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If some elements e1, . . . , er ∈ On+k are such that the functions ei(x, 0) generate
the module On/Ix,0 (over C), then the functions ei generate the module On+k/I
over Ok.
In other words, for any α ∈ On+k there exist germs gi(y) such that

α(x, y) =
∑

gi(y)ei(x, y) (mod I).

Finishing the proof of Theorem 2.14. We put y = (λ; µ), I = ( ∂Φ
∂x1

, . . . , ∂Φ
∂xn

),
ei = ∂Φ

∂λi
in Theorem 2.17. Its thesis says that the equation (2.4) has a solution

in the class of germs of analytic functions. This gives Proposition 2.16 and then
Theorem 2.14. �
Now we make some moves in the direction of the proof of Theorem 2.17. For this
we need two other preparation theorems.

2.18. Weierstrass Preparation Theorem. Let f(z1, . . . , zm; w) = f(z, w), w ∈ C
be a germ of a holomorphic function such that f(0, w) = wn + . . .. Then there
exist a holomorphic function h(z, w), h �= 0 and holomorphic functions a1(z), . . . ,
an(z) such that

f = gh, g(z, w) = wn + a1(z)wn−1 + . . . + an(z).

The function g is called the Weierstrass polynomial.

Proof. If we denote by bi(z) the zeroes of the function f , then we have the rep-
resentation f = h

∏
(w − bi(z)), h �= 0. The coefficients aq(z) of the Weierstrass

polynomial are symmetric polynomials of the zeroes bi. Moreover the ring of sym-
metric polynomials is generated by the sums of powers of bi. The latter are given
by the formulas

bq
1 + . . . + bq

n =
1

2πi

∮
|w|=const

wq · ∂f/∂w

f
dw,

where the subintegral function is holomorphic in (z, w), if |w| is sufficiently small.
Therefore aq and g are holomorphic functions.
The analyticity of the function h follows from the formula

h =
1

2πi

∮
|u|=const

h(z, u)du

u− w
=

1
2πi

∮
|u|=const

(f/g)du

u− w
,

where the subintegral function is holomorphic for small |w| and |z|. �
2.19. Division Theorem. Let f(z, w) be as in Theorem 2.18. Then for any germ
φ(z, w) of a holomorphic function there exist holomorphic germs h(z, w) and hi(z),
i = 0, . . . , n− 1 such that

φ = hf +
n−1∑

0

hi(z)wi.
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Proof. Using the Weierstrass theorem we can assume that f is a Weierstrass poly-
nomial. Define the function

h(z, w) =
1

2πi

∮
|u|=const

φ(z, u)
f(z, u)

· du

u− w
,

which is analytic for small |z|, |w|. Now the function

φ− fh =
1

2πi

∮
|u|=const

φ(z, u)
f(z, u)

· f(z, u)− f(z, w)
u− w

du

is a polynomial in w. �

Proof of Theorem 2.17. We follow S. Łojasiewicz’s book [Loj2]. Let I be an ideal
in On+k and let e1, . . . , er ∈ On+k be such that

(i) for any α ∈ On+k we have α(x, 0) =
∑

aiei(x, 0) (mod Ix,0), ai ∈ C.

We have to show that

(ii) for any α ∈ On+k we have α(x, y) =
∑

gi(y)ei(x, y) (mod I), x ∈ Cn,
y ∈ Ck.

The condition (i) means that

α ∈ I +
∑

gi(y)ei + mkOn+k,

where mk denotes the maximal ideal in Ok. Let M = On+k/I. It is a module over
On+k (finitely generated) as well as a module over Ok; it is not yet proven that
the latter is finite.
Let N ⊂ M be the Ok-submodule generated by ei’s. We have

M = N + mkM

in the class of Ok-moduli. We have to show that M = N .

2.20. Nakayama Lemma. If M̃ is a finitely generated module over Ok such that
M̃ = mM̃ , then M̃ = 0.

Proof. Let a1, . . . , as be generators of M̃ . By assumption we have ai =
∑

bijaj ,
bij ∈ m, or

(I −B)A = 0, A = (a1, . . . , as)�, B = (bij),

and Cramer’s formula gives det(I − B) · ai = 0. But det(I − B) = 1 (mod m)
which means that the matrix I −B is invertible. Therefore ai = 0. �

Finishing of the proof of Theorem 2.17. If we knew that M is finitely generated
over Ok, then we would apply the Nakayama Lemma to the module M/N and
obtain the desired equality M = N .
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So we strive to prove that M is finitely generated. We use induction with respect
to n.
Let n = 1, x ∈ C, y ∈ Ck. By the assumption (i) M is finite over the ring
S = Ok + mkO1+k with the generators e1, . . . , er.
Consider the operator of multiplication by x in the module M over S. If ai are
the generators of M (over S) then

xai =
∑

γijaj , γij ∈ S.

It means that det(x − Γ) · aj = 0 for Γ = (γij). Therefore there is an element
η = xr + γ1x

r−1 + . . . + γr, γi ∈ S, annihilating M .
We have η(x, 0) �≡ 0, η(x, 0) = cpx

p + . . . , which means that η satisfies the as-
sumption of the Division Theorem.
We construct now the generators of M over Ok. They are of the form xjmi, where
m1, . . . , ms are generators of M over O1+k.
Let u ∈M . We have u =

∑
fimi, fi ∈ O1+k. From the Division Theorem, applied

to fi’s, we get

fi = giη +
p−1∑
0

αijx
j , αij ∈ Ok, gi ∈ O1+k.

Because ηmi = 0, we obtain

u =
∑
i,j

αijx
jmi,

which ends the first induction step.
The general induction step: Let n > 1 and M = N +mkM . Then M = On−1+kN +
mn−1+kM . We apply the first induction step (with k replaced by n − k + 1) to
show that the module M is finite over On−1+k . The induction assumption gives
that M is finite over Ok. �
Remark. There is one more preparation theorem (not used here).
Note that if an ideal I is generated by components f1(x), . . . , fn(x) of a holomor-
phic map F : (Cn, 0)→ (Cn, 0) and AF = O/I has basis e1(x), . . . , eµ(x), then any
germ α has the representation α(x) =

∑
ciei(x)+

∑
αj(x)fj(x), ci ∈ C. Repeat-

ing the same for αj(x), we get α(x) =
∑

(ci +
∑

cijfj)ei(x)+
∑

αij(x)fi(x)fj(x),
etc. Finally, one gets the representation

α(x) = ψ1(f)ei(x) + . . . + ψµ(f)eµ(x).

It is also called the Weierstrass preparation theorem (see [AVG] and [Mal1]).

§3 Proofs of Theorems 2.3 and 2.4
Here we prove Theorems 2.3 and 2.4 and we give another definition of the index
of a vector field.
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Recall that we consider a germ F = (f1, . . . , fn) : (Cn, 0)→ (Cn, 0) of a holomor-
phic map (or of a holomorphic vector field). By AF = O/IF = O/(f1, . . . , fn) we
denote its local algebra and by multiplicity µ(F ) we denote the dimension of AF .
By i = i0F we denote the index of the vector field F on R 2n(� Cn), which is
defined as the topological degree of the map x → F (x)/|F (x)| ∈ S2n−1, restricted
to a small (2n− 1)–dimensional sphere around x = 0.
Theorem 2.3 says that µ <∞ iff F−1(0) = {0}, i.e. iff x = 0 is an isolated solution
of the equation F = 0. Theorem 2.4 says that in this case µ(F ) = i0F .
Of course, from Theorem 2.3, Theorem 2.2 (about finite multiplicity of critical
point of a function) follows.

2.21. Proof of the implication: µ < ∞⇒ 0 is an isolated point in F−1(0).
We have shown that mµ ⊂ IF (see Lemma 2.7, where the role of fi is played by
∂f/∂xi). Thus we have

xµ
i =

∑
hijfj, i = 1, . . . , n.

We see that the zeroes of F are contained in the set of common zeroes of the
functions xµ

1 , . . . , xµ
n. �

2.22. Proof of the implication: F−1(0) = {0} ⇒ µ <∞.
We use one classical result, the Hilbert theorem about zeroes (see Theorem 2.23
below).
From it follows that there exists a positive integer N such that xN

i ∈ IF , i =
1, . . . , n. This means that any monomial of degree ≥ N lies in the ideal IF and
the algebra O/IF is finite dimensional. �

2.23. Hilbert Theorem about Zeroes. Let V = {f1 = . . . = fk = 0} ⊂ (Cm, 0) be
a germ of an analytic set, i.e. fi ∈ O0(Cm) are analytic functions. Consider the
ideal I(V ) = {h : h|V ≡ 0} ⊂ O0(Cm) of functions vanishing on V .
Then I(V ) is equal to the radical of the ideal IF = (f1, . . . , fk), defined as

r(IF ) = {h : ∃ r hr ∈ IF }.

(The same theorem holds when we replace the local ring O0(Cm) by the ring
C[x1, . . . , xm] of polynomials and V by an algebraic set.)

We do not give the proof of this theorem. In fact one can prove it using induction
with respect to the dimensions m− k (of V ) and m and applying the Weierstrass
Preparation Theorem (see [Loj2]).

2.24. Proof of Theorem 2.4. We begin with the presentation of some properties.

(a) Properties of the index:

(i) If µ = 1, then i = 1.
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Indeed, if µ = 1, then IF = m, which implies that detC DF (0) �= 0. The
index of F is the same as the index of the linear vector field DF (0)x. Its
index is equal to the sign of its (real) determinant. It is known, from complex
analysis, that detR DF = | detC DF |2.

The above has the following corollaries:

(ii) i > 0,

(iii) i is equal to the cardinality of the set F−1(y) for some noncritical value
y �= 0.

Here we use the fact that index is an additive function: the index i0F (calcu-
lated along a fixed sphere) is equal to the sum of indices over singular points
of the vector field F (x)−y (calculated along very small spheres around these
points, see Definition 1.11 in Chapter 1.)

(iv) If we perturb F and obtain some new singular points, then the index of
F is equal to the sum of indices of the perturbed vector fields.

We notice also the following stability property of the index:

(v) If the components f ′
i of a vector field F ′ belong to mµ+1, then i0F =

i0(F + F ′).

Indeed, we have f ′
i =

∑
hijfj, hij ∈ m. Therefore F + F ′ = (I + A)F ,

where det(I + A) > 0. The map from a small sphere to S2n−1, defined by
means of F + F ′, is a composition of a map defined by means of F and of
an (orientation preserving) diffeomorphism defined by the linear vector field
(I + A)x.

Properties of the multiplicity.

(b) Proposition (Subadditivity of multiplicity). Let Fε be a deformation of F .
Then for small |ε|,

ν = #{Fε = 0} ≤ µ.

Proof. Using the main result of the previous section we can assume that
the deformation Fε(x) = (f1(x, ε), . . . , fn(x, ε)) is a polynomial deformation
and the local algebra AF0 (which is polynomial) is generated by polynomials
e1(x), . . . , eµ(x).

Recall that the Thom–Martinet preparation theorem states that

P (x) =
∑

gj(ε)ej(x) +
∑

ϕi(x, ε)fi(x, ε).

The coefficients gj(ε) and ϕi(x, ε) are analytic functions; their domains of an-
alyticity depend on the function P. But when P is a polynomial the domains
of analyticity of gj and ϕi can be chosen not depending on P.
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Indeed, it is enough to fix these domains in the cases P (x)=1, x1, . . . , xn

and P (x) = xiej(x). Then one can apply induction with respect to deg P.

Therefore we can assume that x ∈ U, ε ∈ V, where U and V are fixed
neighborhoods of the origins. Moreover we assume that all the zeroes of Fε,
which bifurcate from x = 0, lie in U for ε ∈ V.

If Hol(U) is the ring of holomorphic functions on U, then for fixed ε ∈ V
we have the algebra AFε(U) = Hol(U)/(Fε). This algebra contains the image
of the polynomial ring C[x]; we denote it by

AFε [U ].

From the above it follows that dimC AFε [U ] ≤ µ.

If a1, . . . , aν ∈ U are the zeroes of Fε, then we associate with them the
multi-local algebra

B =
ν⊕

i=1

Aai , Aai = Oai/IFε ,

and the natural map
Π : AFε [U ]→ B,

which sends a polynomial to its classes in the local algebras at the points ai.
The next lemma completes the proof of Proposition (b). �

Lemma. The map Π is a surjection.

Proof. It follows from the fact that, having given finite jets at the points ai,
one can always find a polynomial in Cn having just those jets at ai. �

(c) From Proposition (b) and its proof we get the following corollaries.

(i)
∑

µai
(Fε) ≤ µ(F ) and ν ≤ µ;

(ii) i0F ≤ µ(F ).

The latter property is obtained by application of Proposition (b) to the map
Fε = F − ε (with noncritical ε) and the equality i = µ = 1 for the new
singular points.

(d) The Pham map. It is defined as

Φ : (x1, . . . , xn) → (xm1
1 , . . . , xmn

n ).

(e) Lemma. We have i0Φ = µ(Φ) = m1 ·m2 . . .mn.
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Proof. i0Φ = #{Φ = ε} = #{xm1
1 = ε1, . . . , x

mn
n = εn} = #{xm1

1 = ε1} ·
. . . ·#{xmn

n = εn}. On the other hand, the local algebra is generated by the
monomials xk1

1 . . . xkn
n , 0 ≤ ki < mi. �

(f) Continuation of the proof of Theorem 2.4. Take a map of the form Φε = Φ+εF
where Φ is the Pham map with high exponents. We have:

i0Φε = i0F for ε �= 0 and

µ0(Φε) = µ0(F ) for ε �= 0.

We shall show that
i0Φε = µ0(Φε). (3.1)

Let a1, . . . , aν be the (small) zeroes of Φε. We have

µ0(Φ) = µ0(Φ0) ≥
∑

µaj
(Φε) (for ε �= 0 by subadditivity)

≥
∑

iajΦε (because i ≤ µ)

= i0Φ0 = i0Φ (by additivity)

= µ0(Φ) (it is the Pham map).

Therefore, in the above chain, all inequalities become equalities. In par-
ticular we have µaj

(Φε) = iaj Φε. Because the point x = 0 is among the aj ’s,
the equality (3.1) follows. �

2.25. The index formula in two dimensions and the Puiseux expansion.

(a) Let f : (C2, 0) → (C, 0) be a germ of an irreducible holomorphic function
and let Γ = f−1(0).

Remark. Here the irreducibility of f (or of the anaytic set Γ) is understood
in any of the following two equivalent ways. Firstly, f cannot be written as a
product f1f2 of two germs vanishing at 0. Another definition says that the set
Γ\sing (Γ) is non-empty and connected, where sing (Γ) is the set of singular
points of Γ, i.e. points where df = 0. Both definitions work for functions on
(Cn, 0). We say also that the hypersurface Γ is irreducible.

Generally any germ g (of function) has a unique (up to permutation of
factors) factorization g = gk1

1 . . . gkr
r with irreducible gj.

Below we present some arguments, based on the monodromy theory,
justifying the above statements.

Let us pass to the curve Γ. Using the Weierstrass Preparation Theorem
2.18 (in a suitable linear system of coordinates) we can assume that Γ is a
zero set of the Weierstrass polynomial

f(x, y) = yn + a1(x)yn−1 + . . . + an(x), aj(0) = 0,



28 Chapter 2. Normal Forms of Functions

where aj are analytic germs, aj(0) = 0. The equation f = 0 defines a multi-
valued function y = φ(x). φ has branching at x = 0 and its Riemann surface
is isomorphic to the curve Γ (see Chapter 1 and Chapter 12 below).

(b) The Puiseux theorem. If the germ (Γ, 0) is irreducible, then it is topologically
equivalent to a disc (C, 0). More precisely, the map (C, 0)→ (C2, 0),

t → (x, y) = (tn, φ(tn))

is a homeomorphism onto (Γ, 0) (analytic outside 0). Moreover, the function
φ takes the form of the Puiseux expansion

φ = ψ(x1/n)

with an analytic germ ψ.

The above parametrization of (Γ, 0) by the disc is called the primitive
parametrization.

Proof. We use monodromy properties of φ. Fix a disc D = {|x| < ε} as the
domain of definition of φ and a basic point a ∈ D\0. Let φa,1(x), . . . , φa,n(x)
be the germs (sheets) of φ near a (roots of f = 0 with respect to y).

The variation of the sheets φa,j along the loop in (D \ 0, a) surround-
ing the origin results in a permutation of these sheets. Thus the monodromy
transformation σ associated with φ is an element of the group S(n) of per-
mutations of the n-element set {φa,1(a), . . . , φa,n(a)}.

By the irreducibility, Γ \ 0 is connected. So any two germs φa,i and φa,j

can be connected by a path in Γ \ 0. The projection of this path onto the
x-plane is a loop in (D \ 0, a). This implies that σ acts transitively on the set
of sheets of φ; σ is a cyclic permutation. In particular, σn = id.

Now one can see that Γ is indeed a topological disc. Consider the func-
tion ψ(t) = φ(tn). Its monodromy around t = 0 is the same as σn = id. Thus
ψ is analytic outside 0, single-valued and bounded. By the Riemann theorem
about removable singularities, ψ prolongs itself to an analytic function in
D. �

(c) Remark. Using the same arguments as in the proof of the Puiseux theorem,
i.e. the Weierstrass Preparation Theorem and monodromy, one can prove the
factorization theorem g = gk1

1 . . . gkr
r , gj – irreducible, and the equivalence of

the two definitions of irreducibility.

The factorization theorem can be used in the proof of the Hilbert The-
orem about Zeroes (Theorem 2.23). The reader can reconstruct this proof as
an exercise.
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Of course, these arguments work well only in the 2–dimensional case.
The proof of the factorization theorem in general n-dimensional case is more
complicated; it relies essentially on the Weierstrass Preparation Theorem (see
[Loj2]).

(d) We pass to the index formula. Let F = (f1, f2) : (C2, 0)→ (C2, 0) be a germ
of a holomorphic mapping of finite multiplicity.

Assume firstly, that f1 is irreducible and let α : (C, 0) → f−1
1 (0) be

some primitive parametrization of the curve f1 = 0. Take the composition
f2 ◦ α = atp + . . ., a �= 0; (it is not ≡ 0 by the finite multiplicity). We define

ι0F = ι0(f1, f2) = p.

If f1 = gk1
1 . . . gkr

r with irreducible gj , then we put

ι0F =
∑

kjι0(gj, f2).

(e) Theorem. We have ι0F = i0F .

Proof. We use the criterion i0F = #{Fδ = 0} for a perturbation Fδ such
that each zero of Fδ is not degenerate (see the proof of Theorem 2.4 above).

In the case of irreducible f1 we put Fδ = (f1, f2 − δ), δ > 0. Thus
#{Fδ = 0} = #{atp(1+ . . .) = δ} = p. The same perturbation is good in the
case f1 = g1 . . . gr, gj irreducible.

In the cases when f1 contains a factor gk (g irreducible) we replace this
factor by (g + δh1) · . . . · (g + δhk), where hj ∈ mN (N large) are such that
the curves g + δhj = 0 are disjoint outside t = 0. �

§4 Classification of Singularities
In this section we present only the beginning of the list of normal forms for sin-
gularities of functions. We begin with some technical tools. The first result is an
immediate consequence of the proof of Morse’s Lemma.

2.26. Morse Lemma with parameters. Let f(x; λ) = f(0; λ) +
∑

aij(λ)xixj +
. . . be a function such that the matrix aij(0) is not degenerate. Then there is a
holomorphic change hλ such that

f(hλ(y); λ) = f(0; λ) +
∑

y2
i .

Consider a function of the form

f(x1, . . . , xk, xk+1, . . . , xn) = x2
1 + . . . + x2

k + terms of degree ≥ 3.
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By applying a preliminary change of the form x1 → x1 + ϕ1(xk+1, . . . , xn), . . . ,
xk → xk +ϕk(xk+1, . . . , xn) we can assume that we are in a situation from Lemma
2.26 (the critical point with respect to (x1, . . . , xk) is shifted to the origin and
λ = (xk+1, . . . , xn)). Therefore there exists a change h such that

f ◦ h = y2
1 + . . . + y2

k + g(yk+1, . . . , yn),

where g(0) = 0, Dg(0) = 0, D2g(0) = 0. In this way we have separated the
quadratic part, depending on one set of variables, from the essential non-quadratic
part, depending on the other set of variables.

2.27. Definition. By the corank of the singularity f we mean the corank of the
quadratic form D2f(0), i.e. n− k for the above function.
We say that two germs f(x1, . . . , xk) and g(y1, . . . , yl) are stably equivalent iff
there is an integer n such that the germs f(x1, . . . , xk) + x2

k+1 + . . . + x2
n and

g(y1, . . . , yl) + y2
l+1 + . . . + y2

n are equivalent (by a change of coordinates).

We study only singularities with corank one and two.

Corank 1. Here we can assume that the functions depend on one variable x.

2.28. Theorem. If a germ f has a singularity of finite multiplicity and of corank
1, then it is stably equivalent to the function xn.

Proof. Let
f = anxn + an+1x

n+1 + . . . ,

an �= 0. (Notice that if all ai = 0, then µ(f) = ∞). We put

y = h(x) = x(an + an+1x + . . .)1/n

and we get f = yn. �
2.29. Definition. We say that a singularity has type Ak iff it is stably equivalent
to xk+1.

Corank 2. Here the functions depend on two variables x, y. Consider such a func-
tion. Its Taylor series begins from cubic terms. Firstly we classify the homogeneous
cubic forms of two variables, ax3 + bx2y + cxy2 + dy3; or the holomorphic sections
of a certain line bundle O(3) above the projective space CP 1 (see Definitions 8.42
and 10.10). They are associated with the cubic polynomials P = a+bλ+cλ2+dλ3.
There are four possibilities:

(a) P has three different zeroes, which can be moved (via an automorphism of
CP 1) to 0,±i and the cubic form is equal to x2y + y3;

(b) P has one simple zero (at λ = 0) and one double zero (at λ = ∞): x2y;

(c) P has a triple zero: x3;

(d) P ≡ 0.
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We study in detail only the first two cases.

2.30. Theorem. Any function f = x2y + y3 + . . . is equivalent to x2y + y3.

Proof. By applying the substitutions

(x, y)→ (x1, y1) = (x + φ, y + ψ)

into the part x2y + y3 of f , we strive to cancel all higher order terms in f . We
have

x2
1y1 + y3

1 = (x + φ)2(y + ψ) + (y + ψ)3

= x2y + y3 + [2xyφ + (x2 + 3y2)ψ] + h.o.t.

(with respect to φ, ψ). We claim that the term χ in the square brackets contains
all terms of degree ≥ 4.
We present this situation in a Newton diagram (see Figure 3(a)). There we have
distinguished the monomials appearing in the gradient ideal Ix2y+y3 , i.e. xy and
x2, y2 (joined one with another). It is enough to cancel only the terms of degree 4
and 5; (because µ(f) = 4 and we can use the Tougeron Theorem).
For the terms of degree 4 in χ we have deg(φ, ψ) = 2. With the term x4 in χ, we
associate the term x2 in ψ and with the term y4 in χ, we associate the term y2/3
in ψ. The remaining part, from χ as well as from (x2 + 3y2)ψ, is divisible by xy
and can be put into 2xyφ.
The terms of degree 5 are treated in the same way. �

Now we study the next case. Assume that f = x2y + . . .. The further terms of the
expansion of f are ordered by means of the method of rotating line.

2.31. Definition. The Newton support of function f =
∑

aijx
iyj is defined as

supp (f) = {(i, j) : aij �= 0}.

The Newton diagram of f is the convex hull of the set supp (f) + (Z+)2.

Take a line in R 2 with one of its points fixed at (2, 1). At the beginning the line
passes through the points (2, 1) and (0, 3). We start to rotate it in the clockwise
direction (see Figure 3(b)). We look at the points from the support of f , which
are passed through the left part of the line.
There appear in order the following terms: y4; xy3, y5; y6; xy4, y7; . . .. We have
two possibilities of the first appearance of these terms in supp (f):

(i) There appears (0, k) and we have

f = x2y + yk + . . . .

(ii) There appear two points (1, k + 1), (0, 2k + 1) and f = x2y + Axyk+1 +
By2k+1 + . . .. Here the leading part is of the form y times a quadratic form
of (x, z), z = yk; one associates with it the cubic form z(x2 + Axz + Bz2)
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with zeroes at z = 0, x = λ1,2z. Assume that they are different zeroes, i.e.
B(A2 − 4B) �= 0. It is clear that some change x → λx + µz, z → νz reduces
f to

x2y + y2k+1 + . . . .

(Now the dots mean terms whose support is above the rotating line.) Notice
that if µ(f) < ∞, then the rotating line must sooner or later encounter the
support of f .

Figure 3

2.32. Theorem. If f = x2y + yk + . . ., then f is equivalent to x2y + yk.

Proof. It relies on the fact that the principal part x2y+yk is a quasi-homogeneous
function. �

2.33. Definition. A function f(x1, . . . , xn) is called quasi-homogeneous of degree
d with exponents α1, . . . , αn (or weighted homogeneous) iff

f(λα1x1, . . . , λ
αnxn) = λdf(x1, . . . , xn)

for any λ ∈ C.
If f =

∑
akxk, k = (k1, . . . , kn), xk = xk1

1 . . . xkn
n , then supp (f) ⊂ Γ = {k :

α1k1 + . . .+αnkn = d}. The set Γ is called the diagonal. Usually one takes αi ∈ Q
and d = 1.

Example. The function x2y + yk is quasi-homogeneous of degree 1+1/(k− 1) and
the exponents 1/2, 1/(k− 1).

One can define the (quasi-homogeneous) filtration of the ring O. It consists of the
decreasing family of ideals Ad ⊂ O, Ad′ ⊂ Ad for d < d′. Here Ad = {g : degrees
of monomials from supp(g) are ≥ d}; (the degree is quasi-homogeneous).
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When α1 = . . . = αn = 1, this filtration coincides with the usual filtration given
by the usual degree.

2.34. Definition. A function f is called semi-quasi-homogeneous iff f = f0 + f1,
where f0 is quasi-homogeneous of degree d of finite multiplicity and f1 ∈ Ad′ ,
d′ > d.

2.35. Theorem. Let f be a semi-quasi-homogeneous function\, f = f0 + f1 with
quasi-homogeneous f0 of finite multiplicity. Then f is equivalent to the function
f0 +

∑
ckek(x), where e1, . . . , es are the elements of the monomial basis of the

local algebra Af0 such that deg ei > d and ck ∈ C.

Example. If f = f0 + f1 and f0 = x2y + yk, then f is equivalent to f0.
Indeed, the basis of the local algebra O/(xy, x2 +kyk−1) is 1, x, y, y2, . . . , yk−1 and
lies below the diagonal Γ. Here µ(f0) = k + 1.
Having Theorem 2.35 we obtain the thesis of Theorem 2.32.

2.36. Definition. We say that a singularity is of the type Dk iff it is stably equivalent
to x2y + yk−1.

Proof of Theorem 2.35. As in the proof of Theorem 2.28 we cancel the high order
terms using the quasi-homogeneous part f0 and the changes

x1 = x + φ, y1 = y + ψ,

where φ, ψ are quasi-homogeneous. However the degrees of φ and ψ are calculated
differently.
With such a change one associates the vector field φ∂x + ψ∂y (then the change
is approximately induced by the flow map generated by this vector field). The
(quasi-homogeneous) degree of φ∂x is equal to deg φ − deg x (because x is in the
‘denominator’). Also deg(ψ∂y) = deg ψ − deg y.
We obtain

f0 +
[
∂f0

∂x
φ +

∂f0

∂y
ψ

]
+ h.o.t.

We use the terms in the square brackets to delete some terms from the power
expansion of f . Because the part in the square brackets belongs to the gradient
ideal If0 , we can cancel only the terms from this ideal. �

Recall that a singularity is m-modal iff its neighborhood (in the functional space
of germs of functions) is covered by l-parameter families of orbits of the action
of the group of equivalences (changes of variables) and max l = m (see Definition
2.10). The singularity is simple iff m = 0. From Theorem 2.32 one gets the formula
for the modality.

2.37. Theorem. The modality of a semi-quasi-homogeneous singularity is equal to
the number of monomials ek, from its mini-versal deformation, which lie on the
diagonal and above the diagonal.
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2.38. Theorem. If f is a simple singularity, then it is stably equivalent to one of
the following singularities:

Ak : xk+1,
Dk : x2y + yk−1,
E6 : x3 + y4,
E7 : x3 + xy3,
E8 : x3 + y5.

We do not present the proof of this result. In fact it is not that difficult, because
we have all the tools: the choice of monomials using the rotating line, Theorem
2.35 and Theorem 2.37.
We shall present some unimodal singularities. (Outside the list below there remain
14 exceptional unimodal singularities, see [AVG]).

2.39. Theorem. The following series of singularities are unimodal:

P8 : x3 + y3 + z3 + axyz,
X9 : x4 + y4 + ax2y2,
J10 : x3 + y6 + ax2y2,
Tp,q,r : xp + yq + zr + axyz, 1

p + 1
q + 1

r < 1.

The singularities P8,X9,J10 are called parabolic and Tp,q,r is called hyperbolic.



Chapter 3

Algebraic Topology of Manifolds

This chapter is auxiliary. Here we collect the basic facts from the algebraic topology
of manifolds and fibre bundles which will be used in the further chapters. Special
attention is focused on the notion of intersection index.
We present also the beginnings of cohomology theory with coefficients in sheaves,
e.g. the proof of the de Rham theorem. The other notions from this theory (like
the hypercohomology and the spectral sequence) will be introduced in Chapter 7.

§1 Homology and Cohomology
3.1 Definition of homology groups. Let X be a manifold or a CW-complex. It means
that X is obtained from cells (diffeomorphic to euclidean balls) glued together
in such a way that the lower dimensional cells lie in the boundaries of higher
dimensional cells. A k-dimensional cell in X is an image of the ball Dk = {x ∈
Rk : |x| ≤ 1} under a continuous map σ : Dk → X ; we denote this cell also
by σ = σk. Here the disc Dk is oriented (by a choice of some orthogonal reper
v1, . . . , vk at one of its points) and the cell σ also bears the orientation.
The group of k-dimensional chains Ck(X) is a free abelian group generated by
all possible k-dimensional singular cells , Ck(X) = {c =

∑
aττ : aτ ∈ Z}, where

τ : Dk → X are continuous maps. It is an infinitely-generated free abelian group.
A boundary ∂τ of the singular cell τ is the image of the map τ restricted to
∂Dk = Sk−1. The orientation of the boundary ∂D is given by a reper w1, . . . , wk−1

such that, if n is a vector normal to ∂Dk and directed outside of Dk, then the
reper n, w1, . . . , wk−1 defines the orientation of Dk. By definition

∂(
∑

aττ ) =
∑

aτ∂τ

is the boundary of the chain c. The operator ∂ = ∂k acts from Ck(X) to Ck−1(X).
A chain c is a cycle iff ∂c = 0.
The group

Hk(X) = Hk(X, Z) = group of cycles/group of boundaries

is called the group of k-dimensional homologies of X (or the k-th singular homol-
ogy group or simply the k-th homology group). This definition is correct because
we have ∂ ◦ ∂ = 0.
The above definition can be modified when, in the definition of the chain, we
assume that the coefficients aτ take values from some other abelian group (or
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ring) R. The corresponding quotient groups are denoted by Hk(X, R). Usually the
rings Zp, Q, R, C are chosen.
Homologies appear in many situations. So, we will give their general (algebraic)
definition. The series of groups and maps

. . .→ Ck
∂k→ Ck−1

∂k−1→ . . .

satisfying the property ∂k−1∂k = 0, is called the chain complex and is denoted
by C•. Its homology groups are defined as ker ∂k/ Im∂k+1. Such a series is called
exact (or acyclic) iff its homology groups are zero.

3.2. Definition of cohomology groups. The group of k-dimensional cochains Ck(X)
(of a CW-complex X) is the abelian group of linear functionals on the group of k-
dimensional chains which take integer values at the singular cells. The coboundary
of the chain c∗ is defined by the formula δc∗(c) = c∗(∂c). A cochain of the form
δc∗ is called the coboundary. A cochain is a cocycle if its coboundary is zero.
The abelian group

Hk(X) = Hk(X, Z) = cocycles/coboundaries

is the group of k-dimensional cohomologies of X (or the k-th cohomology group).
Analogously to the groups Hk(X, R), we define the cohomology groups with coef-
ficients in the group (ring) R, Hk(X, R).
The series

. . .→ Ck δk

→ Ck+1 → . . .

satisfying δk+1 ◦ δk = 0 is called the cochain complex. It is denoted by C• and its
cohomology groups are equal to ker δk/ Im δk−1.

Remarks. The formulas Hk(X, R) = Hk(X, Z) ⊗ R, Hk(X, R) = Hk(X, Z) ⊗ R,
Hk(X, R) = Hk(X, R)∗ (= Hom(Hk(X, R), R)) do not always hold. For ex-
ample, we have Hk(X, Z) = Hom(Hk(X, Z), Z) ⊕ Ext(Hk−1(X, Z), Z), where
Ext(Hk−1(X, Z), Z) lies in the torsion part of the cohomology group. Recall that
an element x of an abelian group is torsion iff mx = 0 for some m ∈ Z�0.
Although the groups of chains and cochains are infinite dimensional, usually the
homology and cohomology groups are finitely generated. This holds for compact
manifolds and for CW-complexes.
Homology groups were introduced by Poincaré [Poi1] at the beginning of the last
century. Starting from the middle of the last century, a great development of
algebraic topology and of homological algebra began. Now homology groups are
used in every branch of mathematics. Usually their definitions and calculations
are very algebraic. We shall focus on their geometrical meaning.

Below we present a practical method of calculation of the groups Hk(X) and
Hk(X). Let X be a CW-complex of dimension n. We associate with it the series
X0 ⊂ X1 ⊂ . . . ⊂ Xn = X of its subcomplexes.
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X0 is a finite set of points, 0-dimensional cells of the complex. X1 is a 1-dimensional
complex obtained from X0 by adding 1-dimensional cells (arc from X) joined to
X0 at their ends. X2 consists of 2-dimensional cells with their boundaries in X1

etc. (All cells here are oriented.)
We have

Xk \Xk−1 =
◦
σ

k

1 ∪ . . . ∪ ◦
σ

k

s ,

where ◦
σ denotes the open cell. The group of k–dimensional chains is replaced by

the group
Zσk

1 + . . . + Zσk
s .

The boundary of the cell σk
i is calculated as follows. If a part of ∂Dk is sent by

means of σk
i to σk−1

j , then the latter cell makes its contribution to the (formal)
boundary ∂σk

i with the coefficient±1, depending on the preserving or the reversing
of orientation by this map. We have ∂σk

i =
∑

ajσ
k−1
j with integer aj ’s.

We get the chain complex of finitely generated groups with boundary maps, whose
compositions are zero, and we define the homology groups of this chain complex.
By passing to the dual complex we analogously define its cohomology groups.

3.3. Theorem. ([Spa]). The just defined groups coincide with the groups Hk(X, Z)
and Hk(X, Z).

Examples. 1. The circle S1 consists of the point σ0 and the arc σ1 attached to it
at the ends (see Figure 1(a)). We have ∂σ0 = 0, ∂σ1 = 0 and the chain complex
takes the form

0 → Z
0→ Z → 0.

Thus we have H0(S1, Z) = H1(S1, Z) = Z.

Figure 1

2. For the torus T 2 we consider two partitions into cells, presented in Figures 1(b)
and 1(c). In the case of the first partition we get the complex

0→ Z2 ∂2→ Z4 ∂1→ Z2 → 0,
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where
σ2

1 → σ1
1 + σ1

2,
σ1

1 → 0,
σ1

3 → σ0
2 − σ0

1,

σ2
2 → −σ1

1 − σ1
2,

σ1
2 → 0,

σ1
4 → σ0

2 − σ0
1.

Therefore ker ∂2 = H2(T 2) = Z. Next, Im ∂2 = Z(σ1
1 + σ1

2), ker∂1 = Zσ1
1 + Zσ1

2 +
Z(σ1

3 − σ1
4) and hence H1(T 2) = Z ⊕ Z. Finally, because Im ∂1 = Z(σ0

2 − σ0
1), we

have H0(T 2) = Z.
For the partition from Figure 1(c), where the edges are identified, as usually in
the construction of the torus, the chain complex is much simpler,

0 → Z
∂2→ Z2 ∂1→ Z → 0,

where the boundary maps are zero. Thus the four distinguished cycles σj
i generate

all the homology groups.
3. The 2-dimensional sphere S2 = CP 2 has the partition σ0 ∪ σ2 inducing the
complex

0→ Z → 0→ Z → 0,

giving H0(S2) = H2(S2) = Z, H1(S2) = 0.
Generally, the complex projective space CPn has the partition σ0∪σ2∪σ4∪. . .∪σ2n

induced by the chain of immersions CP 0 ⊂ CP 1 ⊂ . . . ⊂ CPn. All these cells are
the cycles generating the even-dimensional homology groups.

Problem. Calculate the groups Hi(RPn, R) for R = Z, Z2, Q.

The homology groups have many important properties.

3.4. If f : X → Y is a continuous map, then it induces the homomorphism
of homology groups f∗ : H•(X, R) → H•(Y, R), f∗σ = σ ◦ f . It induces also
the contravariant homomorphism of the cohomology groups f∗ : H•(Y, R) →
H•(X, R).

3.5. If two maps f and g are homotopically equivalent, then they induce the
same homomorphisms between the homology groups and the cohomology groups.
This means that the homology groups of a topological space depend only on its
homotopy type. Indeed, if F : X × [0, 1] → Y is the homotopy between f and g
and σ is a cycle, then f∗σ − g∗σ = ∂(σ ◦ F ).

3.6. The Euler characteristic of X (see Remark 1.15) is equal to

χ(X) = b0 − b1 + b2 − . . . ,

where bi = bi(X) = dim Hi(X, R) are the Betti numbers. Indeed, by definition
χ(X) = dimC0 − dimC1 + . . .. We can write Ci = Im ∂i+1 ⊕Hi⊕ coker ∂i, where
coker ∂i � Im ∂i. Thus, after calculating the alternative sum of dimensions of the
spaces Ci, the contributions arising from images and cokernels cancel themselves
mutually.
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Figure 2

3.7. If X is a manifold of dimension n, then Hn(X, Z) is equal either to Z or to 0.
This follows from the partition of X into the simplices (the simplicial partition).
Let σn

i , i = 1, 2, . . . , r be the n-dimensional simplices of the partition. Then we
have two possibilities: either it is possible to choose the orientations of all the σn

i

in a compatible way (so that ∂
∑

σn
i = 0), or not.

The first case occurs for an orientable manifold and the indicated cycle, denoted
by [X ] and called the fundamental cycle, generates Hn(X, Z). In the second case
the manifold is not orientable and there are no nonzero n-dimensional cycles.

3.8. If f is a map between orientable manifolds X and Y of the same dimension,
then f∗[X ] = d[Y ] for some integer d. This number d = d(f) is called the degree
of the map f (see also Remark 1.13).

3.9. We shall use also the relative homology groups defined as follows. Let Y ⊂ X
be two CW-complexes. The relative group of k-dimensional chains is the quo-
tient group Ck = Ck(X)/Ck(Y ). The differential homomorphism acts in the
usual way and is well defined. Thus we get the chain complex and its homol-
ogy groups are called the relative homology groups of the pair (X, Y ) and are
denoted Hk(X, Y ; R). The relative cycles (generating the relative homologies) are
chains c in X such that ∂c is a chain in Y . By passing to the dual complexes we
define the relative cohomology groups.
If we take Y = {p} (one point), then the groups Hk(X, {p}) are called the reduced
homology groups and are denoted by H̃k(X). They are equal to the homology
groups of the completed chain complex

. . .→ C2 → C1 → C0 → Z → 0,

where the additional boundary operator counts the coefficients,
∑

miτ
o
i →

∑
mi.

Thus the difference between the relative and the non-relative homology groups
lies only in the 0-dimensional group. If X is connected, then H0(X) = Z and
H̃(X) = 0. We have also Hk(X, Y ) = H̃(X/Y ), where X/Y is obtained from X
by identifying the points from Y .
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3.10. The relative homology groups appear in the following long exact sequence
of a pair,

. . .→ Hk(Y ) i∗→ Hk(X)
j∗→ Hk(X, Y ) ∂→ Hk−1(Y )→ . . . .

Here the homomorphisms i∗, j∗ are induced by the natural homomorphisms be-
tween the topological spaces. The ‘boundary’ homomorphism (or connecting ho-
momorphism) ∂ is defined as follows: if c is a relative cycle from its class of relative
homology [c] then ∂c represents an (absolute) cycle in Y and we put ∂[c] = [∂c].

3.11. If X and Y are such spaces that their homology groups are without torsion,
i.e. without nonzero elements of finite order, then

Hk(X, R) = Hk(X, Z)⊗Z R,

Hk(X, R) = Hom (Hk(X, Z), R),

Hk(X × Y, Z) =
∑

i+j=k

Hi(X, Z)⊗Hj(Y, Z),

H̃k+1(X ∗ Y, Z) =
∑

i+j=k

H̃i(X, Z)⊗ H̃j(Y, Z).

Here X ∗ Y is the join of the spaces X and Y defined as X × Y × [0, 1]/ ∼, where
the subsets X×{q}×{0} and {p}×Y ×{1} are squeezed to points and p, q are the
base points. In particular, the latter two formulas hold for the homology groups
with coefficients in R and in C.
The first isomorphism, called the Künneth formula, is realized by means of the
map (σi, δj)→ σi × δj ⊂ X ×Y , where σi ⊂ X and δ ⊂ Y are cycles. The second
isomorphism is realized by means of the map (σi, δj) → σi ∗ δj .

§2 Index of Intersection
3.12. Definition (Index of intersection). (We follow mainly [GH]). Let A and B be
two cycles in a two-dimensional oriented manifold X represented by closed oriented
curves, denoted also by A and B. Assume that A and B intersect transversally
one another. If p is such an intersection point, then we define the local index of
intersection of these cycles at p by

ip(A, B) = ±1,

depending on whether the two (ordered) vectors tangent to A and B at p, and
defining their orientations, give an orientation of the surface the same as the initial
orientation of X or give the opposite orientation.
The index of intersection of the cycles A and B is

(A, B) =
∑

p

ip(A, B).
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Figure 3

If A =
∑

miAi, B =
∑

njBj , where Ai, Bj are 1-dimensional cells (arcs) such
that Ai ∩Bj intersect only at their interior points and transversally, then

(A, B) =
∑
ij

minj(Ai, Bj).

If the cycles are general then, in order to compute their intersection, one should
choose their representatives (in their homology classes) which satisfy the above
requirements. It means that they consist of smooth pieces, which do not intersect
one another at their boundaries and the intersections are transversal. It is achieved
by small perturbations of the initial cycles.
The intersection index is also denoted by A ·B, A ◦B and 〈A, B〉.
In the example from Figure 3 we have (A, B) = 1, (A, A) = 0, (B, B) = 0.

3.13. Lemma. (A, B) does not depend on the homology classes of the cycles. It
means that if A = ∂C, then (A, B) = 0.

Proof. Assume that the cycles are represented by the curves A and B satisfying
the requirements needed to compute their intersection number. Assume also that
A = ∂C, where C is a two-dimensional domain in X . The number of points where
the curve B enters the domain C is equal to the number of points where B exits
C. This follows from the fact that B is closed (as a cycle) and that A divides X
into two domains (here we use the orientability of X). From Figure 4 we see that
the orientation defined by TpA and TpB at an income point p is opposite to the
orientation at any outcome point. This shows that (A, B) = 0.
From this one can easily complete the proof in the general case. �

If X is an oriented surface, then the intersection index of cycles defines the bilinear
map

H1(X, Z)×H1(X, Z) → Z.

Consider now the situation when X is an n-dimensional manifold and A and B
are cycles in X , of dimensions k and n − k respectively. The local index of their
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Figure 4

intersection is ip(A, B) = ±1 and the sign is chosen according to the following
rule.
Let (v1, . . . , vk) be the basis of TpA compatible with the orientation of A and let
w1, . . . , wn−k be an analogous basis of TpB. Then we look at the compatibility of
the orientation given by v1, . . . , vk, w1, . . . , wn−k with the orientation of X .
As before, we define the index of intersection of the cycles A and B as (A, B) =∑

p ip(A, B) and we have the analogue of Lemma 3.13.

Proof of Lemma 3.13 in the general case. Let A = ∂C for a (k + 1)-dimensional
CW-complex C and let B be a sum of closed (n− k)-dimensional CW-complexes.
Assuming that they are in general position, we have that: A∩B consists of a finite
number of points of transversal intersection and C∩B consists of a finite number of
connected smooth curves γα with ends at A. Moreover, the intersections between
the cells of A and/or C and of B are transversal; the intersection between cells of
maximal dimensions occurs along curves, and an intersection occurs at points when
some cell has dimension smaller by 1. It is enough to show that the orientations
given by A and B at the endpoints of any such curve γ are different.
One can construct a system of vector fields along γ : x = x(t)

v1(t), . . . , vk(t), w1(t), . . . , wn−k−1(t)

satisfying the following properties:
v1, . . . , vk are tangent to C and to A at the endpoints of γ,
ẋ(t), w1(t), . . . , wn−k−1(t) define the orientation of B (so these vectors are tangent
to B),
v1(t), . . . , vk(t), ẋ(t), w1(t), . . . , wn−k−1(t) define the orientation of X .
(If we have such a system of vectors at one point x(t0), then we prolong it contin-
uously to the whole curve. Near the endpoints we improve slightly the system (vi)
in order to satisfy the condition of tangency to A.) Therefore v1(t), . . . , vk(t), ẋ(t)
define some orientation of C; (it can agree with the initial orientation of C or not).
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The boundary A of C is oriented in such a way that the system (n,(orientation of
A)) is the orientation of C, where n is the vector normal to A and directed outside
of C. Now it is clear that the orientations (v1, . . . , vk) of A at the income point
and at the outcome point of γ are different. �
Thus we have defined the bilinear map, called the intersection form

Hk(X, Z)×Hk(X, Z) → Z.

3.14. Remark. The intersection form vanishes at the torsion part of the homology
groups. Indeed, if A is such a cycle that mA = ∂C, m ∈ Z, then m(A, B) =
(mA, B) = (∂C, B) = 0 and also (A, B) = 0.
We have also the commutativity relation

(A, B) = (−1)k(n−k)(B, A).

3.15. Poincaré Duality Theorem. Let X be a compact oriented n-dimensional
manifold. Then the intersection form is unimodular, which means that it is non-
degenerate as a form on the torsion free parts of the homology groups

(·, ·) : Hk(X)/Tor ×Hn−k(X)/Tor → Z.

In other words, any functional Hn−k(X)/Tor → Z is an intersection index of some
homology class from Hk(X) and, if a class A ∈ Hk(X) is such that (A, B) = 0
for any B ∈ Hn−k, then A lies in the torsion part of Hk(X) (mA = 0 for some
m > 0).

Proof. Let K = {σi
ν} be some simplicial partition of X . Here the upper index i

denotes the dimension of a simplex σi
µ which is an image in X of the standard (and

oriented in the standard way) simplex {(x1, . . . , xi) : xj ≥ 0,
∑

xj ≤ 1} under a
smooth map. They define the chain complex C•(K) and the cycles, representing
elements of the homology groups, are expressed as combinations of the cells from
K. We shall construct a certain complex dual to the C•(K).
Let {τ j

µ} be the baricentric partition of K (see Figure 5). In the construction of
the dual complex, we associate to each simplex from K a certain cell consisting of
simplices of the baricentric partition of K.
To a vertex σ0

ν ∈ K we associate the n-dimensional cell (the star of σ0
ν)

∆n
ν = ∗σ0

ν =
⋃

τn
µ,

where the sum runs over simplices τ adjacent to the vertex σ0
ν , σ0

ν ∈ τn
µ.

To a k-dimensional simplex σk
ν we associate the (n− k)-dimensional cell

∆n−k
ν = ∗σk

ν =
⋂

∆n
µ,

where the intersection is over all n-dimensional cells ∆n
µ associated with the ver-

tices of the simplex σk
ν .
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Figure 5

The dual cell to σn
ν is equal to its baricentric center.

The cell ∆n−k
ν intersects the simplex σk

ν transversally at one point which we denote
by p. We define the orientations of the dual cells in such a way that ip(σj , ∆j) = 1.
Next we introduce the coboundary operation δ on the dual complex C• = {∆n−k

ν }.
If ∆n−k

ν =
⋂k+1

i=1 ∆n
i , the intersection of k + 1 n-cells, then

δ(∆n−k
ν ) =

∑
j

⋂
i�=j

∆n
i =

∑
j

±∆n−k+1
j

(as in the coboundary operator in the complex of cochains defining the Čech
cohomology, see 3.26 below). The sign εj = ±1 before ∆j is chosen in such a
way that the orientation of the cell ∆ν = ∆n−k

ν coincides with the orientation of
the boundary of εj∆j ; i.e. the orientation of ∆ν differs by the factor εj from the
orientation of the boundary of ∆j .
The thesis of the theorem follows from the identity

δ(∗σk
ν) = (−1)k ∗ (∂σk

ν),

which says that ∗ is a complex homomorphism.
For its proof one considers σj = σk−1

j , the simplices appearing in the boundary of
σν = σk

ν , and ∆j = ∆n−k+1
j = ∗σj . Assume that σj are oriented as the boundaries

of σk
ν and that the orientations of ∆j are as described above. It is enough to show

that
εj = (−1)k.

The latter is proved in the same way as Lemma 3.13. One constructs suitable
vector fields v1(t), . . . , vk−1(t) (tangent to σν) and w1(t), . . . , wn−k(t) (tangent to
∆j) along the segment [p, q] which joins the intersection points p = ∆ν ∩ σν and
q = ∆j ∩ σj . One adds to them the vector field ẋ tangent to [p, q] and compares
induced orientations at the endpoints.
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We omit the details, which can be found in [GH].

The map ∗ defines an isomorphism between the complex C•(K) and the complex
C•(K) of cochains of the dual cell partition. Because the cohomology groups of
the cochain complex C•(K) are equal to the cohomology groups of X , we get the
isomorphism

D : Hk(X, Z) → Hn−k(X, Z)

induced by ∗. This statement is also called the Poincaré duality.
The isomorphism D has the property that

〈D(γ), λ〉 = (γ, λ)

for any cycles γ ∈ Hk(X), λ ∈ Hn−k(X). This means that the map D/Tor, i.e. the
homomorphism defined by ∗ on the torsion-free part, is induced by the intersection
form. The invertibility of D/Tor means the unimodularity of the form (·, ·).
From this Theorem 3.15 follows. �
Problem: Calculate the intersection form on H2k(CPn)×H2n−2k(CPn).

Figure 6

3.16. Remark. The definition of intersection index and of the Poincaré duality can
be generalized to the relative situation.
Let Y = ∂X be the boundary of the manifold X . If γ is a relative cycle in the
pair (X, Y ), i.e. γ ⊂ X and ∂γ ⊂ Y , and δ is an absolute cycle in X , then we can
define their intersection index (as usual) and obtain the bilinear form

Hk(X, Y )/Tor ×Hn−k(X)/Tor → Z

which is non-degenerate.
Sometimes the chain γ− ∂γ ⊂ X−Y is called the cycle with closed support in the
non-compact manifold X \ Y (or the locally finite cycle). One also introduces the
homology groups with closed support (or locally finite homology groups) Hcl

k (X\Y )
(or H lf

k (X \ Y ) respectively) and the intersection index gives the pairing

H lf
k (X − Y )/Tor ×Hn−k(X)/Tor → Z.
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The corresponding dual groups are called the cohomology groups with compact
support. They are defined by means of the complex of cochains, which are nonzero
only on a finite number of cells in X−Y , and are denoted by Hk

c (X \Y ). We have
the pairing H lf

k (X \ Y, R)⊗Hk
c (X \ Y, R)→ R.

3.17. The linking number. Let X = Sm be the m-dimensional sphere and let a
and b be two cycles in Sm. The dimension of a is i < m/2 and the dimension of b
is m− i− 1 and we assume that i ≤ m− i− 1.
Because Hi(Sm) = 0, the cycle a is a boundary, a = ∂A. If i = 0, then we assume
that a = 0 in the homology group H0(X). The intersection number

l(a, b) = (A, b)

is called the linking coefficient of the cycles a and b. It is well defined, because if
a = ∂A′, then A−A′ = ∂C, and we use the properties of the intersection index.
There is another definition of the linking number. Of course, the sphere is a bound-
ary of a ball, Sm = ∂Dm+1. The cycles a and b define the zero classes in the
homology groups of Dn+1. Thus a = ∂Ã, b = ∂B̃, where Ã, B̃ ⊂ Dm+1.

3.18. Lemma. l(a, b) = (−1)i+1(Ã, B̃).

Figure 7

Proof. Let us introduce the ‘polar’ coordinates in Dm+1: [0, 1] × Sm � (r, θ) →
rθ ∈ Dm+1. Assume that a, A and b are represented as smooth submanifolds.
Define

Ã = [1/2, 1]× a ∪ {1/2} ×A,

B̃ = [0, 1]× b

(see Figure 7). The surfaces Ã and B̃ intersect at {1/2} × (A ∩ b). Therefore
the number of intersection points appearing in both definitions are the same. It
remains to control the orientations of the chains.
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The orientation of Ã is the same as the corresponding orientation of {1/2}×A = A.
The orientation of B̃ is given by (∂r,orientation of b). Therefore the orientation
of Dm+1, given by Ã, B̃, is the following: (orientation of A, ∂r,orientation of b).
Because the standard orientation of Dm+1 is (∂r,orientation of Sm) then we must
move the radial vector to the beginning. From this we get the factor (−1)i+1. �
3.19. The Alexander Duality Theorem. Let K ⊂ Sm be a submanifold, p ∈ K,
q ∈ Sm�K be some base points. The linking number of cycles defines a duality
between the homology groups Hi(K, p)/Tor and Hm−i−1(Sm�K, q)/Tor.

Proof. Repeating the proof of the Poincaré duality theorem we get the duality of
the homology groups Hi(K, p) and Hm−i(Sm�p, Sm�K); (by means of intersec-
tion of relative cycles in (K, p) and in (Sm�p, Sm�K)).
We use the long exact sequence of the pair (Sm�p, Sm�K),

Hj(Sm�K, q)→ Hj(Sm�p, q)→ Hj(Sm�p, Sm�K) ∂→ Hj−1(Sm�K, q) . . . ,

to obtain the isomorphism between Hj(Sm�p, Sm�K) and Hj−1(Sm�K, q); (be-
cause Hj(Sm�p, q) = 0 for every j).
It is also clear that this isomorphism identifies the intersection index with the
linking coefficient. �
3.20. Remark. Using the Poincaré duality one can associate with a cycle A in
a manifold X a certain cohomology class (with real coefficients). Namely, if the
dimension of A is k and B ∈ Hn−k(X, R), then the functional φ(B) = (A, B) is
an element of Hk(X, R) = Hk(X, R)∗.
Note that in this definition, the coorientation of A is important. Assume that A is
a submanifold of X . Its coorientation is the compatible choice of a field of repers
in the normal spaces NpA = TpX/TpA. The manifold X and the submanifold A
can be not oriented, but if A is cooriented then it defines the cohomology class.

3.21. Example (The Maslov index and the Morse index). Some cohomology classes
are defined in just the way which we have described above. One of them is the
Maslov index.
Let X be an n-dimensional Riemannian manifold. Its cotangent bundle M = T ∗X
is a symplectic manifold. It means that there is a closed and non-degenerate 2-form
ω on M : dω = 0 and for each m ∈M the bilinear (antisymmetric) form ω(·, ·) on
TmM is non-degenerate. In the case of a cotangent bundle, the symplectic form
is defined as follows. Let q1, . . . , qn be local coordinates in X and let p1, . . . , pn

be the coordinates associated with them in T ∗
q X = {p1dq1 + . . . + pndqn}. Then

ω =
∑

dpi ∧ dqi = d(
∑

pidqi) = dα. The 1-form α is called the Liouville form.

An n-dimensional submanifold L
i
⊂ M is called a Lagrangian submanifold iff

i∗ω = 0,

i.e. ω|TmL ≡ 0.
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If π : M → X is the natural projection map, then the fibers of π are Lagrangian
submanifolds, (because then dqi = 0). If S = S(q) is a function on X , then the
set {(p, q) : p = ∂S/∂q} forms a Lagrangian submanifold, (because α = dS and
d2S = 0). If Y is a submanifold in X , then N∗Y = {(q, p) : p|TqY = 0} is also a
Lagrangian submanifold. Note that for Y = {q} we get the first example.
The Maslov index, which we are going to define, is a 1-dimensional cohomology
class on the Lagrangian submanifold. It is defined on curves γ ⊂ L.
The projection π, restricted to the Lagrangian submanifold L, is a differentiable
map between two n-dimensional manifolds. If L is in general position, then π|L is
regular at almost every point of L. Define

Σ = {z ∈ L : z is critical point for π|L},

the set of points, where L projects badly at X . The image of this set, π(Σ) is
called the caustics of the manifold Σ.
If L is in general position, then Σ forms a subset of codimension one in L, (given
by one equation detD(π|L) = 0). Moreover, typically Σ is smooth outside some its
subset of codimension two (in Σ). We do not prove this property, we demonstrate
it in the following example.

Example (The A3 Lagrangian singularity, see [Arn1]). Let F (p1, q2) = p4
1 + q2p

2
1.

We define a Lagrangian manifold in T ∗R2,

L = {(q1, q2, p1, p2) : q1 = ∂F/∂p1, p2 = −∂F/∂q2}.

This manifold can be parameterized by means of the variables p1, q2: (p1, q2) →
(4p3

1 + 2q2p1, q2, p1,−p2
1), and the projection π|L is the Whitney map

(p1, q2) → (4p3
1 + 2q2p1, q2)

(see Definition 2.12). The set of critical points of the projection is the smooth
curve

Σ = {12p2
1 + 2q2 = 0}

and its image is the cusp q1 = −8p3
1, q2 = −6p2

1 (see Figure 8).
It turns out that Σ has two sides in L. Take a typical point z from Σ. The kernel
of Dπ(z) is 1-dimensional and L is given locally as a graphic of the mapping
(p1, q2, . . . , qn)→ (q1, p2, . . . , pn). The critical set Σ = {∂q1/∂p1 = 0}.
We define the positive side of Σ as that where ∂q1/∂p1 > 0. The negative side is
defined by the opposite inequality. This definition is correct. We can see that the
sides are well defined in our example. In the general situation one can prove that
typical codimension 2 singularities are of the A3 type.
Hence Σ is cooriented and defines a 1-dimensional cohomology class. The value of
this class on a curve γ is equal to the number of (transversal) passes of γ from the
negative side of Σ to the positive side, minus the number of reverse passes. This
number is called the Maslov index of the curve γ.
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Figure 8

The Maslov index has applications in asymptotic solutions of partial differential
equations and in geometry. Below we present one such application.
Let q ∈ X and let γ be a geodesic line starting at q and with end at some point
q′. (Recall that X is Riemannian).
The Morse index of the geodesic γ is the number of points in γ which are conjugate
with q. Recall that a point q1 is conjugate with q iff the near geodesics starting
at q are infinitesimally focused at q1. One can also define a multiplicity of the
conjugate point.
With this situation one can associate a Lagrangian submanifold L ⊂ T ∗X . We
identify TX with T ∗X by means of the Riemannian metric. Let

L0 = {(q, v) ∈ T ∗X : |v| = 1}.

It is an (n− 1)-dimensional submanifold such that ω|L0 = 0.
Let gt : (q, v) → (q(t), v(t)) be the geodesic flow; here v(t) = q̇(t)∗ is the dual
covector to q̇(t). The n-dimensional manifold

L =
⋃
t

gt(L0)

is Lagrangian.
The curve γ has lift δ = (γ, γ̇∗) to L and we can define the Maslov index of δ.

3.22. Theorem. The Morse index of γ is equal to the Maslov index of δ.

We do not give the proof of this theorem. We notice only that near the conjugate
point on one geodesic, near geodesics intersect between themselves. This means
that their lifts to the Lagrangian submanifold have bad projections to the config-
uration space X . Thus δ passes through the critical surface Σ.

3.23. Definition (de Rham cohomologies). If X is a differentiable manifold, then
one defines the de Rham cohomology groups of X , Hk

dR(X, R) as the cohomology
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groups of the cochain complex

0 → Γ(X, E0) d→ Γ(X, E1) d→ Γ(X, E2) → . . .→ Γ(X, En)→ 0.

Here Γ(X, Ek) are the spaces of all differential forms of degree k defined globally
on X . More precisely, Ek = Ek

X denotes the sheaf of differential k-forms, defined
locally as

ω =
∑

ai1,...,ik
dxi1 ∧ . . . ∧ dxik

.

Γ(X, Ek) denotes the set of global sections of this sheaf, or the set of global sections
of the bundle ∧kT ∗X . The operator d is the external derivative

dω =
∑∑

j

ai1,...,ik

∂xj
dxj ∧ dxi1 ∧ . . . ∧ dxik

.

If the coefficients ai1,...,ik
of the form ω take complex values, then we have the

complex de Rham cohomology groups Hk
dR(X, C).

ω is called closed iff dω = 0 and is called exact iff ω = dη for some (k + 1)-form η.
Thus Hk

dR(X, R) = (closed forms)/(exact forms).

3.24. De Rham Theorem. We have Hk(X, R) = Hk
dR(X, R).

Before giving the proof of the de Rham theorem we shall give an interpretation of
the intersection index in terms of differential forms.
The exterior product of forms ωk, ηm → ωk ∧ ηm is compatible with the external
derivative, d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη. This defines the bilinear map

Hk
dR(X, R)×Hm

dR(X, R)→ Hk+m
dR (X, R).

In this way we obtain the cohomolology algebra. In the case of singular cohomolo-
gies, this bilinear map coincides with the so-called cup-product.

Examples. 1. The algebra H•(CPn, C) is isomorphic to C[x]/(xn+1), where x rep-
resents the generator of the second cohomology group with integer coefficients.
2. The algebra H•(T 2, R) is isomorphic to the exterior algebra ∧R2.
The last cohomology group Hn

dR(X, R) is identified with R by means of the in-
tegration along X : 〈ξn, [X ]〉 =

∫
X ξ, the value on the fundamental cycle [X ] (see

3.7)
Therefore we have (ωk, ηn−k)→

∫
X ω ∧ η. We obtain the pairing

Hk
dR(X, R)×Hn−k

dR (X, R)→ R.

3.25. Theorem. The latter pairing is dual to the intersection index. It means that if
A, B are cycles of complementary dimensions and ω, η are differential forms such
that for any cycles C, D,

∫
C ω = (A, C) and

∫
D η = (B, D), then

∫
X ω∧η = (A, B).
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Proof. Let ∆ : X → X×X be the diagonal mapping, x→ (x, x), and let its image
also be denoted by ∆. If A, B are cycles in X , then their index of intersection in
X is equal to the index of intersection of A×B and ∆ in X ×X .
By the Künneth formula (see 3.11) Hn(X ×X, R) =

⊕
k Hk(X, R)⊗Hn−k(X, R)

and it is not difficult to see that

∆∗([ω]⊗ [η]) = [ω ∧ η].

Combining these two facts, we get the result. �

3.26. Sheaves. If X and Y are manifolds, then a map p : E → X is called the
fibre bundle iff the manifold X is covered by charts Uα such that p−1(Uα) is
diffeomorphic to Uα × F , where F is a fixed manifold, a fiber. X is the base of
the bundle. If F is a vector space, then we get a vector bundle. If X is a complex
manifold and F = C, then we have a line bundle. If F is a discrete space, then
the bundle is a covering.
Bundles over X with fixed fiber F are defined by identifications (gluing) of the
domains Uα×F and Uβ×F above Uα∩Uβ . It is realized by means of the functions
hα,β on Uα ∩ Uβ which take values in the group of diffeomorphisms of the fiber.
In the case of vector bundles, this is the linear group Aut(F ).
In each chart Uα we can define local sections of the bundle E → X , as functions
on Uα with values in F . If sα is a section in Uα and sβ is a section in Uβ , then they
define the section in Uα ∪ Uβ iff sβ = hα,βsβ . With each domain U ⊂ X we can
associate its space of sections F(U). In this way we obtain the sheaf F of sections
of the bundle E.
The formal definition of sheaf (of groups on a manifold X) is the following. Firstly,
one has a presheaf, which associates to any open subset U ⊂ X an abelian group
Γ(U) and to any inclusions V ⊂ U a restriction homomorphism Γ(U) → Γ(V ),
f → f |V (with natural properties). A presheaf is a sheaf iff it has the additional
property: if fj ∈ Γ(Uj) satisfy fi|Ui∩Uj = fj|Ui∩Uj , then there is unique f ∈
Γ(
⋃

Uj) such that f |Uj = fj .
There are many sheaves associated with some natural bundles: the sheaf E0

X of
smooth functions (sections of the trivial bundle X × R), the sheaf Ek

X of differ-
entiable k-forms on X , the sheaf of vector fields, the constant sheaves (where
F(U) = Z, C, R consists of locally constant functions).
In algebraic geometry there are more natural bundles and sheaves associated with
them. In fact, there the notion of a sheaf is more natural, because it includes some
natural situations with singularities (e.g. when the dimension of a fiber ceases to
be constant).
Important are: the sheaf O(X) = OX of germs of holomorphic functions and
sheaves F of OX -moduli; (F(U) is a module over the ring OX(U)). Such a sheaf
F is called coherent iff it is locally finitely generated and the relations sheaf is
locally finitely generated; for U ⊂ X there is a surjection Γ(U,OX)m → Γ(U,F)
and its kernel defines the sheaf of relations.
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In Section 7 we use some natural morphisms of sheaves. If F : X → Y is a
holomorphic map and F is a sheaf of OX -moduli on X, then the direct image of
F is the sheaf F∗F of OX -moduli on Y (and of OY -moduli) such that

(F∗F)(V ) := F(F−1(V )).

If G is a sheaf of OY -moduli on Y, then the inverse image of G is the sheaf F−1G
of OY -moduli on X such that (F−1G)(U) := limF (U)⊂V G(V ) (direct limit over
V ’s). One defines also F ∗G := F−1G ⊗OY OX , a sheaf of OX -moduli on X ; here
OY is treated as a subsheaf of OX .

3.27. The Čech cohomologies. Let F be a sheaf on X and U = {Uα} be its locally
finite covering. We associate with it the following cochain complex.

• Its groups of k-cochains Ck(U ,F) are the direct sums of the groups F(Uα0 ∩
. . . ∩ Uαk

) (with different indices αi’s); its elements are denoted by σα0,...,αk

and are anti-symmetric with respect to the indices.

• If σ = {σα0,...,αk
}, then the coboundary operator acts on it as follows:

(δσ)α0,...,αk+1 =
k+1∑
j=0

(−1)jσα0,...,αj−1,αj+1...αk+1 .

We define Hk(U ,F) as the cohomology groups of this cochain complex. If V is
a subcovering of U , (i.e. each Vβ lies in some Uα), then we have a natural map
Hk(U) → Hk(V). The direct limit of these groups is the Čech cohomology group
Hk(X,F).

Examples. 1. The group H0(X,F) is equal to the group of global sections of the
sheaf F . Indeed, if σ0 = {σU}, then the condition (δσ)UV = σV − σU = 0 means
that the sections σU and σV coincide at U ∩ V .
2. The vector bundles on X with fiber V are classified according to the elements
of the group H1(X,G) where G is the sheaf of functions on X with values in the
group Aut(F ) (of automorphisms of the fiber).
However, if the group Aut(F ) is non-abelian, then we have the “non-abelian” Čech
cohomology group H1(X,G), whose definition needs some modification. It equals
{σ1 : δσ1 = e}/ ∼, where the cochain σ1 = (σUV ) is a cocycle iff (δσ)UV W =
σUV σV W σWU = e and (σUV ) ∼ (τUV ) iff σUV = ρUτUV ρ−1

V for some 0-cochain
ρ0 = (ρU ).
3. If F is a sheaf on X and F∗F is the direct image of F defined by a map
F : X → Y, then we have

Hj(X,F) � Hj(Y, F∗F).

Usually the limit in the definition of Čech cohomology is achieved at some suffi-
ciently fine covering. In particular, J. Leray proved that, if the intersections of the
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elements of the covering have the property that their cohomology groups vanish,
then such a covering is good (see [God]).
In this way one obtains the isomorphism of the Čech cohomologies with coefficients
in a constant sheaf, denoted by Ȟk, with the singular cohomologies. The latter
fact is proved as follows. Take a simplicial partition K of X . With each vertex s0

α

we associate the open subset Uα equal to the union of n-simplices having s0
α as a

vertex (the star with vertex at s0
α). The system of these stars defines the needed

covering of X . The intersection
⋂

Uαi
is not empty iff s0

i are vertices of some
simplex in K. The Čech cochain associates integer numbers to such intersections.
The latter numbers can be interpreted as singular cochains. In this way we obtain
a homomorphism of the cochain complexes. If the simplicial partition is sufficiently
small, then this gives the isomorphism of the cohomology groups.

Proof of the de Rham theorem 3.24. Lemma. We have Hk(X, Er) = 0 for k > 0.

Proof. It relies on existence of a smooth partition of unity for a section of the
sheaf of smooth differential forms. The sheaves which admit a partition of unity
are called flabby sheaves. (The holomorphic or algebraic sheaves are not flabby).
Let {Uα} be some covering of X and let ρα : Uα → R be some associated partition
of unity:

suppρα ⊂ Uα, ρα ≥ 0,
∑

ρα = 1.

If σ = {σα0,...,αk
} is a Čech cocycle, i.e. δσ = 0, then we define the Čech cochain

τ ∈ Ck−1 by putting

τα0,...,αk−1 =
∑

β

ρβσβ,α0,...,αk−1 .

It turns out that δτ = σ.
For example, in the case k = 1 we have σ = {σUV } such that σUV +σV W +σWU = 0
in U ∩ V ∩W . If τU =

∑
V ρV σV U , then

(δτ )UV = τV − τU =
∑
W

ρW σWV −
∑
W

ρW σWU =
∑
W

ρW σUV = σUV . �

If ω is a k-form, then it defines a singular cochain: its value on the chain c =
∑

aic
k
i ,

ai ∈ R, is

〈ω, c〉 =
∑

ai

∫
ci

ω.

This homomorphism of the cochain complexes commutes with the coboundary
operator. The latter fact is equivalent to the Stokes theorem∫

∂σ

η =
∫

σ

dη

which is a generalization of the fundamental theorem of analysis, (the integral of
a derivative is equal to the difference of values of the function at the ends of the
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interval). In this way we obtain a map from H•
dR(X) to H•(X, R). We must show

that this map is an isomorphism.
Consider the sequence of sheaves

0 → R → E0 d→ E1 d→ E2 → . . . ,

where the second arrow is the inclusion.

3.28. The Poincaré Lemma. The above sequence is exact. It means that every closed
k-form is locally equal to the differential of some (k − 1)-form.

Proof. Because the situation is local, it is enough to consider the case when the
closed k-form ω is defined in a neighborhood of 0 in Rn. Denote by er =

∑
xi∂xi

the radial vector field. If x ∈ Rn and v1, . . . , vk−1 are vectors tangent to Rn at x,
then we define the (k − 1)-form η as

〈η, (v1, . . . , vk−1)〉 =
∫ 1

0

〈ω(tx), (er , v1, . . . , vk−1)〉dt.

One can check that dη = ω.
(This is a generalization of the well-known formula from mechanics: if a field of
forces F (x) is such that the work

∫
γ F · dx depends only on the ends of the path

γ, then the field F is a potential field and the potential energy is given by the
formula U(x) =

∫ x

0 F · ds.) �

Let Zk denote the sheaf of closed k-forms. Poincaré’s Lemma says that the short
sequences of sheaves

0→ Zk → Ek d→ Zk+1 → 0 (2.1)

are exact.

3.29. Lemma about the long exact sequence. With each short exact sequence of
sheaves

0→ E α→ F β→ G → 0

one associates the following long exact sequence of their Čech cohomologies (anal-
ogous to the long exact sequence of the homology groups of a pair)

. . . Hk(X, E)→ Hk(X,F)→ Hk(X,G) δ∗
→ Hk+1(X, E) . . . .

Proof (sketch). Here the first two homomorphisms are induced by the maps of
the sheaves and the coboundary operator δ∗ is defined as follows. If σk is a Čech
cocycle with values in G, then it is the image of a cochain τk with values in F ,
β(τ ) = σ. Take the coboundary δτ . Because of the commutation relation δβ = βδ,
δτ belongs to the kernel of β and, by the exactness, to the image of α. Thus
δτ = α(µ) where µ is some (k +1)-cocycle with values in E . The cohomology class
of µ is the value of the coboundary operator on σ. �
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We associate corresponding long exact sequences with the short exact sequences
(2.1). Using the fact that Hq(X, Ep) = 0 for q > 0 these sequences give us the
series of isomorphisms

Ȟk(X, R) � Hk−1(X,Z1) � Hk−2(X,Z2) � . . .

� H1(X,Zk−1 � H0(X,Zp)/dH0(X, Ek−1).

The group H0(X,F) is the group of global sections of the sheaf F . Therefore the
latter group in the above series of isomorphisms is identified with the group of de
Rham cohomologies. �
3.30. The Lefschetz fixed point theorem. Assume that f : X → X is a continuous
map of a CW-complex. Define its Lefschetz number

L(f) =
∑

(−1)qTr (f∗q : Hq(X, Q )→ Hq(X, Q )) .

(i) In the case when X is a simplicial complex and f is a simplicial map, the
number L(f) can be defined as

∑
(−1)qTr (fq : Cq → Cq) where fq acts on

the space of q-dimensional chains.

(ii) In the case when f is a differentiable map of a differentiable manifold with
isolated fixed points, we have L(f) =

∑
p ip(f), where the sum is over the set

of fixed points and the index ipf of the map f at p is defined as the index of
the vector field x− f(x) (in a local chart U ⊂ Rn).

(iii) If L(f) �= 0, then f has a fixed point.

Proof. (i) The number L(f) has the same properties as the Euler characteristic;
(and equals it in the case f = id). (ii) This point is the analogue of the Poincaré–
Hopf theorem. (iii) This point is proved by means of a fine simplicial approximation
of the map. For more details, see [Spa]. �

§3 Homotopy Theory
We shall need also a little homotopy theory and we present here some of its funda-
mental notions. Two continuous maps f, g : X → Y are homotopically equivalent
if there exists a continuous map F : X × [0, 1] → Y such that F (x, 0) = f(x),
F (x, 1) = g(x). The fundamental group π1(X) = π1(X, x), x ∈ X is the space of
homotopy classes of maps (S1, 1)→ (X, x), where S1 is the circle {z ∈ C : |z| = 1}.
This set has a natural structure of a group; multiplication is a composition of loops
(after a change of parametrization). Often the fundamental group is not abelian,
but we have the identity

H1(X, Z) = π1(X)/[π1(X), π1(X)],

where [a, b] denotes the commutator aba−1b−1. The set of homotopy equivalence
classes of maps Sk → X is denoted by πk(X). It forms an abelian group (for
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k > 1), called the k-th homotopy group of X . The space X is called the Eilenberg–
MacLane space K(π, n) iff πn(X) = π and πi(X) = 0, i �= n. For example,
K(Z , 1) = S1, K(Z 2, 1) = RP∞, K(Z , 2) = CP∞. A map p : X → Y , Y ⊂ X is
called the retraction if f |Y = id. We say that Y ⊂ X is a deformation retract of
X if there is a homotopy X × [0, 1] → X which is identity on Y and which joins
the identity map on X with some retraction p : X → Y . The next lemma, though
easy to prove, will be frequently used.

3.31. Lemma (Prolongation of homotopy). Let p : E → B be a fiber bundle with
fiber F and let X be some CW-complex. If there are two continuous maps

G : X × {0} → E, g : X × [0, 1]→ B,

which agree, i.e. p ◦G(x, 0) = g(x, 0), then there exists a map G̃ : X × [0, 1]→ E

which prolongs G and agrees with g, p ◦ G̃ = g. Moreover any two such lifts are
homotopically equivalent.

3.32. The long sequences associated with a fibration. Let E → B be a (locally
trivial) fiber bundle with the fiber F . We have the long exact sequence of homotopy
groups

. . . πk(F ) → πk(E) → πk(B) → πk−1(F )→ . . . .

In general, there is no analogous sequence of the homology groups. There are such
sequences in the cases when: (i) F = Sm

. . . Hk−m(B)→ Hk(E) → Hk−m−1(B)→ Hk−1(E) → . . .

called the Gysin sequence, and (ii) B = Sn

. . . Hk(F ) → Hk(E) → Hk−n(F ) → Hk−1(F ) → . . .

called the Wang sequence.
For more details we refer the reader to [Spa].



Chapter 4

Topology and Monodromy of Functions

This chapter is devoted to topological invariants of analytic and algebraic functions
and sets. We begin with a description of the homology groups of non-singular levels
of germs of holomorphic functions with isolated singularity (the Milnor theorem)
and with definition of the Milnor bundle over a punctured disc. The action of the
generator of the fundamental group of the base on a fiber defines the monodromy
operator in the homologies of the fiber. Its action is described by the Picard–
Lefschetz formula.
In the case of deformation of a singularity one has a Milnor bundle over a comple-
ment of the discriminant set. The fundamental group of such complement is the
braid group. It also acts on the homology of the fiber. We describe the monodromy
group arising in this way.
To obtain further invariants of the monodromy one resolves the singularities, i.e.
replaces the singular hypersurface by a union of smooth divisors with normal
crossings. This theorem (of Hironaka) holds in the local as well as in the algebraic
situation and in the case of a non-isolated singularity. Sometimes (in the case of
multiple divisors) one needs to apply a certain base change and normalization of
the fiber space. We describe (without proofs) the desingularization process and
the semi-stable reduction.
We present the Clemens’ construction, i.e. the contraction of the fiber space to
the resolved singular fiber. We use it in the proof of the fundamental result, the
monodromy theorem (about eigenvalues of the monodromy operator and the di-
mensions of its Jordan cells), and in derivation of the formula for the zeta function
of the monodromy.
In the appendix (Section 3) we collect basic properties of such objects as root
systems, semi-simple Lie algebras and finite groups generated by reflections. They
have analogies with the monodromy groups.

§1 Topology of a Non-singular Level

Let f : (Cn, 0)→ (C, 0) be a germ of a holomorphic function with isolated critical
point at 0. We assume that f is a polynomial. We are going to calculate the
homology groups of the surfaces f(x) = z intersected with a small ball. Firstly we
formulate some preparatory lemmas.
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4.1. Lemma. There exists a perturbation of f of the form f + εg (with linear g)
such that the function f + εg has only non-degenerate critical points with different
critical values. In other words, f + εg is a Morse function.

Proof. Consider the map Df : Cn → Cn. A point x0 is critical for Df iff
detD2f(x0) = 0. Thus critical points of Df with value 0 are degenerate critical
points of f. The Sard theorem says that almost all values L ∈ Cn are non-critical
for the map Df . Therefore for the function

f1(x) = f(x)− L · x,

with small non-critical L, 0 is not critical value for Df1. This means that all critical
points of f1 are different and of Morse type.
Now it is enough to perturb slightly in L in such a way that we remain in the
non-degenerate case but with different critical values. �
4.2. Lemma. There exists ρ > 0 such that the spheres Sr = {|x| = r} ⊂ Cn = R2n,
0 < r ≤ ρ, intersect the set f−1(0) transversally.

Proof. The statement of Lemma 4.2 is equivalent to the fact that the function

h : x → |x|2,

restricted to the set f−1(0) \ 0, does not have critical points inside a small ball Bρ

with center at 0 (and radius ρ).
The property that h has a critical point at x is a property for an implicit extremum
in R2n and can be expressed as the property of vanishing of some minors of a
certain matrix. More precisely, let f = f1 + if2. Then f−1(0) is given by the
equations f1 = f2 = 0. Let also y1, . . . , y2n denote the real coordinates. Then the
matrix ⎡⎣ ∂h/∂y1 . . . ∂h/∂y2n

∂f1/∂y1 . . . ∂f1/∂y2n

∂f2/∂y1 . . . ∂f2/∂y2n

⎤⎦
should have rank less than or equal to 2. Because h, f1, f2 are polynomials we
obtain a system of algebraic equations defining a real algebraic subset V of R2n.
If one shows that this set consists of a finite number of points, then one obtains
the thesis of Lemma 4.2. Indeed, one can choose ρ such that the punctured ball
Bρ�0 does not contain points from V .
The set V is 0-dimensional; otherwise the function h would be constant along part
of its curve tending to the origin.
If it had a sequence of points accumulating at the origin, then one would choose a
subsequence tending to zero with some definite asymptotic direction. We can as-
sume that this asymptotic direction is such that y1 > 0, . . . , y2n > 0. In particular,
the complexification V C ⊂ (R2n)C should have complex dimension ≥ 1.
Suppose firstly that dimC V C = 1, i.e. V C is a complex analytic curve with definite
asymptotic direction and having a sequence of real points tending to the origin.
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We can represent V C in the form of Puiseux expansion, i.e. the expansion of
y2, y3, . . . in powers of y

1/ν
1 (see 2.25(b)). Thus, putting y1 = tν , we get y =

(tν ,
∑

j a2,jt
j , . . . ,

∑
j a2n,jt

j), t ∈ (C, 0). V C contains infinitely many real points;
we can assume that these points correspond to real parameters t. We claim that
all the coefficients ai,j are real. Indeed, if some Im ai,j �= 0 with smallest j, then
Im yi = Im ai,jt

j(1 + . . .) �= 0 for small t > 0. This means that V is a real 1-
dimensional analytic curve.
Suppose now that d = dimC V C > 1. We claim that:

There exists a (real) algebraic subset V1 ⊂ V with dimC V C
1 < d and containing

points arbitrarily close to 0.

Indeed, let g1, . . . , gk be the generators of the ideal I(V ) of polynomials vanishing
on V . Let Sing V = {rank(dg1, . . . , dgk) < d} be the set of singular points of V .
It is a proper algebraic subset of V . If the point 0 is not isolated in Sing V , then
we put V1 = Sing V . Assume then the opposite.
Consider the function h = |y|2 . We know that rank(dg1, . . . , dgk) = d. But it turns
out that rank(dg1, . . . , dgk, dg) = d + 1 for y �= 0 and close to 0.
Indeed, the complexification of h on V C�0 is constant on each component of its
critical set and hence h|V �0 has finitely many critical values.
Thus the varieties V ∩ Sρ (ρ > 0 and small) are smooth; infinitely many of them
are nonempty. Consider the functions ϕi = yi|V ∩Sρ , V ∩ Sρ �= ∅. Each ϕi has a
maximum in the domain yi > 0, i.e. a critical point. Therefore the sets Wi = {y ∈
V :rank(dg1, . . . , dgk, d|y|2, dyi) ≤ d + 1} are nonempty.
If all Wi = V , then this would mean that all the differentials dyi belong to the
space generated by dgj , d|y|2 which has the dimension d + 1 < 2n. Thus some
Wi �= V and we put V1 = Wi.
Repeating this we find a variety Ṽ ⊂ V with dim Ṽ C = 1 and containing points
arbitrarily close to 0.
More details are in Milnor’s book [Mil2]. �

Remark. Note also that the assumption (of Lemma 4.2) that the function f is a
polynomial can be weakened. We can assume that f is analytic. Then one would
deal with local real analytic varieties. In the same way one proves that an analytic
variety in Rm has only finitely many local components and that any two points on
such a component can be joined by a curve which consists of finitely many smooth
analytic pieces. (Here by an analytic subset of Rm we mean such a subset that
near any point y ∈ Rm is given as a common zero of a system of functions analytic
near y).

4.3. Corollary.

(a) If, in the assumptions of the previous lemma, we fix the small sphere Sr and
slightly perturb the function f to f̃ , then also f̃−1(z) is transversal to Sρ for
small |z| ≤ ε, ε = ε(ρ). In particular, the sets f̃−1(z)∩Bρ, z not critical, are
regular manifolds with smooth boundary.
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(b) The independence of df1, df2, dh implies that the sets (Bρ�{f = 0}) ∩
{arg f = θ}, θ ∈ [0, 2π) are regular manifolds.

4.4. Remark. Repeating the proof of Lemma 4.2 one obtains the following result:
The function Sρ ∩ {f �= 0, arg f = θ} � x → |f(x)| does not have critical points
for ρ and |f | small enough and θ ∈ [0, 2π].
Indeed, the proof of this statement leads to the real algebraic variety
{rank(d arg f, d|f |, dh) = 2} and to showing that 0 is its isolated point.

4.5. Definition of the Milnor bundle. There are two definitions of the Milnor bun-
dle: one as in the second volume of the book of V. I. Arnold, A. N. Varchenko and
S. M. Gusein-Zade [AVG] and the original by Milnor as in his book [Mil2]. Firstly
we present the Arnold–Varchenko–Gusein-Zade definition.
Let f be as above, Dε = {|z| < ε} and B = Bρ = {|x| ≤ ρ} with ρ as in the thesis
of Lemma 4.2. Denote

S = Dε \ 0, V = B ∩ f−1(S).

The map
V

f→ S (1.1)

is called the Milnor fibration associated with the function f . Its fiber over z ∈ S is
denoted by Vz. By Corollary 4.3(a) Vz is a regular (2n− 2)-dimensional manifold
with regular boundary.
Milnor’s definition is the following. Take a small sphere Sρ ⊂ Cn and let K =
Sρ ∩ f−1(0). If ρ is small, then K is a smooth manifold (see Lemma 4.2). Take a
tubular neighborhood T of K in Sρ: T = {x ∈ Sρ : |f(x)| < ε1}, ε1 << ε. The
map

Φ : Sρ�T → S1, Φ(x) =
f(x)
|f(x)| (1.2)

defines a fibration, also called the Milnor fibration. By Corollary 4.3(b) the fibers
are regular manifolds with boundary.
We shall distinguish the above two fibrations by their numbering, (1.1) or (1.2).
We shall work mostly with the fiber bundle (1.1).

4.6. Proposition. The maps (1.1) and (1.2) really define fiber bundles. Moreover,
they are equivalent in the following sense. For any fiber Vz of the bundle (1.1) there
is a diffeomorphism transforming it to the fiber Φ−1(θ), θ = arg z of the bundle
(1.2). In other words, the bundle (1.1) restricted to some small circle {|z| = ε} ⊂ S
is isomorphic to the bundle (1.2).

Proof. We shall prove the local triviality only for the fibration (1.1). By Corollary
4.3(a) the fibers Vz and Vz′ are homeomorphic for z′ close to z. (In the proof of local
triviality of the bundle (1.2) one uses Corollary 4.3(b)). However, this observation
does not provide a proof because it says nothing about this homeomorphism. The
precise proof goes through phase flows of vector fields.
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Let us fix a point z ∈ S and let the points z′ belong to a small neighborhood U
of z (in S). We move from the point z to the points z′ along trajectories of the
vector field eiα · ∂/∂z = cosα · ∂/∂z1 + sin α · ∂/∂z2. Here we identify Tz′C with
Cz1+iz2 and with R2

z1,z2
and we treat its elements either as complex numbers or

as vectors. The angle α = arg(z′ − z). Thus z′ = gt
eiα∂/∂z, t = |z′ − z| (the flow

map after the time t).
We construct a vector field v = v(x) in f−1(U) ⊂ V such that π∗v = ∂/∂z. More
precisely, identifying TxV with Cn, we represent v(x) as a collection of complex
numbers, v(x) = (v1(x), . . . , vn(x)) ∈ Cn. Then eiαv(x) is also a vector from Cn,
representing a real vector field in R2n.
The homeomorphism g : U × Vz→f−1(U) is defined as

g(z, x) = x; g(z′, x) = gt
eiαv(x), z′ �= z.

The field v(x) should satisfy also another condition; it should be tangent to the
boundary of V , i.e. to the sphere Sρ. So, we have the conditions ḟ = 1, ḣ = 0
(where h(x) = x · x̄, x · y =

∑
xiyi), i.e.

v(x) · ∇f(x) ≡ 1, Re(v(x) · x̄) = 0.

The second condition is essential only for n ≥ 2.
Locally, near a given point x0 ∈ Vz , it is easy to construct v(x). We can assume that
f = u1 is a first coordinate from a local holomorphic coordinate system u1, . . . , un.
We have v(u) = (1, v2(u), . . . , vn(u)) and ḣ = (∂h/∂u) · v(u) + (∂h/∂ū) · v(u) = 0
is an additional condition for v. Because dh is independent of du1 and n ≥ 2, one
can always find v2, . . . , vn satisfying it.
Next we take a covering {Wβ} of the set f−1(U) such that in each Wβ one has a
vector field vβ satisfying the required properties. Take a partition of unity {φβ}
associated with this covering. Then the vector field v(x) =

∑
φβ(x)vβ(x) is good.

The reader can notice that the field v(x) is not holomorphic; (i.e. not of the form∑
vi(x)∂/∂xi with holomorphic components vi(x)). Generally the Milnor bundle

is not holomorphic. It is only a C∞-bundle.
Now we give the idea why the fibers of the bundles (1.1) and (1.2) are diffeomor-
phic. Note that they have the same (real) dimensions: Vz has complex dimension
n− 1 and Φ−1(θ) is a hypersurface in a (2n− 1)-dimensional sphere. Assume that
z = eiθ.
Here also we use vector fields. We construct a (real) vector field w(x) satisfying
the properties

w(x) · ∇ ln f(x) > 0, Re(w(x) · x̄) > 0.

If x(t) is an integral curve of w, i.e. ẋ(t) = w(x(t)), and θ = arg f(x) = Im ln f(x),
then d

dt(ln |f |) + iθ̇ = d
dt [ln f ] = w · ∇ ln f > 0, i.e.

θ̇ = 0,
d

dt
ln |f | > 0
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and
d

dt
(|x|2) = 2 ·Re(ẋ · x̄) > 0.

This means that the phase curve x(t) lies in one fiber Φ−1(θ) of the map x
Φ→

f(x)/|f(x)| and it eventually achieves the sphere Sρ. In this way we define a
diffeomorphism between f−1(z) ∩ Bρ and Sρ ∩ {arg f = θ, |f | ≥ |z|} = Φ−1(θ) ∩
{|f | ≥ |z|}.
The vector field w(x) is constructed in an analogous way as the vector field v(x)
above. Firstly we construct it locally and then we use some partition of unity to
glue together these local fields to a global field in Bρ�{f = 0}.
It remains to show that the manifolds with boundary Φ−1(θ) ∩ {|f | ≥ |z|} and
Φ−1(θ) are diffeomorphic in the sphere Sρ; (recall that in Φ−1(θ) we have |f(x)| ≥
ε1. This is also done using vector fields. Because the vector field ∇(ln |f ||Sρ) is
regular in Φ−1(θ) (see Remark 4.4) we can use it in construction of the needed
diffeomorphism. �
Remark. The above proof of the local triviality of the Milnor fibration works in
the more general case. If f : E → B is a smooth map between real and smooth
manifolds, such that the rank of Df is constant, then it defines a locally trivial
fibration. This result belongs to C. Ehresmann [Ehr].

Let f̃ be a Morse perturbation of f . Let x1, . . . , xµ, µ = µ(f), be its set of critical
points and let z1, . . . , zµ denote the corresponding critical values.
Denote S̃ = Dε \ {z1, . . . , zµ} and Ṽ = B ∩ f̃−1(S̃). The map

f̃ : Ṽ → S̃

is also called the Milnor fibration associated with the perturbation f̃ . The fibers
are denoted by Ṽz . It is also a locally trivial fibration (of class C∞ but not analytic).
(In this section we shall denote by x the arguments of functions and by z their
values.)

4.7. Definition (Vanishing cycles). Let, as before, f be a germ of a function with
isolated critical point, f̃ be its Morse perturbation and x1, . . . , xµ, µ = µ(f) be its
set of critical points with critical values z1, . . . , zµ.
Choose z0 �= z1, . . . , zµ and join it with the critical values zi by means of certain
non-intersecting paths αi : z = ui(t), ui(0) = zi, ui(1) = z0 (see Figure 1).
We want to calculate the homology groups of the space Vz0 = f−1(z0) ∩ B. If
f̃ is a small perturbation of f , then this space is homeomorphic to the space
Ṽz0 = f̃−1(z0) ∩B (one is a small deformation of the other).
In a neighborhood of any critical point xi we can express the perturbed function
in the form

f̃ = zi +
∑

y2
j .

From Chapter 1 we know that some (n− 1)-dimensional cycle vanishes there . In
particular, we get a 1-parameter family ∆j(t) of cycles in Ṽuj(t) defined as follows.
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Figure 1

If t is close to 0, then
∆j(t) =

√
uj(t)− zj · Sn−1

where Sn−1 = {
∑

y2
j = 1, Im yj = 0}. We see that ∆j(0) = {x0}.

Using Lemma 3.31 we prolong the local homotopy (R+, 0) × Sn−1 → V , {t} ×
Sn−1 → ∆j(t) to a map Dj : [0, 1] × Sn−1 → V , Dj({t} × Sn−1) = ∆j(t). We
denote by ∆j the cycle ∆j(1). It lies in Ṽz0 .
The system ∆1, . . . ,∆µ is called the distinguished system of vanishing cycles.

4.8. The Milnor theorem. The distinguished system of vanishing cycles generates
a basis of the reduced homology group H̃n−1(Ṽz0 , Z). The other groups are zero.

Proof. The next lemma will be proved later.

Lemma. The space X = f−1(Dε) ∩B is contractible.

Let, as before, f̃ be a small Morse perturbation of f . Let X̃ = f̃−1(Dε) ∩B; it is
diffeomorphic to the space X (because it has the “same” boundary).
Let z1, . . . , zµ be the critical values and α1, . . . , αµ be the paths joining the base
point z0 with zi. Denote

A =
⋃
i

αi.

A is a deformation retract of Dε. Let

Y = f̃−1(A) ∩B,

which is a deformation retract of X̃ and has trivial homotopy type.
We delete from A the critical values, A′ = A�{z1, . . . , zµ}, and we delete from Y

the critical fibers, Y ′ = Y �
⋃

Ṽzi . The fibration Y ′ → A′ is trivial, Y ′ ≈ Ṽz0 ×A′.
Thus Y ′ has the homotopy type of Ṽz0 .
The space Y is homotopically equivalent to the space obtained from Ṽz0 by filling
the vanishing cycles ∆i by balls Ki. Indeed, by Proposition 1.8 (in Chapter 1) the
part of Y near the critical point x1 can be continuously deformed to Ṽu1(t0) ∪Dn,
where the point u1(t0) ∈ α1 is close to x1. This deformation can be prolonged to
the remaining part of Y above the arc α′

1 = [x1, u1(t0)] ⊂ α1 with its image in
Ṽu1(t0). We do the same above the analogous arcs α′

i near xi. We obtain that Y
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is deformed to its part above A�
⋃

α′
i and to µ balls Dn glued along ∆i(t0). Of

course, the latter can be squeezed to the fiber above z0 and to the inserted balls
which we denote by K1, . . . , Kµ.
The homotopy equivalence map, from the disjoint union Ṽz0 �

⊔
i Ki to Y , is

identity on the first component. If we represent each Ki as
⋃

t∈[0,1] t · Sn−1, then
the point t · a is sent to the point Dj(t, a) (under the identification of the cycles
∆j(t) with D({t} × Sn−1, see Definition 4.7).
Let us calculate the homology groups of Y ′ ≈ Ṽz0 . We use the long exact sequence
of homology groups of the pair (Y, Y ′). We have

. . .→ Hk+1(Y )→ Hk+1(Y, Y ′) → H̃k(Y ′)→ H̃k(Y )→ . . .

where the tildes denote the reduced homology groups. Here H̃j(Y ) = 0 (as Y is
homotopically trivial). Therefore H̃k(Y ′) ≈ Hk+1(Y, Y ′). But the pair (Y, Y ′) is
homotopically equivalent to the union of pairs (Ki, ∂Ki) ≈ (Dn, ∂Dn). We know
that Hk+1(Ki, ∂Ki) = 0 if k �= n− 1 and Z for k = n− 1.
Hence, H̃k(Y ′) = 0 if k �= n − 1 and = Zµ for k = n − 1. The generators of
H̃n−1(Y ′) arise from the images of the relative cycles (Ki, ∆i) under the “bound-
ary” homomorphism, i.e. from the cycles ∆i. �

Proof of the lemma. The set V0 = f−1(0)∩Bρ is contractible, because it is trans-
versal to the spheres Sr. For example, we can use the vector field −∇(|x|2|f=0).
The disc Dε is contractible to 0. Therefore the proof will be finished, if we construct
a prolongation of the latter contraction to a contraction X → V0. Because the map
X → Dε is not a fibration we cannot use directly Lemma 3.31. We must work a
little more.
Take two sequences ρ > r1 > . . . > 0, ε0 = ε > ε1 > . . . > 0 such that the level
surfaces f = z are transversal to the spheres Sri for |z| < εi. We restrict f to B−
Bri ; above Dεi

they define fibrations Ei → Dεi
. Because the bases are contractible

these bundles are trivial. We can assume that the trivializations are compatible,
i.e. the maps Ei → Dεi × (V0 ∩ (B�Bri)) and Ei+1 → Dεi+1 × (V0 ∩ (B \Bri+1))
are equal at Ei ∩ Ei+1 above Dεi+1 .
The retraction X → V0 is constructed as follows. Let p1(t) be the deformation
retraction of Dε to Dε1 (along the rays). We lift it to a deformation retraction
p̃1(t) of X = f−1(Dε) to f−1(Dε1) in such a way that it coincides with p1(t)× id
in the fiber space E1. Next, we lift the deformation retraction of Dε1 to Dε2 to a
deformation retraction of f−1(Dε1) to f−1(Dε2) (naturally in E2). We repeat this
infinitely many times. Every point from X�V0 either eventually falls into one of
the bundles Ei, where the retraction is well defined, or it tends to 0.
We compose all these retractions to one deformation retraction of X to V0. �

4.9. Remarks. (a) The reason to use the reduced homologies is simple. If f(x) =
xµ+1, then the multiplicity is µ and the sets Vz = {xi = ζix0 : i = 0, 1, . . . , µ}, ζ =
e2πi/(µ+1), z = xµ+1

0 �= 0 consist of µ + 1 elements. The reduced homology group
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H̃0(Vz) is identified with Zµ = {(m0, . . . , mµ :
∑

mi = 0} ⊂ Zµ+1. The reduced
cohomology group H̃0(Vz) is identified with the quotient group Zµ+1/(1, . . . , 1)Z.
(b) If one worked more on the above proof, then one would obtain the homotopy
equivalence of the non-singular level surface Ṽz0 with the bucket Sn−1∨ . . .∨Sn−1

of µ spheres (joined together at their base points). It is the original result of Milnor.
In [Mil2] Milnor proves this homotopy equivalence using the Hurewicz theorem
(to get an isomorphism of Hn−1(Vz) with the homotopy group πn−1(Vz) for n ≥
2)) and a Whitehead theorem (to show that the map Sn−1 ∨ . . . ∨ Sn−1 → Vz

induced by the isomorphism of the homotopy and homology groups is a homotopy
equivalence).

Figure 2

§2 Picard-Lefschetz Formula
The Picard–Lefschetz formula describes the change in homologies of the level sur-
face of a holomorphic function induced by variation of the value of the function
around some of its critical values. Firstly we present this change in two examples
(of a Morse critical point and of a family of elliptic curves).

4.10. Example. Let f(z, w) = z2 + w2, z, w ∈ C2. Let Vλ = {f(z, w) = λ} denote
the level surfaces of the function f . Vλ is the Riemann surface of the function
w =

√
λ− z2 (see Figure 2).

Let λ(t) = e2πitα, 0 ≤ t < 1, α > 0. We want to see what happens with the
surfaces Vλ(t) in the process of deformation. They are presented in Figure 3. The
ramification points rotate with velocity two times smaller than the velocity of
rotation of λ.
We construct a family of diffeomorphisms Γt : Vλ(0) → Vλ(t). Let χ(r) be a bump
function such that χ(r) = 1 for 0 ≤ r ≤ 2

√
α and χ(r) = 0 for r > 3

√
α. We put

z(t) = eπitχ(|z|)z.

It is the action of the family of diffeomorphisms on the z-variable. The w-variable
changes continuously and accordingly to the formula

w(t) = ±
√

λ(t)− z2(t).



66 Chapter 4. Topology and Monodromy of Functions

Figure 3

We put Γt : (z, w) → (z(t), w(t)). We see that if z, w are small, then (z, w)(t) =
eπit(z, w)(0) and if they are large, then (z, w)(t) = const.
The map h = Γ1 is a diffeomorphism of Vα (called the monodromy diffeomor-
phism); it induces some maps in the homology groups.
We have here two homology groups to deal with: the usual homologies H1(Vα, Z)
≈ Z and the homology group with closed support Hcl

1 (Vα, Z) ≈ Z. The generator
of the first group is the (compact) cycle ∆ and the generator of the second group
is the infinite cycle ∇ as in Figure 4. We can assume that their index of intersec-
tion (∇, ∆) = 1. The cycle ∇ can be also treated as a relative cycle in the pair
(V α, {∞}), where V α is the closure of Vα in CP 2.

Figure 4

The deformations of these cycles under the family of diffeomorphisms Γt are pre-
sented in Figure 5. We see that h∗∆ = ∆ and

h∗∇−∇ = −∆.

Generally, if δ is a relative cycle (or a cycle with closed support), then the quantity

var δ = h∗δ − δ

is called the variation of the relative cycle δ. The values of the operator V ar lie
in the group of absolute cycles.
The Picard–Lefschetz formula states here that

var δ = (∆, δ)∆.
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Figure 5

The formula h∗δ = δ + (∆, δ)∆ holds also for absolute cycles, e.g. for ∆ (because
(∆, ∆) = 0. Namely, in this way the formula for variation of cycles was introduced
in the books of E. Picard and G. Simart [PiSi] and of S. Lefschetz [Lef ].

4.11. Example. Let f(z, w) = y2 + x3 − x, Vt = {f = t}. Here Vt is the Rie-
mann surface of the function y =

√
t + x− x3. It has (generally) three branching

points x1, x2, x3. Figure 6 shows that this Riemann surface is diffeomorphic to
a 2-dimensional torus deprived of one point; (to see this one has to squeeze the
boundary circle to a point).
The first homology group of Vt is generated by two (absolute) cycles: ∆1 (surround-
ing x1 and x2) and ∆2 (surrounding x2 and x3 as in Figure 6). They represent
the two basic cycles in the punctured torus and we have (∆1, ∆2) = 1. The cycles
∆1,2 are vanishing cycles. They disappear for those values of t at which two of
the branching points xi coalesce. In order to find them, we solve the system of
equations

P (x) = t + x− x3 = 0, P ′(x) = 1− 3x2 = 0,

which gives
x1,2 = ∓

√
1/3, t1,2 = ±2/3

√
3.

Figure 6

Fix some noncritical value t0. We look at the behavior of the cycles ∆i ⊂ Vt as
t varies along two loops starting at t0 and surrounding one of the critical values
tj. As a result we obtain two monodromy maps in H1(Vt0 ) which generate the
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monodromy group, a subgroup in Aut H1(Vt0). The monodromy group is the image
of the representation of the fundamental group π1(C�{t1, t2}) in Aut H1(Vt0).
The action of the monodromy map corresponding to the loop around t1 is presented
in Figure 7. Here the cycle ∆1 is vanishing and it behaves like the cycle ∆ from
the previous example. The cycle ∆2 should be treated as a relative cycle (in a
neighborhood of x1) and behaves like the ∇. We get

∆1 → ∆1,
∆2 → ∆2 + var ∆2 = ∆2 + (∆1, ∆2)∆1 = ∆2 + ∆1.

The monodromy corresponding to the loop around the point t2 is

∆1 → ∆1 + (∆2, ∆1)∆2 = ∆1 −∆2,
∆2 → ∆2.

Thus, the monodromy group is generated by the two matrices(
1 1
0 1

)
,

(
1 0
−1 1

)
.

4.12. Remark (The choice of orientation). As we know the intersection index de-
pends on the choice of orientation of the manifold. In the monodromy theory of
vanishing cycles we shall fix the following orientation of Cn:
If x1, x2, . . . , xn, xj = uj +

√
−1vj, are the coordinates in Cn, then the canonical

orientation is given by the order of coordinates

u1, v1, u2, v2, . . . , un, vn.

In applications of Morse’s Lemma (see Chapter 1) we proved the following prop-
erty:

{x2
1 + . . . + x2

n = z} ≈ TSn−1,

where the sphere is identified with the set Sn−1 = {v1 = . . . = vn = 0}. However
the natural orientation of TSn−1 is given by

u1, . . . , un−1, v1, . . . , vn−1. (2.1)

The canonical orientation differs from the orientation (2.1) by the factor

(−1)(n−1)(n−2)/2

(because we need (n− 1) + (n− 2) + . . . + 1 transpositions).

4.13. Definition (Monodromy operator in the general case). Let f : (Cn, 0) →
(C, 0) be a germ of finite multiplicity and let f̃ be its Morse perturbation with the
critical points x1, . . . , xµ and the critical values z1, . . . , zµ. As before, we choose the
ball B = Bρ ⊂ Cn with boundary Sρ and small disc Dε ⊂ C with the distinguished
(noncritical) point z0. Let S̃ = Dε − {z1, . . . , zµ} and Ṽ = B ∩ f̃−1(S̃).
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Figure 7

The map
f : Ṽ → S̃

defines a locally trivial fibration with fibers Ṽz . Its restriction to the boundary
Sρ∩ Ṽ prolongs itself to a fibration over the disc Dε with fibers ∂Ṽz = f̃−1(z)∩Sρ

(see Lemma 4.2). Thus the latter (boundary) fibration is trivial (since the base is
contractible) and Sρ ∩ Ṽ is diffeomorphic to the Cartesian product ∂Ṽz0 ×Dε.
Let γ = γ(t), t ∈ [0, 1] be a loop in S̃ with base point at z0, γ(0) = γ(1) = z0.
Using the prolongation of homotopy (Lemma 3.31), we can construct a 1-parameter
family of maps (diffeomorphisms)

Γt : Ṽz0 → B

such that:

1) Γ0 =id;

2) Γt(Ṽz0) ⊂ Ṽγ(t);

3) Γt|∂ eVz0
is compatible with the structure of Cartesian product, i.e. Γt(z0, x) =

(γ(t), x) ∈ Dε × ∂Ṽz0 .

The diffeomorphism
hγ = Γ1

is called the monodromy diffeomorphism induced by the loop γ and the homo-
morphism hγ ∗ : H̃∗(Ṽz0) → H̃∗(Ṽz0) is called the monodromy operator induced
by the loop γ. The operator of relative monodromy, denoted by h

(r)
γ ∗, acts on the

group H∗(Ṽz0 , ∂Ṽz0) and is also induced by hγ . (Note that hγ |∂ eVz0
= id.)

The variation operator induced by the loop γ,

varγ : H∗(Ṽz0 , ∂Ṽz0)→ H̃∗(Fz0),

is defined as
∆ → h

(r)
γ ∗∆−∆.

The monodromy group associated with the singularity f is the image of the fun-
damental group π1(S̃) in Aut H̃∗(Ṽz0) for any Morse perturbation f̃ .
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The operator of classical monodromy (or the Picard–Lefschetz transformation ) h∗
of the singularity f is the monodromy operator hγ0 ∗ induced by the loop γ0 in S̃,
which surrounds once and counterclockwise all the critical values zi. Equivalently,
the Picard–Lefschetz transformation of f is defined as the operator in H̃∗(Vz0)
(homologies of the level of the unperturbed function), induced by the loop in
(Dε \ 0, z0) around z = 0.

4.14. Remarks. 1. Let i∗ : H̃(Ṽz0)→ H∗(Ṽz0 , ∂Ṽz0) be the natural map induced by
the inclusion. Then we have

hγ ∗ = I + varγ ◦ i∗,
h

(r)
γ ∗ = I + i∗ ◦ varγ .

2. If γ1,2 are two loops, then hγ1·γ2 ∗ = hγ1 ∗hγ2 ∗ and the analogous formula holds
in the relative case.
3. varγ1·γ2

= varγ1
+ varγ2

+ varγ2
· i∗ · varγ1

.

4.15. Lemma. If a, b are two relative cycles (with empty intersection at the bound-
ary ∂Ṽz0), then

(hγ∗a, hγ∗b) = (a, b),
(varγa, varγb) + (a, varγb) + (varγa, b) = 0,

where (·, ·) is the intersection index.

Proof. The diffeomorphisms Γt preserve the orientation (because they are isotopic
with the identity). So, if the cycles a, b are such that they have empty intersections
at the boundary of Ṽz0 , then this holds along the deformation Γt and we have
(Γt∗a, Γt∗b) = (a, b). From this also the second formula follows. �
4.16. Definition. Let αi be paths connecting z0 with the critical values zi and let
∆i ∈ H̃∗(Ṽz0) be the cycles vanishing at z = zi along αi. The simple loop τ i

associated with αi is the loop as in Figure 8. The operator hi = hτ i ∗ is called the
Picard–Lefschetz transformation corresponding to the cycle ∆i.

Figure 8

In order to describe the Picard–Lefschetz operator we consider the situation near a
non-degenerate critical point. Assume then that f̃−zi = y2

1+. . .+y2
n, yj = uj+ivj .
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Take a simple loop (from Definition 4.16) in the form

τ : t→ z = e2πit, t ∈ [0, 1].

The fiber Vz is of the form {
∑

y2
i = z,

∑
|yi|2 ≤ 4} with the cycle ∆ =

{(u1, v1, . . . , un, vn) : v1 = . . . = vn = 0}.
4.17. Lemma. We have

(∆, ∆) =

⎧⎨⎩ 0, n even,
2, n ≡ 1 (mod 4),

−2, n ≡ −1 (mod 4).

Proof. By Remark 4.12 and 1.17, this intersection index equals
χ(Sn−1) · (−1)(n−1)(n−2)/2. �

Recall that H̃n−1(V1) is generated by ∆ = {(u1, v1, . . . , un, vn) : v1 = . . . =
vn = 0} (with the orientation given by the ordered system u2, . . . , un) and, by the
Poincaré duality, the group Hn−1(Vz , ∂Vz) = Z and is generated by the relative
cycle

∇ =
{

u2 = . . . = un = 0, v1 = 0, u1 =
√

1 + v2
2 + . . . + v2

n

}
.

We choose the orientation of ∇ in such a way that (∇, ∆) = 1.

4.18. The Picard–Lefschetz theorem. In the Morse situation we have the formula

varτ∇ = (−1)n(n+1)/2∆. (2.2)

In the general situation, for any relative cycle a we have

varτ i
a = (−1)n(n+1)/2(a, ∆i)∆i,

h
(r)
τi ∗a = a + (−1)n(n+1)/2(a, ∆i)i∗∆i,

and for any absolute cycle b we have

hτi ∗b = b + (−1)n(n+1)/2(b, ∆i)∆i.

Proof. It is enough to prove the Picard–Lefschetz formula (2.2).
One way to show it is to construct the family of diffeomorphisms Γt, appearing in
the definition of the monodromy operators. Unfortunately, this construction is very
technical and rather difficult. Following [AVG], we will avoid these technicalities by
a proper use of the properties of the intersection index and of the linking number
in Milnor’s version of the Milnor bundle (see (1.2) and Proposition 4.6).

The case with odd n.
Take the following lift to the fibration V → S, i.e. the fibration (1.1), of the loop
τ(t) = e2πit:

Ωt(x) = eπitx.
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This homotopy does not satisfy the property 3) from the Definition of Γt (Defini-
tion 4.13): it is not identity at the boundary ∂V . Nevertheless we shall use it. The
induced operators Ωt∗ act correctly on the absolute cohomologies H̃n−1 and this
will be sufficient for us.
We shall use the formula hτ ∗ = id + varτ · i∗. We have Ω1(x) = −x and then
Ω1 ∗∆ = hτ ∗∆ = (−1)n∆. So it is enough to calculate i∗∆, i.e. to find the integer
m in the identity i∗∆ = m∇.
We have (i∗∆, ∆) = (∆, ∆) = 2(−1)(n−1)/2 for odd n. Because (∇, ∆) = 1 (by the
definition of the orientation of ∇), we get m = 2(−1)(n−1)/2.
The formula for the action of the monodromy operator gives the relation

−∆ = ∆ + varτ · i∗∆ = ∆ + 2(−1)(n−1)/2 varτ∇

and hence varτ∇ = (−1)n+1)/2∆.

The case with even n.
Now i∗∆ = 0 and the above proof does not work. Here we work with the Milnor
fibration (1.2) defined as follows. One takes the sphere Sρ ⊂ Cn and deletes from
it a tubular neighborhood T of the submanifold f = 0, the fibration projection is
Φ : Sρ�T → S1, Φ(x) = f(x)/|f(x)|. We study the monodromy operator (acting
in H̃n−1(Φ−1(1))) induced by the loop τ : t→ e2πit in the base S1 and by means
of a family of diffeomorphisms Γt : Φ−1(1) → Φ−1(e2πit) which are identity at the
boundary ∂T .

4.19. Definition. The bilinear form L : H̃n−1(Φ−1(1))× H̃n−1(Φ−1(1)) → Z,

L(a, b) = l(a, Γ1/2 ∗b),

is called the Seifert form. Here l(·, ·) is the linking number of cycles in the sphere
Sρ (see 3.17).
By the Alexander duality (Theorem 3.19) the form L is non-degenerate.

We introduce the following matrices. Fix some basis in H̃n−1(Φ−1(1)). Let:
L be the matrix of the Seifert form in this basis,
S be the matrix of the intersection form,
H be the matrix of the monodromy operator Γ1 ∗,
H(r) be the matrix of the relative monodromy operator (in H∗(Φ−1(1), ∂Φ−1(1))).
4.20. Lemma. We have the following relations:

(a) L(varτa, b) = (a, b) (equivalently, L(a, b) = (var−1
τ a, b));

(b) (a, b) = −L(a, b) + (−1)nL(b, a) (or S = −L + (−1)nL�);

(c) hτ ∗ = (−1)n varτ (var−1
τ )� (or H = (−1)nL−1L�);

(d) h
(r)
τ ∗ = (−1)n(var−1

τ )� varτ (or H(r) = (−1)nL�L−1).
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Proof. (a) Let a ⊂ Φ−1(1) represent a relative cycle, i.e. ∂a ⊂ ∂Φ−1(1). We denote
here the geometrical cycles and their homology classes by the same letters a, b, . . ..
We define the map

A : [0, 1]× a → Sρ, (t, y) → Γt(y).

Its image is an n–dimensional cycle with the boundary consisting of:

Γ1(a)− a = varτa

and a part in ∂Φ−1(1) ⊂ ∂T . The latter part is negligible, because it has too small
dimension. Thus we can assume that ∂A = varτa. By definition of the linking
number, we have l(∂A, ·) = (A, ·).
Next, if b is some absolute cycle, then the cycle A ∩ Γ1/2(b) = Γ1/2(a) ∩ Γ1/2(b)
and lies in the fiber Φ−1(−1). We have then

L(varτa, b) = l(varτa, Γ1/2 ∗b) = (A, Γ1/2 ∗b)

where the latter intersection is calculated in the sphere. It is clear that it equals
the following intersection indices (calculated in the fibers Φ−1(−1) and Φ−1(1)
respectively)

(Γ1/2 ∗a, Γ1/2∗ b) = (a, b)

(because A ∩Φ−1(−1) = Γ1/2(a)). So, (a) is proved.
(b) If a, b ∈ H̃n−1(Φ−1(1)) then, due to the non-degeneracy of the variation op-
erator (see the point (a)), there exist relative cycles a′, b′ such that a = varτa′,
b = varτ b′.
Then, applying Lemma 4.15 we get

(varτa′, varτ b′) + (a′, varτ b′) + (varτ a′, b′) = 0

and it is enough to substitute the relations (varτa′, varτ b′) = (a, b), (a′, varτ b′) =
L(a, b), (varτa′, b′) = (a, var−1

τ b) = (−1)n−1L(b, a).
(c) Because (c, d) = (i∗c, d) from (b) we get

i∗ = −var−1 + (−1)n(var−1)�

and
hτ ∗ = id + var · i∗ = id− id + (−1)nvar(var−1)�.

(d) is proved in an analogous way. �

Proof of the Picard–Lefschetz formula for even n. In the case of the function
x2

1 + . . . + x2
n we have

(var−1∆, ∆) = L(∆, ∆) = l(∆, Γ1/2 ∗∆) = (−1)n(Ã, B̃),
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where Ã, B̃ are cells in the disc D2n with boundaries ∆ and Γ1/2(∆) respectively
(see Lemma 3.18). The trick relies on the fact that, in order to compute the linking
number l(∆, Γ1/2 ∗∆), we do not need the homotopy Γt fixed at the boundary
(because the cycles are not relative). So we choose

Γt(x) = eπitx.

As the n-cells we choose

Ã = {v = 0}, B̃ = {u = 0}

with the orientations u1, . . . , un and v1, . . . , vn respectively. (Note that Γ1/2 is
multiplication by

√
−1 and transforms Ã to B̃ with orientations preserved.)

We have (Ã, B̃) = (−1)n(n−1)/2, or (var−1∆, ∆) = (−1)n(n+1)/2, which means
that

var−1∆ = (−1)n(n+1)/2∇.

This completes the proof of the Picard–Lefschetz theorem. �

Recall that the operator of the classical monodromy h∗ of the singularity is the
monodromy operator hγ0∗, induced by a loop in the base S̃ surrounding all critical
values of the perturbation f̃ . If τ i are the simple loops (around critical values zi)
and hi = hτi∗ are the corresponding monodromy operators, then we have

h∗ = hµ · . . . · h2 · h1.

4.21. Theorem. The matrix H of the operator h∗ is determined by the matrix S of
the intersection form and, vice versa, the intersection form is uniquely determined
by the operator of classical monodromy.

Proof. The first part of this theorem follows from the Picard–Lefschetz Theorem.
The intersection matrix S is symmetric when n is odd and is anti-symmetric when
n is even. In the first case its diagonal elements are equal to ±2, in the second
case they are equal to 0.
Let ∇1, . . . ,∇µ be the basis in H∗(Vz0 , ∂Vz0) dual to the basis {∆i} of vanishing
cycles: (∇i, ∆j) = δij . Recall that hi : a → a + (−1)n(n+1)/2(a, ∆i)∆i. Expressing
hi as id+varτi

· i∗ and h∗ as id+varf · i∗, we obtain

varf =
∑

i1<...<ir ,r≤µ

varτ i1
· i∗ · varτi2

· . . . · i∗ · varτ ir
.

Because varτ i
∇j = (−1)n(n+1)/2

∑
δij∆i (δij – the Kronecker symbol) and varτ i

·
i∗∆j = 0 for j > i, we get

varf∇i = (−1)n(n+1)/2∆i +
∑
j<i

cij∆j .
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It means that the matrix of the operator varf is upper-triangular, with the same
nonzero diagonal entries. By Lemma 4.20 (the points (a) and (c)) the Seifert
matrix L = var−1

f is also upper-triangular and H = (−1)nL−1L� is a product of
a lower-triangular matrix and an upper-triangular matrix. We shall show that L
is uniquely defined by H .
We have established that the lower- and upper-triangular matrices have fixed (and
the same) diagonal elements. Multiplying L by some constant, we arrive at the
following problem:
Let A and B be two upper-triangular matrices with 1s on the diagonals and let
C = A · B�. Are A, B defined uniquely by C?
The answer is yes, because for any other such representation C = A1 ·B we get the
identity A−1A1 = B�(B�

1 )−1 between upper- and lower-triangular matrices. �

Figure 9

4.22. Definition (Dynkin diagram of a singularity.) Let f be a singularity. We apply
to it some special stabilization. We add a sum of squares of new variables, such
that the number of variables is

n = 4k + 3.

The quadratic form of the singularity is the quadratic form defined by the inter-
section form in homologies of a non-singular level surface of the stabilization with
the number of variables n = 3 (mod 4).
The Dynkin diagram of the singularity is the graph defined as follows:

1) Its vertices are in one-to-one correspondence with elements ∆i of the distin-
guished basis of vanishing cycles for the above stabilization.

2) The i-th and j-th vertices are joined by an edge of multiplicity (∆i, ∆j), if
(∆i, ∆j) > 0, and by a punctured edge of multiplicity |(∆i, ∆j)|, if (∆i, ∆j) <
0.

If the number |(∆i, ∆j)| is small, i.e. = 1, 2, 3, then one draws as many
edges as this intersection number says; otherwise one draws only one edge
and puts a corresponding integer above it.
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Remark. The Dynkin diagrams are met in many other situations; e.g. in classi-
fication of the semi-simple Lie algebras, in classification of the Coxeter groups
(see below). Dynkin diagrams provide a very practical way to encode a symmet-
ric matrix with integer entries. Similar procedures are applied to encode integer
anti-symmetric matrices.

4.23. Theorem (Dynkin diagrams of simple singularities).The Dynkin diagrams of
simple singularities are the same as in Figure 9.

4.24. Problem. Show that the quadratic forms of the simple singularities are neg-
atively defined.

As the next theorem shows the (non-distinguished) unimodal singularities have
degenerate quadratic forms. Let µ0, µ+, µ− denote the number of 0 eigenvalues,
the number of positive eigenvalues and the number of negative eigenvalues (respec-
tively) of the intersection form S of the singularity. The parabolic singularities are
semi-definite and the hyperbolic ones are indefinite. This justifies their names. We
do not prove this theorem.

Figure 10

4.25. Theorem. The (non-exceptional) unimodal singularities from Theorem 2.39
have Dynkin diagrams and signature invariants of their intersection forms the
same as in Figure 10. We have µ0 = 2, µ+ = 0 for P8, X9, J10 and µ0 = µ+ = 0
for Tpqr.

Proof of Theorem 4.23. Because simple singularities are defined by functions de-
pending on only two variables, we begin the proof with an analysis of real functions
on the plane.
Assume that f : (C2, 0) → (C, 0) is a germ of a real analytic function. It means
that

f |R2 : (R2, 0)→ (R, 0).
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Very often it occurs that there exists a deformation f̃ which is:

(i) real,

(ii) has only real Morse critical points (local minima, local maxima and saddle
points with real critical values) and

(iii) (iii) the critical values at the saddle points are all equal to 0 (see Figure 11).

Figure 11

Let l = f̃−1(0)∩R2. It is a curve with self-intersections. With the above real picture
we associate certain cycles in the (complex) non-singular level surface of f̃ . With
the minima we associate the cycles ∆−

i which vanish at these points; with the
saddle points we associate the cycles ∆0

j and with the maxima we associate cycles
∆+

k . If {f̃ = z}, z > 0, then ∆+
k are ovals, i.e. components of {f̃ = z}, surrounding

corresponding points of local maximum. The curve l divides the neighborhood of
the origin into domains (basins) containing exactly one minimum or maximum
and an outer domain.

Introduce following numbers:

n0,−(j, i) is the number of times of appearance of the vertex corresponding to ∆0
j

in the boundary of the basin corresponding to ∆−
i ;

n+,0(k, j) is the analogous number associated with the basin of ∆+
k ;

n+,−(k, i) is the number of smooth pieces of the curve l separating the basins
corresponding to the cycles ∆+

k and ∆−
i .

4.26. Theorem.

(a) The intersection form of the function f(x, y) is anti-symmetric and defined
by the formulas

(∆#
m, ∆#

n ) = 0, # = 0±,
(∆0

j , ∆
−
i ) = n0,−(j, i),

(∆+
k , ∆0

j) = n+,0(k, j),
(∆−

i , ∆+
k ) = n+,−(k, i).
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(b) The intersection form of the function f(x, y) + t2 is a symmetric form given
by the formulas

(∆#
m, ∆#

n ) = −2δmn,
(∆0

j , ∆
−
i ) = n0,−(j, i),

(∆+
k , ∆0

j ) = n+,0(k, j),
(∆−

i , ∆+
k ) = −n+,−(k, i).

Figure 12

Proof. (a) Because the cycles ∆#
m, ∆#

n are separated in the Riemann surface f̃ = z,
then they have zero intersection index.
When the value z approaches the critical value 0 from below, then the cycle ∆−

i

(real oval) approaches the boundary of its basin. Near the vertex corresponding to
∆0

j , the cycle ∆−
i intersects the cycle ∆0

j which vanishes at that saddle (see Figure
12). In this way we obtain the next two intersection indices.
If the basins corresponding to the cycles ∆−

i and ∆+
k have a common piece I of the

curve l, then these cycles intersect each other along this piece at the (singular) level
surface {f̃ = z}, z = 0. Assume that this piece ends at saddle points corresponding
to cycles ∆0

j and ∆0
m with separatrices I, l1, l2, l3 and I, l4, l5, l6 respectively (see

Figure 12).
We perturb them at a near level surface, e.g. for z < 0. The cycle ∆−

i is real (it
passes near l1, I, l6). The interesting (for us) part of the cycle ∆+

k consists of: two
real pieces close to l3, l4, half of the cycle ∆0

j , half of the cycle ∆0
m and a piece of

∆−
i close to I. The half-cycles of ∆0

k and ∆0
m are taken simultaneously: if f = xy

near such a point, then for z = εeiθ we take x = y =
√

εeiθ/2. Now from Figure 12,
it is clear that our cycles intersect themselves in an unavoidable way. We cannot
destroy this intersection by a perturbation.
From this the fourth formula follows.
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(b) The proof of this point relies on investigation of what happens with the van-
ishing cycles, when one adds a square to a function.
Let ∆1(z), . . . ,∆µ(z) be the distinguished system of vanishing cycles at the level
surface {f(x, y) = z} ⊂ C2. We associate with them the following system of
vanishing cycles at the surface {f(x, y) + t2 = z} ⊂ C2 × C1:

∆̃j =

⎛⎝ ⋃
τ∈[0,1]

∆j((1 − τ )z)× {
√

τz}

⎞⎠ ∪
⎛⎝ ⋃

τ∈[0,1]

∆j((1 − τ)z)× {−
√

τz}

⎞⎠ .

In other words, the cycles ∆̃j are suspensions of the cycles ∆j ; one adds to ∆j

two half-spheres.
If we choose appropriately the orientations of the new cycles, then we get the
properties: (∆̃j , ∆̃j) = −2 (it is automatic) and

(∆̃i, ∆̃j) = sign (j − i)(∆i, ∆j).

This completes the proof of Theorem 4.26. �

Figure 13

We apply the latter theorem to the simple singularities.
Ak. We choose the deformation

xk+1 + y2 → (x − x1) . . . (x− xk+1) + y2

and from Figure 13 we obtain the intersection form and the Dynkin diagram of
this singularity.
Dk. The deformation x2y+yk−1 → y(x2+(y−y1) . . . (y−yk−2)) gives the answer.

Figure 14
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Figure 15

E6. We choose the deformation in the general form

x3 + y4 → x3 − λx + y4 − µy2 + ν,

where the parameters λ, µ, ν should be chosen in such a way that the polynomials
x3−λx and y4−µy + ν have the same absolute values of the critical values. (This
ensures that the saddle points are at the zero level.) It is not difficult to do it; one
can choose the Chebyshev polynomials Ti(t) = cos(i arccos t) and normalize them
suitably. We act similarly in the case E8 below.
The situation is presented at Figure 15, where the Dynkin diagram differs from
the one from Theorem 4.23.
E7: x(x2 + y3) → (x− λ)(x2 + (y − y1)(y − y2)(y − y − 3)).

E8 : x3 + y5 → x3 − λx + y5 − µy3 + νy.

Because the Dynkin diagrams for the Ek singularities do not agree with those from
Theorem 4.23, some additional arguments are needed. These arguments rely on
deformations of the curve l, representing the 0–level curve of the real deformation
of the singularity.
There are two kinds of typical bifurcations, occurring in generic one-parameter
families of planar imbedded curves (with possible self-intersections). They are
presented in Figure 17.

Figure 16

Figure 17
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We use only deformations containing bifurcations of the second type (i.e. passing
through triple self-intersection). We call them the proper deformations.

4.27. Proposition. Any proper deformations of the curve l can be realized in a
certain real deformation of the singularity. Its influence on the topology of the
complex level surface relies on some change of the distinguished basis of vanishing
cycles.

Figure 18

Proof. Because the space of all possible unfoldings of f is infinite dimensional, the
first point of this proposition is rather obvious.
To see the change in the topology of level surfaces, we must omit the (real) bifur-
cating point by passing to the complex domain. We look at what happens with
the critical values zi and with the paths αi (which join zi with z0) near the bifur-
cation. The situation is presented in Figure 18, where we get new, deformed paths
βi. Of course, they also define the distinguished basis of homologies. In [AVG]
there are formulas expressing the matrices of the base changes in this and in other
analogous situations. �

Applying the above procedure of deformations of the 0-level curve l to the remain-
ing simple singularities as in Figure 19, we obtain the needed Dynkin diagrams
and we complete the proof of Theorem 4.23. �

Figure 19
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§3 Root Systems and Coxeter Groups
4.28. The root systems. Let (·, ·) denote the scalar product in Rn. If β ∈ Rn�0,
then the map

sβ : α → α− 2
(α, β)
(β, β)

β

is the reflection in the plane orthogonal to β. The root system R is a finite subset
of Rn�0 such that

1. cα,β = 2 (α,β)
(α,α) ∈ Z for any α, β ∈ R,

2. sβ : R → R for any β ∈ R.

If R is a root system, then the group generated by the reflections sα, α ∈ R is
called the Weyl group.

From the above two axioms one obtains the following properties of the root system
R.

(i) If α ∈ R, then −α ∈ R.

(ii) If α ∈ R, mα ∈ R, then m = ±1/2, ±1, ±2.

(iii) If α, β ∈ R, then cα,βcβ,α = 4 cos2 θα,β ∈ [0, 4], where θα,β is the angle
between the vectors α and β. (If α, β are not parallel, then this number takes
one of the values 0, 1, 2, 3.)

The system R is called reduced if for any α ∈ R the vector mα ∈ R only for
m = ±1.
A subsystem S ⊂ R is called the basis of the root system R (or the system of
simple roots) if any α ∈ R has unique representation in the form

∑
niαi, αi ∈ S,

where all ni are integers of the same sign. The root α is called positive if all ni ≥ 0
and negative if all ni ≤ 0.
One can construct the basis S in the following way. If the linear space spanned by
R is Rn with the standard basis e1, . . . , en, then we introduce the lexicographic
order in Rn: α = (α1, . . . , αn) > β = (β1, . . . , βn) if α1 > β1 or α1 = β1, α2 > β2

etc. A root α > 0 is called simple if it cannot be represented as a sum of two roots
β > 0 and γ > 0. It turns out that the system of simple roots is a basis of R.

(iv) If α, β ∈ S, then (α, β) ≤ 0.

If S = {α1, . . . , αr} is a system of simple roots of a reduced root system R, then
from (iii) and (iv) it follows that the angles θij (between αi and αj) can take the
values 90◦, 120◦, 135◦, 150◦, corresponding to nij = cαi,αj cαj ,αi = cijcji = 0,
1, 2, 3 respectively. In this case |αi|2 = nij |αj |2 and the lengths of the (non-
orthogonal) roots αi, αj are determined up to the order; e.g. if nij = 2, then either
|αi|2 = 1, |αj|2 = 2 or |αi|2 = 2, |αj |2 = 1.
The matrix {cij} is called the Cartan matrix. It is an integer matrix with the
entries 2 on the diagonal and with negative entries outside the diagonal.
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The above situation is encoded in the Dynkin diagram constructed as follows.
The vertices correspond to the simple roots αi ∈ S. Two vertices αi and αj are
connected by means of nij edges. If nij �= 0, 1, then we add an arrow going from
a longer root to a shorter root; (sometimes the authors denote the length of the
corresponding root by putting a number, the square of the length, above it).
A root system is called irreducible if its Dynkin diagram is connected. Otherwise,
R is a union of two root systems lying in orthogonal subspaces of Rn.
(There exists also the notion of affine Weyl groups (see [Hum].) They are infinite
groups generated by reflections with respect to hyperplanes which do not nec-
essarily pass through the origin. The affine Weyl group Wa, associated with a
root system R and corresponding finite Weyl group W , is the group generated by
reflections with respect to the hyperplanes {x : (α, x) = k}, α ∈ R, k ∈ Z).

4.29. Theorem. If R is an irreducible and reduced root system, then it has the
Dynkin diagram of one of the forms given in Figure 20.

Figure 20

4.30. Examples. (a) The root system Ak is equal to

αij = ei − ej, i �= j, i, j = 1, . . . , k + 1

in the lattice Zk+1. It spans the space Rk � {
∑

xi = 0} ⊂ Rk+1. The simple roots
are

α1 = e2 − e1, α2 = e3 − e2, . . . , αk = ek+1 − ek.

The Weyl group is isomorphic to the group S(k+1) of permutations of the vectors
e1, . . . , ek+1.
(b) The root system Dk is the set

±ei ± ej , i �= j, i, j = 1, . . . , k
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in Zk. Its system of simple roots is

e1 − e2, . . . , ek−1 − ek, ek−1 + ek.

The Weyl group is equal to the product of the group of permutations of the vectors
ei and of the group of changes of signs before some vectors ei, where only an even
number of vectors is admitted.
(c) The root system Bk is

±ei, i = 1, . . . , k; ±ei ± ej , i < j.

Its Weyl group is the product of the group of permutations of the vectors ei and
of the group of changes of signs before ei’s.
(d) The root system Ck is

±2ei; ±ei ± ej .

(e) The root system of the type E6 is the following subset of the space {x ∈ R8 :
x6 = x7 = −x8} ⊂ R8,

±ei ± ej, 1 ≤ i < j ≤ 5; ±1
2

(
e8 − e7 − e6 +

5∑
1

εiei

)
, εi = ±1,

∏
εi = 1.

(f) The root system E7 lies in the subspace of R8 orthogonal to e7+e8 and consists
of the vectors

±ei ± ej, 1 ≤ i < j ≤ 6; ±1
2

(
e7 − e8); (e7 − e8 +

6∑
1

εiei

)
,
∏

εi = −1.

(g) The root system E8 lies in R8 and consists of the vectors

±ei ± ej, i < j;
1
2

(∑
εiei

)
,
∏

εi = 1.

(h) The root system F4 consists of

±ei; ±ei ± ej , i < j; (±e1 ± e2 ± e3 ± e4)/2

in R4.
(i) The vectors

±(e1 − e2), ±(e1 − e3), ±(e2 − e3),
±(2e1 − e2 − e3), ±(2e2 − e1 − e3), ±(2e3 − e1 − e2)

in the plane {x1 + x2 + x3 = 0} ⊂ R3 form the root system G2.

Remark. The only non-reduced root system is BCk and is defined as the union of
the root systems Bk and Ck.
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4.31. Classification of the complex semi-simple Lie algebras. (See [Ser1]). Let g
be a complex Lie algebra. It is called semi-simple if the following Cartan–Killing
form

(x, y)→ Tr adx ady

is non-degenerate. (Here adxz = [x, z]).
It turns out that if g is semi-simple, then there exists a maximal abelian subalgebra
h of g, (i.e. [x, y] = 0 for x, y ∈ h and there is no larger subalgebra with this
property containing h). It is called the Cartan subalgebra. (One can choose the
Cartan subalgebra as {z : adxz = 0} for typical x ∈ g). The Cartan–Killing form
restricted to the Cartan subalgebra is non-degenerate. Due to this, one can equip
also the space h∗, conjugate to h, with a non-degenerate bilinear form, denoted
also by (·, ·).
The operators x → [h, x], h ∈ h commute and have the same eigenspaces ex-
pansions. The eigenvalues are linear functionals on h, [h, v] = α(h)v. Denote by
gα = {v : [h, v] = α(h)v} the corresponding eigenspaces. Consider the set

∆ = {α ∈ h∗ \ 0 : gα �= 0}.

Its elements are called the roots.

4.32. Theorem. The system ∆ is a reduced root system. Moreover, any reduced root
system is a system of roots associated with some semi-simple complex Lie algebra
and some its Cartan subalgebra; this correspondence is one-to-one.
Such algebras are classified by means of the Dynkin diagrams from Theorem 4.30.

One can find the proof of this result in the book of Serre [Ser1]. Because the classi-
fication of the root systems was completed, in this way the complete classification
of semi-simple Lie algebras was achieved. (Note that the classification of solvable
Lie algebras is not finished yet, see [Kir].)

4.33. Examples. (a) The Lie algebra corresponding to the root system Ak is g =
sl(k + 1, C), the space of traceless (k + 1) × (k + 1)– matrices. Here, (and in the
next example), the Cartan–Killing form is proportional to (A, B) = Tr AB�. The
Cartan subalgebra consists of diagonal matrices

h = {diag (λ1, . . . , λk+1) :
∑

λi = 0}.

The roots are αij(λ) = λj − λi and the corresponding eigenspaces gαij are one-
dimensional (it is general property) and are generated by the matrices Eij = {akl}
with aij = 1 and akl = 0 otherwise.
(b) The Lie algebra with the Dynkin diagram Dk is so(2k, C), i.e. the Lie algebra
of the group of (2k) × (2k)-matrices preserving some non-degenerate symmetric
quadratic form. (Note that over C any two such forms are equivalent.)

We choose this quadratic form given by the symmetric matrix
(

0 E
E 0

)
, where

E is the unit matrix. Then so(2k) consists of matrices
(

X Y
Z U

)
such that
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U = −X�, Y � = −Y , Z� = −Z. The Cartan subalgebra is equal to h =
{ diag(λ1, . . . , λk,−λ1, . . . ,−λk)}. The roots and the generators of the eigenspaces

are the following: αij(λ) = λi − λj ,
(

Eij 0
0 Eji

)
, i �= j, where Eij is the matrix

from the previous example, and βij = λi + λj ,
(

0 Eij − Eji

0 0

)
, i < j; −βij ,(

0 0
Eij − Eji 0

)
.

(c) The Lie algebra of type Bk is so(2k+1, C). The algebra Ck is equal to sp(k, C),
i.e. the algebra of the group of (2k)×(2k)–matrices preserving some non-degenerate
anti-symmetric quadratic form.

4.34. The Coxeter groups. (See [Bou] and [Hum]). The Coxeter group W is for-
mally defined by means of (finitely many) generators s ∈ S and relations

s2 = e, (ss′)m(s,s′) = e.

m(s, s′) ≥ 2 for s �= s′. The matrix M = {m(s, s′)}s,s′∈S is called the Coxeter
matrix. It is symmetric, integer, with the entries 1 on the diagonal and the entries
≥ 2 outside the diagonal.
One can associate with the Coxeter matrix the following bilinear form on RS (with
the canonical basis (es)):

B(es, es′) = − cos(π/m(s, s′)).

The map
σs : x → x− 2B(es, x)es

is called pseudo-reflection. It preserves the form B and, when the matrix M is
positive and non-degenerate, we have the realization of the Coxeter group as a
group generated by reflections.
It turns out that the form B is positive and non-degenerate if and only if the
Coxeter group W is finite (see Theorem 2 in [Bou], Ch. V, §4).
One encodes a Coxeter group by means of the Coxeter graph defined as follows.
Its vertices correspond to the generators S. Vertices s and s′ are connected by
means of an edge without index if m(s, s′) = 3 and by an edge with the index
m = m(s, s′) if m > 3. (If m(s, s′) = 2, then there is no edge).
The Coxeter group is called irreducible if its Coxeter graph is connected.
A group generated by reflections in Rn is called crystallographic if it preserves
some lattice Λ ⊂ Rn, Λ � Zn.

4.35. Theorem. If W is a finite Coxeter group then it has the Coxeter graph of
one of the types presented in Figure 21.

4.36. Examples. (a) The Coxeter groups of the types Ak,Bk,Dk,Ek,F4,
G2 � I2(6) are equal to the Weyl groups of the corresponding root systems.
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Figure 21

Note that there is no case Ck in Theorem 4.35. The reason is that the Weyl group
of this root system is isomorphic to the Weyl group of the system Bk. The map
α → α∨ = 2α/(α, α) transforms the root system of the Bk type to the system of
the Ck type.
(b) The group H3 is the group of isometries of the icosahedron (and of its dual,
the dodecahedron).
(c) The group H4 is the group of isometries of a regular 120-cell in R4 (with 120
3-dimensional cells, 720 faces, 1200 edges and 600 vertices). The groups H3 and
H4 are not crystallographic.
(d) The group I2(p) is the dihedral group of isometries of the regular p-gon imbed-
ded in the space: rotations by the angles 2πj/p and reflections along p lines. Often
this group is denoted by Dp; (however it is not the Weyl group of the root system
Dp).
The groups I2(p), p = 5 (denoted also by H2), or p ≥ 7 are also not crystallo-
graphic. All other groups from Figure 21 are crystallographic.

From the previous subsection we get the following result.

4.37. Theorem. The monodromy groups of the simple singularities Ak, Dk, E6,
E7, E8 of holomorphic functions are isomorphic to the corresponding Weyl groups.

4.38. Remark. Already all other finite Coxeter groups have found applications in
singularity theory.
The Dynkin diagrams of the type Bk, Ck and F4 appear in the analysis of singu-
larities of functions on manifolds (Cn, 0) with boundary (x1 = 0): xk

1 , x1x2 + xk
2

and x2
1 + x3

2. (One treats the manifold with boundary as the 2-fold covering of
(Cn, 0) → (Cn, 0) ramified along Cn−1. If we pull-back the function f to the
covering space, i.e. f̂ , then it becomes Z2-invariant. The corresponding space of
vanishing homologies is divided into two different representations of Z2: the in-
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variant cycles and the anti-invariant cycles. The Dynkin diagrams of Bk, Ck, F4

are associated with the anti-invariant component, see [AVG].)
The groups G2, I2(p) and H3 have found application in symmetric singularities
x3

1 + x3
2, xp

1 + xp
2 + x2

1x
2
2 and x5

1 + x5
2; as monodromy groups in some components

(character eigenspaces) of representation of the symmetric group in the space of
vanishing homologies (see [VC]).
The Coxeter graphs of the type H3 and H4 appear in certain variational problems
(see [Arn6]).
Below the reader will find another connection between the Weyl groups of root
systems and the singularities.

§4 Bifurcational Diagrams
Let

F : (Cn × Cµ, 0)→ (C, 0)

be a mini-versal deformation of a singularity f(x) = F (x, 0). One can associate
with it several bifurcational diagrams.

4.39. Definition. The bifurcational diagram of zeroes of the deformation F is

Σ = {λ : 0 is critical value of F (·, λ)}.

Examples. 1. The bifurcational diagram of zeroes of the singularity A2 : x2 + λ
consists of one point λ = 0.
2. A3 : F = x3 + λ1x + λ2. Here Σ consists of those λ’s for which the above cubic
polynomial has a double root, i.e. it is the discriminant of this polynomial.
We have x3 + λ1x + λ2 = 0 and F ′

x = 3x2 + λ1 = 0. Eliminating x we get the
equation of the cusp whose real part is presented in Figure 22(a),

4λ3
1 + 27λ2

2 = 0.

3. A4. We have x4 + λ1x
2 + λ2x + λ3 = 4x3 + 2λ1x + λ2 = 0. Substituting λ2

from the second equation to the first we obtain the parametric representation of
the diagram Σ (by means of x, λ1):

λ2 = −2λ1x− 4x3, λ3 = λ1x
2 + 3x4.

We shall study the sections of the surface Σ by means of the planes λ1 =const.
Moreover, due to symmetry, it is enough to study the behavior of the obtained
curves only for x ≥ 0. Depending on λ1 we have three cases:
If λ1 = 0, then we get the ‘parabola’ with the exponent 4/3: λ3 = const · λ4/3

2 .
If λ1 > 0, then the curve λ2,3(x), x > 0 is regular, lies in the first quadrant and
the coordinates grow with x.
If λ1 < 0, then for small x > 0 our curve lies in the fourth quadrant (λ3 < 0 <
λ2) and for large x it tends to infinity in the second quadrant (λ2 < 0 < λ3).
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Differentiating λ2,3(x): λ′
2 = −2(λ1 + 6x2), λ′

3 = 2x(λ1 + 6x2), we find that the
curve is singular for x =

√
−λ1/6 at λ2,0 = 8(−λ1/6)3/2, λ3,0 = −λ1/12.

The further differentiations give λ′′
2 = −24

√
−λ1/6, λ′′

3 = −4λ1 = −
√
−λ1/6 · λ′′

2 ,
λ′′′

2 = −24, λ′′′
3 = 72

√
−λ1/6 at the singular point. This shows that this singular

point is of the cusp type: λ2 − λ2,0 = const · x2 + . . .,
√
−λ1/6(λ2 − λ2,0) + (λ3 −

λ3,0) = const · x3 + . . ..
The real part of this bifurcational diagram, called the swallow tail, is presented at
Figure 22(b).

Figure 22

4.40. Definition (Caustic). The set

{λ : F (·, λ) has degenerate critical point},

called the caustics, appears in catastrophe theory in the following situations.
Consider the conservative Newton system ẍ = −∇V (x), x ∈ Rn. This system is
in an equilibrium state iff its potential energy takes a locally minimal value, i.e.
ẋ = 0 and x is equal to a certain critical point of V . If V = F (x, λ) varies with
parameters, then the critical points move and can coalesce for λ at the caustics.
Because the physics of the system does not depend on a free constant in the
definition of potential energy, we can consider only the restricted mini-versal de-
formation F0(x, λ) = f(x) +

∑µ−1
i=1 λiφi(x), where there is no constant term; (φi

form the basis of m/If ). Moreover, because our space-time is four-dimensional,
one should study only the singularities of codimension ≤ 5. There are seven such
singularities:

A2, A3, A4, A5, D+
4 , D−

4 , D5.
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(Here the singularities D±
4 have the form x3y ± y3 and are different, because the

space is real.) These are the seven elementary catastrophes of R. Thom. In his
book [Tho] one can also find the complete bifurcational diagrams (caustics) of
these singularities.
Later it turned out that the bifurcations of the potential energy are not sufficient to
describe changes in the qualitative behavior of the corresponding Newton system
(J. Guckenheimer). Because the gradient is defined by means of the metrics, one
should study altogether bifurcations of the potential as well as of the metric tensor
(see [Arn7]).

The origin of the notion of caustic comes from wave and geometrical optics (see
also Section 5.5 below). If S ⊂ R3 is a surface which is a source of light (or of
electromagnetic waves), then some points of space are more intensely lighted than
others. These are the points where rays starting at the surface S are focused. If
we denote by x the points in S, by λ the points in the surrounding space and by
F (x, λ) the optical length of the light ray from x to λ, then the optical caustics
coincides with the corresponding bifurcational diagram of the unfolding F :

{λ : ∃x DxF (x, λ) = 0, det D2
xxF (x, λ) = 0}.

In [AVG] the authors introduce also the bifurcational diagram of function as the
set of those parameters of the restricted mini-versal deformation, for which the
function F (·, λ) is not a Morse function. The bifurcational diagram of the function
is obtained from the caustics, by adding the bifurcational surfaces, for which the
function has several Morse critical points with the same value. The latter are called
the Maxwell strata.

4.41. Examples. (a) The singularity A1 has no caustic. The caustic of Ak is ob-
tained by the equations F ′

x(x, λ) = F ′′
xx(x, λ) = 0 for F = xk+1 + λ1x

k−1 + . . . +
λk−1x. In the case of A2 it is a point, in the case A3 it is the cusp and in the case
A4 it is the swallow tail (see Figure 22).
(b) Consider the restricted mini-versal deformation of the singularity D±

4 :

F = x2y ± y3/3 + λ1y
2 + λ2x + λ3y.

The condition for the partial derivatives gives

2xy + λ2 = 0, (4.1)

x2 ± y2 + 2λ1y + λ3 = 0. (4.2)

The condition for vanishing of the determinant of the Hessian gives the third
equation

x2 ∓ y2 − λ1y = 0. (4.3)
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Figure 23

Let us concentrate on the case D−
4 . As in the case of the swallow tail we draw the

sections of the caustics by the planes λ1 =const; thus we fix λ1. From equation
(4.3) we get

x = ±
√

y(λ1 − y)

and equations (4.1) and (4.2) allow us to give a parametric representation of the
caustic by means of the ‘parameters’ λ1, y:

λ2 = ∓2y
√

y(λ1 − y), λ3 = y(2y − 3λ1).

If λ1 = 0, then y = 0 (because of
√
−y2) and thus we get one point λ2 = λ3 = 0.

If λ1 < 0, then from the formula for λ2 it follows that y can take values between
λ1 and 0. Near y = 0 we get the cusp type singularity: λ2 ∼ (−y)3/2, λ3 ∼ y (here
λ3 < 0). Near y = λ1, λ2 is close to 0, λ3 is close to −λ2

1 and the curve is smooth.
Differentiation with respect to y gives

(λ2
2/4)′ = y2(3λ1 − 4y), λ′

3 = 4y − 3λ1.

Thus the point corresponding to y = 3λ1/4 is singular. The calculations of the
next derivatives show that it is of the cusp type: (λ2

2/4)′′ = −(3λ1/2)2, λ′′
3 = 4,

(λ2
2/4)′′′ = −12λ1 �= 0, λ′′′

3 = 0.
This allows us to draw the complete curve (symmetric with respect to the λ3-axis,
see Figure 23(b)).
If λ1 > 0, then the change y → −y, λ1 → −λ1, λ2 → −λ2 returns us to the
previous case.
The complete caustics for D−

4 , the so-called pyramid, is presented in Figure 23(b).



92 Chapter 4. Topology and Monodromy of Functions

The analogous analysis can be performed in the case D+
4 . The corresponding

bifurcational diagram, called the basket, is presented in Figure 23(a).

4.42. The Milnor bundle associated with a deformation. Let F (x, λ) be a mini-
versal deformation of f = F (·, 0) and let Σ be its bifurcational diagram of zeroes.
Let D̃ε be the small ball in the space of parameters λ, of radius ε, and let B = Bρ

be the small ball in the space of variables x, of radius ρ. Denote Σε = Σ ∩ D̃ε,
V = {F (x, λ) = 0, λ �∈ Σ} ∩B × D̃ε.
The space D̃ε�Σ forms a base of the locally trivial fibration

V
F→ D̃ε�Σ (4.4)

with the fiber Vλ diffeomorphic to the non-singular level surface of f . It can be
also called the Milnor fibration.
In this section we study action of the fundamental group of the base of this fibration
π1(D̃ε�Σ, λ∗) on the homology group of the distinguished fiber, Hn−1(Vλ∗); (λ∗ is
the distinguished parameter). It is defined as follows. Any loop in D̃ε around Σ is
lifted to a deformation of fibers and defines a diffeomorphism of the distinguished
fiber Vλ∗ inducing an operator in the homology group. We have the following
well-defined homomorphism of groups

π1(D̃ε�Σ)→ Aut Hn−1(Vλ∗).

Recall also that the monodromy group of the germ f is the image in
Aut Hn−1(Ṽz0) of the fundamental group π1(Dε�{z1, . . . , zµ}, z0) of the base of
the Milnor fiber bundle f̃ : Ṽ → D�{z1, . . . , zµ} (see 4.13); (here zi are the critical
values of the Morse perturbation f̃ of f).

4.43. Theorem. The image of the group π1(D̃ε�Σ) in Aut Hn−1(Vλ∗) is isomorphic
to the monodromy group of the germ f .

Proof. One can choose the mini-versal deformation of the germ f in the form

F0(x, λ′)− λ0, λ′ ∈ Cµ−1,

where F0 is the restricted mini-versal deformation (without the constant term).
As the Morse perturbation of f we choose

f̃ = F0(x, λ′
∗),

where λ′
∗ is some properly chosen parameter in Cµ−1.

Let π : (λ0, λ
′)→ λ′ be the projection. Define the 1-dimensional disc D = π−1(λ′

∗).
The intersection D∩Σ consists of the points (λ0,i, λ

′
∗) such that λ0,i is the critical

value of f̃ . Let λ0,∗ be a non-critical value of f̃ and denote λ∗ = (λ0,∗, λ′
∗). We

have the commutative diagram

π1(D�Σ) −→ Aut Hn−1(Vλ∗)
↓ i∗ ↑

π1(D̃ε�Σ) = π1(D̃ε�Σ)
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Figure 24

where i∗ is the homomorphism induced by the inclusion i : D�Σ → D̃ε�Σ.
We see that the thesis of Theorem 4.43 is equivalent to the following statement:

i∗ is an epimorphism.

(Then the images of the two fundamental groups in Aut coincide.)
We know the structure of the fundamental group of the punctured disc D�
{λ0,1, . . . , λ0,µ}. It is the free group generated by µ simple loops surrounding the
punctures.
The structure of the second fundamental group is much more complicated. Using
the results of Chapter 2, we can restrict ourselves to the situation when every-
thing is algebraic. In particular, the bifurcational diagram of zeroes Σ is an affine
algebraic subvariety in Cµ. So, we would like to know the structure of the funda-
mental group of the complement of an affine algebraic hypersurface. It is partially
described by the theorem of Zariski and van Kampen formulated below (see [Zar]).
Let Mn−1 ⊂ Cn be an algebraic hypersurface. If L ⊂ Cn is a line in general
position, then it intersects M transversally at a finite set L ∩M = {p1, . . . , pm}.
If i : L�M → Cn�M is the inclusion, then it induces a homomorphism i∗ :
π1(L�M) → π1(Cn�M). The Zariski–van Kampen theorem says that i∗ is a
surjection and also describes generators and relations in the group π1(Cn�M).
Let p0 ∈ L�M . We choose loops τ i ⊂ L�M starting at p0 and surrounding just
one point pi, e.g. the simple loops as in the definition of the monodromy group.
The loops i∗τ i are the generators of π1(Cn�M). Below we describe the relations
satisfied by these generators.
Let π : Cn → Cn−1 be the projection along the line L, π(x, y) = x. Its fibers are
the lines Lx and Lx ∩M = {p(x)1, . . . , pµ(x)}. We take the restriction π|M and
consider the set of critical points of the latter map. Its image under π|M , i.e. the
set of critical values of π|M , is an algebraic subvariety N in Cn−1. If L is generic,
then N is a hypersurface. The surface N consists of those x at which some of the
points pi = pi(x) coalesce (see Figure 24).
Choose a generic point x0 from N , e.g. non-singular. Let L̃ ⊂ Cn−1 be a generic
line passing through x0 and transversal to N . If (for example) for x = x0 only two
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points pi = pi(x) and pj = pj(x) coalesce and the point x ∈ L̃ runs around x0,
along a loop σ, then the points pi and pj exchange their positions. This means
that σ induces an automorphism Tσ of the fundamental group of the punctured
line L�M .

Figure 25

Generally, let L̃ ∩ N = {q1, . . . , qk} and let σ : x = x(t), t ∈ [0, 1] be a loop in
L̃�N . It turns out that

i∗τ l = i∗Tστ l, l = 1, . . . , m, (4.5)

in π1(Cn�M).
Indeed, if we fix the base points p0(t) = {y = y0} in Lx(t) away from the points
pi(t) = pi(x(t)), then the loops τ i are deformed to a family of loops τ i,t ∈ Lx(t); the
final loops τ i,1 are equal to Tστ i. These deformations do not provide the homotopy
between i∗τ i and i∗Tστ i, because the base points in the loops τ i,t are not constant.
But it is not difficult to improve this: the new deformed loops τ̃ i,t start at p0 ∈ L,
do not lie completely in the lines Lx(t) and form small perturbations of the curves
s→ (x(st), yt(s)), where {yt(s)}s∈[0,1] defines τ i,t.
All this is summarized in the following result, which completes the proof of The-
orem 4.43. �

4.44. Theorem of Zariski–van Kampen. The fundamental group of the complement
of the affine hypersurface M ⊂ Cn has the loops i∗τ l as generators which are
subject to the relations (4.5). In particular, it has m generators i∗τ l and mk

relations i∗τ l = i∗Tσj
τ l (where σj generate π1(L̃�N) and the homomorphism i∗

is an epimorphism).

4.45. Examples. (a) If the hypersurface M is smooth, then π1(Cn�M) is isomor-
phic to Z. We can assume that the lines L, L̃ and the hypersurface N are such
that at each point qk ∈ L̃∩N only two points pi and pj coalesce. Now we look at
Figure 25. We have i∗τ i = i∗Tτ i = i∗τ j and therefore all the generators are equal.
The other relation i∗τ j = i∗Tτj = i∗τ iτ jτ

−1
i is now trivial.
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Generally, if the points pi and pj coalesce at a smooth point of M with first order
of tangency of the corresponding line Lx, then the generators defined by means of
them coincide, i∗τ i = i∗τ j .
(b) If pi and pj coalesce at some singular point of M of the type of transversal
intersection of two smooth local components (double point), then for suitably
chosen lines L and L̃ we have M ≈ {x2 = y2}, where x is a coordinate in L̃ and y
is a coordinate in L. The action of the loop σ : x = εe2πit results in a full turn of the
points y1,2 = ±x. From Figure 26 we get i∗Tτ1 = i∗τ2τ1τ

−1
2 which means that the

generators i∗τ1 and i∗τ2 commute. (The second identity i∗Tτ2 = i∗τ2τ1τ2τ
−1
1 τ−1

2

gives nothing new.)
The above commutativity is a consequence of the fact that π1(X ×Y ) = π1(X)×
π1(Y ) applied to X ≈ Y ≈ C�0.

Figure 26

(c) Consider the curve M = {x2 = y3} with the cusp singularity. Here we can
choose the lines as Lx = {x = const } and the fundamental group π1(C2�M) is
generated by the loops i∗a, i∗b, i∗c surrounding the points y1,2,3 = x2/3 (see Figure
27). The action of the loop σ : x = εe2πit results in the rotation of the points yi by
the angle 4π/3. From Figure 27 we get the action T of the loop σ on the generators
a, b, c:

i∗a = i∗Ta = i∗cbc−1,
i∗b = i∗Tb = i∗(cb)c(cb)−1,
i∗c = i∗Tc = i∗(cb)a(cb)−1.

The first from the above identities allows us to express i∗a by means of i∗b, i∗c (so
we have two generators). The second identity means that

i∗b · i∗c · i∗b = i∗c · i∗b · i∗c. (4.6)

The reader can check that the third relation follows from the first two.
We shall generalize this example in Theorem 4.46 below.
(d) The above construction (with the lines L, L̃) can be generalized to the pro-
jective case. Let M be an algebraic hypersurface in CPn. Take a generic point
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z ∈ CPn�M and a generic hyperplane H ⊂ CPn�z. They define the projection
π : CPn�z → H ; π(p) is the intersection of the projective line, passing through
z and p, with the hyperplane H . If H is parameterized by x, then the projec-
tive lines Lx = π−1(x) play the role of affine lines in the previous construction.
Let L be some distinguished (but generic) projective line from this family, let
L ∩M = {p1, . . . , pm} and let i : L�M → CPn�M denote the embedding. We
denote the set of critical values of the restriction of the projection π to M by N ,
it is an algebraic hypersurface in the projective space CPn−1 = H . We choose a
general projective line L̃ ⊂ H intersecting N transversally at smooth points, say
at q1, . . . , qk.
As before we choose the generators i∗τ i, i = 1, . . . , m. They are subject to the
relations i∗Tστ i = i∗τ i for loops σ ∈ π1(L̃�N). However there is one more rela-
tion. Note that the composed loop τmτm−1 . . . τ1 is contractible in the punctured
sphere L�M � S2�{p1, . . . , pm}. Thus the product of the generators is the neu-
tral element of our fundamental group.
Combining this with the previous examples we get the following general result (see
[Del4], [Zar]).

Figure 27

4.46. Definition. We say that the analytic hypersurface S ⊂ Cn has normal cross-
ings singularities iff near each point p ∈ S there is a local analytic system of
coordinates x1, . . . , xn such that we have

S = {x1 · x2 · . . . · xk = 0},

for some k between 1 and n.

4.47. Theorem (Zariski, Fulton, Deligne). If an algebraic hypersurface M ⊂ CPn

has only normal crossings singularities, then π1(CPn�M) is abelian. If, addition-
ally, M = M1 ∪M2 ∪ . . . ∪Ms, where Mi are irreducible components of degree
di, then the above (abelian) fundamental group has s generators τ1, . . . , τ s (each
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representing a loop surrounding just one Mi) which are subject to the relation

τd1
1 τd2

2 . . . τds
s = e.

4.48. The braid group and the colored braid group.

Figure 28

(a) Definition of the braid group. The braid group B(n) has n − 1 generators
g1, . . . , gn−1 with the relations

gigi+1gi = gi+1gigi+1,
gigj = gjgi, |i− j| > 1;

(note that the first of these relations coincides with the relation (4.6) in Example
4.45(c)). This formal definition is not very useful. Below we present the geometrical
definition.
The braid consists of n non-intersecting threads (xi(t), t), t ∈ [0, 1] in R3 (which
we identify with C× R) connecting the n fixed points, e.g. 1, 2, . . . , n ∈ C, at the
lower base C × {0} with the same points at the upper base C × {1} (see Figure
28). Two braids are treated as equivalent if one can deform one to the other in
such a way that the monotonicity of the threads and non-intersection is preserved
during the deformation. The braids can be multiplied by adjoining one above the
other. They form a group, also called the braid group B(n), whose unit element is
represented by the non-knotted braid, consisting of vertical intervals. The reverse
braid to a given one is obtained from it by reflection with respect to a horizontal
plane.
It is not difficult to see that the group B(n) is generated by (n − 1) elementary
braids g1, . . . , gn−1, where gi is presented at Figure 28(b). Moreover, Figure 29
shows that the elements gi satisfy the relations appearing in the formal definition
of the braid group.
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Figure 29

(b) The colored braid group. With every braid a permutation of the set {1, . . . , n}
is associated: beginnings of the threads to their ends. We have the homomorphism
from B(n) to the symmetric group S(n), i.e. the group of permutations of the
n-element set. Its kernel B̂(n) is called the colored braid group (or the dyed braid
group or the pure braid group). A braid is colored if it returns to the same point.
In further chapters we shall deal with the braid group as well as with the colored
braid group. For this reason it is desirable to represent B̂(n) by means of generators
and relations. This was done by E. Artin in [Art] (see also [Mos1]).
The generators of B̂(n) are the braids σij , i < j presented in Figure 30. The
relations are the following:

r < s < i < j ⇒ σ−1
rs σijσrs = σij ,

i < r < s < j ⇒ σ−1
rs σirσrs = σisσirσ

−1
is , σ−1

rs σisσrs = σisσirσis(σisσir)−1,
i < r < j < s ⇒ σ−1

rs σijσrs = (σirσisσ
−1
ir σ−1

is )σij(σirσisσ
−1
ir σ−1

is )−1.

(c) Problem. prove these relations.

(d) Lemma. Let ∆ ⊂ Cn consist of points with some coordinates coinciding and
let ∆̃ = ∆/S(n), where the symmetric group S(n) acts on Cn by permutation of
the coordinates. The braid group B(n) coincides with the fundamental group of
Cn/S(n)�∆̃ and the colored braid group is isomorphic with the group π1(Cn�∆).

Proof. The space of subsets {x1, . . . , xn} of C is equal to Cn/S(n). The space of
n-element subsets is equal to (Cn�∆)/S(n) and the space of colored subsets is
equal to Cn�∆.
If {(xi(t), t), t ∈ [0, 1]} is the braid, then the map t → {x1(t), . . . , xn(t)} defines
a path in Cn/S(n)�∆̃ with the beginning and the end in the set {1, . . . , n}. If,
additionally, xi(1) = xi(0) = i, then we obtain a loop in Cn�∆.
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The braids σij , i < j, correspond to loops in Cn�∆ which run around exactly one
hyperplane xi = xj . When we represent a point in Cn�∆ as the colored (ordered)
set {x1, . . . , xn} ⊂ C, then the loop σij defines the family {x1(t), . . . , xn(t)}, t ∈
[0, 1] such that the point xj(t) overruns the constant point xi(t) ≡ xi(0) and the
other points do not move, xk(t) ≡ const. �

Figure 30

(e) The Fundamental Theorem of Algebra allows us to construct a diffeomorphism
between the spaces Cn and Cn/S(n), where the first space is identified with the
space of polynomials Pa(x) = xn+a1x

n−1+ . . .+an. One associates with the poly-
nomial Pa(x) its set of roots. The coefficients ai form the elementary symmetric
polynomials of the roots xj : a1 = x1 + . . . + xn, . . . , an = x1 · . . . · xn.
Note that, in this identification, the polynomials with double or multiple roots
correspond to elements of ∆̃. The set of (a1, . . . , an)’s corresponding to polynomials
with multiple roots, i.e. the discriminant set, is just the bifurcational diagram Σ̃
of zeroes of the deformation Pa(x) of the function xn, i.e. the An−1 singularity.
The deformation Pa(x) is versal but it is not a mini-versal deformation of xn; in
the mini-versal deformation the coefficient a1 is equal to zero. The discriminant
set Σ̃ is diffeomorphic to C×Σ, where Σ is the bifurcational diagram of zeroes of
the standard unfolding λ0 + . . . + λn−2x

n−2 + xn of the An−1-singularity.
This is connected with the fact that the action of the group of permutations S(n)
in Cn is reducible. It is decomposed into the action on the (n − 1)-dimensional
subspace {x1 + . . . + xn = 0} and into the trivial action on the 1-dimensional
subspace {x1 = . . . = xn}.

4.49. Theorem (Complement of the discriminant). The fundamental group of the
complement of the bifurcational diagram of zeroes of the mini-versal deformation
of the An−1 singularity is equal to the braid group B(n).
Moreover, the space Cn−1�Σ is the Eilenberg–MacLane space K(π, 1), where π =
B(n).
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Proof. The first part of this theorem has been just proven.
Recall that the Eilenberg–MacLane space X = K(π, k) is characterized by the
property that πk(X) = π and πj(X) = 0 for j �= k (see Chapter 3, Section 3).
To show the second part of Theorem 4.49, we notice that the space Cn�∆ forms
the n!-fold covering of the space Cn/S(n)�∆̃. The fundamental group of the first
space is the group B̂(n) of colored braids and the fundamental group of the second
space is the group B(n) of braids. The higher homotopy groups of these two spaces
coincide. (This follows from the long exact sequence of the homotopy groups of a
fibration, see 3.32).
On the other hand, using the fibrations Cn�∆ → Cn−1�∆ : (x1, . . . , xn) →
(x1, . . . , xn−1) with the fiber C�{x1, . . . , xn−1} (which has trivial higher homo-
topy groups), it is easy to show that the space Cn�∆ is of the type K(B̂(n), 1).
(Here again we use the long exact sequence of homotopy groups.) �
There is one more approach to topology of the bifurcational diagram of zeroes
Σ. We recall that the group S(n) is the Weyl group W of the root system of
the type An−1; it is also the Coxeter group generated by reflections and act-
ing in the space Cn−1 = {x1 + . . . + xn = 0} ⊂ Cn. The reflections are of the
form sα : x → x − 2[(x, ei − ej)/|ei − ej |2](ei − ej) = x − (xi − xj)(ei − ej) or
(x1, . . . , xi . . . , xj , . . . , xn) → (x1, . . . , xj . . . , xi, . . . , xn) (the transpositions). The
surfaces of fixed points of the reflections sα, α ∈ R (the root system) are called
the mirrors. Here α = ei − ej and the mirrors are equal to {xi = xj}. The set ∆
is an union of the mirrors of the Weyl group W = S(n).
In particular, from the above it follows that the pair (D̃ε, Σε) (a neighborhood of
zero in the parameter space and the germ of the bifurcational set) is isomorphic
to the pair (Cn/W, ∆/W ). V. I. Arnold proved the following result (see [AVG],
[Arn3]).

4.50. Theorem. For the simple singularities Ak, Dk, Ek the pair (D̃ε, Σε) is iso-
morphic to the pair (Ck/W, ∆/W ), where W is the Weyl group of the correspond-
ing root system and ∆ is the union of its mirrors.

In [AVG] the generalized braid group BW (n) = π1(Cn/W�∆/W ) is introduced
and the analogous result about K(BW (n), 1) property is proved. These results are
generalized to the case of boundary singularities Bn.

Below we present some general properties of the bifurcational diagrams, which we
will use later.

4.51. Theorem. Let F (x, λ) be a mini-versal deformation of a singularity f of finite
multiplicity. The local bifurcational diagram of zeroes Σε is an irreducible analytic
variety. More precisely, there is a germ of a holomorphic map (Cµ−1, 0)→ (Cµ, 0)
whose image is (Σ, 0).

Proof. Recall that an analytic set S is called irreducible if the set S�(singular
points of S) is connected. For example, the set {xy = 0} ⊂ C2 is reducible. Of
course, the image of a connected set by means of an analytic map is irreducible.
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Consider the set
A = {g : (Cn, 0)→ (C, 0)| dg(0) = 0}.

In particular, 0 is a critical value for germs from A. Let G be the group of germs of
analytic diffeomorphisms of (Cn, 0), i.e. preserving x = 0. The group G acts on the
space A. The orbit Gf forms a subset of A of codimension µ−1; because the orbit
Gf in O0(Cn) has codimension µ and A lies in the hypersurface {f : f(0) = 0}.
Let us choose a (µ−1)-parameter holomorphic transversal (at f) to Gf in A. It is
a deformation of f , which is induced from the mini-versal deformation. The map
realizing this induction is the needed map onto Σε. Indeed, because all functions
from this deformation have 0 as critical value, the whole neighborhood of 0 ∈ Cµ−1

is sent to Σε. �
This result has interesting consequences.

4.52. Theorem. The monodromy group of an isolated singularity of a function
acts transitively on the set of some system of vanishing cycle of its non-singular
hypersurface level surface (associated with a system of simple loops, see Definition
4.7).

Proof. We have to show that for any two vanishing cycles ∆1, ∆2 there is a mon-
odromy map sending ∆1 to ∆2 or to −∆2.
Let F (x, λ) = F0(x, λ′)−λ0, where F0(x, λ′) is the restricted deformation (without
the constant term). We choose the Morse perturbation of f in the form f̃ =
F0(x, λ′

∗) for some general fixed λ′
∗ ∈ Cµ−1. Let L = {(z, λ′

∗) : z ∈ C} be the line
in the space of parameters; (here z plays the role of λ0).
We define the vanishing cycles ∆i, i = 1, 2 by means of paths αi ⊂ L which join
the distinguished point z0 with the corresponding critical values zi of f̃ .
Let π : (z, λ′) → λ′ be the projection. The set of critical values of the map π,
restricted to the smooth part of Σ, forms a subset of complex codimension one.
Because Σ is irreducible, then Σ�(set of its singular points)�(set of critical points
of π|Σ) is connected. We choose a path γ lying in Σ, joining the points (z1, λ

′
∗)

with (z2, λ
′
∗) and omitting the ‘bad’ points (singular and critical for π).

We define a loop δ ⊂ Cµ�Σ: firstly we move along the path α1, then we move
near the path γ and finally we follow the path α2 in the reverse direction (see
Figure 31).
Along α1 the cycle ∆1 vanishes (tends to one point), along γ it is close to some
varying critical point of F0(·, λ′) and passes to a small cycle vanishing at the
critical value z2. Finally, along α2 it passes to ±∆2. �
4.53. Problems. (a) (A. M. Gabrielov, F. Lazzeri). Show that the Dynkin diagram
of an isolated singularity is connected.
(b) Let ft be some deformation with the critical points p1(t), . . . , pk(t). Show that
if ft(pi(t)) ≡ ft(pj(t)), then k = 1.

4.54. Remarks. In this chapter we have omitted many other results concerning
the topology of singularities. It turns out that for the complete intersections, i.e.
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Figure 31

singularities of local maps f : (Cn, 0) → (Cm, 0), an analogue of the Milnor the-
orem (about the homology groups of the non-singular level surfaces f =const)
holds true (see [AVG]). It means that one can define the vanishing cycles and the
Milnor number.
V. V. Goryunov developed a theory of singularities of projections E

i
⊂ Cn, 0) π→

(C, 0), where E is a complete intersection and π is the projection. There also one
can define vanishing cycles.
Analysis of singularities of meromorphic functions leads to classification of pairs
of functions (under some restrictions). This direction was developed recently (see
[Arn9]).
Some work was done in the classifications and the monodromy theory of non-
isolated singularities (see [AVGL]). This subject seems to be important, because
in applications one encounters such situations; e.g. Hamiltonian planar vector
fields with a polynomial Hamilton function. The French school of algebraic geom-
etry (A. Grothendieck, Deligne and others) developed a theory which solves these
problems. We deal with these topics in the next section and in Chapter 7.

§5 Resolution and Normalization

Let f : (Cn, 0) → (C, 0) be a germ of a holomorphic function with an isolated
critical point at 0. Denote by X0 = f−1(0) the germ of a singular hypersurface in
Cn.

4.55. Definition (Resolution of singularity). By a resolution of singularity of the
function f (or of the hypersurface X0) we mean an analytic map of complex
manifolds

π : (Y, Y0)→ (Cn, 0)
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satisfying the following conditions:

(i) π|Y �Y0 is an analytic isomorphism between Y �Y0 and Cn \ 0, (i.e. between
a neighborhood of Y0 in Y (minus Y0) and a punctured neighborhood of 0);

(ii) the sets Y0 = π−1(0) and π−1(X0) are unions of smooth analytic hypersur-
faces in Y with normal crossings;

(iii) near any point in Y0 there exists such a local system of analytic coordinates
y1, . . . , yn and non-negative integers k1, . . . , kn, m1, . . . , mn such that

f ◦ π(y) = yk1
1 · . . . · ykn

n ,
det(π∗)(y) = g(y)ym1

1 · . . . · ymn
n , g(0) �= 0.

4.56. Theorem of Hironaka ([Hir])). Any singularity of complex hypersurface X0 =
f−1(0) has its resolution.

The proof of this theorem is very long and technical. Recently E. Briestone and P.
D. Milman [BM] significantly simplified some parts of it. For elementary presen-
tation of this proof we refer the reader to the article [Hau] by H. Hauser. We note
also that when one uses so-called alterations, i.e. typically finite-to-one maps (in-
stead of blowing-ups) , then an analogous theorem about resolution of singularities
becomes very short and simple (see [Oor]).
In fact, the statement of Hironaka’s theorem holds also in the case of real hyper-
surfaces. He proved it for algebraic varieties defined over fields of characteristic
zero.
The general idea of the resolution can be explained in the two-dimensional case.

4.57. Elementary blowing-up. The (elementary) blowing-up (or σ-process) in C2

relies on replacing the point x = y = 0 by a projective line CP 1. Namely, one
performs a partial compactification of the punctured plane C2 \ 0 by adding to it
the directions of lines passing through 0 ∈ C2.
We can write it in coordinates. The map U1 = C2 → C2,

(x, u) → (x, y) = (x, ux),

is a diffeomorphism between U1�{x = 0} and C2�{x = 0} and sends the line
{x = 0} to the point (0, 0). Similarly, the map U2 = C2 → C2,

(y, v) → (x, y) = (yv, y),

realizes a diffeomorphism between U2�{y = 0} and C2�{y = 0} and sends the
line {y = 0} to the origin. The open sets U1, U2 form an atlas of some manifold
Y , with the gluing diffeomorphism y = ux, v = 1/u in U1∩U2 = U1�{u = 0}. We
see that π−1(0, 0) = CP 1, parameterized by (u : 1) = (1 : v).
Moreover, the self-intersection index of the curve Y0 = π−1(0, 0) in the surface Y
is equal to −1, which means that Y is a nontrivial surface. This follows from the



104 Chapter 4. Topology and Monodromy of Functions

fact that one can choose a section s of the normal bundle NY0 = TY0Y/TY0Y0 in
form of a meromorphic function on CP 1, which has no zeroes and one simple pole:
in U1 the section is given by s : x(u) ≡ 1 and in U2 we have s : y(v) = u = 1/v.
Such a section corresponds to the meromorphic vector field ż = z−1 on CP 1 ∩ U2

(in the trivialization U2 ≈ C×C ≈ TC). The latter vector field is replaced by the
continuous vector field ż = z̄ with index i0 = −1.
(One can explain the negativity of Y0 ·Y0 more geometrically. The positivity of self-
intersection of a complex submanifold means that it can be slightly deformed. If
Y1 �= Y0 were such a deformation, then, applying to it the blowing-down map π, we
would obtain a compact analytic variety wholly located in a small neighborhood
of a point in C2.)
In the two-dimensional case (n = 2) the resolution of a singularity consists of a
finite sequence of elementary blowing-ups. In Chapter 9 (Theorem 9.18) below we
present the proof of resolution of a singular point of a planar analytic vector field.
Applying it to the Hamiltonian vector field, with the Hamilton function f , we get
the proof of the two-dimensional Hironaka theorem.
If n > 2, then the elementary blowing-up is given by the system of local maps

((u1 : . . . :
j

1 : . . . : un−1), xj)→ (xju1, . . . , xj , . . . , xjun)

and has the property π−1(0) = CPn−1. One adds to Cn \ 0 the directions of all
complex lines passing through 0.
Here, as in the 2-dimensional case, the exceptional divisor π−1(0) is not movable
in the surface Y = π−1(Cn). However, here we cannot prove it so simply, because
we cannot use the index of self-intersection.

4.58. Example of the cusp singularity.

y2 = x3.

Its resolution is presented in Figure 32. We see that π−1(0) = E1 ∪E2∪E3, where
each Ej = CP 1(≈ S2) and they intersect one another transversally. Moreover,
π−1(X0) = (f ◦ π)−1(0) = Γ∪E1 ∪E2 ∪E3 with transversal intersections. Here Γ
is called the proper preimage of X0 (or the strict transform of X0).

It turns out that the elementary blowing-ups are not sufficient to prove the Hiron-
aka theorem. One needs the following construction which generalizes the blowing-
up construction. If S ⊂ (Cn, 0) is a smooth analytic surface of codimension k,
then locally its neighborhood is isomorphic to S × Dk, where D is a ball. The
blowing-up along subvariety S means replacing S ×Dk by

S × (Dk \ 0) ∪ S × CP k−1,

i.e. we add to S× (Dk \ 0) the directions of lines in the normal bundle NS passing
through its zero section.
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Figure 32

After resolution we get π−1(0) = E1 ∪ . . .∪Er , where Ej are divisors (i.e. hyper-
surfaces) with normal intersections and π−1(X0) = Γ1∪ . . . Γs∪E1 ∪ . . .∪Er. The
set Γ1 ∪ . . . Γs is called the proper preimage of X0 or the strict transform of X .
The Hironaka theorem has many applications. We list some of them.

4.59. Remark. It is not very difficult to show that, if X0 is a singular algebraic
hypersurface in a projective smooth variety X , then the resolution of singularities
of X0 gives a projective algebraic variety Y with algebraic map π satisfying prop-
erties analogous to those from the above definition of resolution. In particular,
π−1(X0) has only singularities in the form of normal intersections.
One can obtain even stronger resolution here. If, for example, an irreducible compo-
nent Z of X0 has self-intersection singularity then, resolving this self-intersection,
we obtain a smooth strict transform of Z and some pasted divisors. Thus, we are
able to obtain a resolution such that (f ◦ π)−1(0) = T1 ∪ T2 ∪ . . . ∪ TN is a union
of smooth algebraic hypersurfaces Tj ⊂ Y with normal intersections.
Moreover, the assumption that the singular point of the function f , defining X0 =
f−1(0), is isolated is not necessary. Hironaka’s theorem holds in the general case,
when X, X0 are analytic varieties and f is an analytic map from (X, X0) to (C, 0).
The fibers Xz = f−1(z) can be compact projective algebraic varieties. This situa-
tion, called the degeneration of algebraic manifolds, will be subject of study below
in this chapter and in Chapter 7.

4.60. Remark. If M ⊂ CPN is an open smooth quasi-projective variety, i.e. is given
by analytic equations and inequalities, then there exists its algebraic compactifi-
cation M such that N = M�M is a sum of divisors with normal intersections.
To show this, we notice that the closure M1 of M in CPN is a closed algebraic
set. Next, one performs resolution of singular points in M1�M .
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4.61. Remark. One can realize the resolution of a singularity of a function on
the basis of its Newton’s diagram. This leads to a beautiful construction of a
toroidal embedding. The divisors Ej , Γk and integers kj , mj are computed from
the Newton’s diagram. This is done in [Mum2] and [AVG]. This construction
works well only for germs, which are generic among functions with fixed Newton’s
diagram.

4.62. Resolution and normalization in algebraic geometry. Sometimes the resolu-
tion of a singularity of a hypersurface is not sufficient in its analysis. Note that
Z = π−1(X0) is a manifold with singularities. These singularities are of two types.
Firstly, as a topological space Z has singular points, intersections of algebraic com-
ponents. The second type of singularity deals more with the language of modern
algebraic geometry.
In algebraic geometry, algebraic manifolds cannot be treated as sets of geometrical
points. They are ringed topological spaces. This means that locally, in any affine
part of CPN , we have a set Z ⊂ CN and a ring OZ of regular analytic functions
on it.
For example, if I ⊂ C[x1, . . . , xN ] = C[x] is an ideal, then it defines the affine
algebraic variety (Z,OZ) = (V (I), C[x]/I), V (I) = {p : f(p) = 0, f ∈ I}. If the
ideal I is radical, i.e. r(I) = I(V (I)) = I (where I(A) = {f ∈ C[x] : f |A = 0}),
then the ring OZ coincides with the standard meaning of analytic function on
Z. However, if the radical r(I) = {h : ∃n hn ∈ I} of I is different from I,
then C[x]/I contains functions, which are nilpotents. It means that there are
nonzero analytic functions on Z, which vanish at any point of Z; because the
value of f at a point p is the residue class in the field Op,Z/mp. (Here the local
ring Op,Z consists of meromorphic functions on Z (quotients of elements of OZ),
which are analytic at p and mp is its maximal ideal of functions vanishing at p.)
If the ideal I is radical, then the ringed algebraic variety (associated with it) is
called reduced. If (Z,OZ) = (V (I), C[x]/I), then by its reduced version one means
(Zred,Ored) = (V (I), C[x]/r(I)). This ideology forms a basis of Grothendieck’s
theory of algebraic schemes.
The second type of singularity of Z relies on the fact that Z �= Zred.
In order to avoid the difficulties associated with the above type singularities one
introduces the notion of normalization.

4.63. Definition (Normality). Let X be an analytic variety with the subset Sing X
of its singular points. We say that X is normal at x ∈ X iff any holomorphic and
bounded function defined on U�Sing X , where U is a neighborhood of x, prolongs
itself to a holomorphic function in U .
The space X is called normal iff it is normal in any of its points.

It can be shown that X is normal at x iff the local ring Ox,X is integrally closed
in its field of quotients. This means that, if f = g/h, g, h ∈ Ox,X satisfies a monic
algebraic equation

fn + an−1f
n−1 + . . . + a0 = 0, aj ∈ Ox,X ,
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then f ∈ Ox,X . (Note that the leading coefficient equals 1.) In the case when X
is an algebraic variety, its normality is equivalent to the integral closeness of their
affine rings C[Xi] of regular (polynomial) functions on the affine parts Xi ⊂ CN

(see [Sha]).
Moreover, if X is normal, then its set of singular points Sing X has codimension
≥ 2.

4.64. Examples. (a) If X is smooth in x, then it is also normal at x.
(b) If X = {x2 = y2} ⊂ C2, then the function f(x, y) = x/y is equal to ±1 in
X \ 0 but is not continuous at 0.
(c) If (X,OX) = ({x = 0, 1}, C[x]/(x2(x−1))), then the function f = 1/x is equal
to 1 at X \ Sing X = {x = 1} but f does not belong to OX .
(d) If X is a normal affine algebraic variety and G is a finite group of automor-
phisms of X , then the quotient algebraic variety Y = X/G is also normal.
Indeed, if C[X ] is the ring of regular functions on X , then the ring of invariants
C[X ]G = {f ∈ C[X ] : f ◦ g = f , g ∈ G} can be identified with the ring of regular
functions on Y . In [Sha] it is shown that C[X ]G is finitely generated, does not
contain divisors of zero (elements x �= 0 such that xy = 0 for some y �= 0) and
forms a ring of regular functions on its spectrum SpecCC[X ]G, which equals (as a
set) the set of maximal ideals of this ring.
The fields of quotients of the above two rings C(X), C(Y ) form the fields of
meromorphic functions on X and Y respectively. We have C(Y ) = C(X)G.
Let f ∈ C(Y ) be an integer element over C[Y ] ⊂ C[X ], i.e. satisfies a monic
algebraic equation with coefficients in C[Y ]. So, f is integer also over C[X ] and,
by the normality of X , we have f ∈ C[X ]. Because f is G-invariant we have
f ∈ C[Y ].
For example, if G = Zm with the generator acting on X = C1 as rotation by the
angle 2π/m, then Y = X/G � C1 and the quotient map is z → zm.
If G = Z2 with the generator acting on X = C2 as the central symmetry (u, v) →
(−u,−v), then X/Z2 is the cone {(x, y, z) : xy = z2} (because C[u, v]G = C[u2, v2,
uv]). By the above the quadratic cone is normal. Note that its singular set is the
vertex (of codimension 2).

4.65. The normalization theorem. For any analytic manifold X there exists a
unique (up to isomorphism) normal analytic manifold X̃ and a holomorphic map
π̃ : X̃ → X such that

(i) π̃ is an analytic diffeomorphism between X̃�π̃−1(Sing X) and X�Sing X ,

(ii) �π̃−1(point) < ∞ and

(iii) π̃−1(X�Sing X) is dense in X̃.

The pair (X̃, π̃) is called the normalization of X .
We do not prove this theorem; for the proof we refer to [Sha] and [Loj2]. We discuss
only the normalization in the above examples.



108 Chapter 4. Topology and Monodromy of Functions

In example (b) X̃ consists of two non-intersecting lines, X̃ = X1 ∪ X2 ⊂ C2,
X1,2 = {(u, v) : u = ±1}, π̃|X1(u, v) = (v, v), π̃|X2(u, v) = (v,−v).
In example (c) (X̃,O eX) = ({y = 0,±1}, C[y]/(y(y2−1))), π̃(y) = y(y +1)/2. This
normalization separates the twofold point x = 0, replaces it by the two points
y = 0,−1.
The general difference between desingularization and normalization lies in the fact
that in desingularization we replace the hypersurface together with its neighbor-
hood whereas in normalization we replace only the hypersurface itself.

4.66. The semi-stable reduction. Assume that, after resolution of a singularity
and the change of target (Dε, 0) to (D, 0), D = {|t| < 1}, we get a function
g = f ◦ π : Y → D with local representations g = yk1

1 . . . ykn
n . When all ki = 0, 1,

then we say that the morphism g is semi-stable.
(Note that here we have changed the notation of the target variable, from z ∈ (C, 0)
to t ∈ D. This notation agrees with the notation used in other sources. We will
keep it in the sequel.)
The semi-stable reduction means replacing each multiple divisor Ej = {yj = 0} by
several copies of single divisors Ej,1, . . . , Ej,lj each of which is a ramified covering
of Ej (separate from multiple divisors).
The semi-stable reduction is realized in two steps. Firstly, one applies the base
change α : s → t = sl, where l is the least common multiplier of all ki’s appearing
in local singularities of Z = g−1(0), l = lcm(k1, . . . , kn). One takes Yα = Y ×DD =
{(y, s) : g(y) = α(s)} and the projection gα : Yα → D, (y, s) → s.
Usually, the space Yα is not normal. So, the second step is the replacement of Yα

by its normalization Ỹ (with the normalization map π̃ : Ỹ → Yα).
The map g̃ = gα ◦ π̃ : Ỹ → D̃ = D realizes the semi-stable reduction. We have the
following diagram:

Ỹ
π̃→ Yα → Y

↓ g̃ ↓ gα ↓ g

D̃ = D̃ α→ D

We have Mumford’s theorem about semi-stable reduction (see [Mum2]):

If f : X → D is an analytic map from a smooth projective algebraic variety X
with unique critical value t = 0, then there exists a base change α : s → t = sl and
a resolution Ỹ → X ×D D such that the induced map g̃ : Ỹ → D is semi-stable.

4.67. Formulas for the semi-stable reduction. (We follow [Ste2]). If near a point
y0 ∈ Y we have f = yk1

1 . . . ykm
m , m < n, ki > 0 and α : s → sl, ki|l, then locally

we have Yα = {(y, s) : yk1
1 . . . ykm

m = sl}. If the greatest common divisor of the ki’s
is greater than 1, then Yα has several components; (note that gcd(k1, . . . , km)|l).
Thus, in the first step of the construction of Ỹ , one separates these components.
Assume now that gcd(k1, . . . , km) = 1. Put li = l/ki, i = 1, . . . , n, where km+1 =
. . . = 1. We define a map from Cn

z (with coordinates zi) to Yα by the formula yi =



§5. Resolution and Normalization 109

zli
i , s = z1 . . . zn. Of course, the space Cn

z is normal but it is not our normalization;
it is too big.
One divides Cn

z by the group G ⊂ Z l1 × . . . Z ln (acting diagonally by means
of rotations) and consisting of those rotations which preserve s = z1 . . . zn. By
Example 4.64(d), Ỹ = Cn

z /G is normal.
Moreover, the quotient group Z l1 × . . . Z ln/G is cyclic, equal to Z l, and it acts
on Ỹ . The quotient Ỹ /Z l is equal to X = Cy ×D.
These formulas hold locally in suitable (local) charts. In the general case one covers
X with such charts and performs the normalizations successively in each chart.

4.68. Examples. (a) f(y1, y2) = y2
1y

2
2 . Then Yα = {(y1y2)2 = s2} consists of two

intersecting components and the normalization Ỹ consists of two separated smooth
components y1y2 = ±s.
(b) f = y2

1y2. Then Yα = {y2
1y2 = s2} is not normal; because the function s/y1,

smooth on Yα \ Sing X , Sing X = {y1y2 = s = 0}, is not analytic in the whole
Yα. The normalization map is y1 = z1, y2 = z2

2 , s = z1z2. Here the group G = {e}.
The divisor E1 = {y1 = 0} is replaced by the divisor Ẽ1 = {z1 = 0}, with 2-fold
covering over E1, and E2 = {y2 = 0} is replaced by Ẽ2 ≈ E2.

Figure 33

(c) Semi-stable reduction of the cusp resolution (see [Ste2]). Let X ⊂ CP 2 × D
be given by x0x

2
2 − x3

1 = tx3
0 and let f = t. In the affine part we get y2 − x3 = t

with the cusp singularity of X0. After resolution (see Example 4.58) we obtain the
surface Y with the map g = f ◦ π : Y → D and g−1(0) = Γ + 2E1 + 3E2 + 6E3

(with multiple divisors). Here α : s → t = sl, l = 6 and the surface Yα is not
normal.
Applying the normalization to each of the intersections of divisors, we obtain
the following: The normalization near Γ ∩ E3 : r6(2w − 1) = s6 is the map
π̃ : (r, z) → (r, 2w − 1) = (r, z6), i.e. we have a local ramified covering of E3 with
ramification index 6 (see the discussion in 11.31 below).
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The normalization near E1 ∩ E3 : r6(w − 1)2 = s6 gives two copies of the plane
C2 with the normalization map (r, z)→ (r, w − 1) = (r, z3).
The normalization near E2 ∩ E3 gives three copies of C2 with the map (r, z) →
(r, w) = (r, z2).
Thus π̃−1(Γ) = Γ̃ is one divisor CP 1, π̃−1(E1) = E11 ∪ E12, π̃−1(E2) = E21 ∪
E22 ∪ E23. Finally, Ẽ3 = π̃−1(E3) is a smooth projective variety and π̃ realizes
the ramified covering Ẽ3 → E3 = CP 1 of degree 6; (one can see that generically
π̃ is 6 to 1). Using the Riemann–Hurwitz formula 6χ(E3) = χ(Ẽ3) +

∑
(ν(p) −

1), (connecting the Euler characteristics and the ramification indices ν(p), see
Theorem 11.32 below), we find that Ẽ3 is a topological torus, i.e. an elliptic curve.

4.69. Remark (Orbifold character of the space Y ). The normalization map π̃ :
Ỹ → Y is finite-to-one. More precisely, from the formulas in 4.67, it follows that
Ỹ can be covered by charts of the form Cn/G, where G ⊂ GL(n, C) is a finite
group (of rotations in coordinates).
Such manifolds are called orbifolds (or V -manifolds, see [Ste2]).
It turns out that most of the cohomological theory on smooth algebraic varietes
can be applied to algebraic orbifolds. In particular, one can define the analogues of
the de Rham sheaves, holomorphic de Rham sheaves, hypercohomology etc. (see
Chapter 7).
We will use the above constructions (resolution and normalization) in Chapter 7.

Figure 34

4.70. The Clemens contraction. (a) Let f : X → D be a holomorphic mapping with
unique critical value t = 0 and such that locally f = xk1

1 . . . ykm
m for some analytic

coordinates x1, . . . , xn, i.e. with resolved singularities. Xt = f−1(t) are projective
algebraic varieties; smooth for t �= 0 and with normal intersection singularities
for t = 0. Assume also that X = f−1(D). The map f : X − X0 → D∗ = D�0
defines a fiber bundle, the algebro-geometrical analogue of the Milnor bundle. Here
the fibers Xt have the same homology groups H∗(Xt, C); (contrary to Milnor’s
case they have many non-zero components Hi in general). One also defines the
monodromy diffeomorphism ht : Xt → Xt and the monodromy operator (or the
Picard–Lefschetz transformation) M = ht∗ : H∗(Xt)→ H∗(Xt).
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C. H. Clemens [Cle] constructed a continuous mapping p : X → X0 with some
special properties. We explain his construction on the special case f(x1, x2) = x1x2

(or X = {x1x2 = tx2
0} ⊂ CP 2 ×D and f = t).

Let U = {|x1,2| < 1} be the neighborhood of the origin. We define a certain
family of maps pt = p|Xt : Xt ∩ U → X0. We divide Xt ∩ U into three parts:
A1 = Xt ∩ {|t|1/2 < |x2| < 1}, A2 = Xt ∩ {|t|1/2 < |x1| < 1} and A3 = {|x1| =
|x2| = |t|1/2}.
On A1 the map pt is defined as a composition of the projection (x1, x2)→ (0, x2)
and of the stretching

(0, x2)→ (0, [(|x2| − |t|1/2)/(1− |t|1/2)]x2)

(with the punctured disc 0 ×D∗ as the image). Analogously pt on A2 is defined
(with the image D∗ × 0). Finally, p(A3) = 0 (see Figure 35).
On the remaining part Xt�U ⊂ CP 2 one defines pt as the projection onto the
nearest component of X0 (along some affine coordinate).
The maps pt organize themselves into a contraction (or retraction) of X to X0,
i.e. with identity on X0. Moreover, if x0 ∈ X0 is smooth, then p−1

t (x0) is one point
and if x0 is singular, then p−1

t (x0) is a topological 1-dimensional torus.
Note also that this construction can be generalized to the case when f = xk1

1 xk2
2 .

Then p−1
t (x0) consists of k1 (or of k2 points) for smooth point x0.

The general result is the following.

(b) Proposition–Definition. ([Cle]) Let f : X → D be a holomorphic map with
only critical value 0 and with resolved singularities. Then there exists a continuous
family of maps pt : Xt → X0 such that the total map p = (pt) is a contraction
of f−1(D) to X0 forming a prolongation of the contraction of D to 0 along the
radii.
If near x0 ∈ X0 we have f = xl

1, then p−1
t (x0) is an l-element set. If near x0 we

have f = xk1
1 . . . xkm

m , m > 1, then p−1
t (x0) is a topological (m − 1)-dimensional

torus T m−1 = {(φ1, . . . , φm) (mod 2π) :
∑

kiφi = arg t}.
We call the map p the Clemens contraction.

(c) Unfortunately, the Clemens contraction pt is not compatible with the action
of the monodromy diffeomorphism ht : Xt → Xt.
Indeed, if p−1

t (x0) = {y0, . . . , yl−1}, yj = (|t|1/lei(arg t+2πj)/l, 0, . . . , 0), then the
natural lifts (to the fibers Xt’s) of the path θ → t(θ) = eiθt, θ ∈ [0, 2π} would be
yje

iθ/l. Thus ht should realize a cyclic permutation.
The action of ht on the torus T m−1 should be translation (φ1, . . . , φm) → (φ1 +
2π/(k1m), . . . , φm + 2π/(kmm)).
We see that the above ‘action’ cannot be continuous, with discontinuity at the
tori. So, there appears a necessity to improve the Clemens contraction in such
a way that it would be compatible with the action of monodromy. The idea of
this construction is as follows. We replace the target space X0 by another target
space X̂0, which is obtained from X0 by replacing each point x0 of an m-fold
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Figure 35

intersection by (m − 1)-dimensional simplex ∆m−1 (with baricentric coordinates
(a1, . . . , am),

∑
aj = 1). Also the torus T m−1 = p−1

t (x0) is replaced by T m−1 ×
∆m−1. We get a new space X̂t. Of course, this X̂t has the same homotopy type as
Xt.
The action of the monodromy ĥt on the thick torus T m−1 ×∆m−1 is

(φ1, . . . , φm; a1, . . . , am)→ (φ1 + 2πa1/k1, . . . , φm + 2πam/km; a1 . . . , am).

These local transformations glue themselves together to a continuous homeomor-
phism ĥt of X̂t. It induces the same homomorphism in homologies as ht∗.
We call the corresponding map p̂t the thick Clemens contraction and the homeo-
morphism ĥt the thick monodromy transformation.
The thick Clemens contraction is compatible with the thick monodromy transfor-
mation: p̂t ◦ ĥt = p̂t.
This construction was used by Clemens in his direct proof of the following funda-
mental theorem in the monodromy theory.

4.71. Monodromy Theorem. For any k the induced homology homomorphism
(ht)∗k : Hk(Xt, C) → Hk(Xt, C) is a quasi-unipotent. It means that all its eigen-
values are roots of unity, (hA∗ − I)B = 0 for some natural A, B. Moreover, B ≤
n− |k − n + 1| where n = dimX.

The Monodromy Theorem was first proved by Landman in his Berkeley Thesis in
1966 (see [Lan] and 7.26). Besides Landman’s and below Clemens’ [Cle] proofs,
there are three more proofs. One is algebraic by Grothendieck (see [Gro2] and
[DK]), there is a proof by Brieskorn (using the solution of the VII-th Hilbert’s
problem, see [Brie] and 7.37(i)) and Borel [BN] gave another proof using the
period mapping and hyperbolic geometry (see 7.56(d)).

Clemens’ proof of the Monodromy Theorem. Denote by A the greatest common
multiplier of all the multiplicities of the divisors in X0. It will be the integer A



§5. Resolution and Normalization 113

Figure 36

from the thesis of the Monodromy Theorem. Denote M = (ht)∗k. We have to show
that the operator MA − I is nilpotent with order of nilpotency ≤ n− |k − n + 1|.
Of course, we shall work with the map ĥt acting on X̂t. Let the subsets Zj ⊂ X̂t

consist of points corresponding to (≥ j)-fold intersections in X0. Thus we have
X̂t = Z1 ⊃ Z2 ⊃ . . . ⊃ Zn+1 = ∅, n = dim X .
If σ is a (geometrical) cycle in Z1, then the cycle ĥA

t (σ) − σ lies in Z2; (because
ĥt acts periodically on Z1�Z2).
Let us look at the action of ĥt on Z2�Z3. Consider a component T 1×∆1 ×E

(2)
i ,

where E
(2)
i is an (n− 2)-dimensional variety, locally of the form x1 = x2 = 0 and

with {f = xk1
1 xk2

2 }. Here the action of ĥt is homotopically equivalent to the action
in one endpoint of the interval ∆1 : (φ1, φ2; 1, 0; z)→ (φ1+2π/k1, φ2; 1, 0; z). If σ is
a (geometrical) cycle in Z2, then we can move it homotopically, in any component
of Z2 − Z3, to a part of the boundary corresponding to one vertex of the simplex
∆1. It is not difficult to see that this can be done in a continuous way. The new
cycle σ′ represents the same homology class as σ.
Because the action of ĥt at the boundary of T 1 ×∆1 ×E

(2)
i is periodic, the cycle

ĥAσ′ − σ′ lies in Z3.
The same construction can be repeated for cycles in Zj , j > 2. The action of
ĥA

t − id gives a cycle homologically equivalent to a cycle lying in Zj+1.
Consider the case k > n− 1. Because the subsets Zj are homotopically equivalent
to spaces of (real) dimension 2(n−1)−j, then a k-dimensional cycle is sent to zero
after 2n− 1− k times; thus B ≤ 2(n− 1)− k +1. In the case k ≤ n− 1 one should
use the Poincaré duality which together with the above gives B ≤ k + 1. �

4.72. The zeta function of the monodromy. If F : X → X is a diffeomorphism of
a differentiable manifold X , then the ζ-function of F is defined as

ζF (s) =
∏
q≥0

[det(I − sF∗q)](−1)q+1

,
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where F∗q : Hq(X, C) → Hq(X, C) are the induced homology homomorphisms.
ζF is a rational function, which can be expressed in terms of the structure of its
set of periodic points. Namely, with this aim it was introduced in the theory of
dynamical systems.
Indeed, let

Λ(F k) =
∑

q

(−1)q Tr (F∗q)k

be the Lefschetz number of the map F k = F ◦ . . . ◦ F (k times). Let the positive
integers r1, r2, . . . be defined inductively by the relations

Λ(F k) =
∑
i|k

ri,

e.g. r1 = Λ(F ), r2 = Λ(F 2) − r1, r4 = Λ(F 4) − r1 − r2. Using the identity
det(I − sA) = eTr log(I−sA) = exp[−

∑
(si/i)Tr Ai] to each factor det(I − sF∗q),

we obtain the formula
ζF (s) =

∏
(1− si)−ri/i.

Recall that Λ(F k) counts the number (with multiplicities) Nk of periodic points
of F with period divisible by k (see the Lefschetz Theorem 3.30). We get ζF =
exp(−

∑
(Nk/k)sk).

We apply this to the monodromy diffeomorphism F = h : Xt → Xt of a fibre
of the cohomological bundle associated with a degeneration of analytic manifolds
g : (X, X0) → (D, 0), where Xt = g−1(t) are smooth analytic manifolds and X0 is a
sum of smooth submanifolds with normal crossings and near any point of X0 there
is a system of coordinates such that g = xk1

1 . . . xkn
n . The map X∗ = X�X0 →

D∗ = D�0 is a locally trivial topological fibration, an analogue of the Milnor
bundle. The Picard–Lefschetz transformation acting on H∗(Xt0 , C) is induced by
the monodromy diffeomorphism h = ht0 of a fixed fiber Xt0 (see above). A’Campo
[A’C2] has found a beautiful formula for the ζh.
The special case of this situation appears when we have a singularity f : (Cn, 0)→
(C, 0) of multiplicity µ; Xt = f−1(t) ∩ Bρ. Thus, we can assume that f is a
polynomial. Let π : Y → Bρ ⊂ Cn be a resolution of f , g = f ◦ π, X0 = g−1(0).
We have g−1(t) � Vt for t �= 0. Because h∗0 = I on H0(Vt) = C and Hq(Vt) = 0 for
q �= 0, n− 1, we can express the zeta function of h by means of the characteristic
polynomial of the monodromy operator h∗, P (λ) = det(h∗−λI). We have ζh(s) =
(1− s)−1 det(I − sh∗)(−1)n

= (1− s)−1 [(−s)µP (1/s)](−1)n

.
For any natural m we put

Sm = {y ∈ X0 : g = xm
1 near y}.

Denote by χ(Sm) the Euler characteristic of Sm.
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4.73. Theorem of A’Campo ([A’C1], [A’C2]).

(a) We have
Λ(h0) = χ(Vt) =

∑
m mχ(Sm),

Λ(hk) =
∑

m|k mχ(Sm).

In particular,

ζh(s) =
∏

m(1− sm)−χ(Sm),

P (s) = (−1)µ
[
(s− 1)

∏
m(sm − 1)−χ(Sm)

](−1)n

,
µ = (−1)n[1−

∑
m mχ(Sm)].

(b) If h is a monodromy diffeomorphism of the Milnor bundle associated with a
critical point of a function with multiplicity 0 < µ <∞, then

Λ(h) = χ(S1) = 0.

4.74. Examples. (a) For the cusp singularity we have: S6 = E3�{3 pts} =
S2�{3 pts}, χ(S6) = −1; S2 � S3 = S2 − {1 pt}, χ(S2) = χ(S3) = 1; S1 =
D∗, χ(S1) = 0. Thus µ = 1 − 2 − 3 + 6 = 2, ζh = (1 − s2)−1(1 − s3)−1(1 − s6),
P (s) = s2 − s + 1.
(b) For f = (x3 + y2)(x2 + y3) we have the resolution process presented in Figure
37.

Figure 37

Here χ(S10) = 2 · (−1), χ(S5) = 2 · 1, χ(S4) = χ(S1) = 0. This gives µ = 11,
ζh = (s5 + 1)2, P (s) = −(s− 1)(s5 + 1)2. This example is considered in [AVG] (v.
2).
(c) The reader can make calculations for f = (x2+y3)(x2y2+x6+y6) from [A’C2].
(d) For the Pham singularity f = xd

1 + . . . + xd
n we have µ = (d − 1)n and after

blowing-up we obtain one divisor CPn−1 and only two sets Sm, i.e. S1 � X0 \ 0
and Sd = CPn−1 \Q, where Q is a smooth hypersurface of degree d.
The surface S1 ⊂ Cn \ 0 can be deformed along the radii to a submanifold S̃ ⊂
S2n−1. But S̃ admits an action of the circle S1. So there is a vector field on S̃
without singularities and (by the Poincaré–Hopf theorem) χ(S̃) = χ(S1) = 0,
which agrees with (b) of the A’Campo theorem.
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Next, by additivity of the Euler characteristic, we have χ(Sd) + χ(Q) =
χ(CPn−1) = n. Therefore we obtain the following formula for the Euler charac-
teristic of a general hypersurface in projective space: χ(Q) = n + [(1− d)n − 1]/d.

4.75. Proof of Theorem 4.70. (a) (This part was proved in [A’C2].) We use the
thick Clemens map p̂t and notations from the proof of Theorem 4.71. One divides
the variety X̂t into the following subsets invariant with respect to the monodromy
map ĥt. Let X̂m � p−1

t (Sm), m = 1, 2, . . .; thus the set Z1 − Z2 = X̂1 ∪ X̂2 ∪ . . ..
The set Z2 − Z3 consists of components of the form T 1 × ∆1 × E

(2)
i . Generally

Zj −Zj+1 is composed of sets of the form T j−1 ×∆j−1 ×E(j), where the subsets
E

(j)
i are the connected components of the set of points from X0 at which exactly

j divisors intersect themselves.
If x ∈ Sm, then p−1

t (x) is an m-point set, at which the monodromy map acts as a
cyclic permutation. Thus (h|p−1

t (x))
k = id, if m|k and it does not have fixed points

otherwise. So Λ((h|p−1
t (x))

k) = χ(p−1
t (x)) = m or = 0, depending on whether m|k

or not.
At each set V = T j−1 ×∆j−1 × E

(j)
i the action of ĥ is homotopically equivalent

to a rotation by angles commensurable with 2π. Thus (h|T j−1 )k = id or it does
not have fixed points. Because χ(T ) = 0 we have Λ((hT j−1 )k) = 0.
Next, we use some standard properties of the Lefschetz numbers (analogous to the
properties of the Euler characteristic): (i) Λ(F1 × F2) = Λ(F1) ·Λ(F2) for F1 × F2

acting diagonally on X1 ×X2 and (ii) Λ(F ) = Λ(F1) + Λ(F2), if F1,2 act on two
subsets X1,2 of a partition of X .
We obtain Λ(hk) =

∑
m|k mχ(Sm) which implies the other formulas from the first

part of the theorem.
(b) (This part was proved in [A’C1].) The proper image of Γ = π−1(f−1(0) \ 0) of
the set f−1(0)\0 lies in S1 (by assumption that 0 is an isolated critical point). Any
other divisor, i.e. from π−1(0), belongs (almost completely) to some Sm, m > 1.
It follows from the process of resolution (see the examples). Because f−1(0) ∩Bε

is contractible to 0, one can use this contraction and the Clemens map, to obtain
a contraction of X̂t to the subset p−1

t (X̂0�S1).
On the latter set we repeat the analysis from the point (a). On the sets X̂m,
m > 1 the monodromy map does not have fixed points. The remaining part has
zero Euler characteristic. �



Chapter 5

Integrals along Vanishing Cycles

The previous chapter was devoted to the topology of critical points of a holomor-
phic function. This chapter is devoted to its analysis.
The principal objects of investigation are integrals of holomorphic forms (defined
in a neighborhood of the critical point) along cycles lying in level surfaces of
the function and vanishing at the critical point. It turns out that these integrals,
treated as functions of the (non-critical) value of the function, form holomorphic
and multivalued functions with ramification at the critical value. They satisfy a
system of differential equations, the Picard–Fuchs equations.
The holomorphic forms define sections (the geometrical sections) of a certain holo-
morphic vector bundle above the set of non-critical values of the function. This is
the cohomological Milnor bundle, with fibers equal to the cohomology groups with
complex coefficients of the local level of the function. Any such fiber contains an
integer lattice consisting of integer cocycles. These integer cocycles extend them-
selves to sections of the cohomological Milnor bundle. They are sections horizontal
with respect to so-called Gauss–Manin connection. The Picard–Fuchs equations
are related to the equations for horizontal sections (with respect to the Gauss–
Manin connection), expressed in a basis consisting of geometrical sections.
The asymptotic behavior of integrals of holomorphic forms along vanishing cycles,
as the value tends to the critical value, gives us very important information about
the geometry of a neighborhood of the critical point.
The asymptotic of the integrals along vanishing cycles is used in analysis of asymp-
totic of oscillating integrals, which appear in geometrical optics.
In this chapter the values of the function will be denoted by t. The reason is that
we shall differentiate the sections of the cohomological bundle with respect to the
‘time’ t.

§1 Analytic Properties of Integrals

5.1. Example (Complete elliptic integrals). Let

Vt : y2 + x3 − x = t

be a family of elliptic curves in C2 (see also Example 4.11). If t is typical (different
from the critical values t1,2 = ±2/3

√
3 corresponding to the saddle point and

the local minimum) then the corresponding Riemann surface is diffeomorphic to
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the punctured torus T 2 \ {p}. Its first homology group is generated by two cycles
γ = γ(t) and δ = δ(t), where γ is represented as the real oval of this elliptic
curve (see Figure 1). The cycle δ cannot be deformed to the real part of the curve.
We assume for a while that the geometrical positions of the cycles are fixed. (In
notations from Example 4.11 we have γ = ∆2 and δ = ∆1.)

Figure 1

Consider the following functions, called the elliptic integrals

I0(t) =
∫

γ(t)

ydx, I1(t) =
∫

γ(t)

xydx.

The integral I0 is equal to the area of the domain bounded by the oval γ, and I1

is equal to a moment of the Lebesque measure in this domain. In particular, I1/I0

defines the position of the mass center of the domain {y2 + x3 − x ≤ t}.

5.2. Proposition. The functions I0, I1 can be prolonged to holomorphic functions
outside the critical value t1 = 2/3

√
3 corresponding to the saddle point.

Proof. The cycle γ(t) is well defined for t ∈ [t2, t1]. The functions I0,1(t) are
differentiable in this interval. Indeed, they can be written in the form

I0(t) = 2
∫ x3(t)

x2(t)

y(x, t)dx, I1(t) = 2
∫ x3(t)

x2(t)

xy(x, t)dx,

where x2,3(t) are the points of intersection of the cycle γ(t) with the x-axis and
y(x, t) =

√
t + x− x3 (see Figure 2(a)). We can differentiate these functions be-

cause y(x2,3, t) = 0.
Unfortunately that approach is wrong, because we do not know how to perform
the further differentiations. Above, the subintegral function as well as the con-
tour of integration depend on t. The right idea is to transform this problem to a
problem where the contour of integration is fixed, i.e. does not depend on t, and
the subintegral 1-form is analytic with respect to t. In order to do this we must
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Figure 2

deform the cycle γ(t). The first problem which we encounter is the dependence of
the integral (of the form along varying cycle) on the deformation.

5.3. Lemma. If two 1-dimensional cycles σ and σ′, laying in a Riemann surface V ,
are homologous one to another and a 1-form ω is holomorphic, then

∫
σ ω =

∫
σ′ ω.

Proof. Let z be a local holomorphic parameter in the Riemann surface V . The
form ω is called holomorphic if its local representation is of the form f(z)dz,
where f is a holomorphic function. Such a form is obviously closed, dω = 0,
and represents an element of the first cohomology group H1(V, C) (de Rham’s
Theorem). If σ − σ′ = ∂A, then the values of the class [ω] on the two cycles are
equal by the Stokes theorem). �

Continuation of the proof of Proposition 5.2. We choose a loop γ̂, homologically
equivalent to γ, as the lift to the Riemann surface of the algebraic function x →
y(x, t) of a certain loop γ̃ in the complex x-plane, surrounding just two ramification
points x2, x3 of the algebraic function y(x, t). We choose the following branch of
y(x, t) along γ̃ (one of two): it is such that lim y(x + ib, t) > 0 for b → 0+,
x ∈ (x2, x3) and t ∈ [t1, t2].
Now the subintegral form y(x, t)dx (or xy(x, t)dx) is single-valued (along γ̃) and
holomorphic with respect to t. If the loop γ̃ is fixed, then the corresponding inte-
grals are locally holomorphic functions of t.
If t moves outside the interval [t2, t1], then the roots x2,3(t) also move in the
complex plane but the analyticity property holds as long as any of the points x2,3

do not coalesce with the third branching point x1(t). The latter possibility occurs
only when t = t1.
This proves Proposition 5.2. �
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5.4. Corollary. The functions Ij(t) are analytic near the critical value t2 =−2/3
√

3;
they are equal to 0 at t2 and this is a simple zero.

Proof. The latter statement follows from the fact that, for t−t1 positive and small,
the functions Ij(t) are proportional to the area of the domain {y2 + x3 − x < t}
which is an approximate ellipse with axes of length about

√
t− t2. �

Now we shall investigate the singularity of the elliptic integrals Ij at the other
critical value t1. Firstly we try the real methods.

Lemma. Each of the functions Ij(t) has the following behavior as t→ t−1 ,

c1 + c2(t− t2) ln(t− t1) + . . . .

Proof. We determine the singularity of the derivatives of the elliptic integrals. We
have

I ′j(t) =
1
2

∫
γ(t)

xjdx

y
=
∫ x3

x2

xjdx√
t + x3 − x

.

The approximate local equation of the curve γ(t), near the critical point (x0, 0),
x0 < 0, and for t ≈ t1, t < t1, is: y2 − c(x − x0)2 ≈ t − t1, c > 0. Thus
we get x2 ≈ x0 +

√
(t1 − t)/c and I ′j ∼ const ·

∫ 0

x2

[
c(x− x0)2 − (t1 − t)

]−1/2 ∼
const · ln(t1 − t). �
Using the monodromy we can investigate this integral much better. From the
analysis performed in Example 4.11 it follows that, as the argument t turns around
t1, the cycle γ changes to γ + δ (Example 4.11). Thus

I(t) =
∫

γ

ω → I(t2 + (t− t1)e2πi) =
∫

γ

ω +
∫

δ

ω.

The function J(t) =
∫

δ(t)
ω is holomorphic near t = t1 (by the same reason as the

function I(t) is analytic near t = t2).
Consider the function f(t) = I(t) − (2πi)−1J(t) ln(t − t1). One checks that it is
univalent and holomorphic in a small punctured disc around t1. It is bounded there
and (by the corresponding Riemann theorem from the analytic functions theory)
it prolongs itself analytically to the whole neighborhood of t1. This means that
the only singularity of the elliptic integrals is of the logarithmic type. We have
proved the following

5.5. Proposition. The functions Ij(t) have the following representations near t =
t1,

Ij(t) = f(t) + g(t) ln(t− t1)

where f and g are analytic near t1 functions.

Now we study asymptotic behavior of the integrals Ij(t) for t→∞. Here the three
branching points of the algebraic function y(x, t) are approximately equal to the
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three cubic roots of t, xk ∼ e2πik/3t1/3. Therefore, in the subintegral function, we
have

x ∼ t1/3, y ∼
√

t− x3 ∼ t1/2, dx ∼ t1/3.

This gives the following

Figure 3

5.6. Lemma. I0(t) ∼ t5/6, I1(t) ∼ t7/6 as t→∞.

Let us look now at the action of the monodromy map induced by the variation of t
along the loop around infinity. This map is the composition of two maps hτ1∗hτ2∗,
where τ1,2 are the two loops surrounding the critical values t1,2. From Example

4.11 we get that it has the matrix form
(

0 1
−1 1

)
, or (γ, δ)→ (δ,−γ + δ). The

characteristic polynomial is λ2 − λ + 1 and the eigenvalues are e±πi/3 (the roots
of unity of order 6).
If I =

∫
γ

ω, J =
∫

δ
ω, then we get

(I, J)(te2πi) = (J,−I + J)(t).

The functions I(t), J(t) generate a 2-dimensional complex vector space. The mon-
odromy operator acts on this space. Let F (t) and G(t) be the eigenvectors of the
monodromy operator: F (te2πi) = eπi/3F (t), G(te2πi) = e−πi/3G(t). We find that
F (t) = t1/6F̃ (t), G(t) = t−1/6G̃(t), where F̃ , G̃ are univalent near 1/t = 0.
Using Lemma 5.6 we obtain the following result.

5.7. Proposition. The functions Ij(t) have the following representations near t =
∞,

Ij = t5/6f(1/t) + t7/6g(1/t)

where f, g are analytic functions near 1/t = 0.
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Now we consider the general situation. Let f : (Cn, 0) → C be a germ of a
holomorphic function and let t be a noncritical value for f . Let ∆(t) be some
(n− 1)-dimensional cycle in the surface f−1(t), depending continuously on t. Let

ω =
∑

hi(x)dx1 ∧ i. . . ∧ dxn

be holomorphic (n− 1)-form on Cn. (Here the name holomorphic means that the
functions hi(x) are holomorphic and there are no differentials dx̄k.)
Define the function

I(t) =
∫

∆(t)

ω.

Because ω, restricted to the surface f−1(t), is closed the definition of the function
I(t) does not depend on the choice of the cycle ∆ in its homology class (see the
proof of Lemma 5.3 above).

5.8. Theorem. The function I(t) depends holomorphically on t.

Proof. As in the proof of Proposition 5.2 we want to replace the integration of the
fixed (n− 1)-form along the varying cycle by integration of a varying form along
a fixed cycle. The tool for this construction provides us the Leray coboundary
operator.

5.9. Definition. Let M be a complex manifold and let N ⊂ M be its complex
submanifold of codimension 1. Take a tubular neighborhood T of N , take its
boundary ∂T and the projection π : ∂T → N . This is a fibration with the fiber
S1.
If η is some l-dimensional cycle in N , then π−1(η) is a (l + 1)-dimensional cycle
in M�N . The operator δ : Hl(N) → Hl+1(M�N):

[η]→ [π−1(η)]

is called the Leray coboundary operator.

Fix a non-critical value t0. We take a tubular neighborhood of f−1(t0) in Cn

(included completely in the set of non-critical points for f). Let δ∆ be the image
of the cycle ∆(t0) under the Leray coboundary operator. If t is close to t0, then
the cycle δ∆ plays the role of the value of the coboundary operator also for the
cycle ∆(t).

Lemma. We have
I(t) =

1
2πi

∫
δ∆

df ∧ ω

f − t
.

Finishing of the proof of Theorem 5.8. In the latter formula the n-cycle is fixed
(does not depend on t) and the subintegral n-form is analytic with respect to t,
for t from a small neighborhood of t0. From this the analyticity of I(t) follows. �
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Proof of the lemma. The Leray coboundary operator applied to the family of
cycles ∆(t) has very simple construction. For fixed t consider the small circle
γ = {s ∈ C : |s − t| = ε}. Then we can choose δ∆(t) =

⋃
s∈γ ∆(s). Therefore we

get
1

2πi

∫
δ∆(t)

df ∧ ω

f − t
=

1
2πi

∫
γ

(∫
∆(s)

ω

)
ds

s− t

=
1

2πi

∫
γ

(∫
∆(t)

ω

)
ds

s− t
+

1
2πi

∫
γ

(∫
∆(s)−∆(t)

ω

)
ds

s− t
.

(1.1)

The first integral in (1.1) equals to
∫
∆(t) ω. The function

(∫
∆(s)−∆(t) ω

)
/(s − t)

is bounded. Finally, because γ tends to a point as ε → 0, the second integral in
(1.1) is equal to 0. �
5.10. Remark. If the function f depends analytically on some parameter y, f =
F (·, y), and the form ω = ω(x, y) also depends analytically on y then, repeating
the proof of Theorem 5.8, we show that the function

I(t, y) =
∫

∆(t,y)

ω

depends analytically on all variables. Here ∆(t, y) is some continuous family of
(n− 1)-cycles in {x : F (x, y) = t}.
Let f : Cn → C be a holomorphic function and let ω be a holomorphic n-form on
Cn.

5.11. Lemma and Definition. Let x0 be such a point that df(x0) �= 0. There exists
an (n− 1)-form η in a neighborhood of x0 such that the equation

df ∧ ψ = ω

holds. The form η restricted to the surface f = const is defined uniquely.
It is called the Gelfand–Leray form and is denoted by

ω/df.

Proof. After applying some holomorphic change of coordinates, we can assume
that f is one of the coordinates, f = x1. Let ω = h(x)dx1 ∧ . . .∧ . . . dxn. Then we
can choose

ω/df = h(x)dx2 ∧ . . . ∧ dxn.

It is also clear that the non-uniqueness in the choice of ω/df lies in the space of
forms of the type ρ ∧ dx1 = ρ ∧ df . �
Example. If f = y2 − x3 + x, ω = dx ∧ dy, then

ω

df
= −dx

2y
=

−dx

2
√

x3 − x + t
.
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It is the 1-form appearing in the derivative of the elliptic integral I0 (see Example
5.1).
The Gelfand–Leray form can be defined in the real domain. The definition is the
same but now the variables xi are real, f is a real function on Rn and ω is a real n-
form. The notion of the Gelfand–Leray form is very useful here. It is demonstrated
in the following

5.12. Lemma. We have the formulas∫
Rn

ω =
∫ ∞

−∞

(∫
f=t

ω

df

)
dt, (1.2)

if the support suppω of ω is disjoint with the set {df = 0}, and

d

dt

(∫
f=t

η

)
=
∫

f=t

dη

df
. (1.3)

This means that we can differentiate the integrals by means of the formal differ-
entiation of the subintegral form.

Proof. The identity (1.2) follows from the Fubini theorem. Next, we have∫
f=t+h

η −
∫

f=t

η =
∫

t≤f≤t+h

dη =
∫ t+h

t

ds

(∫
f=s

dη

df

)
. �

The identity (1.3) holds also in the complex case. Indeed, we have

d

dt

∫
∆(t)

ω =
d

dt

1
2πi

∫
δ∆

df ∧ ω

f − t
=

1
2πi

∫
δ∆

df ∧ ω

(f − t)2
=

1
2πi

∫
δ∆

d

(
−1

f − t

)
∧ ω

=
1

2πi

∫
δ∆

dω

f − t
=

1
2πi

∫
δ∆

df ∧ (dω/df)
f − t

=
∫

∆(t)

dω

df
.

In what follows we shall investigate the integrals of Gelfand–Leray forms along
vanishing cycles. If η = h(x)dx1 ∧ . . .∧ dxn is a holomorphic n-form and ∆(t) is a
family of cycles, then we define the function

Ĩ(t) =
∫

∆(t)

η/df.

The next theorem is analogous to Theorem 5.8.

5.13. Theorem. The function Ĩ(t) is a holomorphic function of t and of eventual
parameters.

Proof. We have the formula

Ĩ =
1

2πi

∫
δ∆

η

f − t
,

where the Leray coboundary cycle is fixed and the subintegral form is holomorphic.
�
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§2 Singularities and Branching of Integrals
Let f : (Cn, 0) → (C, 0) be a germ of a holomorphic function with the isolated
critical point x = 0 (and the critical value t = 0) and let ∆1(t), . . . ,∆µ(t) be a
family of (n− 1)-cycles at the level surfaces Vt = {f = t}∩Bρ, vanishing at x = 0
and forming a basis of the space H̃n−1(Vt, C). Let ω be a holomorphic (n−1)-form
and η be a holomorphic n-form. Consider the vector-valued functions

I(t) =

(∫
∆1(t)

ω, . . . ,

∫
∆µ(t)

ω

)
,

Ĩ(t) =

(∫
∆1(t)

η/df, . . . ,

∫
∆µ(t)

η/df

)
.

5.14. Theorem. There exists an expansion of the function I(t) into the series

I(t) =
∑
α,k

ak,αtα(ln t)k,

where ak,α ∈ Cµ, the α’s are non-negative rational numbers such that e2πiα form
eigenvalues of the monodromy operator and the k’s are positive integers ≤ maximal
dimension of the Jordan cells corresponding to the eigenvalue e2πiα.
This series is convergent for |t| sufficiently small and for arg t lying in some fixed
bounded sector.
An analogous expansion holds also for the function Ĩ, only the summation runs
over rational α’s which are > −1.

Proof. We need the following upper bound.

5.15. Lemma. If |t| is small and arg t is bounded, the form ω is holomorphic and
∆(t) is a family of cycles in f = t vanishing at t = 0, then there exists a constant
C such that ∣∣∣∣∣

∫
∆(t)

ω

∣∣∣∣∣ < C.

Proof. Because the form is locally bounded, the estimates for the integrals follow
from the construction of vanishing cycles (defined in 4.7). Recall that it uses the
mini-versal deformation of f of the form F0(x, λ′) − t, where F0 is the restricted
deformation (without the constant term). One takes a generic parameter λ′

∗ and
puts f̃ = F0(·, λ′

∗) as the Morse perturbation of f with critical values t1, . . . , tµ.
With the paths αi = αλ′

∗,i, joining some distinguished non-critical value t with ti,
one associates the cycles ∆i = ∆λ′,i vanishing along αi. We see that, when the
argument arg t is bounded then, passing with (good) λ′

∗ to 0, we obtain the cycles
∆i = ∆0,i vanishing along α0,i. The cycles ∆i are uniformly bounded as far as t
varies within a sector. �
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5.16. Remark. An analogous estimate∣∣∣∣∣
∫

∆(t)

ω

∣∣∣∣∣ < C|t|−N

for some integer N holds in the case when f is a polynomial, ω is a polynomial
(n − 1)-form, ∆(t) is a family of (n − 1)-cycles in the level surface f = t and
t = 0 is the critical value for f in some generalized sense; t = 0 is an atypical
value. The latter means that the map f : Cn → C is not a local fibration above
a neighborhood of t = 0. In particular, the function f can have bad behavior at
infinity or it can have non-isolated critical points.
In this case it is possible that the cycle ∆(t) grows to infinity. However this growth
is not too fast. It grows polynomially and, because the form is also polynomial,
the estimate follows.
The results of these kind are known in algebraic geometry. The book of Lefschetz
[Lef] contains description of cycles in complex algebraic varieties in form of real
semi-algebraic sets. The equations and inequalities (involved in the definitions of
the cycles) depend algebraically on t and grow at most polynomially at infinity.

The next lemma is from linear algebra.

5.17. Lemma. Let A be a µ×µ-matrix such that detA �= 0. Then there exists lnA,
i.e. such a matrix B that eB = A.

Proof. Take the Jordan representation of A: A = As + An, where As is the semi-
simple part (diagonal in a suitable basis) and An is the nilpotent part (upper-
triangular in that basis). Moreover, the matrices As and An commute. From this
the representation (called the Chevalley decomposition)

A = AuAs

follows. Here Au = I +AnA−1
s is the unipotent part of A and also commutes with

As. (An operator C is called unipotent iff C − I is nilpotent).
Now lnA = lnAu + lnAs. For lnAu we get the finite series

lnAu = ln(I + (Au − I)) = (Au − I)− (Au − I)2/2 + (Au − I)3/3− . . . .

The operator As is the direct sum of its components in the eigenspaces of As. If
C = λ · I, then lnC = lnλ · I. �
Proof of Theorem 5.14. Let us apply the monodromy to the vector-valued function
I(t) =

(∫
∆1(t)

ω, . . . ,
∫
∆µ(t) ω

)
. As the t surrounds the origin, the function I(t)

undergoes the transformation

I(t) → I(t) ·M,

where M is the matrix of the monodromy operator in the basis {∆i}.
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Consider the matrix

F (t) = t− ln M/(2πi = exp
[
− ln t

lnM

2πi

]
.

The monodromy of the matrix-valued function J(t) is

F (t) →M−1F (t).

Therefore the vector-valued function t → Φ(t) = I(t)F (t) is univalent. We shall
show that it is meromorphic.
For this it is enough to show that it has at most polynomial growth as t → 0;
(then, after multiplying by some power of t, we can use the Riemann theorem).
Lemma 5.15 says that I is bounded. On the other hand, the matrix-function F (t)
has the finite expansion

F (t) =
∑

t−αPα(ln t), (2.1)

where e2πiα are eigenvalues of M and deg Pα is the maximal dimension of any
Jordan cell with this eigenvalue. By Monodromy Theorem 4.71 (Chapter 4) the
exponents α are rational numbers. An analogous expansion (with tαQα(ln t)) holds
for F−1(t). We see that |F (t)| < C|t|−N for some integer N and some constant C.
Thus we have the convergent Laurent expansion Φ(t) =

∑∞
j=−m φjt

j . From this,
the formula (2.1) for F−1 and the formula I(t) = Φ(t)F−1(t), one gets the expan-
sion

∑
ak,αtα lnk t from the thesis of Theorem 5.14.

In the same way we obtain the same general expansion for the function Ĩ(t) defined
by means of the integrals of the Gelfand–Leray form η/df .
To obtain a bound for the exponents α we notice that, by Lemma 5.15, the function
I(t) is bounded and vanishes at t = 0. Therefore α > 0.
The functions Ĩj =

∫
∆j(t)

η/df are derivatives of some functions of the type
∫
∆j(t)

ω

for ω such that η = dω. (It follows from the holomorphic Poincaré Lemma, which
is proved in the same way as the usual Poincaré Lemma 3.28.) This gives α > −1
in the expansion of Ĩ.
Theorem 5.14 is complete. �
5.18. Example. Let f = x2

1 + . . . + x2
n and let ω be a holomorphic (n − 1)-form.

Here we have only one vanishing cycle ∆(t). The monodromy operator acts on it
as follows: ∆(t) → (−1)n∆(t).
If I(t) =

∫
∆(t)

ω, then we have

I =
∞∑

j=0

ajt
j , for even n,

and
I =

∑
j=0

aj+1/2t
j+1/2, for odd n.
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If we take the expansion ω = ωn−1 +ωn + . . . into components homogeneous with
respect to the dilations x→ λx, then we get

∫
ωp = 0 for p−n odd and = ap/2t

p/2

otherwise.
Consider the special case ωn =

∑
(−1)jAjxjdx1 ∧ j. . . ∧ dxn. Using the formula∫

∆(t) ωn =
∫

D(t) dωn, where D(t) is the n-ball with the boundary ∆(t), we get
an/2t

n/2 =
∫

x2
1+...+x2

n≤t(
∑

Aj)dx1∧ . . .∧dxn. This gives an/2 = (
∑

Aj)× (volume
of the n-dimensional unit ball).

§3 Picard–Fuchs Equations

Before formulating the next theorems we proceed to the study of the elliptic inte-
grals from 5.1.

5.19. The Picard–Fuchs equations for elliptic integrals. As in 5.1 we consider the
family

Vt : f(x, y) = y2 + x3 − x = t

of elliptic curves. We take the 1-forms ω0 = ydx, ω1 = xydx and consider the
elliptic integrals

I0,1 =
∫

γ(t)

ω0,1, J0,1 =
∫

δ(t)

ω0,1,

where γ(t), δ(t) are vanishing cycles; the integrals I0,1 vanish at the local minimum
and the integrals J0,1 vanish at the saddle point.
Let ω = A(x, y)dx + B(x, y)dy be a polynomial 1-form of the degree deg ω =
max(deg A, deg B) ≤ n . Our first task is to express the integrals

Iω(t) =
∫

γ

ω, Jω(t) =
∫

δ

ω

by means of the integrals I0,1 (or J0,1 respectively). The following lemma was first
formulated by G. S. Petrov [Pet1].

5.20. Lemma. There exist two polynomials P0(t), P1(t) of degrees ≤ [(n − 1)/2]
and ≤ [n/2]− 1 (respectively) and such that

Iω = P0(t)I0 + P1(t)I1,
Jω = P0(t)J0 + P1(t)J1.

More precisely, if we denote by Vn the linear space of Iω’s with deg ω ≤ n, then
it coincides with the space of pairs of polynomials P0, P1 of the above degrees. In
particular, dimVn = n.

Proof. We use three ingredients: (i) the integration by parts
∫

dR = 0, (ii) the
property d(y2 + x3 − x) = 0 and (iii) the substitution y2 = t + x− x3.
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Thus we have ∫
xiyjdy = (−i/(j + 1))

∫
xi−1yj+1dx,∫

xiy2kdx =
∫

xi(t + x− x3)kdx = 0,∫
xiy2k+1dx =

∫
xi(t + x− x3)kydx =

∑3k+i
j=0 Qj(t)Ij

where Ij =
∫

xjydx and Qj are polynomials.
In order to analyze Ij we use the property (ii): 3x2dx = dx− 2ydy. Hence

3Ij =
∫

xj−2ydx− 2
∫

xj−2y2dy

= Ii−2 + 2(j−2)
3

∫
xj−3y3dx

= Ij−2 + 2(j−2)
3

∫
xj−3(t + x− x3)ydx

= Ij−2 + 2j−4
3 tIj−3 + 2j−4

3 Ij−2 − 2j−4
3 Ij .

Calculating from this Ij (with nonzero coefficient), we get the representation of
Ij as a combination of Ij−2 and tIj−3. This shows that the representation from
Lemma 5.20 with some P0,1 holds. In particular, we have I2 = I0, I3 = c1tI0 +c2I1

etc.
Lemma 5.6 says that I0 ∼ t5/6 and I1 ∼ t7/6 as t → ∞. This shows that the
functions tiI0 and tjI1 are linearly independent and are good candidates for a
basis of the space Vn. It remains to estimate the degrees of Pi’s and show that the
separate monomials in Pi’s are obtained from certain 1-forms of degree n. We will
do it also using the asymptotic behavior of the integrals as t tends to infinity.
Because

∫
yndy = 0 and because of (i) and (ii) it is enough to consider inte-

grals of the forms xkyldx with k + l = n and with odd l. We have
∫

xkyldx =
O(tl/2+(k+1)/3).
If n is even, then the integral

∫
xyn−1dx = O(t(n−1)/2+2/3) is dominating and

gives the term ∼ tn/2−1I1. If n is odd, then the integral
∫

yndx = O(tn/2+1/3) is
dominating and gives the term ∼ t(n−1)/2I0. �
5.21. Remark. During the demonstration of Lemma 5.20 we proved the following
fact:

The integral Iω(t) ≡ 0 if and only if the form is of the type ω = gdf + dR
with polynomial functions g and R. This means that ω restricted to the surface
f = const is exact.

Such a property is characteristic for other functions f : x2 + y2 and for generic
polynomials f .
But the polynomial f = y2 + x2(x2 − 1)2 and the form xydx provide an example
where the above property fails. The surface f = t contains one symmetric cycle γ
vanishing at x = y = 0 and two cycles γ± vanishing at the points x = ±1, y = 0
(see Figure 4). The integral of xydx along γ is equal to zero but the analogous
integrals along γ± are nonzero.
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Figure 4

Problem. Generalize the result of Lemma 5.20 to the case of hyperelliptic curve
y2 + xn + λn−2x

n−2 + . . . + λ1x = t.

Using the Gelfand–Leray form we get the formulas for the derivatives of the elliptic
integrals

dIj

dt
= I ′j =

1
2

∫
γ

xjdx

y
.

5.22. Lemma (Picard–Fuchs equations). We have

5I0 = 6tI ′0 + 4I ′1,
21I1 = 4I ′0 + 18tI ′1.

Proof. We have

I0 =
∫

y2dx/y =
∫

(t + x− x3)dx/y = 2tI ′0 + 2I ′1 −
∫

x3dx/y.

Next,
∫

x3dx/y = 1
3

∫
xdx/y− 2

3

∫
xdy = 2

3 (I ′1 +I0). From this we get I0 expressed
by means of I ′j ’s.
The second equation is proved analogously. �

The reader can observe that the determinant of the matrix of the right-hand sides
of the Picard–Fuchs equations is equal to 4(27t2 − 4) and vanishes exactly at the
two critical values of the function f .
Solving these equations, one can express the derivatives of integrals as linear func-
tions of the integrals, i.e. one obtains a non-autonomous linear differential system.
Any linear 2-dimensional differential equation is equivalent to some linear sec-
ond order differential equation. Indeed, after some transformations we obtain the
following result.
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5.23. Lemma.

(a) 4(27t2 − 4)I ′′0 = −15I0;

(b) 4(27t2 − 4)I ′′1 = 21I1.

From this one can conclude that any integral Iω satisfies some second order linear
equation (with rational coefficients).
Note also that all the above (i.e. the representation and the differential equations)
holds also for the integrals Jω along the second cycle δ. In particular, we have
two solutions of the Picard–Fuchs system from Lemma 5.22:

(
I0
I1

)
and

(
J0
J1

)
. It is

natural to investigate the determinant of the matrix formed by these solutions

W (t) = det
(

I0 J0

I1 J1

)
,

i.e. the Wronskian of the corresponding fundamental matrix.

5.24. Lemma. We have W (t) = 8
315 · π · i · (27t2 − 4).

Proof. Firstly we show that W (t) is analytic in the whole plane C. For this it is
enough to consider neighborhoods of branching points of the elliptic integrals t =
±2/3

√
3. However from the Picard–Fuchs formula it follows that, as t surrounds

2/3
√

3, the fundamental matrix undergoes the transformation
(

I0 J0

I1 J1

)
→(

I0 + J0 J0

I1 + J1 J1

)
. Thus W (t) is single-valued near t = 2/3

√
3. The case t =

−2/3
√

3 is analogous.
From the asymptotic behavior of the integrals for large t (see Lemma 5.6) it follows
that W (t) grows like t2 and is a quadratic polynomial.
Because one of the integrals vanishes at a critical value and the other integral
is bounded there, then the Wronskian must be equal to zero at this value. Thus
W (t) = K ·(27t2−4). (One can obtain the latter formula directly from the Picard–
Fuchs Lemma 5.22.)
It remains to calculate the constant K. We use the asymptotic behavior at infinity.
Let xj = e2πij/3, j = 1, 2, 3 be the roots of the equation 1 − x3 = 0 and let
Ai = 2

∫ x3

x2

√
1− x3xidx, Bi = 2

∫ x2

x1

√
1− x3xidx, i = 0, 1. Then we have 27K =

A0B1 − A1B0. We represent Ai/2 as
∫ x3

0
−
∫ x2

0
(along the rays) and similarly we

represent Bi/2. Note that passing from one ray to another means change of the
argument in x and in y =

√
1− x3: for 0 < x < x3 we have arg x = arg y = 0,

for x ∈ [0, x2] we have argx = −2π/3, arg y = π and for x ∈ [0, x1] we have
argx = 2π/3, arg y = 0.
We get the result in terms of the Euler Beta-function

B(α, β) =
∫ 1

0

τα−1(1 − τ)β−1dτ = Γ(α)Γ(β)/Γ(α + β).
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Namely 27K = (4/9) · [(1+e−2πi/3)(−e−4πi/3−e4πi/3)− (1+e−4πi/3) (−e−2πi/3−
e2πi/3)] ·B(2

3 , 3
2 ) ·B(1

3 , 3
2 ). Using the identity Γ(z)Γ(1−z) = π/ sin(πz), after some

transformations, we obtain the result. �

When we add a parameter in the above analysis, i.e. when we consider the curves
y2 + x3 − λx = t, and we pass with λ to zero, then we obtain the formula
det(
∫
∆j

dωi/df) = const. (Here ∆1 = δ, ∆2 = γ.) This property is generalized
in the next theorem.

Let f : (Cn, 0)→ (C, 0) be a germ with isolated critical point.
Let ∆1(t), . . . ,∆µ(t) be the system of cycles vanishing at t = 0 and forming a
basis of the (n − 1)-th reduced homology group of the local level surface f = t.
Let ω1, . . . , ωµ be a system of germs of holomorphic n-forms.
The matrix (∫

∆j(t)

ωi/df

)
i,j=1,...,µ

is called the period matrix. We study the function

det 2t→ det 2

(∫
∆j(t)

ωi/df

)
.

5.25. Theorem (Determinant of the period matrix).

(a) The function det2(t) is univalent near t = 0.

(b) It is of the form tµ(n−2) · g(t), where g is analytic near 0.

(c) If the system (ωi) of forms is general, then g(0) �= 0.

The proof will be given later.

5.26. Definition. The system ω1, . . . , ωµ is called a trivialization if det2 �≡ 0. It is
called a basic trivialization if g(0) �= 0.

(The name ‘trivialization’ will be justified in the next section. Namely, the de
Rham classes of the forms ωi/df |f=t are sections of the cohomological Milnor
bundle and define local trivializations of this bundle.)

5.27. Examples. (a) For the function f(x) = xk the level surface Vt = {f = t},
t �= 0 consists of k points xj = ζjt1/k, ζ = e2πi/k j = 0, . . . , k − 1. The reduced
0-th homology group H̃0(Vt, C) is (k − 1)-dimensional and is generated by the
cycles ∆j = xj+1 − xj , j = 0, . . . , k − 2. If ωi = xidx, i = 0, . . . , k − 2, then
ωi/df = (1/k)xi−k+1 and, after some calculations, we get

det(t) = k1−k · (t−1/k)1+2+...+(k−1) · (ζ−1 − 1)(ζ−2 − 1) . . . (ζ1−k − 1)
×V and (ζ1−k, ζ2−k, . . . , ζ−1),
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where V and(y1, . . . , yn) is the van der Monde determinant, equal to
∏

i<j(yi−yj).
Therefore det2 =const·tµ·(n−2), µ = k − 1, n = 1 and the system (ωi) forms the
basic trivialization.
(b) For the function y2 + x3 the forms dx ∧ dy and xdx ∧ dy form the basic
trivialization.

5.28. Corollary

(a) If ω1, . . . , ωµ is a trivialization, then the forms ωi/df form a basis of the
reduced cohomology group H̃n−1(Vt, C) for small t �= 0.

(b) If ω1, . . . , ωµ is a basic trivialization and ω is a holomorphic n-form, then
there exist holomorphic functions p1(t), . . . , pµ(t) such that for any vanishing
cycle ∆(t) we have ∫

∆

ω/df =
∑

j

pj(t)
∫

∆

ωj/df.

Proof. (a) follows from the fact that det(t) is nonzero for small t �= 0.
For fixed small t �= 0 consider µ vectors Ii =

(∫
∆1

ωi, /df . . . ,
∫
∆µ

ωi/df
)
. By the

above, they form a basis in Cµ. Thus the vector I =
(∫

∆1
ω/df, . . . ,

∫
∆µ

ω/df
)

is a combination of the vectors Ii, pi(t) being the coefficients. Moreover, this
combination is unique. So it remains to show that these coefficients are analytic.
Firstly we notice that the monodromy around t = 0 acts in the same way onto I
and onto Ii: Ii(te2πi) = Ii(t)M . Thus we have I(t) =

∑
pi(te2πi)Ii(t) and, by the

uniqueness, the functions pi are univalent.
Next, we use the expression of pi(t) as the ratios of two determinants, the de-
nominator is the determinant of the matrix formed by the vectors I1, . . . , Iµ and
the numerator is the determinant of the matrix obtained from the previous one
by replacing the vector Ii with I (Cramer’s formula). Because the numerator has
t = 0 as zero of order not smaller than the order of zero of the denominator, the
functions pi can be prolonged analytically to 0. �
We see that (b) of the previous corollary forms a local analogue of Lemma 5.20.
The next theorem is the local analogue of Lemmas 5.22 and 5.23.

5.29. Theorem.

(a) Let Iω(t) =
∫
∆(t)

ω/df be the integral of holomorphic Gelfand–Leray form
along a vanishing cycle. Then there exist functions q1(t), . . . , ql(t), l ≤ µ
meromorphic near t = 0 and such that the following Picard–Fuchs equation
holds:

dl

dtl
Iω + q1(t)

dl−1

dtl−1
Iω + . . . + ql(t)Iω = 0. (3.1)

Moreover, any solution of this equation is a linear combination of the inte-
grals

∫
Γ(t)

ω/df along some family of vanishing cycles Γ(t).
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(b) If ω1, . . . , ωµ is a trivialization, then the vector-valued function

J(t) =

⎛⎝
∫
∆(t)

ω1/df

. . .∫
∆(t)

ωµ/df

⎞⎠
satisfies the differential Picard–Fuchs equation

dJ

dt
= A(t)J,

where A(t) is a matrix-valued meromorphic function. Moreover, the space of
solutions of this equation is spanned by J ’s of the above type (integrals along
a family of vanishing cycles).

Proof. (a) Let ∆1, . . . ,∆µ be the basis of the lattice of vanishing cycles. Con-
sider the vector-valued function I(t) =

(∫
∆1

ω/df, . . . ,
∫
∆µ

ω/df
)

and its succes-
sive derivatives I ′(t), I ′′(t), I ′′′(t), . . .. For fixed t �= 0 we consider the sequence of
subspaces Lk(t) ⊂ Cµ spanned by the first k of the vectors I(j).
From the expansion into the asymptotic series (see Theorem 5.14) it follows that
the dimensions of the subspaces Lk(t) are constant for small t �= 0. Indeed, the
minors of the matrix composed by the vectors I, I ′, . . . , I(k−1) also can be expanded
into series with powers of t and ln t. Such series is either identically equal to zero
or has some nonzero dominating term.
Let l be the maximal dimension of Lk’s. Then I(l) is expressed as a linear com-
bination of the lower order derivatives of I, I(l) = −

∑
qi(t)I(l−i). Moreover, this

representation is unique. From this the univalency of the functions qi follows.
Indeed, the monodromy around t = 0 acts in the same way onto I(l) and onto I(i)

and (by the uniqueness) the functions qi do not change themselves (see the proof
of Corollary 5.28).
Because the integrals have polynomial growth as t → 0 (< C|t|−N within some
sector), then also qi have polynomial growth. So they are meromorphic.
By construction each component of the vector I is a solution of the equation (3.1).
Their linear combinations generate the l-dimensional space of solutions.
(b) Let Ji(t) ∈ Cµ be the vectors defined like J(t) but with ∆(t) = ∆i(t). For each
small t �= 0 any vector J ′

i(t) can be written as a linear combination of the vectors
Jj(t). The coefficients of these combinations form the elements of the matrix A(t).
Its univalency and polynomial growth is proved in the same way as in (a). �
5.30. Proof of Theorem 5.25. Part (a) is a consequence of the following:

1. Lemma. The function det2 is single valued.

Proof. If M is the matrix of the monodromy operator in the basis ∆1, . . . ,∆µ,
then the monodromy of the function det2(t) is det2 → (detM)2 det2.
Notice now that M is an integer matrix and its determinant is an integer number.
Also M−1 is an integer matrix (it corresponds to surrounding t = 0 in the reverse
direction) with integer determinant. This implies that detM = ±1. �
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Consider a mini-versal deformation F = F0(x, λ′) − λ0 : Cn × Cµ of f with the
bifurcational diagram of zeroes Σ = {h(λ) = 0}; here λ0 = t. Let ∆j = ∆j(λ)
be the family of cycles in F−1(0) ∩ {λ = const }, prolongations of the cycles
∆j(t). Define the functions λ →

∫
∆j(λ) ωi(x)/dxF , where dx denotes the exterior

derivative with respect to x (λ fixed). As above, we define the function det2(λ).

2. Lemma. We have det2(λ) = hn−2 · g(λ) for some holomorphic function g.

From this, (b) of Theorem 5.25 (i.e. that det2 is divisible by tµ(n−2)) follows.
Indeed, if λ′ is fixed and generic, then the intersection of Σ with the plane λ′ =
const consists of µ points t1, . . . , tµ. Because det2(λ′, t) = (

∏
(t− ti))n−2×g(λ′, t),

then passing with λ′ to zero we get the result.

Proof of Lemma 2. We use the following general rule from analytic geometry:

3. Theorem. If a function f defined outside an analytic subset Z of a domain
Ω ⊂ Cn of complex codimension ≥ 2 is analytic (in Ω�Z), then it prolongs
itself to a function holomorphic in Ω.

(Its proof reduces itself to the proof of Hartogs theorem, see Figure 5. The pro-
longation is given by the formula f(z1, z2) = (1/2πi)

∫
|ζ|=const f(ζ, z2)/(ζ − z1).)

Figure 5

Using the above principle, we can study analytic properties of the function det2

near those points of the bifurcational diagram Σ, where exactly one cycle vanishes
at a point which is of Morse type. Other points form a subset of complex codi-
mension ≥ 1 in Σ and ≥ 2 in Cµ. Assume that the vanishing cycle is ∆1, that
it vanishes at x = 0 and that F0(·, λ′) = x2

1 + . . . + x2
n near x = 0. The cases of

different parity of n are treated separately.
If n is odd, then the Picard–Lefschetz formula says that the monodromy operator,
generated by the loop around t = 0, acts as the reflection: ∆1 → −∆1, ∆j → ∆j ,
where we can assume that ∆j , j > 1 lie in the subspace of fixed points of the
reflection. Thus the functions

∫
∆j

ωi/dxF , j > 1 are holomorphic.
The integral

∫
∆1

ωi/dxF =
∫

φ(x)dx1 . . . dxn/d(x2
1 + . . . + x2

n) is of the form
√

t×
(univalent function). The change x =

√
ty shows that it is of order at least tn/2−1.
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So, also det(λ′, t) is divisible by tn/2−1.
If n is even, then all the eigenvalues of the monodromy operator are equal to 1:
∆1 → ∆1, ∆j → ∆j + (∆j , ∆1)∆1. The functions

∫
∆1

ωi/dxF are holomorphic
and of order at least tn/2−1.
The functions

∫
∆j

are expressed as sums of holomorphic parts and of ln t
2πi

∫
∆1

.
In calculation of the determinant the parts with logarithm disappear. We get
det(λ′, t) ∼ tn/2−1.
Therefore Theorem 5.25.(b) is complete. �
Before proving (c) (i.e. the existence of basic trivializations) we present such a
trivialization in the case of Pham’s singularity.

4. Example (The Pham singularity). Recall that this singularity is of the form

f = xm1
1 + . . . + xmn

n .

Firstly we compute the basis of vanishing cycles following the Milnor’s book [Mil2].
We have the Milnor fibration (the Milnor’s version)

S2n−1�{f = 0} Φ→ S1, Φ(x) = f(x)/|f(x)|

and we investigate the homotopy type of the fiber Φ−1(eiθ).
The diffeomorphisms ht(x1, . . . , xn) = (eit/m1x1, . . . , e

it/mnxn) transform the fiber
Φ−1(eiθ) to the fiber Φ−1(ei(θ+t)).
Consider the map (x, r) → (er/m1x1, . . . , e

r/mnxn) from (S2n−1�{f = 0}) × R
to Cn�{f = 0}. It is easy to see that this map realizes a homotopy equivalence
between Φ−1(eiθ) × R and Φ−1(eiθ). Therefore we shall concentrate ourselves on
the fibration Cn \ {f = 0} � x

Ψ→ f(x)/|f(x)|.
Denote by Ωm the set of m-th degree roots of unity, Ωm = {e2πij/m, j = 0, . . . , m−
1}. Let Ω = Ωm1 ∗Ωm1 ∗ . . . ∗Ωmn be the join of the 0-dimensional spaces Ωmj . It
is an (n − 1)-dimensional CW-complex and can be embedded into Cn as follows
(see Figure 6)

Ω = {(t1ω1, t2ω2, . . . , tnωn) : tj ≥ 0, t1 + . . . + tn = 1, ωj ∈ Ωmj}.

5. Lemma (Pham). The set Ω is a deformation retract of the fiber Ψ−1(1).

Proof. If x ∈ Ψ−1(1), then we vary this point along a curve x(t) in such a way that
the powers of coordinates xj(t)mj move along the intervals orthogonal to the real
axis and tend to this axis. After the first step of deformation we arrive at a point
x′ such that its coordinates satisfy the property (x′

j)
mj ∈ R. Note that during

the deformation Re xj(t)mj = const, which means that f(x(t)) = const. Thus the
deformation takes place in the fiber Ψ−1(1).
The next step of the deformation relies on a contraction of the coordinates x′

j

such that the quantities (x′
j)

mj which are < 0 tend to zero. The other coordinates
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Figure 6

remain unchanged. This deformation is also realized within Φ−1(1) and we arrive
at a point x′′ such that (x′′

j )mj ≥ 0.
We can write x′′

j = tjωj for some root ωj ∈ Ωj . The final deformation transforms
x′′ to x′′/(t1 + . . . + tn). �

6. Recall that if H̃∗(A) and H̃∗(B) are without torsion, then H̃k+1(A ∗ B) =⊕
i+j=k H̃i(A) ⊗ H̃j(B) (see 3.11). Therefore

H̃n−1(Φ−1(1)) = H̃0(Ωm1)⊗ . . .⊗ H̃0(Ωmn).

Note that each H̃0(Ωmj ) is generated by the (mj − 1) cycles ∆jk = e2πi(k+1)/mj −
e2πik/mj , k = 0, . . . , mj − 2.
The monodromy map h : x → (e2πi/m1x1, . . . , e

2πi/mnxn) induces the homeomor-
phism h1 ∗ . . .∗hm of the complex Ω: hjωj = e2πi/mj ωj . Therefore the monodromy
operator has the form

h∗ = h1∗ ⊗ . . .⊗ hn∗

Because each hj∗ is isomorphic to the operator of cyclic permutation of coordi-
nates z1, . . . , zmj in the space {

∑
zk = 0} ⊂ Cmj , the monodromy operator h∗ is

diagonalizable with the eigenvalues ω1ω2 . . . ωn, ωj ∈ Ωmj \ 1.
This result will be generalized in Theorem 5.31 below.

7. Now we translate the above construction of generators of the homology group
of a fiber of Milnor’s version of the Milnor bundle to the construction of
vanishing cycles in a fiber of the Arnold–Varchenko–Gusein-Zade version of
the Milnor bundle. We use induction with respect to the dimension n.
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Let t > 0. At the surface f = t (where as before f = xm1
1 + . . . + xmn

n ) we have

xn = [t− (xm1
1 + . . . + x

mn−1
n−1 )]1/mn .

Let ∆(tn−1) ⊂ Cn−1 be some family of (n− 2)-dimensional cycles in xm1
1 + . . . +

x
mn−1
n−1 = tn−1, 0 ≤ tn−1 ≤ t. With the cycle ∆(tn−1), which is diffeomorphic to

an (n − 2)-dimensional sphere, we associate its suspension ∆(t) ≈ S∆(tn−1) ⊂
Cn−1 × C. (If X is a topological space, then its suspension SX is defined as
X× [0, 1]/ ∼, where we identify X×{0} and X×{1} with points.) Fix an integer
k = kn between 0 and mn − 2. Then

∆(t) =
⋃t

tn−1=0 ∆(tn−1)×
{
e2πik/mn (t− tn−1)

1/mn

}
∪
⋃t

tn−1=0 ∆(tn−1)×
{
e2πi(k+1)/mn (t− tn−1)

1/mn

}
as a topological space. As an (n − 1)-dimensional cycle it is equipped also with
the corresponding orientation. The projection of ∆(t) onto the xn-plane consists
of two intervals

[
0, e2πi(k+1)/mn t1/mn

]
and

[
0, e2πik/mn t1/mn

]
(with opposite ori-

entations).
The (n− 2)-cycle ∆(tn−1) is also defined as some suspension of a certain (n− 3)-
cycle etc. We see that the choice of an element of the basis of H̃n−1({f = t}) relies
on choosing the system K = (k1, . . . , kn) of integers k1 ∈ {0, . . . , m1−2}, . . . , kn ∈
{0, . . . , mn − 2}. The corresponding cycles are denoted by ∆K(t).

8. Lemma. The system

ωI = xi1
1 . . . xin

n dx1 ∧ . . . ∧ dxn, I = (i1, . . . , in), 0 ≤ ij ≤ mn − 2,

defines a basic trivialization of the Pham singularity.

Proof. Let us calculate the integral I =
∫
∆K(t)

ωI/df . It is a homogeneous function
of t. If we introduce the new variables by means of the formula xi = t1/miXi, then
ωi is proportional to t(i1+1)/m1 . . . t(in+1)/mn , df is of order t and the integral is

I = C · tα1+...+αn−1,

where αj = (ij + 1)/mj. We have to calculate the constant C in this formula.
Let ζj = e2πi/mj . Representing df as mnxmn−1

n dxn + . . ., we get

C = (1/mn) ·
[
ζ(kn+1)(in+1)

n − ζkn(in+1)
n

]
×
∫ 1

0
(1− tn−1)αn−1dtn−1

∫
∆(tn−1)

xi1
1 . . . x

in−1
n−1 dx1 . . . dxn−1/dfn−1,

where fn−1 = xm1
1 + . . . + x

mn−1
n−1 and

∫
∆(tn−1)

∼ const · tαn−1+...+α1−1
n−1 . Next we

act by induction with respect to the dimension. We obtain

C =
(∏

j

ζ
kj+1
j −ζ

kj
j

mj

)
×B(αn, αn−1 + . . . + α1) · B(αn−1, αn−2 + . . . + α1) · . . . ·B(α2, α1).
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Here the above product of the Beta-functions is equal to B(α1, . . . , αn) =
Γ(α1) . . . Γ(αn)/Γ(α1 + . . . + αn).
Now we are ready to calculate the determinant det(

∫
∆K

ωI/df). It is equal to
C1 · tν , where

ν =
∑

i1,i2,...,in

(
i1+1
m1

+ . . . + in+1
mn

− 1
)

=
[

1
m1
· (m1−1)m1

2 · (m2 − 1) . . . (mn − 1)
]

+ . . .

+
[

1
mn
· (m1 − 1) . . . (mn−1 − 1) · (mn−1)mn

2

]
− µ

= µ(n/2− 1)

and µ =
∏

(mj − 1). This power agrees with the statement of Theorem 5.25.
The constant C1 is proportional to the product of Beta-functions, which are non-
zero, and of the determinant of the matrix with the entries∏

j

(
ζ
(kj+1)(ij+1)
j − ζ

kj(ij+1)
j

)
. This matrix is the matrix of the tensor product

of the n matrices associated with a 1-dimensional singularity. The latter was stud-
ied in Example 5.27(a), where it was shown that the corresponding determinant
is nonzero. Therefore, C1 �= 0, which shows that the system {ωI} is a basic trivi-
alization. �

9. Proof of Theorem 5.25.(c).

We can assume that the germ f is a polynomial. Take the following deformation
of f

P (x, ρ, ε) = f(ρx) +
∑

(1 + εj)xN
j ,

where N ≥ µ + 2 is a large positive integer and ρ, εj are parameters. For fixed
ρ �= 0 and εj this function is equivalent to f and the hypersurface P (·, ρ, ε) is
non-singular outside the origin.
P can be treated as a deformation of the Pham’s function

∑
xN

j . It is induced from
the mini-versal deformation Q(x, λ) = Q0(x, λ′) − λ0 of the Pham’s singularity.
Let µ̃ = (N − 1)n be the Milnor number of the Pham singularity.
The space of parameters of the deformation of the Pham’s singularity contains
parameters λ, for which:

(i) the function Q(·, λ) has critical point with critical value 0, which is equivalent
to f , and

(ii) Q(·, λ) has no other critical points with critical value 0.

Fix such parameter (λ′
∗, λ0∗) and let s = λ∗ − λ0∗. Let ∆1(s), . . . ,∆µ(s) be the

basis of cycles vanishing at this distinguished critical point. We complete this
system to a basis of vanishing cycles for Pham’s singularity. It is enough to show
that:

there is a system of µ Gelfand–Leray forms, among the forms defining the basic
trivialization for the Pham’s singularity such that the determinant of the period
matrix of integrals of these forms along ∆j has the exact order s(n−2)µ/2.
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Let D(s) be the determinant of the period matrix for the whole Pham’s singularity.
We proved that it has the exact order h(n−2)/2 = s(n−2)µ/2, where h(λ) = 0 is the
equation for the bifurcational diagram (see Lemmas 2 and 8 above).
On the other hand, we have the formula

D =
∑

I

DID
I

where I are subsets of µ elements from the set {1, 2, . . . , µ̃}, DI is the (µ × µ)-
minor of the period matrix lying in the intersection of the first µ rows and columns
with numbers from I, and D

I
is the algebraic completion of the minor ∆I . (This

is a generalization of the well-known formula from linear algebra.)
Because each minor DI(s) has order ≥ (n − 2)µ/2 and D

I
has order ≥ 0, (as

expressed by integrals along non-vanishing cycles), then there exists DI0 with the
order equal exactly to (n− 2)µ/2.
Theorem 5.25.(c) is complete. �
Now we present a generalization of the results proven in points 5 and 6 of the
above proof.

5.31. Theorem of Sebastiani and Thom ([ST]). Let f(x, y) = g(x) + h(y), g :
(Cm, 0)→ (C, 0), h : (Ck, 0)→ (C, 0) with isolated critical points. Then we have:

(i) the generic fiber V f
t = f−1(t) ∩ (small ball) of the Milnor bundle is diffeo-

morphic to the join V g
u ∗ V h

v , u + v = t (of non-singular fibers) and hence
H̃m+k−1(V f

t ) = H̃m−1(V g
u )⊗ H̃k−1(V h

v );

(ii) the monodromy operator Mf associated with the function f is equal to Mg⊗
Mh.

Proof. This theorem is a generalization of Pham’s lemma (point 5 of the proof
of Theorem 5.25) and of the succeeding description of monodromy for Pham’s
singularity (point 6). The proof in the general case can be easily reconstructed
from the proof in the particular case. �

§4 Gauss–Manin Connection
With any singularity f(x), or with its versal deformation F (x, λ), the Milnor
fibration f : V = Bn ∩ f−1(D \ 0) → D \ 0 (or Bn × Bµ�π−1(Σ) → Bµ�Σ)
is associated; here Bk denotes a small ball in Ck and D denotes a small disc. In
this subsection we restrict ourselves to the first bundle. We shall use the notation
D∗ = D \ 0.
With this Milnor bundle two other (linear) bundles are associated.

5.32 Definition. The vector bundle π : Hn−1 → D∗ with the fiber at a point t equal
to Hn−1,t = H̃n−1(Vt, C) is called the homological Milnor bundle. The analogous
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vector bundle Hn−1 = H∨
n−1 with the fibers Hn−1

t = (Hn−1,t)∨ = H̃n−1(Vt, C) is
called the cohomological Milnor bundle.
(Here we use the notation ∨ for dual complex space or a dual complex vector
bundle. This notation is widely used in algebraic geometry and it allows us to
distinguish it from a dual to Hermitian space, denoted by ∗.)
The fiber H = Ht = Hn−1,t of the homological Milnor bundle contains the lattice
HZ = H̃n−1(Vt, Z) (of integer cycles) isomorphic to Zµ and generated by the
vanishing cycles. Similarly H∨ = Hn−1

t contains the integer lattice H∨
Z = {w ∈

H∨ : w(HZ) ⊂ Z} (of integer cocycles).
These lattices have the following properties:

Lemma.

(a) Any basis of HZ is a basis for H (and similarly for the conjugate space).
The complex space can be written as H = HZ ⊗Z C.

(b) The monodromy operator preserves the lattice. It means the MHZ = M−1HZ

= HZ.

Due to the property (a) we can define the real analogue HR = HZ ⊗Z R of the
complex space H . We have H = HR ⊕

√
−1HR.

The linear fibrations defined above have one very important property.

5.33. Lemma. Their transition functions between local trivializations can be chosen
constant. This means that, if π−1(Uα) ≈ Uα × H, π−1(Uβ) ≈ Uβ × H and the
map (t, v) → (t, hα,β(t)v) is their isomorphism over Uα ∩ Uβ, then hα,β ≡ const.

Proof. It follows from the fact that the operators hα,β must preserve the lattice
HZ. �
Vector bundles with the above property are called the local systems and will be
investigated later. In particular, they are holomorphic vector bundles (i.e. with
holomorphic transition functions).
The algebraists associate with the cohomological bundle Hn−1 its sheaf of sections.
They denote it by

Rn−1
f∗ (C),

and call it the (n − 1)-th direct image of the constant sheaf C, or the (n − 1)-th
Leray sheaf. In the language of sheaves the sheaf R•

f∗(C) is treated as a sheaf in
the whole neighborhood D of 0 ∈ C1 and is associated with the presheaf U →
H•(f−1(U), C), U ⊂ D.
In the completely algebraic situation f : X → S, where X and S are algebraic
projective manifolds (or schemes) and f is an algebraic morphism, the Leray sheaf
is defined on the whole S.

If the transition functions of the homological fibration are locally constant, then
we can easily define the parallel transport of vectors from one fiber to another
along paths in the base.
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Assume that γ : τ → t(τ ) ∈ D∗ is a path joining t(0) with t(1) and that ∆ ∈ Ht(0).
Let us represent ∆ as

∑
ai∆i(0), where ai ∈ C and ∆i(0) form a basis of Ht(0)

(e.g. vanishing integer cycles) and let us prolong the latter cycles to the cycles
∆i(τ ) along the path γ. Then the expression

∆(τ ) =
∑

ai∆i(τ )

defines the family of parallel vectors in Ht(τ).
Analogously one defines the parallel transport of vectors in the cohomological
Milnor bundle.

5.34. Definition. The parallel transport in the (co-)homological bundle is called
the Gauss–Manin connection.

Remark. The connection, or the parallel transport, in vector bundle p : E → B is a
very important notion from differential geometry. It allows us to compare vectors
at different fibers.

Figure 7

The connection can be described in the infinitesimal form by means of differential
calculus. If γ = γ(τ ) is a curve in the base B and v = v(τ ) is a family of parallel
vectors in the fibers Eτ = p−1(τ ), then v(τ + dτ ) = v + (∇γ̇v)dτ , where the
operator ∇ is linear in γ̇ = dγ/dτ and in v. One can say that it is a functional on
the space of vectors tangent to B and taking values in the group of automorphisms
of the fiber. If b1, . . . , bk are local coordinates in B, then we write the connection
∇ as the 1-form

θ =
∑

Aj(b)dbj ,
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where Aj(b) are matrix-valued functions. In the language of sheaves the connection
is denoted as ∇ : OB(E) → E1

B(E), i.e. as a morphism from the sheaf of sections
of the bundle E to the sheaf of 1-forms on B with values in the fiber.
One can say also that at each point v ∈ E above b ∈ B we have distinguished
a horizontal subspace Zv of TvE, which projects isomorphically onto TbB. The
subspace Zv is transversal to the fiber and is generated by vectors horizontal with
respect to the connection, i.e. the vectors v̇. This family of subspaces forms the
so-called distribution in TE and is given as the family of kernels of the systems of
1-forms dv −

∑
(Aj(b)v)dbj .

In the linear coordinates v1, . . . , vm the system of 1-forms, defining the horizontal
distribution Zv, is dvi −

∑
j,l A

j
ilvldbj . The horizontal family v(τ ) satisfies the

system of linear differential equations v̇i =
∑

j,l A
j
il(b(τ))ḃjvl. In the particular

case of the tangent bundle E = TB and the Levi-Civita connection, we have the
equation for the geodesics b̈i =

∑
Γj

ilḃj ḃl, Aj
il = Γj

il.
Sometimes people write (d − θ)v = 0. This equation is thought of as an equation
for a section v = v(b) of the bundle which would consist of parallel vectors, i.e.
for section horizontal with respect to the connection. However the latter equation
can have no solution if the dimension of the base is greater than 1. The obsta-
cle to integrability of such an equation lies in the curvature. Namely, when we
transport some vector v along the boundary of a small parallelogram in B with
sides εu and εw, then at the end we arrive at a vector v + ε2R(u, w)v + . . .. Here
R is the curvature, which can be treated as a 2-form with values in the group
of automorphisms of the fiber. The classical Cartan structure equation says that
R = (d − θ)2 = dθ − θ ∧ θ. (It is equivalent to the Frobenius condition for the
integrability of the distribution Zv in terms of the 1-forms defining it (see Theorem
9.2 in Chapter 9).) If the connection is flat, i.e. with curvature R = 0, then the
horizontal distribution is integrable in the sense that, through every point in E,
there passes a k-dimensional surface that is tangent to the distribution at any of
its points. These surfaces are of the form v = v(b) and consist of parallel vectors.
The above theory is formulated for the real vector bundles over real manifolds as
well as for the complex ones. We are dealing with the complex case (as in [GH]
and [Wel]).
If the dimension of the base is equal to 1, then the curvature of any connection
is equal to zero (no nontrivial 2-forms). In the case of the Gauss–Manin connec-
tion the curvature is also equal to zero, because the formula ∆(b) =

∑
ai∆i(b),

ai = const gives the horizontal section. (This especially concerns the case with
multidimensional base, i.e. the homological bundle associated with the fibration
Bn ×Bµ�π−1(Σ) → Bµ�Σ).

Let us write the differential equations for the horizontal sections of the
(co-)homological bundle with respect to the Gauss–Manin connections. They turn
out to be related with the Picard–Fuchs equations.
We know already some horizontal sections of the homological fibration. They are
of the form ∆(t) =

∑
ai(t)∆i(t), where ∆i form the basis of vanishing cycles
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and ai satisfy the equations ȧi(t) ≡ 0. Similarly, the sections ∆∨(t) =
∑

ai∆∨
i ,

ȧi ≡ 0 (with {∆∨
i (t)} as the dual basis to {∆i(t)}) are horizontal sections of the

cohomological bundle.
However there are some other natural sections of the cohomological bundle.

5.35. Definition. Let ω(x) be a holomorphic n-form in a neighborhood of the origin
and let for each t �= 0 the symbol [ω/df |Vt ] denote the cohomology class of the
Gelfand–Leray (n− 1)-form in H̃n−1(Vt, C). This family of cohomological classes
defines a section of the cohomological Milnor bundle and is called the geometrical
section corresponding to the form ω. This section is denoted by s[ω] and its value
on a family ∆(t) of vanishing cycles is equal to

〈s[ω], ∆〉 =
∫

∆

ω/df.

The latter represents some multivalued analytic function.

The geometrical sections of the cohomological bundle are not parallel (i.e. not
horizontal) with respect to the Gauss–Manin connection. Indeed, if ∆(t) is a fam-
ily of vanishing cycles (which represents a horizontal section of the homological
bundle), then 〈s[ω], ∆(t)〉 is generally a non-constant function; (thus the condition
〈s[ω], ∆〉 ∈ Z does not hold).
Let ω1, . . . , ωµ be n-forms defining a trivialization of the singularity. It means that
their geometrical sections s[ωj ] form a basis in each fiber of the cohomological
bundle. We look for the combinations

s =
∑

Fi(t) · s[ωi],

such that s is horizontal with respect to the Gauss–Manin connection.
Recall that in Theorem 5.29(b) we have defined the vector-valued functions J(t) =(∫

∆(t) ω1/df, . . . ,
∫
∆(t) ωµ/df

)�
for a family of vanishing cycles. It was proved that

J(t) satisfies the Picard–Fuchs equation J̇ = A(t)J and that any solution of the
Picard–Fuchs equation is of this form.
The condition for horizontality of the section s means that for any family ∆(t) the
derivative d

dt(
∑

Fi(t)
∫
∆(t)

ωi/df) ≡ 0. If F = (F1, . . . , Fµ)� is a vertical vector,
then we get 0 = d

dt 〈F, J〉 = 〈Ḟ , J〉 + 〈F, J̇〉 = 〈Ḟ + A�F, J〉. We have proved the
following result.

5.36. Lemma. The section s =
∑

Fi(t) · s[ωi] of the cohomological Milnor bundle
is horizontal with respect to the Gauss–Manin connection iff the vector-function
F = (F1, . . . , Fµ)� satisfies the non-autonomous linear equation

Ḟ = −A�(t)F, (4.1)

where A(t) is the matrix from the Picard–Fuchs equation J̇ = A(t)J .
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Above we have defined the Picard–Fuchs equation and the equation (4.1) for hor-
izontal sections. There appear natural questions about the dependence of these
equations on the choice of the ingredients defining them. These ingredients are the
basis of the lattice of vanishing cycles and the trivialization.
The change of the basis {∆i} is realized by means of a constant matrix R. We get
the change A(t) → RA(t)R−1.
The choice of the trivialization ω1, . . . , ωµ is significant, but not very. Let ω′

1, . . . ,
ω′

µ be another trivialization. If J ′(t)=(
∫
∆(t) ω′/df, . . . ,

∫
∆(t) ω′

µ/df)� is the vector-
valued integral associated with it, then we have J ′ = QJ for some matrix-valued
function Q = Q(t), which is meromorphic in a neighborhood of the origin and
invertible for t �= 0. Differentiating it we get J̇ ′ = Q̇J +QJ̇ = (Q̇Q−1+QAQ−1)J ′.
So, we have the following result.

5.37. Lemma. The change of trivialization in the Picard–Fuchs equation results in
the application of the gauge transformation

A(t) → A′(t) = QAQ−1 + Q̇Q−1.

Remark. The terminology gauge transformation is taken from physics. The Yang–
Mills fields are connections in some vector bundles over the Minkowski space-time.
There, quantities not depending on the application of the gauge transformation
are physically important. For example, in electrodynamics the connection is given
by the 4-potential, which is not uniquely defined, but its curvature (describing the
tensor of the electromagnetic field) is gauge invariant.

The Picard–Fuchs equation is characterized by the triple

(A, W, WZ),

where A = A(t) is the matrix, W is the space of solutions and WZ is the lattice
generated by integrals over the basic vanishing cycles. The application of the
gauge transformation from Lemma 5.36 defines the equivalence relation between
such triples: (A, W, WZ) ∼ (A′, W ′, W ′

Z) iff W ′ = QW , W ′
Z = QWZ and A′ =

QAQ−1 + Q̇Q−1.

5.38. Definition. The equivalence class of the triple (A, W, WZ) is called the Picard–
Fuchs singularity of the critical point.

In Chapter 8 below we will study the non-autonomous systems of differential equa-
tions ż = A(t)z, where x ∈ Cm and A(t) is a germ of a meromorphic matrix-valued
function in (C, 0). We shall classify them with respect to the gauge transformations
by means of analytic (or meromorphic) matrices Q(t).
An important problem is to determine the class of meromorphic linear systems,
which form a Picard–Fuchs singularity of a critical point of some analytic function.
The following definition will appear again in Chapter 8.
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5.39. Definition. The point t = 0 of the equation ẋ = A(t)x is called regular iff
any its solutions satisfies the estimate

|x(t)| < C|t|−N ,

for some constants N , C, as t tends to zero within some fixed sector.

5.40. Theorem (Regularity of the Gauss–Manin connection). The singular point
t = 0 of the Picard–Fuchs equation associated with an isolated critical point of a
holomorphic function is regular.
Moreover, there is a germ of a meromorphic matrix function Q(t) (with only a pole
at t = 0) such that the corresponding gauge transformation sends A to A′ = ln M

2πit .

Proof. The first part follows from expansion of the integrals along vanishing cycles
into the asymptotic series containing rational powers of t and powers of logarithms
(see Theorem 5.14). The fundamental matrix of solution of the Picard–Fuchs sys-
tem is F(t) =

(∫
∆j

ωi/df
)

and it has the property F(te2πi) = F(t) ·M , where M

is the monodromy operator (acting on the fiber Ht0 of the homological fibration).
As in the proof of Theorem 5.14 we have

F(t) = Q(t)tln M/(2πi),

where Q(t) is a meromorphic matrix function (by the regularity of F(t) and of
tlnM/(2πi)). Any solution of the Picard–Fuchs equation is of the form J(t) = F(t)v,
where v is a constant vector. We define J ′ by the formula J = QJ ′.
The vector function J ′ satisfies the equation d

dtJ
′ = lnM

2πit J ′. �

Remark. As we have noticed in Remark 5.16, the regularity of the Picard–Fuchs
equation holds not only in the local case of an isolated singularity.
We have seen that the elliptic integrals satisfy certain differential equations defined
in the whole plane (with regular singular points, see Lemma 5.22).
Such equations can be obtained also in the case of non-isolated critical points,
or in the case of critical values associated with bifurcations at infinity; (generally
the Picard–Fuchs equations are associated with the Leray sheaf induced by any
algebraic morphism f : X → S). The regularity of singularities of such equations
are associated with polynomial growth of the integrals along cycles which undergo
bifurcations (vanishing or escaping to infinity etc.). We will return to this subject
in Chapters 7 and 8.

If ω is a holomorphic n-form and s[ω] is the corresponding geometrical section,
then the asymptotic expansion

∫
∆(t) ω/df =

∑
α,k (aα,k/k!)·tα ·(ln t)k defines some

natural cohomological classes. Notice that the map ∆→ aα,k is a linear functional
and can be treated as a section of the cohomological Milnor bundle. We denote
this section by Aα,k = Aω

α,k = Aα,k(t):

aα,k = 〈Aα,k, ∆〉.
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We can also write

s[ω] =
∑
α,k

Aα,k

k!
tα(ln t)k.

5.41. Lemma.

(a) The classes Aα,k(t) ∈ H̃n−1(f−1(t)) and define the horizontal sections with
respect to the Gauss–Manin connection.

(b) They belong to the eigenspaces of the monodromy operator M cohom, corre-
sponding to the eigenvalue e−2πiα of the monodromy operator M = Mhom in
homologies.

(c) We have Aα,k =
(
− lnM�

u /2πi
)k

Aα,0, where Mu is the unipotent factor of
the (homological) monodromy operator.

Proof. (a) is a consequence of the fact that 〈Aα,k, ∆(t)〉 ≡ const.
(b) and (c) follow from the action of the monodromy operator onto the asymptotic
expansion.
The monodromy acts on the fibers of the homological bundle and on the fibers
of the cohomological bundle. If M = Mhom is the matrix of the monodromy, ex-
pressed in some basis {∆i(t0)} (of integer cycles) of Ht0 , and M cohom is the analo-
gous matrix expressed in the dual basis {∆∨

i (t0), then we have M∨
homM cohom = I.

It is because 〈∆∨
i (t), ∆j(t)〉 ≡ const. So, we have M cohom = (M∨)−1 = (M�)−1.

The same property holds, when we express M cohom in a basis consisting of hori-
zontal sections (like Aα,k).
We have

〈(M�)−1s[ω], ·〉 =
∑

tα(ln t)k(M�)−1Aα,k/k!
=
∑

(te2πi)α(ln t + 2πi)lAα,l/l!

=
∑

α,k tα(ln t)k · e2πiα 1
k!

∑
m

(2πi)m

m! Aα,k+m.

So (M�)−1Aα,k =
(
e−2πiα

)−1 · (M�
u )−1Aα,k, where

(M�
u )−1Aα,k =

∑
m

((2πi)m/m!)Aα,k+m = e2πiNAα,k.

We see that the action of M cohom relies on multiplying by the eigenvalue (i.e.
the action of M−1

s ) and of the action of the exponent exp(2πiN) of the nilpotent
Jordan cell N = − ln(Mu)�. �

5.42. Definition. Let ω be a holomorphic form. The smallest number α such that
the coefficient Aω

α,0 is nonzero is called the order of the form ω and is denoted by

α(ω).



148 Chapter 5. Integrals along Vanishing Cycles

The principal part of the geometrical section defined by ω is the section

smax[ω] = tα(ω)
(
Aω

α(ω),0 + . . . + (ln t)n−1Aω
α(ω),n−1

)
.

(Note that due to Lemma 5.41(c) all the terms of the above expression can be
expressed by means of one of them, e.g. by Aα(ω),0).
For the fixed germ f of holomorphic function we denote by

αmin

the smallest of all orders α(ω) of germs of holomorphic forms. The number

−(1 + αmin)

is called the complex index of oscillation of the critical point of f .
The number

n/2− (1 + αmin)

is called the complex index of singularity of the germ f .
The system

α1 ≤ α2 ≤ . . . ≤ αµ

obtained as the minimal orders of holomorphic forms generating trivialization is
called the spectrum of critical point of f . It means that α1 = αmin = α(ω1),
α2 = min{α(ω2) : s[ω2] is independent of s[ω1]}, etc.

Example. Let f be a quasi-homogeneous polynomial and let ω be a quasi-homo-
geneous n-form. It means that f(x) = λβf0(y), ω(x) = λγω0(y), where (λ, y) are
such coordinates that xi = λνiyi and f |λ=1 = 1; (the quasi-homogeneous blowing-
up).
After this change the integral

∫
∆(t)

ω/df becomes equal to λγ−β
∫
∆

ω0/df0, where
∆ is some fixed cycle. Because t = λβ we get

α(ω) = γ/β − 1.

We see also that the principal part of the geometrical section is equal to the whole
section, smax[ω] = s[ω].

The constants β and γ can be calculated from the Newton diagrams in R2
+ =

{(k1, . . . , kn)} of the germ f and of the form ω. Let ω = g(x)dx1 ∧ . . . ∧ dxn. Let
∆ be the Newton polyhedron of the function f and ∆1 be the Newton polyhedron
of the function x1 . . . xng.
(Recall that the Newton polyhedron of f is the convex hull of the set supp f + Rn

+

and its Newton diagram Γ is the part of the boundary of the Newton polyhedron
not contained in the coordinate hyperplanes. In this example ∆ is the first orthant
cut by the hyperplane

∑
νiki = β.)
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Let ν be the smallest number such that ν∆1 ⊂ ∆. It is called the coefficient of
embedding of ∆1 into ∆. The number −1/ν is called the distance of polyhedrons
of f and of ω.
We have ν = β/γ =ord f/ord ω and α(ω) = 1/ν − 1. In particular, the number
−(α(ω) + 1) is equal to the distance of diagrams of the function and of the form.
Because the form with minimal order is obtained by putting g = 1, then the above
allows us to compute the index of oscillation of f and its index of singularity.
Take the intersection of the diagonal line k1 = k2 = . . . = kn with the diagram Γ1.
It is one point (ν̃, . . . , ν̃) and we have αmin = 1/ν̃ − 1. Thus the complex index of
oscillation is equal to 1/ν̃; here ν̃ = ν = β/γ.

It turns out that the above calculations can be generalized.

5.43. Definition. Fix the Newton polyhedron ∆ and its Newton diagram Γ such
that Rn

+�∆ has finite volume. Γ consists of a finite number of (n−1)-dimensional
faces, of (n− 2)-dimensional faces, etc. Let (ν̃, . . . , ν̃) be the point of intersection
of Γ with the diagonal k1 = . . . = kn. The number −1/ν̃ is called the distance of
the Newton diagram Γ.
Let ω = g(x)dx1 . . . dxn be a germ of holomorphic n-form and let ∆1 be the
Newton polyhedron of the function x1 . . . xng. The smallest number ν such that
ν∆1 ⊂ ∆ defines the distance of the polyhedrons ∆ and ∆1 as the number −1/ν.

Figure 8

5.44. Theorem. ([AVG]) Consider the space of germs f with ∆ and Γ as their
Newton polyhedron and Newton diagram. This set contains an open and dense
subset of germs for which the following properties hold:

(i) The complex index of oscillation of f does not exceed the distance of Γ. If
this distance is > −1, i.e. the diagram is distant, then the index of oscillation
and the distance coincide.

(ii) If ω is a germ of a form, then the number −(α(ω) + 1) does not exceed the
distance of ∆ and ∆1. These numbers are equal if the distance is > −1.

The following conjecture is associated to the spectrum.
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5.45. Semi-continuity of spectrum conjecture (Arnold [AVG], Malgrange [Mal2]).
The spectrum of an isolated critical point of a holomorphic function is semi-
continuous in the following sense:
If a critical point P with the spectrum (α1, . . . , αµ) is deformed to a simpler point
P ′ with the spectrum α′

1, . . . , α
′
µ′ , µ′ < µ, then αk ≤ α′

k.

The reader interested in more information about the results concerning this con-
jecture is referred to [AVG], [Ste2] and [Kul].
In the next section and in the next chapter we present applications of the theory
developed in this chapter to the asymptotic of oscillating integrals and to the
qualitative theory of planar vector fields. Later we will return to the asymptotic of
integrals in order to define a mixed Hodge structure in the Milnor cohomological
bundle.

§5 Oscillating Integrals
5.46. Definition of the oscillating integral. Let S be a surface (or a curve or a finite
set of points) in the space R3. Assume that each point of S is a source of light
with fixed frequency ω and intensity ρ(x), depending on the point x ∈ S. We look
at the amplitude of the light at points y in the space (outside S) (see Figure 9).

Figure 9

Using the fundamental solution of the wave equation

∂2u

∂u2
= c2∆u,

with suitable boundary conditions, we get the formula

u(y, t) =
∫

S

e2πi(ωt−k|x−y|)

4π|x− y| ρ(x)dx
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for some component of the corresponding strength of the electromagnetic field.
Here c is the light velocity, k = ω/c is the length of the wave vector and | · | is the
euclidean norm.
The amplitude of the light at y is the absolute value of the above expression and
equals the absolute value of the oscillating integral

I(τ , y) =
∫

eiτF (x,y)φ(x, y)dx, (5.1)

with τ = −2πk, F = |x−y|, φ = ρ(x)/(4π|x−y|). In the case of light the number

Figure 10

τ is large and the principal task is to investigate the asymptotic behavior of the
function I(τ , y) as τ →∞. Here y is treated as a parameter. The function τF (x, y)
is called the phase.
If the function F (·, y) were regular, i.e. non-critical at S, then we would obtain
that |I| < CN/τN for any N (with suitable constants CN ); we prove it below.
This would mean that the amplitude is very small (it decreases faster than any
power) and we could treat the source S as very weak. However, usually S is a
compact surface and the function |x− y| has critical points on it (e.g. minima and
maxima). If these critical points are of the Morse type, which holds for typical
y’s, then I ∼ τ−n/2, n = dimS. But when y varies, then the function | · −y| can
have even more degenerate singularities on S. In this case the function I decreases
more slowly. The latter points form the so-called caustic.
In what follows we investigate the function (5.1) with real-analytic F (x, y), x ∈
Rn, y ∈ Rm and with the function φ smooth with compact support. Thus F is a
deformation of a singularity of some real function. (Using some partition of unity,
we can always reduce any oscillating integral to a sum of integrals satisfying the
latter assumptions.)
If m = 0, i.e. there are no parameters, then we have the integral

I(τ ) =
∫

eiτf(x)φ(x)dx. (5.2)

5.47. Theorem. If the support of φ(x) is compact and f(x) has no critical points
in this support, then the integral I decreases to 0 faster than any power of 1/τ .
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Proof. It is enough to consider the case n = 1. We have∫ ∞

−∞
eiτf(x)φ(x)dx =

1
iτ

∫
d(eiτf )

φ

f ′ =
−1
iτ

∫
eiτf

(
φ

f ′

)′
dx,

where f ′ �= 0. Repeating this transformation we get the result. �

The conclusion of this theorem is that the main contribution to the integral (5.2)
comes from small neighborhoods of critical points of the phase function. This
can be seen geometrically when we replace the (one-dimensional) integral by its
Riemann sum (see Figure 10).

Next to consider is the case with Morse critical point. The particular example of
such integral is the Fresnel integral

∫
cos(τx2)dx, where from Figure 11 it is seen

that the main contribution comes from the first bump and is of order C/
√

τ . The
value of the constant C can be computed in the following way. The Fresnel integral
is the limit as σ → 0+ of Re

∫
e(iτ−σ)x2

dx =
√

π/(σ − iτ); thus C =
√

π/2.

Figure 11

5.48. Theorem (Stationary phase formula). Assume that φ(x), φ(0) �= 0 has com-
pact support containing only one critical point 0 of f(x) which is non-degenerate.
Then the integral (5.2) has the asymptotic

φ(0) · eiτf(0) ·
(

2π

τ

)n/2

· | detD2f |−1/2 · ei(π/4) signD2f

where signD2f(0) is the signature of the quadratic form defined by the second
derivative of f (the number of pluses minus the number of minuses).
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Proof. Using Morse’s Lemma we reduce the problem to the case with f = z2
1 +

. . .+z2
k−z2

k+1−. . .−z2
n with the signature k−(n−k). The coefficient 1/

√
| detD2f |

arises from the change of variables.
We approximate the exponent eiτf by exp(−

∑
ajZ

2
j ) with Re aj > 0 and aj → ±i,

Zj =
√

τzj. Next we expand φ(x) as φ(0) + φ1(x). Then it is easy to see that the
leading part of the integral, with the modified exponent, comes from the integral
with φ(0). The latter is a product of the line integrals

∫
exp(−ajZ

2
j )dZj =

√
π/aj ,

which gives the formula from Theorem 5.48. �

5.49. Remark. The number signD2f appearing in the last term of the asy-
mptotic formula from Theorem 5.48 is equal to the Maslov index, the same as
in 3.21. In terms of the problem from Figure 9 this Maslov index is the Maslov
index associated to a lift (to some Lagrangian subvariety) of the ray δ passing
from the critical point x ∈ S to y.
Namely, the light particles (with velocity c = 1) move along straight lines. They
satisfy the system of Hamilton equations ẏ = p, ṗ = 0, with the Hamilton function
H(y, p) = |p|2, and lie in the level hypersurface H = 1. With the surface S a
collection of initial conditions for this system is associated: y(0) ∈ S and p(0)
orthogonal to S.
They form the normal bundle NS to S in TR3, where the latter is identified with
the cotangent bundle T ∗R3 (by means of the euclidean metric). The 2-dimensional
surface Λ0 = NS has the property that the symplectic form dydp restricted to it
is equal zero. Λ0 is not a Lagrangian submanifold (lack of dimension). But the
set Λ =

⋃
t{(y(t), p(t)); (y(0), p(0)) ∈ Λ0} is Lagrangian. The ray δ is lifted to a

curve δ̃ in the Lagrangian submanifold Λ and, using the definition from 3.21, we
can define its Maslov index.
If the interval δ joining x and y realizes local minimum of the distance from y to
S, then its Maslov index is 0.
If x is a saddle point of the distance function x → |x− y|, then the Maslov index
of the corresponding ray is 1. One can see that this ray must pass through the
envelope of the system of rays starting orthogonally from S. This is the caustic of S
and forms the set of critical values of the projection of the Lagrangian submanifold
to the configuration space.
The Maslov index of a ray starting from a local maximum is 2.
Analogous formulas, with oscillating integral and stationary phase formula (with
Maslov index), appear also in the quasi-classical approximations of solutions of
the Schrödinger equation. There, the role of a large parameter plays the inverse
of the Planck constant τ ∼ h−1 (see [Arn1]).

5.50. Caustics in R3. Recall that for the deformation F (x, y) of F (x, 0) the caustics
is defined as the set of those parameters y for which the function F (·, y) has
degenerate critical point or

Σ = {y : ∃x DxF = 0, D2
xxF = 0}.
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If y is three-dimensional, which corresponds to the real space, then we obtain the
five generic singularities of caustics presented at Figure 12 (see [AVG]).

Figure 12

In [AVG] generic caustics in the space-time R4 are classified.

The next result applies to about the whole expansion of the oscillating integral.
This expansion turns out to be not convergent, it is only asymptotic.

5.51. Definition. If f(t) is a function, defined in a neighborhood of 0 in R (or in
(R+, 0) or in (C, 0) or in a sector in C with vertex at 0), then we say that f has
asymptotic expansion

∑
j fj(t), with well-defined ‘model functions’ fj (such that

|fj+1| < |fj | → 0 as j → ∞), if |f(t) −
∑N

j=1 fj(t)| < gN (t) with gN (t) → 0 as
N →∞. We write

f(t) ∼
∑

j

fj(t).

There is an analogous definition in the case t→∞.
We shall meet functions which have asymptotic expansion in some sector S in the
complex t-plane with vertex at 0. Often the function is analytic in such a sector.
For example, f(t) =

∫∞
−∞ exp[−s2 − ts4]dt ∼

∑
Γ(2n− 1/2)(−t)n is analytic only

in the half-plane Re t > 0. It turns out that also the reverse statement is true.

5.52. The Borel–Ritt theorem. For any formal power series and any sector this
series is an asymptotic series of a certain holomorphic function defined in this
sector.

Proof. If
∑

antn is the series, then the new function is∑
an(1− exp[−bnt−β])tn. (5.3)

The exponent β depends on the sector S, which we assume to be symmetric with
respect to the real positive semi-axis and is such that Re t−β > 0 in S. The positive
coefficients bn are chosen in order to make the series (5.3) convergent: because
|1− ez| < |z| for Re z < 0, the series (5.3) is estimated by

∑
|an| · bn · |t|n−β and

is convergent for bn < |an|−1. Finally all derivatives of 1 − exp[−bnt−β] are zero
at t = 0. �

5.53. Theorem (Asymptotic expansion of oscillating integrals). If the support of
the function φ(x) contains only one critical point 0 of f(x) with finite Milnor
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number, then the integral (1.2) has the asymptotic expansion

eiτf(0)
∑
α,k

aα,kτα(ln τ)k,

where the index α runs over a finite set of decreasing arithmetic sequences of
rational numbers and k are integers between 0 and n− 1. The coefficients aα,k =
aα,k(φ) are distributions (generalized functions) with support in 0.

Proof. From the Gelfand–Leray formula (see Lemma 5.12) we get∫
Rn

eiτf(x)ω =
∫ ∞

−∞
eiτt

(∫
f=t

ω/df

)
dt,

where ω = φdx1 . . . dxn and ω/df is the Gelfand–Leray form.

5.54. Theorem. Let f(0) = 0. We have∫
f=t

ω/df ∼
∑
β,k

b±β,ktβ(ln t)k,

as t → 0±. Here the set of indices β runs over a finite set of growing arithmetic
sequences of rational numbers.

From this theorem, Theorem 5.53 easily follows. We have∫∞
0 eiτttβdt = Γ(β + 1)/(−iτ)β+1,∫∞

0
eiτttβ(ln t)kdt = dk

dβk [Γ(β + 1)/(−iτ)β+1].

In our case we replace the integral from the Gelfand–Leray formula by the sum of
two integrals; one over positive t’s and the other over negative t’s. Moreover, if |t| is
sufficiently large, then the function

∫
f=t is zero (because ω has compact support).

Thus we should consider the integrals of the form
∫∞
0

eiτttβ(ln t)kχ(t)dt, where
χ(t) is a function with compact support and equals identically to 1 near t = 0.
For the latter integral the above formulas hold but are not exact; nevertheless, the
differences are flat functions. �

Proof of Theorem 5.54. In [Jea] this theorem is proved using the resolution of the
singularity of the phase function f (see Chapter 4 above). Here we present a proof
which is suggested in [AVG]. We show only the expansion and omit localization
of the exponents β.
Firstly, using the theory developed in Chapter 2 we can assume that the phase
function f is a polynomial such that x = 0 is its only critical point with the critical
value 0. Assume that the support of ω lies in a small ball Bρ.
Consider the surfaces {f = t} ∩ Rn for t → 0±. It may consist of several pieces.
Some of these pieces tend uniformly to 0 and represent vanishing cycles of the
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complex hypersurfaces f = t ⊂ Cn; they are elements of Hn−1({f = t} ∩ Bρ).
If we approximate the form ω by a polynomial form, then we obtain an integral
of a holomorphic Gelfand–Leray form along vanishing cycle. Then one can use
the expansion from Theorem 5.14. In this sense the theory of oscillating integrals
is connected with the monodromy theory. Other pieces of the real hypersurface
{f = t} ∩Bρ can be treated as relative cycles.
Choose one component γt of {f = t} ∩Bρ, where we can assume that t > 0. The
union

⋃
0≤s≤t γs forms a closed n-dimensional set At, whose boundary consists of:

parts of the hypersurfaces f = 0 and f = t and a part of ∂Bρ.
By Lemma 5.12 we have

∫
γt

ω/df = d
dt

∫
At

ω. We show that the integral J(t) =∫
At

ω has the expansion

J(t) ∼
∑
β,k

cβ,ktβ(ln t)k,

where all β > 0. The proof of the latter statements uses induction with respect to
the dimension n.
If n = 1, then {f = 0} = {0} and γt is one of the roots of the equation f(x) = t,
(it has the Puiseux expansion γt =

∑
cjt

j/k), and At is the interval joining 0 and
γt. Here the result follows from the Taylor expansion formula. (Note that if n = 1,
then the expansion of J(t) does not contain logarithms.)
In the induction step we get the integral∫ ν(t)

µ(t)

dxn

∫
A(t,xn)

η,

where A(t, xn) is the intersection of At with the hyperplane xn = const. By the
induction assumption for any fixed xn the integral

∫
A(t,xn) η has an expansion as

expected. Next, one divides the interval [µ(t), ν(t)] into subintervals in such a way
that, for xn from any of these intervals, the exponents in the expansion of

∫
A η are

constant and the coefficients are smooth functions with algebraic singularities at
the ends of the interval; moreover, the points of partition have Puiseux expansions
in t. From this the thesis of Theorem 5.54 easily follows.
The existence of such a partition follows from the stratification (a kind of par-
tition) of the boundary of the real semi-analytic set At into strata. Firstly, one
distinguishes the components of the smooth part of ∂At. Next, one takes the set
Sing(∂At) of singular points of ∂At and separates the smooth components of
Sing(∂At) etc. We project all the strata onto the xn axis. These projections have
their sets of critical points (semi-analytic subsets); we stratify them too. The pro-
jections of the strata of the new stratification give the set of intervals in the real
line.

In order to show that α’s from Theorem 5.53 and β’s from Theorem 5.54 belong
to a finite set of arithmetic rational sequences, one must apply the resolution of
singularity theorem (see Theorem 4.56 in Chapter 4). There the problem is reduced
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to expansion of the integrals∫
exp[iτxk1

1 . . . xkn
n ] · xm1

1 . . . xmn
n · φ(x)dx.

The results of Theorems 5.53 and 5.54 hold also in the case, when the analytic
phase function f(x) has a critical point of infinite codimension, e.g. is non-isolated.
(Note that in the real case a critical point can be isolated but have infinite Milnor
number; for example in (x2 + y2)2). �

5.55. The index of oscillation and the index of singularity. From now on we assume
that φ(0) �= 0. The leading term in the asymptotic expansion of the oscillating
integral is of the form

τ−n/2+β(ln t)k,

where −n/2 + β is called the index of oscillation and β is called the index of
singularity (see the definition of the complex index of oscillation in Definition
5.42). For the simple singularities the index of singularity is easy to compute and
its values are presented in the following table:

Sing. Ak Dk E6 E7 E8

β k−1
2k+2

k−2
2k−2

5
12

4
9

7
5

If f is quasi-homogeneous, then its index of oscillation is calculated as follows.
Take the Newton’s diagram Γ of f . It is a part of the hyperplane

∑
νiki = d,

restricted to the first orthant ki ≥ 0. Here νi are indices of the quasi-homogeneity
and d is the degree: f(λν1x1, . . . , λ

νnxn) = λdf(x). If the point (ν, . . . , ν) is the
intersection point of the diagonal {ki = kj} with Γ, then the number −1/ν is the
distance of Γ (see Definition 5.42).

Proposition. If f is quasi-homogeneous, then the index of oscillation is equal to
the distance of the Newton diagram.

Proof. We have ∫
eiτf ∼

∫ ∞

0

eiτttγ−1dt ∼ (iτ)−γ ,

where γ = (
∑

νi)/d.
On the other hand, for the diagonal point (ν, . . . , ν) we have

ν ·
∑

νi = d.

Thus γ = 1/ν. �
Using the resolution of singularity the authors of [AVG] proved the following result,
which generalizes the above proposition and is an analogue of Theorem 5.44. If Γ
is a Newton diagram of some function, then its distance is −1/ν̃, where (ν̃, . . . , ν̃)
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is the intersection point of the diagonal with the diagram. The multiplicity of this
point is equal to the codimension of the face of Γ which contains it (see Figure
13).

Figure 13

5.56. Theorem. If the germ f is typical among the set of germs with Γ as their
Newton’s diagram, then:

(i) the index of oscillation of f is equal to the distance of Γ;

(ii) the degree of ln t in the first term of the asymptotic expansion from Theorem
5.54 is equal to the multiplicity of the diagonal point from Γ.

5.57. The Laplace method. Here we deal with the integrals of the Laplace type∫
e−τf(x)φ(x)dx,

where τ → +∞ and f has a local minimum at x = 0. For this integral the
asymptotic expansion formula, analogous to that from Theorem 5.53, holds. We
do not formulate a theorem and we only restrict ourselves to the following example.

5.58. The Stirling formula. The integral defining the Gamma-function Γ(α + 1)
can be treated as the Laplace integral∫

e−f(t,α)dt,

where the ‘phase’ f(t, α) = t−α ln t has the critical point at t ∼ α with the second
derivative 1/α. Thus

f ≈ −α lnα + α +
1
2α

(t− α)2

and we get Γ(α + 1) ∼ ααe−α
√

2πα. If α = n then we get the Stirling formula for
n!.



Chapter 6

Vector Fields and Abelian Integrals

§1 Phase Portraits of Vector Fields
If M is a smooth manifold and V ∈ Γ(M, TM) is a vector field on M (a global
section of the tangent bundle) then it defines the differential equation on M ,

ẋ = V (x). (1.1)

Here the dot means the derivative with respect to (physical) time.

6.1. Examples.

(a) The Newton equations: mi�̈xi = Fi(�x1, . . . , �xn).

(b) Population of bacteria: ẋ = x2.

(c) Population of one species: ẋ = x(1− ax). Here the factor 1− ax denotes the
amount of food.

(d) The Lotka–Volterra system (populations of predators and preys): ẋ = ax(1−
by), ẏ = cy(1− dx).

(e) The Hamiltonian system

ẋ = ∂H/∂y, ẋ = −∂H/∂x,

where H is the Hamilton function. The conservative Newton system ẋ = y,
ẏ = −x + x2 is a particular case of a Hamiltonian system.

Figure 1

The phase portrait of the vector field V is the partition of the phase space M
into the phase curves of the vector field. The phase curves are the images of the
solutions R � t→ x(t) of equation (1.1).
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There are three types of phase curves:

– the equilibrium states, i.e. points xi at which V (xi) = 0. They are called also
singular points, critical points or stationary points.

– closed curves corresponding to periodic solutions of (1.1): there exists T > 0
such that x(t+T ) = x(t) for any t. A minimal such T > 0 is called the period
of this trajectory (or of the phase curve).

– immersed embeddings of the real line.

The phase portraits of the vector fields from examples (b), (c), (d), (e) are pre-
sented in Figure 1.
Singular points are the simplest elements of the phase portrait to study. Near such
a point x = 0 we have

ẋ = Ax + O(|x|)2, x ∈ Rn,

where A is a constant matrix.

6.2. Definition. The point x = 0 is called hyperbolic if Re λi �= 0, where λi are the
eigenvalues of the matrix A. Otherwise the point x = 0 is called non-hyperbolic.

6.3. Grobman–Hartman Theorem. In a neighborhood of a hyperbolic critical point
there exists a homeomorphism y = y(x) which transforms the phase portrait of the
system (1.1) to the phase portrait of the system

ẏ1 = y1, ẏ2 = −y2,

where y1 ∈ Rk, y2 ∈ Rn−k and k is the number of positive Re λi’s.

In particular, if all Re λi < 0, then the equilibrium point x = 0 is asymptotically
stable; all trajectories starting near 0 remain there for all t > 0 and tend to 0 as
t→∞.

6.4. Bifurcations of critical points. If we choose randomly a vector field, then
almost surely it will have only hyperbolic critical points. The situations with non-
hyperbolic critical points occur inevitably when we have a family Vµ of vector
fields depending on a parameter(s). For typical values of µ the field Vµ has only
hyperbolic stationary points but, for some bifurcational values of the parameter,
Vµ encounters non-hyperbolic singularities. The theory describing the change of
the phase portrait near such situations is called the bifurcation theory.
In one-parameter typical families we meet only two types of non-hyperbolicity:

(a) λ1 = 0, Re λj �= 0, or
ẋ = µ + x2, ẏ = ±y

(for n = 2). It is the saddle–node bifurcation (see Figure 2).

(b) Re λ1,2 = 0 �= Re λj , or
ṙ = r(µ − r2), ϕ̇ = 1

(in the polar coordinates in the plane). This is the well known Andronov–
Hopf bifurcation (see Figure 3).
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Figure 2

Figure 3

6.5. Periodic trajectories. If γ ⊂ M is a closed phase curve, representing a periodic
trajectory of the vector field, and S is a piece of hypersurface transversal to γ, then
the phase curves of V starting at S define the map of the first return Φ : S → S,
defined near S ∩ γ. It is called the Poincaré map (or the return map).
We parameterize S by y ∈ Rn−1 and take its linearization at {y = 0} = S ∩ γ,

Φ(y) = By + O(|y|2).

Here the point x = 0 is the fixed point for the map Φ.

6.6. Definition. The fixed point y = 0 is called hyperbolic iff all |λi| �= 1 where λi

are the eigenvalues of the matrix B.
In such a case the trajectory γ is called hyperbolic. The numbers νi = ln |λi| are
called the characteristic multipliers.

There is an analogue of the Grobman–Hartman theorem for a hyperbolic fixed
point of local diffeomorphisms; we do not provide its formulation. In particular, if γ
is hyperbolic, then the phase portrait near γ is stable with respect to perturbations
of the vector field (it is structurally stable).
We are interested especially in the case of planar vector fields, i.e. with M = R2.

6.7. Definition. Periodic trajectories in R2 which are isolated among the set of
periodic trajectories of V are called limit cycles. The singular point which has a
neighborhood filled by periodic trajectories of V is called the center.

6.8. Theorem (Dulac criterion). If γ : x = x(t) is a periodic trajectory (with
period T ) of a planar vector field V =

∑
Vi(x)∂xi then its (unique) characteristic
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Figure 4

multiplier is equal to

ν =
∫ T

0

divV (x(t))dt,

where divV =
∑

∂Vi/∂xi is the divergence of the vector field V .

Problem. Prove it using the Liouville’s theorem det eAt = etrAt.

6.9. Bifurcations of periodic orbits. There are three generic one-parameter bifur-
cations of local diffeomorphisms, corresponding to bifurcations of periodic trajec-
tories:

(a) λ1 = 1, |λj | �= 1 or
y → y + µ + y2.

It is the saddle–node bifurcation for diffeomorphisms.

(b) λ1 = −1, |λj | �= 1 or
Φ2(y) = (1 + µ)y − y3.

This is called the pitchfork bifurcation, or the period doubling bifurcation.
The initial periodic orbit γ lies (as the equator) in a Möbius band and the
bifurcation relies on creating a periodic trajectory covering γ two times.

(c) λ1,2 = e±2πiα, |λj | �= 1. It is the Andronov–Hopf bifurcation for diffeomor-
phisms. The resonant cases, i.e. with rational α, are qualitatively different
from the non-resonant cases. Here periodic orbits of very long period and
many other features, characteristic for the general theory of dynamical sys-
tems, can be observed. (We shall discuss the resonant case below.)

6.10. Separatrix connection. In the qualitative analysis of planar vector fields one
encounters also the (one-parameter) bifurcations of separatrix connection and
separatrix loop presented in Figure 5. The separatrices of a vector field are the
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phase curves which tend to a critical point with definite limit direction (as time
goes to +∞ or to −∞).

Figure 5

In the analysis of phase portraits of planar vector fields (or vector fields on two-
dimensional manifolds) important is analysis of: singular points, periodic solutions
(limit cycles) and positions of separatrices. The singular points can be analyzed
using purely algebraic methods, but the analysis of limit cycles and separatrices
needs application of transcendental methods and is difficult in general. Recall that
one of Hilbert’s problems deals with limit cycles.

6.11. The second part of the XVI-th Hilbert Problem. Find an estimate from
above H(n) for the maximum number of limit cycles of any planar polynomial
vector field of degree n.

Despite its simple formulation the progress in the solution of this problem is very
slow. The history of its investigations is full of errors. For example, in the 1920s H.
Dulac published the mémoire [Dul1] with a ‘proof’ of finiteness of the number of
limit cycles of an individual polynomial vector field. This proof remained ‘correct’
until the end of the 1970s, where a significant gap in Dulac’s arguments was
discovered. This gap was filled independently by Yu. S. Il’yashenko [Il4] and by J.
Ecalle [Ec3].

6.12. Theorem (Finiteness of the number of limit cycles). If V is a polynomial
vector field on a plane, then it has a finite number of limit cycles.

It is not known whether the number H(n) is finite. The problem lies in proving
a locally uniform bound for the number of limit cycles for any local family of
polynomial vector fields (see [IlY2], Rou] and [Il7])).
Even the number H(2) is not known.
There are many special results in problem 6.11. One case where much was done
concerns perturbations of the integrable systems.
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§2 Method of Abelian Integrals
6.13. Perturbations of Hamiltonian systems. These are the systems Vε of the type

ẋ =
∂H

∂y
+ εP (x, y; ε), ẏ = −∂H

∂y
+ εQ(x, y; ε),

where ε is a small parameter.
Before perturbation, i.e. for ε = 0, the phase space contains domains filled com-
pletely with the ovals of levels of the Hamilton function , i.e. the connected com-
ponents of the (real) curves {H(x, y) = h}.
After perturbation usually there remain only a finite number of closed phase
curves. The problem is to count their number. More precisely, if γε is a limit
cycle for Vε such that γε → γ(hi) ⊂ {H = hi}, then we say that the oval H = hi

generates a limit cycle. We calculate the number of such hi’s.
This problem can be treated as the linearization of the Hilbert XVI-th problem in
a Hamiltonian vector field.
Such questions appear naturally in the bifurcation theory as the below examples
show.

6.14. Example (Bogdanov–Takens bifurcation). This is the following 2-parameter
bifurcation corresponding to the nilpotent Jordan cell with zero eigenvalues

ẋ = y, ẏ = −µ1 + µ2y + x2 + xy.

Here the singular points are y = 0, x1,2 = ±√µ1, µ1 ≥ 0 with the linear parts(
0 1
2x µ2

)
.

We see that the line µ1 = 0 is bifurcational, with the saddle–node bifurcation (two
singular points disappear).
Also the line µ2 = 0 (Tr = 0) is bifurcational, with the Andronov–Hopf bifurca-
tion. Thus, after passing through this line in the direction of growing µ2, a limit
cycle is born (see Figure 6). The problem is what happens with this cycle, when
the point in the parameter space is away from the line µ2 = 0. It turns out that
the system can be reduced to a perturbation of a Hamiltonian system.
If the terms µ2y and xy are negligibly small with respect to µ1, then the system is
Hamiltonian with the Hamilton function 1

2y2+µ1x− 1
3x3. Here x ∼ √µ1, y ∼ µ

3/4
1 .

This implies xy ∼ µ
5/4
1 << µ1 and µ2y << µ1 for µ2 << µ

1/4
1 .

After normalization x = µ
1/2
1 X , y = µ

3/4
1 Y and division of the vector field by µ

1/4
1

we get
Ẋ = Y, Ẏ = −1 + X2 + ε(ν + X)Y,

where ε = µ
1/4
1 , ν = µ2/

√
µ1.

This bifurcation was first completely investigated by Bogdanov in [Bog] who
proved that this vector field has at most one limit cycle and its bifurcations are
as in Figure 6 (see also [Arn5]).
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Figure 6

6.15. Example (A resonant periodic trajectory in space). Let γ ⊂ R3 be a closed
trajectory of an unperturbed vector field V0. Assume additionally that the eigen-
values of the linearization of the Poincaré map lie in the unit circle λ1,2 = e2πiα.
If α is irrational, then we have a singularity of codimension 1 (in principle). In
the resonant case α = p/q one should consider a 2-parameter deformation of this
situation.
The section S transversal to γ can be parameterized by points from the complex
plane z ∈ C. We choose such a neighborhood of γ, parameterized by (ϕ (mod 2π),
z), that the linear parts of the natural correspondence maps {ϕ = ϕ1} → {ϕ = ϕ2}
(defined by trajectories of V0) are the homogeneous rotations z → ei(ϕ2−ϕ1)p/qz.
This system of linear maps defines the Seifert foliation near γ. Its generic leaf
makes q turns along γ before closing-up.
Now we take the deformed vector field Vµ and average its z-component along
the leaves of the Seifert foliation, i.e. we take

∫ 2πq

0 ż. We obtain a planar vector
field, which is invariant with respect to the rotation by the angle 2π/q and whose
dynamics gives a rather good approximation of the dynamics of Vµ.
The versal families of such invariant vector fields are given in the following formulas
(see [Arn5]):

ẋ = y, ẏ = −µ1 + µ2y + x2 + xy, (q = 1),

ẋ = y, ẏ = µ1x + µ2y + ax3 + bx2y, (q = 2),

ż = µz + A|z|2 + Bz̄q−1, µ = µ1 + iµ2, (q ≥ 3).
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We see that the case q = 1 is the Bogdanov–Takens bifurcation. If q = 2, then for
µ2 = b = 0 the system is Hamiltonian with the Hamilton function (2y2− 2µ1x

2 −
ax4)/4. If q ≥ 3, then for µ1 = Re A = 0 the system is Hamiltonian. It follows
from the formula divP = 2 Re∂P/∂z for a vector field ż = P (z, z̄).

Figure 7

In the cases q = 2, 3 the analysis of phase portraits is reduced to analysis of limit
cycles in perturbation of the Hamiltonian system; it was done by E. I. Horozov
[Hor] and by Yu. S. Il’yashenko [Il1]. The cases q ≥ 5 are called weak resonances
and are simple to investigate (see [Arn5]).
The case q = 4 is still not finished. The Abelian integrals were studied by A.
I. Neishtadt in [Nei], by F. S. Berezovskaya and A. I. Khibnik [BKh] and by B.
Krauskopf [Kra].

6.16. Example (One zero and a pair of imaginary eigenvalues). Assume that an
unperturbed system in R3 has a singular point with these eigenvalues of the linear
part. It is a codimension 2 phenomenon.
Here one performs the averaging along the trajectories of the linear system (circles)
and obtains the following 2-dimensional vector field, where one variable is the
amplitude of oscillations):

ẋ = µ1 + µ2x + ax2 ± y2 + by3, ẏ = −2xy.

If µ2 = b = 0, then the system has a center. It is not Hamiltonian but it has the
first integral

ya
(
x2 ± y2/(a + 2) + µ1/a

)
.

This bifurcation was analyzed in [Zo1] (see also [KoZe]).

6.17. Example (Two pairs of imaginary eigenvalues). This case, after averaging
along the 2-tori corresponding to the two independent rotations (of the linear
part), gives rise to the generalized Lotka–Volterra system

ẋ = x(µ1 + ax + by), ẏ = y(µ2 + cx + dy + ex2).

Here also we obtain a situation with perturbation of a system with the first integral

xαyβ(1 + kx + ly).



§2. Method of Abelian Integrals 167

Figure 8

The bifurcations and corresponding Abelian integrals were studied in [Zo2] (see
also [KoZe]).

6.18. Reduction to zeroes of Abelian integrals. Assume that we have the situation
as in 6.13. Take a section (interval) S transversal to the family of closed curves
H(x, y) = t. We parameterize it by the function H restricted to it, t = H |S .
Beginning from here we denote the values of the Hamilton function by t (not by
h). This notation agrees with the notation used in Chapter 5.
We compute the first approximation of the Poincaré map. If P ∈ S, H(P ) = t is
an initial point of the positive trajectory Γ of the perturbed system, then the first
intersection of Γ with S is the value of the return map, Q = Φ(P ) (see Figure 9).
We calculate the increment ∆H = H(Q)−H(P ) of the Hamilton function along
Γ. Note that Γ is periodic iff ∆H = 0 and it is hyperbolic stable (respectively
unstable) limit cycle iff additionally (∆H)′(P ) < 0 (respectively > 0). Using the
representations H ′

x = −ẏ + εQ, H ′
y = ẋ− εP we get

∆H =
∫ T

0
Ḣdt =

∫
(H ′

xẋ + H ′
y ẏ)dt = ε

∫
(H ′

xP + H ′
yQ)dt = ε

∫
(Qẋ− P ẏ)dt

= ε
∫
Γ Qdx− Pdy.

Figure 9

Because the phase curve Γ is close to the oval of H = t (up to the order O(ε)) we
get

∆H = εI(t) + O(ε2)
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where
I(t) =

∫
H=t

Qdx− Pdy

is the Abelian integral. In fact the path of integration is some real oval γ(t) of
the curve H = t and the function I is defined in an interval (tmin, tmax) of t’s, for
which the ovals γ(t) are compact and smooth.
(Probably this integral first appeared in the work [Pon] of L. S. Pontryagin. It was
used intensively by V. K. Melnikov [Mel] as a tool for detecting sub-harmonic so-
lutions in some periodic non-autonomous Hamiltonian systems. Some people (e.g.
Arnold) claim that it was known already to Poincaré. Therefore in the literature it
appears under different names: Pontryagin integral, Poincaré–Pontryagin integral,
Melnikov integral, Pontryagin–Melnikov integral, generating function.)
We see that:

The necessary condition for existence of limit cycle γε → δ(ti) is the equality
I(ti) = 0.

Under some generic assumptions it is also a sufficient condition.

6.19. The weakened XVI-th Hilbert problem. Consider the space of integrals I(t)
with P, Q, H polynomials of degree ≤ n and defined in the intervals (tmin, tmax).
Find an estimate C(n) for the number of zeroes of I(t) uniform with respect to
the polynomials P, Q, H.

This problem (stated by V. I. Arnold [Arn5]) is also not solved completely, but
there are many nice results concerning it.

6.20. Results. Firstly, A. N. Varchenko [Var3] and A. G. Khovanski [Kh2] proved
that

C(n) <∞,

i.e. existence of a uniform estimate. However they do not give any formula for C(n).
The proof of Varchenko is based on the methods developed in the book [AVG],
(asymptotic expansions of integrals along cycles in complex algebraic curves),
and some finiteness results from real analytic geometry. Khovanski observed that
Abelian integrals belong to his class of Pfaff functions and applied his theory of
fewnomials. Below we present some of the Varchenko–Khovanski arguments.
Concrete estimates are given with some restrictions on the Hamilton function.
In the case of the elliptic Hamiltonian y2 + x3 − x, G. S. Petrov [Pet2] proved the
Chebyshev property of Abelian integrals. We present his beautiful proof below.
In the case of a hyperelliptic Hamiltonian y2 + R(x) (with fixed polynomial R)
Petrov [Pet3] proved the linear estimate ≤ a · n + b for the number of zeroes of
any form Qdx− Pdy of degree n.
For cubic H and quadratic P and Q, L. Gavrilov [Gav1] proved that the number
of zeroes is ≤ 2 (also around two foci).
Other general estimates were obtained by Yu. Il’yashenko and S. Yu. Yakoven-
ko (≤ 22cn

, c = c(H) in [IlY1]) for generic Hamiltonians, by D. Novikov and
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Yakovenko (≤ 2cn in [NY]) and by A. Glyutsuk and Yu. Il’yashenko (≤ e2500n2

for Hamiltonians with critical points of absolute value ≤ 1 in [GY]).
In 1996 A. G. Khovanski and G. S. Petrov announced the estimate

≤ a · n + b,

where a = a(deg H) and b = b(deg H) depend only on the degree of the Hamil-
tonian (without an explicit formula). No restriction on H is made. This result is
not yet published, but we present this proof below.

Below we present some estimates, with proofs, for the number of zeroes of I(t) =
Iω(t)

∫
H=t ω in the case of a polynomial 1-form

ω = A(x, y)dx + B(x, y)dy

of degree deg ω = max(deg A, deg B) and with concrete H ’s. We begin with the
quadratic Morse Hamiltonian.

6.21. Proposition. If H = x2+y2, then Iω(t) is a polynomial of degree ≤ (n+1)/2.
It has at most [(n+1)/2]−1 positive zeroes corresponding to eventual limit cycles.

Proof. Consider the case when ω is homogeneous of degree j. Then, putting x =√
h cos θ, y =

√
h sin θ, we get the trigonometric integral

I = t(j+1)/2

∫ 2π

0

R(cos θ, sin θ)dθ,

where R is a homogeneous polynomial of degree j + 1. This integral vanishes for
odd j + 1. �

Next is the case of the elliptic Hamiltonian

H = y2 + x3 − x

studied before. We integrate the real 1-form ω along the real oval γ(t). The latter
represents one of the two generators of the first homology group of the complex
elliptic curve {H = t} ⊂ CP 2. It vanishes at the critical point x = 1/

√
3, y = 0

with the critical value t = −2/3
√

3. The other generator is δ(t) and vanishes at
(−1/

√
3, 0) with the critical value t = 2/3

√
3 (see the points 5.19–5.24 and Figure

10).
The functions Iω(t) have analytic prolongation to the complex arguments t. They
are multivalued functions with unique branching points at t = 2/3

√
3. Thus, in the

complex plane cut along the half-line {t ≥ 2/3
√

3}, the functions Iω are analytic
and univalent. We denote by Ω the set

C \
(
{−2/3

√
3} ∪ [2/3

√
3,∞)

)
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Figure 10

and consider Iω as functions on Ω. We further note that Ω contains the interval
(−2/3

√
3, 2/3

√
3) which is of interest for us. All these functions with deg ω ≤ n

form a finite dimensional vector space Wn.

6.22. Definition. A linear space W of functions defined on a set A, (A ⊂ R, C), is
called Chebyshev iff any nonzero function from W has at most dimW − 1 zeroes
in A.
W is Chebyshev with accuracy k iff this number of zeroes is ≤ dim W − 1 + k.

The reader can prove that in a k-dimensional linear space W of functions on A
one can always choose a nonzero function vanishing at any k−1 previously chosen
points.

6.23. Theorem of Petrov. ([Pet2]) The space Wn = {
∫

γ(t) ω : ω real of degree ≤ n,
t ∈ Ω} is Chebyshev.

Proof. In 5.19–5.24 the following properties of the elliptic integrals were proved.

1. Iω = P0(t)I0 + P1(t)I1, where Ij =
∫

γ(t)
xiydx and P0,1 are polynomials

of degrees ≤ [(n − 1)/2] and ≤ [n/2] − 1 respectively. The space Wn has
dimension equal to n.

2. 5I0 = 6tI ′0 + 4I ′1, 21I1 = 4I ′0 + 18hI ′1.

3. 4(27t2 − 4)I ′′1 = 21I1.

4. I0 ∼ t5/6, I1 ∼ t7/6 as t→∞.

Below we prove additional properties of the elliptic integrals.

5. Lemma. We have Im I1(t) �= 0 for t > 2/3
√

3.

Proof. In order to understand properly the statement of Lemma 5, we must recall
the definition of I1 as the analytic prolongation of an integral of a holomorphic
form along the cycle γ(t). At the point t = 2/3

√
3 this function has ramification but
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the limit values of I1 along the upper and the lower ridges of the cut [2/3
√

3,∞)
are well defined. Thus the Im I1 is the imaginary value at the upper ridge.
Because the initial function (i.e. for |t| < 2/3

√
3) was real, I1 behaves well under

conjugation of the argument. In particular, the value of Im I1 at the lower ridge
is equal to minus its value at the upper ridge. The function Re I1 is the same at
both ridges.
The difference between values of I1 at the upper ridge and lower ridge, i.e. 2 Im I1,
is equal to the variation of the integral as the value t varies around the critical
value 2/3

√
3. By the Picard–Lefschetz formula this variation is equal to the value

of the form xydx at the other generator of the first homology group δ(t). These
arguments show that

Im Iω(t) =
1
2

∫
δ(t)

ω, t ≥ 2/3
√

3

for any real form ω.
Therefore z(t) = Im I1 is expressed by means of integrals along cycles. In par-
ticular, it satisfies the equation (see 3.), i.e. 4(27t2 − 4)z′′ = 21z. Moreover,
z(2/3

√
3) = 0 (because δ vanishes there).

Because the factor 27t2−4 > 0 we have z′′ > 0 iff z > 0 and z′′ < 0 iff z < 0. Thus
z is either positive and convex or negative and concave. In any case it cannot have
zeroes. �

6. Lemma. I1(t), t < 2/3
√

3, vanishes only at the point t = −2/3
√

3 and this is
a simple zero.

Proof. Of course, I1(t) is real in this half-line and vanishes at −2/3
√

3. Moreover,
because I1 =

∫ ∫
H≤t xdxdy and the domain H ≤ t is an approximate ellipse

around the point (1, 0) with the semi-axes ∼
√

t + 2/3
√

3, then I1 ∼ (t + 2/3
√

3)

as t→ −2/3
√

3. This gives the simplicity of the zero.
The negativity of I1 at the half-line t < −2/3

√
3 is proved in the same way as in

the proof of Lemma 5.
The positivity of I1 in the interval (−2/3

√
3, 2/3

√
3) needs application of some

geometrical arguments. Note that the integral I1 is proportional to the center of
mass of the domain H ≤ t. It is seen from Figure 10 that this center of mass lies
in the right half of the plane. Also it is not difficult to show it analytically. �

7. Lemma. I1(t) has only one zero in the complex plane cut along [2/3
√

3,∞).

Proof. Because I1 is real on R and has only one zero on the real part of the domain
(Lemma 6) the number of its zeroes is odd. It is enough to show that this number
is < 3.
We use the argument principle which says that:

If a contour Γ bounds some region of analyticity of a function g, g|Γ �= 0, then the
number of zeroes of g in this domain is equal to the increment of the argument of
g along Γ (divided by 2π).
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We take the contour as in Figure 11: a small loop around t = 2/3
√

3, a large loop
around infinity and along the ridges of the cut.
The increment of arg I1 along the large circle is defined by the asymptotic of the
integral at infinity (see 4.) and equals to 7/6. Because Im I1 does not vanish along
the cut, then the increment of arg I1 along the ridges and the small circle is ≤ 1.
Thus ∆Γ(arg I1) ≤ 13/6 < 3. �

Figure 11

8. Lemma. The function (I0/I1)(t), t > 2/3
√

3, does not take real values.

Proof. If that happened for t = t0, then the vectors
(
Im I0
Im I1

)
and

(
Re I0
Re I1

)
would be

parallel. However, both satisfy the same system of linear differential equations
2.; they form two solutions of it. The Wronskian of these solutions would vanish
at t0 and then it should vanish on the whole interval. This would mean that
(I0/I1)(t) ∈ R for all t > 2/3

√
3. By the Schwarz reflection principle, I0/I1 could

be prolonged to an analytic function in the plane outside {2/3
√

3}. Because it is
bounded near 2/3

√
3 this singularity would be removable and I0/I1 would be an

integer function.
However, its exact asymptotic∼ t−1/3 at infinity (see 4.) contradicts the above. �

9. Finishing of the proof of Theorem 6.23.

Because Iω(−2/3
√

3) = 0 and I1 has the only simple zero just at this point, then
the number of zeroes of Iω in the domain Ω is the same as the number of zeroes
of the holomorphic function

Iω/I1 = P0(t) · (I0/I1) + P1(t)
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in the plane cut along [2/3
√

3,∞).
Again we use the argument principle with the same contour Γ.
The increment of the argument along the large circle is ∼ max(deg P0 − 1/3,
deg P1). Along the ridges of the cut, the number of turns of Iω/I1 around 0 is
bounded by the number of zeroes of the imaginary part of the function at the cut
plus 1; (here we use the reality of the form ω). This gives ≤ deg P0 + 1.
Summing it up (using 1.) we get the increment ≤ (n− 1). �

6.24. Application to bifurcations. In the case of the Bogdanov–Takens bifurcation
we have the elliptic integral∫

(αx + β)ydx = αI0 + βI1.

Thus deg P0,1 = 0, the space of integrals is 2–dimensional and this elliptic integral
has at most one zero corresponding to the unique limit cycle.

Below we present calculations of the number of zeroes of elliptic integrals appearing
in bifurcations of periodic orbits with 1 : 2 resonance (q = 2 in Example 6.15).
In this case we show the divergence from the Chebyshev property (the accuracy
grows with the degree). We also present applications of some real methods. We
follow the work [RZ].
The Hamiltonian is also elliptic (see Figure 12)

H = y2 ± x4 ± 2x2.

Figure 12

In the cases (a) and (b) the corresponding spaces of Abelian integrals are Cheby-
shev (Petrov).
We shall consider the case (c) with the symmetric form ω = Adx + Bdy, i.e. the
polynomials A, B contain only monomials of odd degree.
The Hamilton function H = y2 + x4 − 2x2 has three critical points: (±1, 0) with
the critical value t = −1 and (0, 0) with the critical value 0. At (±1, 0) two cycles
γ, γ′ vanish. We study the integral

Iω(t) =
∫

γ ω +
∫

γ′ ω = 2
∫
γ ω, −1 ≤ h < 0,

Iω(t) =
∫

γ′′ ω, h > 0,
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where γ′′ = γ + γ′ is the cycle presented in Figure 12(c).
Let Wn = {Iω : deg ω ≤ n, ω is symmetric}.
6.25. Theorem. ([RZ]) We have dimWn = 2[(n−1)/2]+1 and the maximal number
of zeroes of a nonzero function from Wn in the interval (−1,∞) is 3[(n− 1)/2].

Remark. We see that the accuracy of the Chebyshev property of Wn is about n/2
and grows. However, when one restricts the integrals to the interval (0,∞), then
the Chebyshev property with the accuracy 1 holds (see [RZ]).

Proof of Theorem 6.25. 1. Define the integrals for t ≥ −1,

I0(t) =
∫

H=t

ydx, I1(t) =
∫

H=t

x2ydx.

We have the following properties (proved like the analogous properties of Petrov’s
elliptic integrals).

2. Iω = P0(t)I0 +P1(t)I1, where P0,1 are polynomials of degrees ≤ [(n− 1)/2] and
≤ [(n− 1)/2]− 1 respectively, thus dimWn = 2[(n− 1)/2] + 1.

3. 3I0 = 4tI ′0 + 4I ′1, 15I1 = 4tI ′0 + (12t + 16)I ′1 (Picard–Fuchs equations).

4. I0(t) = c1 + c2t ln |t|−1 + . . ., I1(t) = d1 + d2t ln |t|−1 + . . . as t → 0, with
c1,2, d1,2 > 0.

Denote
Q = I1/I0.

The properties 3 and 4 imply the following.

5. Q(t) = e1 + e2t ln |t|−1 + . . . as t→ 0.

Figure 13

6. 4h(t + 1)Q′ = 5Q2 + 2tQ − 4Q − t and the graph of the function t → Q(t)
consists of the phase curves of the vector field

ṫ = 4t(t + 1), Q̇ = 5Q2 + 2tQ− 4Q− t (2.1)

indicated in Figure 13.
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The linear part of the vector field (2.1) at the singular point (0, 4/5) is the Jordan

cell
(

4 0
3/5 4

)
and all trajectories near it have the form Q = 4/5+ ct ln |t|+ . . ..

The singular point (−1, 1) is a saddle with the linear part
(
−4 0
1 6

)
and our

graphic lies in two separatrices of this saddle.

7. I0 ∼ t3/4, I1 ∼ t5/4, Q ∼ t1/2 as t→∞.

8. Q(t) is decreasing for t < 0.

Proof. We have Q′(−1) < 0, Q′(0) = −∞, Q′′(0) = −∞ and Q′(t) < 0, Q′′(t) < 0
as t→ −∞.
On the other hand, (4t(t+1)Q′)′|Q′=0 = 2Q− 1. But Q̇|Q=1/2 = −3/4 < 0, which
implies Q(t) > 1/2. This means that the function Q(t) would be concave at each
critical point in the interval (−1, 0) and convex at critical points in (−∞,−1).
This, combined with the behaviour at the endpoints, gives the result. �

9. Q(t) has a unique minimum at t∗ > 0.

Proof. From the asymptotic behaviors at t = 0 and at t = ∞ it follows that such
minimum exists. The condition Q′ = Q′′ = 0 means intersection of the line 2Q = 1
and the hyperbola 2Q2 + 2tQ− 4Q− t = 0. We have shown that this intersection
is empty, which means that Q′′ has the same sign at each critical point of Q. �

Let
g(t) =

I1

I0
+

P0

P1
= Q + R.

Its zeroes are the zeroes of Iω which are > −1.

10. We have 4P 2
1 t(t + 1)g′|g=0 = S(t) where S(t) is a polynomial of degree ≤

2[(n− 1)/2].

11. Upper bound for the number of zeroes. Here we use the idea of Petrov from
[Pet1].
We divide the interval (−1,∞) into the subintervals of continuity of g. The number
of such subintervals is ≤ deg P1 + 1. In each such subinterval we apply the Rolle
principle to the function g:

Between any two zeroes of a function a zero of the derivative lies.

Thus, by 10, between two zeroes of g there is either a zero of S(t) or the point
t = 0. On the other hand, the zeroes of g′|g=0 are the points of contact of the vector
field (2.1) with the curve Q = −R(t). There is such a contact point between the
line t = −1 and the first zero of the function g.
We have then

#{g = 0} ≤ [(#{S = 0} − 1) + 1] + #(intervals) ≤ 3[(n− 1)/2].
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12. Lower bound. The function Iω has the following expansion in a neighborhood
of the point t = 0,

Iω(t) = b0 + a1t ln |t|−1 + b1t + a2t
2 ln |t|−1 + b2t

2 + . . . .

If t > 0, then the ti and ti ln |t|−1 are positive. We have also

Iω(−t) = b0 − a1t ln |t|−1 − b1t + a2t
2 ln |t|−1 + b2t

2 − . . . .

We use the Descartes principle:

The number of positive zeroes of a polynomial is bounded by the number of sign
changes of its coefficients. Moreover, this bound is achieved for a suitable choice
of the absolute values of the coefficients.

In fact, this principle holds also in the case when the polynomial is replaced by a
finite sum of functions like ti and ti ln |t|−1 and their small perturbations.
We apply this principle to the cases of functions Iω(t) and Iω(−t) where the
coefficients are chosen in a way to get the maximal number of zeroes. Thus we
have the leading coefficient am = O(1) �= 0 (or bm = O(1) �= 0) and the absolute
values are chosen in a way to give the number of zeroes in the intervals t < 0 and
t > 0 prescribed by the sign changes, i.e.

0 < |b0| << |a1| << |b1| << |a2| << . . . << |am|.

Note the following property:

The sign change between ai and bi in I(t) leads to a corresponding sign change in
I(−t) and the sign change between bi and ai+1 implies no sign change in I(−t).

Let k1 be the number of sign changes in I(t) implying the sign changes in I(−t)
and k2 be the number of remaining sign changes. The number of positive zeroes
of Iω is k1 + k2

If am �= 0 is the leading coefficient, then the number of sign changes in I(−t) is
k1 +(m−k2). The total number of small zeroes of I is 2k1 +m, where k1 ≤ m−1.
This gives the maximal number 3m− 2 of zeroes.
If bm �= 0 is the leading coefficient, then the same arguments give the maximal
number 3m of zeroes.
It remains to show that the coefficients ai, bi in the expansion of the integral are
controlled by the coefficients of the polynomials P0,1 in the expansion 2. Indeed,
using the properties 4, we see that for P0 = atm, m = [(n − 1)/2], P1 ≡ 0 the
first nonzero coefficient in the asymptotic expansion of I is bm. Taking a suitable
P0 = atm−1 or P1 = btm−1 we get am as leading. Other coefficients are controlled
in the same way.
Theorem 6.25 is complete. �
Below we present the promised proof of the linear bound which is not published
yet. The initial claim of Petrov and Khovanski was the estimate an+ b, where the
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constant a can be chosen universal, not depending on n and H , and b depends on
H . The below proof is based on the conception of rational envelopes of Abelian
integrals developed in [Yak] and [IlY1], on the lecture of Petrov in the Banach
Center in Warsaw (1995) and on estimates in the style of Khovanski [Kh2] and
Varchenko [Var3].

6.26. Theorem of Petrov and Khovanski. The number of zeroes of any Abelian
integral Iω along a family of real ovals of the curve H = t with deg ω = n is
bounded by

a · n,

where a = a(deg H) is a constant depending only on deg H.

Proof. 1. We begin with a representation of Iω as a combination of given Abelian
integrals with rational coefficients. This proposition (in a restricted form) was
proved by S. Yu. Yakovenko in [Yak] . His proof uses the theorem of Röhrl and
Plemelj (Theorem 8.37 in Chapter 8) about realization of a given monodromy
group by means of a linear rational differential system. Our proof is different and
without restrictions, i.e. the critical points of H can be non-isolated and may lie
at infinity.

2. Lemma (Rational envelopes). There exist real polynomial holomorphic 1-forms
ω1, . . . , ωk such that for any real polynomial holomorphic 1-form ω of degree n the
following representation holds:

P0(t)K · Iω = P1(t)Iω1 + . . . + Pk(t)Iωk
.

Here the integer k = k(d) depends only on d = deg H, Pi are real polynomials
such that P0 depends only on H, deg Pi ≤ c ·n, i > 0, the positive integer K ≤ c ·n
and the constant c depends only on d = deg H.

Proof. (a) Fix a Hamilton function H . We take the family of complex level curves
{H = t} ⊂ C2. They form the locally trivial fibration (an analogue of the Milnor
fibration)

C2 \H−1(atypical values) H→ C \ (atypical values).

Here by the atypical values we mean the usual values of H at the critical points
and the values corresponding to the ‘bad’ behaviour of the family of levels at
infinity.
The generic fibre of this fibration is an open Riemann surface, whose topologi-
cal type is a bucket of circles. Its first homology group is generated by concrete
geometric cycles δ1(t), . . . , δk(t).
Fix an atypical value t0 and the cycles δi(t0). We choose real polynomial forms
ω1, . . . , ωk such that their restrictions to the curve H = t0 generate H1({H = t0}).
It is done by a suitable approximation of holomorphic generators of the first de
Rham cohomology group in such a way that det

(∫
δi(t0)

ωj

)
�= 0. Later we will

impose other restrictions for the forms ωi.
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(Such polynomial generators of the de Rham cohomology of an affine algebraic
variety exist in the general case (A. Grothendieck). This follows from so-called
quasi-equivalence between the holomorphic de Rham complex Ω• and the complex
Ω•

alg of holomorphic forms with regular behaviour at infinity (see the point 7.33(e)
in Chapter 7 and [GH]).)
Repeating the proof of Corollary 5.28(b), we obtain the following, locally unique,
representation ∫

δ(t)

ω =
∑

j

pj(t)
∫

δ(t)

ωj (2.2)

for any polynomial holomorphic form ω and any family δ(t) of integer cycles in
H = t. The functions pj(t) do not depend on δ and are prolonged to holomorphic
and single-valued functions in

C�{t1, . . . , tr},

where tj are atypical values. Each function pj(t) is expressed as a ratio of two
determinants, with the denominator equal to det

(∫
δi

ωj

)
(the same for all pj)

and with the numerator equal to the determinant of the matrix
∫

δi
ω̃j obtained

from the previous one by replacing the j-th column by
∫

δi
ω; ω̃j = ω, ω̃l = ωl,

l �= j.
The atypical values ti are of four types:

(i) the critical values of isolated critical points of H in the finite plane C2;

(ii) the critical values of non-isolated critical points of H in C2;

(iii) the critical values of critical points at infinity (in CP 2);

(iv) the zeroes of the determinant det
∫

δi
ωj .

In Chapter 5 it was shown that the Abelian integrals are regular near the critical
values of the type (i). Thus pj(t) are meromorphic near them, pj = qj(t)/(t−tj)Kj ,
where the power Kj depends on H and on the forms ωi and qj is holomorphic.
The same statement is true near the points of the type (iv).
For the points of the type (ii) we apply the resolution of the (non-isolated) sin-
gularities in the finite plane. In some local analytic coordinates x̃, ỹ we obtain
H − tj = x̃pỹq. If (p, q) = gcd(p, q) = 1 then the Riemann surface x̃pỹq = t − tj
contains the vanishing cycle τ(t) : x̃(θ) = εeiqθ, ỹ = εe−ipθ, 0 ≤ θ ≤ 2π,
ε = (t − tj)1/(p+q). It is easy to estimate the integrals along τ (t). If p and q
are not relatively prime then several such cycles vanish.
Near a smooth part E of the set of non-isolated critical points, i.e. where H− tj =
x̃p, we do not have vanishing cycles. Here p local components of H = t approach
E and some part of a cycle δi may pass near E. The corresponding contributions
to the integrals are easy to estimate.
As an example of the function x(1 − x(y2 + 1)) shows, the critical points of H
may lie on the line L∞ = {(x : y : 0)} ⊂ CP 2 (at infinity). We include also
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the value t = ∞ into the part (iii) of the set of critical values. The foliation
of C2 into the level curves H(x, y) = t is a holomorphic foliation which can be
prolonged to a holomorphic foliation F in CP 2 (see Chapter 9 below). Near a
critical point (x : y : z) = (x0 : y0 : 0) at infinity, the function H is rational,
equal to Fm(u, z)/zm, m = deg H (u and z are local projective coordinates). If
the curves H = t have only isolated (transversal) intersections with L∞, then
these points are singular points of the foliation F of the node type (see Chapter 9
below).
For the points with bad behaviour of the F we apply the resolution process: by
Theorem 9.18 in Chapter 9, such resolution exists. We obtain either H− tj = x̃pỹq

(a saddle point) or H − tj = x̃pz−m (a node). In the first case a certain cycle
vanishes. In the second case the local Riemann surfaces H = t are punctured
discs, with one cycle σ(t) generating its local first homology group. However, the
cycle σ(t) does not intersect the cycles which have nontrivial monodromy and are
in some way associated with the real ovals of H = t. σ is monodromy invariant
and the integral

∫
σ

η equals the residuum of the form η at the point x̃ = z = 0.
The above analysis shows that we have to study the asymptotics of the integrals
along those cycles δ(t), which become large as t → tj or as t → ∞. Here we can
either use the general result about regularity of the Gauss–Manin connection (see
Remark 5.16 above or Remark 8.19 below) or apply a priori estimates (as in [Yak]).
We recall Yakovenko’s arguments.
The cycles δi(t) can be chosen as lifts to the Riemann surface of the algebraic
function y(x) (defined by H(x, y) = t) of some loops γi(t) in the x-plane, deprived
of the ramification points xk of the function y(x). The points xk = xk(t) vary
regularly, with power type escape to infinity. This implies that the absolute values
of the coordinates along the cycles δi(t) also have regular growth.
Because the forms ω and ωi are polynomial their integrals along the cycles δi(t)
also have polynomial growth. The coefficient functions pi(t) (from the expansion∫

ω =
∑

pi

∫
ωi) are expressed as ratios of determinants, which are regular. This

implies that pi(t) = Pi(t)/P0(t)K where Pi are polynomials and P0 =
∏

(t − ti).
It is also clear that the degrees of P1, P2, . . . grow linearly with n = deg ω and the
exponent K is linear in n.

(b) So the proposition is proved, but with constants depending on the Hamil-
ton function H . We need some arguments which would show uniformity of these
constants.
The space of real polynomial Hamiltonians of degree≤ d (and without the constant
term) can be identified with a sphereH ⊂ RN ,H = SN−1, N = (d+1)(d+2)/2−1:
the Hamilton functions H and λH lead to the same Abelian integrals. So, it is
enough to show that the estimates are uniform with respect to H , locally in H.
H is a real algebraic variety; its complex variant HC is a quasi-projective variety
(a quadric). Consider the space HC×C; (its points (H, t) correspond to algebraic
curves H(x, y) = t). Let MC = HC × CP 1 be the closure of this set; (here HC is
the projective closure). Denote ΣC

1 = MC�HC × C; it is a hypersurface in MC.
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(We agree to denote complex varieties by the upper index C, their real parts are
denoted without this index.)
The degenerate curves H = t correspond to points from a bifurcational subset
ΣC

2 ⊂ HC × C. ΣC
2 is a proper algebraic hypersurface. The restriction of the pro-

jection C2 ×
(
HC × C

)
→ HC × C to {(x, y, H, t) : H(x, y) = t, (H, t) �∈ ΣC

2 } is a
locally trivial (Milnor) fibration over MC�

(
ΣC

1 ∪ ΣC
2

)
.

The polynomial forms ωi, i = 1, . . . , k are defined as the same for all H ∈ HC.
For generic (H, t) ∈ MC�

(
ΣC

1 ∪ ΣC
2

)
the cohomology classes of the forms ωi in

H1({H = t}) form the basis of this space. The integrals
∫

δi(H,t) ωj and
∫

δi(H,t) ω

are well defined for such (H, t); because the cycles δi = δi(H, t) ⊂ {H = t} are
well defined there. Denote by ΣC

3 ⊂ MC�
(
ΣC

1 ∪ΣC
2

)
the set of those (H, t) for

which det
∫

δi(H,t) ωj = 0. It is an analytic subset; (as we shall see it is also an
algebraic subset of MC). Denote also ΣC = ΣC

1 ∪ΣC
2 ∪ ΣC

3 .
The integrals, treated as functions of (H, t), have singularities along ΣC

1∪ΣC
2 . These

singularities are investigated using the resolution of singularities of this variety.
Let π : M̃C →MC be the resolution of singularities of ΣC

1 ∪ ΣC
2 .

Near any point of π−1(ΣC
1∪ΣC

2 ) there exists a local system of coordinates z1, . . . , zN

such that ΣC
1 ∪ΣC

2 = {z1 · z2 · . . . · zm = 0}. The integrals are treated as functions
of z = (z1, . . . , zN).
They admit the finite expansions∑

k,α

ak,α(z) · zα1
1 (ln z1)

k1 · . . . · zαm
m (ln zm)km , (2.3)

where the (finite) sum runs over integer vectors k = (k1, . . . , km) and rational
vectors α = (α1, . . . , αm). The exponents αl are such that e2πiαl are eigenvalues of
the monodromy operators Ml associated with the loops {zl = εeiθ, zj = const (j �=
l)} (around the hypersurfaces {zl = 0}). The integers kl take values 0 or 1. The
coefficients ak,α(z) are analytic functions. The proof of this expansion is the same
as the proof of Theorem 5.14 (with use of the regularity of integrals).
The determinants det

(∫
δi(t,H)

ωj

)
and det

(∫
δi(t,H)

ω̃j

)
(where ω̃j = ωj or =

ω) have simple monodromy properties. They remain fixed or change sign when
the z turns around the divisor zl = 0 (as in the proof of Theorem 5.25). They
take the form √

zl1 . . . zlr · φ(z), where φ is meromorphic. This shows that ΣC
3 ={

det
(∫

δi(t,H)
ωj

)
= 0
}

has algebraic singularities, and hence is algebraic.
The formula (2.2) is generalized as∫

δ(t,H)

ω =
∑

pj(t, H)
∫

δ(t,H)

ωj

for (H, t) ∈ MC�ΣC. The functions pj(t, H) are holomorphic, single-valued and
regular. Thus they are restrictions of rational functions on MC, with poles at ΣC.
Take one function pj . We restrict it to the real lines LH = {(H, t), t ∈ R},
pj|LH = pj(·, H). There are three possibilities:



§2. Method of Abelian Integrals 181

(i) pj(·, H) ≡ 0,

(ii) pj(·, H) ≡ ∞,

(iii) pj(·, H) = Pj(t)/Qj(t) is a nontrivial rational function.

We must eliminate the case (ii). It corresponds to the situation when
det
(∫

δi
ωj

)
|LH ≡ 0. We achieve the goal by imposing additional restrictions on

the forms ωi.
We deal with two situations: (α) the line LH �⊂ Σ2 (the real part of ΣC

2 ) and (β)
LH ⊂ Σ2. In the case (α) we deal with irregular position of the component Σ3

with respect to the fibers of the projection H×R → H : LH ⊂ Σ3. It is clear that
the opposite property, LH �⊂ Σ3, is an open condition with respect to the forms
ω1, . . . , ωk.
In the case (β) all the curves {H(x, y) = t, t ∈ R} are non-generic; (e.g. when
deg H < d). It is not surprising that there det

∫
δi

ωj |LH ≡ 0, but then also
det
∫

δi
ω̃j |LH ≡ 0. Here pj(t, H) is understood as a limit of the ratio of determi-

nants det
∫

δi
ω̃j/ det

∫
δi

ωj at points (H ′, t′) ∈ H×R\ (Σ2∪Σ3), (H ′, t′)→ (H, t).
This shows that we have to compare the asymptotic expansions of two deter-
minants. The condition that the expansion of the det

∫
δi

ωj is optimal (i.e. with
smallest exponents) at a general point of the line LH ⊂ Σ2 is an open condition
for ω1, . . . , ωk.
Using the openness of the above conditions for the 1-forms and the compactness
of the set of lines LH , H ∈ H, we see that there exist forms ω1, . . . , ωk such that
pj|LH �= ∞.

(c) Let us pass to the estimation of the constant c from the proposition (in
deg Pi ≤ cn and Q = PK

0 , K ≤ cn). It is clear that it is enough to get a
local uniform estimate for the asymptotic as n = deg ω → ∞ of the integral∫

δ(t,H)
ω with respect to ω and H . Here the forms ω belong to the compact space

Ω = {
∑

i+j≤n xiyj(aijdx + bijdy) : aij , bij ∈ R,
∑

a2
ij + b2

ij = 1} and the Hamilto-
nians H belong to the compact space H.
This uniform estimate follows from the expansion (2.3) (at points from Σ1 ∪Σ2),
where the exponents αj are of order O(n) and the coefficients ak,α(z) are uni-
formly bounded, locally with respect to z and globally with respect to ω ∈ Ω.
The bound |αj | < const·n is proved using the arguments from the point (a) above.
We represent the cycles δi(t, H) as lifts (to the Riemann surface of the algebraic
function y(x) defined by H(x, y) = t) of loops γi(t, H) in the x-plane deprived of
the ramification points xj = xj(t, H). The points xj = xj(z) escape to infinity in
a regular way as z → 0. �
3. The linear estimate when H has only real critical values. It is enough to study
the zeroes of the real polynomial envelope P1I1 + . . . PkIk, or of

g(t) = P1 + P2
I2

I1
+ . . . + Pk

Ik

I1
.
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Figure 14

We apply the argument principle to the contour presented in Figure 14. The
increment of the argument along the large circle is bounded by const·n. Along
the small semi-circles around the singular points ti the increment of the argument
is uniformly bounded; note that they are negatively oriented. The increment along
the cuts is bounded by the number of zeroes of the imaginary part of g at the cuts.
The latter imaginary parts are proportional to the combinations

P2K2 + . . . + PkKk,

where Kj are expressed as some simple functions of integrals of ωi along the cycles
δj (i.e. we can put Kj =

∫
var δ

ωj ·
∫

δ
ω1 −

∫
δ
ωj ·

∫
var δ

ω1). This is done as in the
proof of Theorem 6.25. Here we use the reality of Ij ’s.
Therefore, the problem is reduced to the estimation of the number of zeroes of a
polynomial envelope of k − 1 functions Ki which have regular singularities at the
critical points of H and are real at an interval of the real axis.
We take the function P2 + P3(K3/K2) + . . . + Pk(Kk/K2) and repeat the above
estimation of its argument along contours as in Figure 14.
After a finite number of such steps we obtain the estimate a(d) · n + b(H) for
the number of zeroes of the Abelian integral. Here the constant b = b(H) is
approximately equal to the number of zeroes (in R \ {t1, . . . , tr}) of an expression
A = A(t), which depends on the integrals

∫
δi

ωj . A is a combination of products
of such integrals.
Here we find that b depends on H ; in the points 5, 6, 7 below we shall show that
b depends only on d = deg H .
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4. The linear estimate in the general case. Assume that H has non-real critical
values.
We construct a polynomial F such that the composition F ◦H has only real critical
values. The function F is a composition of functions of the form t → (t − aj)2,
where aj ± ibj, bj �= 0 is a critical value of the function obtained in the previous
step. Then the composed function acquires a real critical value −b2

j . After a finite
number of steps we eliminate all non-real critical values.
Thus F = Fm ◦ . . . ◦ F1, Fi(t) = (t − ai)2. The values of the composition F ◦H
are denoted by s.
If m = 1 then we have t = a1 +

√
s. If m = 2 then t = a1 +

√
a2 +

√
s. Generally

t = a1 +
√

a2 +
√

a3 + . . . +
√

s.

Denote Φm(s) =
√

s, Φm−1(s)=
√

am−1 +
√

s, . . . ,Φ1 =
√

a2 +
√

a3 . . . +
√

s and
Ĩj(s) = Ij(t). The functions Φk and Ĩj are multivalued holomorphic functions with
singularities at the set of critical values of F ◦H . These singularities are regular
(of power type).
Next, the polynomials Pj (from the proposition about rational envelopes) are
expressed as polynomial combinations of products of the functions Φj .
This shows that the problem reduces itself to the problem of estimation of the
number of zeroes of the combination

Q1(s)J1 + . . . + Qp(s)Jp,

where Qj are polynomials of degrees ≤ const·n and Ji are multivalued holomorphic
functions with regular real singularities.
For such combinations one can apply the proof from the previous case.
In this point we introduced some definitions and results which are used only in
this proof. Therefore they will appear unnumbered.

5. Towards an estimate of the constant b(H). Because any form of degree n = 0 is
exact, its integral vanishes and #{isolated zeroes}|n=0 = 0. This means that we
should show that b(H) is uniformly bounded with respect to H ∈ H, where H is
the space of Hamiltonians of degree ≤ d.
Here we follow the proof of existence of a general estimate #{Iω = 0} ≤ C(d, n)
given by A. N. Varchenko in [Var3]. The ingredients of the proof are the following:
the asymptotic expansion (2.3) (in its real form corresponding to the real resolution
of a real algebraic variety), Khovanski’s theory [Kh2] (of estimation of the number
of solutions of a Pfaff system by the number of solutions of an analytic system)
and the local uniform estimation of the number of solutions of analytic systems
depending on parameters (theorem of Gabrielov [Gab]).
Recall that we have to estimate the number of zeroes of a function A(s) = A(s; H),
which is a combination of products of Abelian integrals (of forms ωi) and of the
functions Φj . Here the argument is s, where s = (. . . ((t− a1)2− a2)2 . . .− am)2 =
F (t). This suggests that we have to replace the space {(H, t)} = H×R by the space
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N of pairs (H, s). So, we have the algebraic mapping Ψ :M = H×RP 1 → N and
a new “bifurcational” subset Λ ⊂ N . Λ is the union of Ψ(Σ1 ∪ Σ2) and of the set
of critical values of Ψ. The mapping Ψ can be extended to a complex holomorphic
mapping from a neighborhood ofM inMC to a neighborhood of N in its complex
analogue NC.
We apply resolution of singularities of the real hypersurface Λ. Thus we have a real
manifold Ñ with a resolution mapping Ñ → N . The function A can be treated as a
function on Ñ . Near points from Λ̃ (the inverse images of Λ) A admits asymptotic
expansion of the type (2.3).
We cover the (compact) variety Ñ by finitely many charts Ui, defined by analytic
inequalities, such that either (i) Ui ∩ Λ̃ = ∅ or (ii) A admits expansion (2.3) in Ui.
In charts of the type (i) the function A(s; H) is real analytic.
In charts of the type (ii) we have (after eventual multiplication by a nonzero
function)

A = A0(z1, . . . , zN ; (− ln z1)−1, . . . , (− ln zm)−1; zα11
1 , . . . , z

α1r1
1 ; zα21

2 , . . . , z
αmrm
m ).

Here the function A0(z1, . . . , zN ; v1, . . . , vm; u11, . . . , umrm) = A0(z, v, u), z1, . . . ,
zm > 0 and small, zm+1, . . . , zN small, is analytic in all variables. Note that the
quantities vi = (− ln zi)−1 and uij = z

αij

i , i ≤ m, are also positive and small;
because αij are rational and > 0 (we can assume it). We assume (for definiteness)
that zi, vi, uij ∈ (0, 1).
We have the analytic map Π : Ui → H. Our task is to estimate the cardinality
of {A = 0} ∩Π−1(H) locally uniformly with respect to H , e.g. for H ∈ Vi where
Vi = {H ∈ H : |H − H0|2 ≤ θ} is a ball in H. For the charts of the type (i) we
have a problem of estimation of local solutions of an analytic equation depending
analytically on parameters. In the next point we show that also in the charts of
the type (ii) the problem can be reduced to an analytic problem of the same type.

6. Separating solutions of Pfaff systems. In this point the equation A(s; H) = 0
(briefly A(s) = 0) is treated as an equation for s depending on the parameter H .
Also the variables zi are treated as functions of s. The exterior derivative, denoted
by d, means the derivative with respect to v, u, s with H fixed.
The equation A(s) = 0 can be rewritten in the form

A0|Γ = 0,

where Γ is a separating solution of the following Pfaff system (of M equations),

zidvi = v2
i dzi,

ziduij = αijuijdzi,
(2.4)

(recall that A(s) = A0(z(s), v(s), u(s))).
According to Khovanski, a separating solution of a Pfaff equation η = 0 in a real
manifold U (where η is a 1–form) is a smooth hypersurface Γ (with the embedding
i : Γ → U) such that:
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(a) i∗η ≡ 0 (i.e. Γ is an integral surface of the Pfaff equation);

(b) Γ does not pass through singular points of η (i.e. η(x) �= 0 for x ∈ Γ) and

(c) Γ is the boundary of a domain D ⊂ U and the coorientation of Γ by means
of η coincides with its coorientation as the boundary ∂D.

A smooth submanifold Γ ⊂ U of codimension l is a separating solution of a Pfaff
system η1 = . . . = ηl = 0 iff there is a sequence of submanifolds Γ = Γ0 ⊂ Γ1 ⊂
. . . ⊂ Γl = U such that each Γj−1 is a separating solution of ηj |Γj in Γj .
There holds the following fundamental statement:

Khovanski–Rolle lemma. Let Γ ⊂ U be a separating solution of a Pfaff equation
η = 0 and let γ ⊂ U be an oriented curve. Then between any two consecutive
intersection points of γ with Γ there exists a point (in γ), where the tangent
vector γ∗ (of γ) lies in the hyperplane η = 0.

Proof. Assume that the intersections are transversal; (if not, then 〈η, γ∗〉 = 0 at
one of the intersection points. In the consecutive points of γ ∩ Γ the values of η
at γ∗ have different signs. This implies that 〈η, γ∗〉 vanishes at some intermediary
point. �
The Khovanski–Rolle lemma allows us to replace the non-analytic equation A(s) =
0 by a collection of systems of analytic equations of the type A0(v, u, s)=A1(v, u, s)
= . . . = AM (v, u, s) = 0 in U = (0, 1)M × {t : zi(t) ∈ (0, 1), i = 1, . . . , N},
depending analytically on H .
Indeed, the formulas vi = (− ln zi)−1, uij = z

αij

i define a 1-dimensional subman-
ifold Γ0 ⊂ U . It is a separating solution of the Pfaff system (2.4). To see this,
it is enough to introduce some order in the system (2.4) and observe that each
hypersurface vi = (− ln zi)−1 (or uij = z

αij

i ) is a boundary. Thus we have the
sequence Γ0 ⊂ Γ1 ⊂ . . . ⊂ ΓM = U .
Take the surface Γ1. It contains the separating solution Γ0 of the Pfaff equation
η1|Γ1 = 0 and the curve γ0 = {A0|Γ1 = 0}. We are interested in estimation of the
number (multiplicity counting) of intersection points γ0 ∩ Γ0. On each compact
connected component of γ0 this number is equal to the number of contact points
of this component with the field of directions η1 = 0 (by the Khovanski–Rolle
lemma). On each non-compact connected component of γ0 this number is equal to
1 plus the number of contact points of this component with the field of directions
η1 = 0. The contact points are defined by the system of analytic equations in Γ1:
A0 = 0, dA0 ∧ η1 = 0 (or A0 = A1 = 0). We find that

#{A = 0} = #{non-compact components of γ0}+ #{A0 = A1 = 0}.

The number of non-compact components can be estimated as follows. Following
[Kh2] we introduce the special bump function χ(s, v, u) which is positive, analytic
and vanishes at the boundary of U , e.g. χ =

∏
zi(1−zi)

∏
vi(1−vi)

∏
uij(1−uij).

Take a small positive value ε1, non-critical for χ. We have #(Γ1 ∩{χ− ε1 = 0}) ≥
2 ·#{non-compact components}.
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Consider the 3-dimensional manifold Γ2. It contains the separating solution Γ1 of
η2 = 0 and the curves A0 = A1 = 0 and A0 = χ− ε1 = 0. As in the previous case
we obtain that #Γ1∩ {curve}= #{non-compact components of curve}+#{contact
points of curve}. The number of contact points leads to a system of three analytic
equations. The number of non-compact components is estimated using the special
bump function χ and some non-critical value ε2.
Repeating this algorithm a finite number of times we reduce the problem of esti-
mation of the number of solutions of A(s) = 0 to the problem of estimations of
the numbers of solutions of 2M systems of analytic equations in U .
Recall also that the estimate should be locally uniform with respect to the pa-
rameter H , i.e. for H ∈ V = Vi ⊂ H. It may occur (and occurs) that for some
H the system has infinitely many solutions, the set of solutions becomes a variety
of positive dimension. Because (in the Hilbert’s problem) we are interested in the
isolated periodic trajectories of a vector field, here we are interested in the isolated
solutions of the systems of analytic equations.
We can formulate the problem as follows. Consider a real semi-analytic set W =
{((z, v, u); H) : (z, v, u) ∈ U , H ∈ V , z = z(s, H), A0(z, v, u) = A1 = . . . = AM =
0} ⊂ U × V . We have the projection Π : W → V , the restriction of the projection
onto the second factor. The problem is:

Show that there exists a constant C such that the number of isolated points in
Π−1(H) is ≤ C for any H ∈ V .

The following result completes the proof of Theorem 6.26. �

6.27. Theorem of Gabrielov. ([Gab]) Such a constant C exists.

6.28. Remarks. This theorem is a result from real analytic geometry. Recall that by
definition a subset W ⊂ Rm is (real) analytic iff near any point x0 ∈ Rn (not only
in W !) it is defined by a system of equations analytic in a neighborhood of x0. W is
(real) semi-analytic iff near any point x0 ∈ Rn it is a finite union of subsets defined
by finite systems of analytic equations and analytic inequalities. Thus the above
sets U, V, W are real semi-analytic. When the equations (or/and inequalities) are
algebraic, then we have real (semi-)algebraic sets. The real semi-algebraic sets form
real analogies of the complex quasi-projective varieties (i.e. Zariski open subsets
of projective algebraic varieties) and of the complex constructible sets (i.e. finite
unions of sets which are Zariski open in their closures).
The complex analytic, algebraic and quasi-projective varieties have some nice nat-
ural properties. A complex analytic variety has locally finitely many components.
The image f(W ) of a complex analytic variety W ⊂ Cn, under a proper analytic
map f , is an analytic set (theorem of Remmert, see [GH]). The equivalent formu-
lation of this statement says that a proper projection of a complex analytic set is
an analytic set. Here the assumption that f is proper (i.e. that the inverse images
of compact subsets are compact) is essential: for example, the image of the hyper-
bola xy = 1 under the projection onto the y-axis equals C∗. Also the existence of
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a local uniform bound for the number of connected components of f−1(y) is easy
in the complex case.
In the real case the situation is not that clear. Real (semi-)analytic subsets W ⊂ Rn

have finitely many local (e.g. in a cube) connected components (see [Loj1]). In fact,
one can prove this property following the lines of the proof of Lemma 4.2 in Chapter
4. It was shown there that if a real algebraic variety (or real analytic variety) has
a sequence of points accumulating at x0, then it contains a semi-analytic curve
through x0. Real semi-analytic sets can be stratified; they form CW-complexes
with some additional differential properties.
A. Seidenberg and A. Tarski proved that a projection (or equivalently an image
under a real algebraic map) of a semi-algebraic set is semi-algebraic (see [Loj1]).
In the proof they used methods from mathematical logic, but there is an analytic
proof based on algebraic functions.
The Bezout theorem (about estimation of the number of solutions of a system of
complex algebraic equations by the product of degrees) does not hold in the real
case; here is the example:

x = y = x2 + y2 + [z(z2 − 1)]2 + [t(t2 − 1)]2 = 0.

The example with the analytic set

W = {(x, y, z, u, s, t) : x2 + y2 + z2 + u2 = 1, s2 + t2 = 1,
z = x · exp

[
s2/(s2 + 2t2)

]
, tx = sy} ⊂ R4 × R2

with its projection f onto R4, equal to f(W ) = {z = x · exp
[
x2/(x2 + 2y2)

]
,

x2 +y2 +z2 +u2 = 1} (which is not analytic at (0, 0, 0, 1)), shows that proper pro-
jections of semi-analytic sets can be not semi-analytic. This may occur only when
dim f(W ) > 2. The subsets of Rn, which are projections of relatively compact
semi-analytic sets are called the P-sets, or the sub-analytic sets. Here the assump-
tion of relative compactness replaces the assumption of properness. It is useful
here to have in mind the following example, with the (not relatively compact)
analytic set W = {(x, y, z) : z(x2 +y2) = 1, |x+ iy| = arg(x+ iy)} ⊂ R3 = R2×R
whose projection is the logarithmic spiral.
The sub-analytic sets have the following properties. Their complements are sub-
analytic sets. Near any point they are defined by a system of analytic equations
and inequalities. They are locally arcwise connected (by means of semi-analytic
curves). There holds a sub-analytic analogue of Gabrielov’s theorem (it is in fact
the original theorem of Gabrielov): if Z ⊂ [0, 1]m × [0, 1]n is a sub-analytic set
and Π is the restriction (to Z) of the projection onto the second factor, then the
numbers of connected components of the fibers Π−1(y) are uniformly bounded.

6.29. Sketch of the proof of Gabrielov’s theorem. Because the original proof of
Gabrielov concerns the general case of projection of a P-set and is rather technical,
we provide an independent proof. We will deal with restricted assumptions (for
simplicity):
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We have an analytic subset W of an open bounded domain U ⊂ Rm+n = {(x, y)}
such that the restriction Π of the projection onto Rn = {y} has fibers either finite
or ≥ 1-dimensional, but the typical fiber is finite (maybe empty). We assume also
that the variable x is 1-dimensional (i.e. m = 1); later we will say how we work in
the general case. We denote the fibers by Wy = Π−1(y).
Assume that the thesis of Gabrielov’s theorem does not hold. It means that there
exists a sequence of points yk → y∗ (which we put = 0) such that the fibers Wyk

contain a growing number of bounded isolated points xkj . Assume that a point
(x∗, y∗) (which we put = (0, 0)) is an accumulation point of the set {(xkj , yk)}.
Let f1(x, y), . . . , fr(x, y) be the generators of the ideal (in the local ring O0(Rn+1))
of germs of functions vanishing at W . If some of the functions fj is such that its
restriction to the line y = 0 is of finite multiplicity, fj(x, 0) = axd + . . ., then any
fiber Wy does not contain more than d points (by the Weierstrass theorem).
Assume then that all fj(x, 0) ≡ 0; in other words the line {y = 0} ⊂ W . Here the
essence of the theorem lies. When we treat fj as functions of x depending on the
parameter y, then for y = 0 the point x = 0 is singular of infinite codimension. In
the smooth (i.e. C∞) case an unbounded number of singular points could be born
after perturbation, i.e. for y �= 0. In the analytic case this number turns out to be
bounded. We shall meet this phenomenon in the next section (see also [FY]).
Let Z = Π(W ) ⊂ Rn. It is a sub-analytic set (maybe not semi-analytic) containing
the origin y = 0. We have a mapping Π : W → Z between sets of the same
dimension. The cardinality of the fiber changes. The changes of the cardinality of
Π−1(y) occur due to bifurcations. Such bifurcation points are the critical points of
the restriction of the projection Π to the corresponding stratum of the stratification
of W (the fold singularity).
These critical points are obtained by differentiation of the generators fj with
respect to x. Indeed, if (locally outside y = 0) W is represented as F (x; y) = 0,
F : R× Z → R, then the Rolle principle says that we should calculate the zeroes
of ∂xF .
The system of equations F = ∂xF = 0 defines a subvariety W1 ⊂ W , which can
be defined in an analytic way. W1 is an analytic variety. It contains the line y = 0.
Let Z1 = Π(W1) ⊂ Rn and W̃1 = Π−1(Z1) ⊂ W . The latter are sub-analytic
sets (in general). The restriction Π|fW1

: W̃1 → Z1 is a mapping with the same
properties as Π : W → Z. The cardinalities of fibers are unbounded.
We proceed as before, we look for the critical points of Π1. It is not difficult to
see that they form an analytic subset W2 ⊂W1, defined by means of fj , ∂xfj and
∂2

xfj . We put Z2 = Π(W2), W̃2 = Π−1(Z2). The mapping Π|fW2
has the same

properties as Π|fW1
etc.

Due to the analyticity of W , the sequence of varieties Wj stabilizes, Wp = Wp+1 =
. . . = W∞ (because of the dimension argument); assume that p is a minimal such
integer. The generators of the ideal of functions vanishing at W∞ have the property
that all their derivatives with respect to x are equal to zero; they depend only on
y. Thus W∞ = R× Z∞.
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For any y ∈ Z − Z∞ the maximal order of zero of the function F (·, y) (where
W = {F = 0}) is p− 1. Thus ∂p−1

x F �= 0 near x = 0 and there are no more than
p− 1 isolated zeroes of F .
For example, if n = 2 and W = {F = y1g1(x, y) + y2g2(x, y) = 0} then we get
W1 = {y = 0}∪ {F = ∆ = 0}, ∆ = g1g2x− g2g1x. Assume that the surface ∆ = 0
intersects the line y = 0 transversally; then we have W∞ = {y = 0} and the curve
{F = ∆ = 0} is the curve of non-degenerate fold points. Any fiber Wy, y �= 0
contains at most two points.

The general case of multi-dimensional x = (x1, . . . , xm) can be treated (in prin-
ciple) in the same way. We take the generators f1, . . . , fr, r ≥ m of the ideal
of functions vanishing on W . If the restrictions to the plane y = 0 of some m
of the fj’s form a vector field of finite multiplicity, then we get the bound for
cardinalities of the fibers. Otherwise we look for the critical points of the map
Π : W → Z = Π(W ). These critical points form an analytic subset W1, etc. �

§3 Quadratic Centers and Bautin’s Theorem

The correspondence between zeroes of Abelian integrals and limit cycles of per-
turbations of Hamiltonian systems is not one-to-one. In particular, existence of a
uniform bound for the number of zeroes of Abelian integrals does not lead auto-
matically to a uniform bound for the number of limit cycles. As an example, where
there can be more limit cycles than zeroes of the Abelian integrals, we consider
the case of quadratic perturbation of the linear center.

Consider the perturbation

ẋ = −y + εP, ẏ = x + εQ,

where P and Q are quadratic polynomials. Without loss of generality we can
assume that the point (0, 0) remains fixed during the perturbation and that the
linear part has the canonical form with the complex eigenvalues λ± i, λ =const·ε.
Then the corresponding Abelian integral reduces to

εI = λ

∫
ydx− xdy = 2λ× area

and, of course, I �= 0. However we have the following result.

6.30. Theorem of Bautin. ([Baut]) The maximal number of limit cycles appearing
after the above perturbation is equal to 3.

Proof. In order to calculate the number of all limit cycles we have to calculate the
Poincaré return map up to a sufficiently high exactness

∆H = εI + ε2I2 + . . . .
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In order to free ourselves of the parameter ε we make the normalization εz → z.
Then the cycles of order O(1) become small cycles, of order O(ε), and the system
written in the complex form becomes

ż = (i + λ)z + Az2 + Bzz̄ + Cz̄2, z = x + iy,

where A, B, C are complex parameters.
Because the real parameter λ controls the Abelian integral in the further calcula-
tions of the return map, we put λ = 0.
When ∆H ≡ 0 then all the trajectories of the system near z = 0 are closed.
In particular, the system has a first integral. As H. Poincaré [Poi3] and A. M.
Lyapunov [Lya] have shown (using a priori estimates) this first integral can be
chosen as an analytic function of x, y (or z, z̄). We try to find this integral.
Assume that it is of the form

F = zz̄ + F3(z, z̄) + . . . =
∑

amnznz̄n,

where Fj are homogeneous parts of degree j. We solve step-by-step the equation

Ḟ =
∂F

∂z
(iz + Az2 + Bzz̄ + Cz̄2) +

∂F

∂z̄
(−iz̄ + Az̄2 + Bzz̄ + Cz2) = 0

which, rewritten in the homogeneous parts, gives

i(z∂z − z̄∂z̄)Fk + [
∂Fk−1

∂z
(Az2 + Bzz̄ + Cz̄2) + conjugate] = 0.

The latter equation gives the recursive equations for the coefficients

i(m− n)amn + (terms calculated earlier) = 0.

We see an obstacle when m = n. The terms (zz̄)m cannot be cancelled. This means
that if λ = 0, then

Ḟ = g1|z|4 + g2|z|6 + . . . .

6.31. Definition. The numbers gj are called the Poincaré–Lyapunov focus numbers
and the function F is called the Lyapunov function.

The quantities gj are polynomials of A, A, B,B, C, C of degree j. Moreover they are
invariant with respect to the action of the rotations group A→ eiθA, B → e−iθB,
C → e−3iθC, induced by the rotations z → eiθz. Because the first integral (or the
Lyapunov function) is not defined uniquely (one can add cF k to F ) also the focus
quantities are not uniquely defined (one can add fgk, k < j to gj). Well defined is
the series of ideals (g2), (g2, g4), . . . in the ring C[A, A, B, . . .]. This series stabilizes
(the Hilbert’s theorem on basis) and the final ideal is called the Bautin ideal.
If F is not a first integral then it can be non-analytic.
The focus quantities are used to express the Taylor expansion of the Poincaré
return map P : S → S, where S is the positive half-line parameterized by r.
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We can also parameterize S by some high order jet of the Lyapunov function,
Φ = jNF = r2 + . . .. We have

∆r ≈ dr

dΦ
∆Φ ≈ 1

2r

∫ 2π

0

Ḟ dt ≈ πgkr2k+1,

if gk is the first nonzero focus quantity.
In the general situation the condition for limit cycles is

1
π

(P(r) − r) = g0r(1 + . . .) + g1r
3(1 + . . .) + . . . + gMr2M+1(1 + . . .) = 0

where g0 = (e2πλ − 1)/π and g1, . . . , gM generate the Bautin’s ideal.
If all gj = 0 then the point z = 0 is a center. Thus the system of algebraic equations
λ = g1 = . . . = gM = 0 defines an algebraic variety, called the center variety.

6.32 Theorem of Dulac and Kapteyn. ([Dul2], [Kapt]) The Bautin ideal is generated
by the first three focus quantities which take the form

g1 = −2 ImAB,

g2 = −(2/3) Im[(2A + B)(A − 2B)BC],

g3 = −(5/4) Im[(|B|2 − |C|2)(2A + B)B
2
C],

and the center variety consists of the four irreducible components

QH
3 : 2A + B = 0,

QR
3 : Im AB = Im B

3
C = Im A3C = 0,

QLV
3 : B = 0,

Q4 : A− 2B = |B| − |C| = 0.

Proof of sufficiency of the center conditions. We shall not calculate the focus
quantities. We shall restrict ourselves to showing that they really describe sys-
tems with center at z = 0. In the notations Q�

i (of the components of the center
variety) the lower index denotes their codimension in the space of all quadratic
systems.
The Hamiltonian systems. Because Re ∂ż/∂z = Re(2A+B)z2, then the component
QH

3 consists of Hamiltonian systems.
The Lotka–Volterra systems. One can check that in the case QLV

3 the system has
three invariant lines l1(z, z̄) = 0, l2 = 0, l3 = 0 not passing through the origin.
This means that l̇i = ligi, where gi are linear homogeneous functions. These gi

are linearly dependent, α1g1 + α2g2 + α3g3 = 0. This implies that the following
Darboux function lα1

1 lα2
2 lα3

3 is the first integral.
The reversible systems. In the case QR

3 we can apply a rotation of the variable z
such that the coefficients A, B, C become real. Rewriting the differential equation
in the real variables, we obtain

ẋ = −y + ax2 + by2, ẏ = x + cxy.
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Figure 15

This system is invariant with respect to the transformation : (x, y, t) →
(−x, y,−t) (it is time–reversible). This implies existence of a center.
The codimension four center. In the case Q4 one can reduce the equation to

ż = iz + 2z2 + |z|2 + eiξ z̄2.

One can check that this system has the invariant conic f2 = x2
1 + 4y + 1 = 0,

x1 = 2 Im(e−iξ/2z) and the invariant cubic f3 = cos(ξ/2)(x3
1 + 6x1y) + 6y + 1 and

the first integral f3
2 /f2

3 .
For more details see [Zo3]. �
Proof of Bautin’s theorem. Recall that the focus quantities gj are polynomials of
the coefficients and are invariant with respect to the action of the group S1. We
consider the ring R of real polynomials of A, A, . . . , C which are invariant with
respect to the action of S1. The following algebraic result is proved in [Zo3].

6.33. Proposition. If f ∈ R vanishes at the center variety, then it takes the form
f = f1g1 + f2g2 + f3g3. In other words, the Bautin ideal is radical in the ring R.
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Because all the focus numbers vanish at the center variety then, by Proposition
6.30, they all belong to the ideal generated by the first three of them. This allows
us to write down the Poincaré map in the finite expansion

∆r = g0r(1 + . . .) + . . . + g3r
7(1 + . . .).

Next we apply the derivation-division algorithm of Bautin. We divide ∆r by r(1+
. . .) and apply Rolle’s principle to it; we need to estimate the number of zeroes
of the derivative, i.e. of 2g1r(1 + . . .) + . . .. We divide the latter expression by
r(1 + . . .) and again apply Rolle’s principle. At the end we arrive at estimation of
the number of zeroes of 48g3 + . . ..
We see that we get at most three small zeroes. Moreover, because the coefficients
g0,1,2,3 are independent functions of parameters, they can vary independently and
we can construct the example with three zeroes of ∆r. �

6.34. Remark. The analogues of the Dulac–Kapteyn and Bautin theorems hold in
the case of systems with cubic homogeneous nonlinearity

ż = iz + Dz3 + Ez2z̄ + Fzz̄2 + Gz̄3.

Here we have three cases of center ReE = 3D + F = 0 (the Hamiltonian case),
ReE = Im DF = Re D2G = 0 (the reversible case) and E = D−3F̄ = |G|−2|F | =
0 (the Malkin case). The maximal number of small limit cycles is 5. These results
were proved by Sibirski [Sibi] (see also [Zo4]).
In the general case of polynomial vector fields of degree n, the problem of center
and the problem of small limit cycles are not solved.

6.35. Generalizations of Abelian integrals. When the Abelian integral Iω(t) =∫
γ(t)

ω vanishes identically (as a function of t), but the return map is not the
identity, then we have

∆(t) = εkMk(t) + O(εk+1)

where k > 1 and Mk �≡ 0. The function Mk(t) is called the higher order Melnikov
integral and can be written in the form of a multiple integral of some polynomial
k-form.
Often Mk can be reduced to the usual Abelian integral. This holds when

ω = fdH + dg whenever Iω ≡ 0;

here f and g are some polynomials. Such situation takes place for a generic Hamil-
tonian and for the elliptic Hamiltonian (see also Remark 5.21). Then the Pfaff
equation dH +εω = 0 (for the phase curves) reads as 0 = (1+εf)−1[dH(1+εf)+
εdg] = d(H + εg)− ε2fdg + O(ε3). It follows that

∆H = ε2

∫
γ(t)

(−f)dg + . . . .
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If M2 ≡ 0, then fdg = f1dH + dg1 and M3 =
∫

f1dg1, etc. This algorithm, called
now the Françoise algorithm, was introduced by J.-P. Françoise [Fr]. L. Gavrilov
[Gav2] proved that all higher order Melnikov integrals satisfy some linear Picard–
Fuchs equation with regular singularities (see also [Bob]).

There is a multi-dimensional generalization of the infinitesimal Hilbert problem,
developed by the author with P. Leszczyński and M. Bobieński [LZ], [BZ1], [BZ2],
[Bob]. One deals with the system

ẋ = H ′
y + zR + εP, ẏ = −H ′

x + zS + εQ, ż = Az + B.

Here H, P, Q, R, S, A, B are polynomials in (x, y). For ε = 0 the surface z = 0
is invariant with a Hamiltonian system. Under some natural assumptions, after
perturbation, there remains an invariant surface of the form z = εg(x, y) + . . . ,
where g satisfies the equation ġ = Ag + B. The limit cycles on the latter surface
are generated by zeroes of I(t) + J(t), where I is the standard Abelian integral
and J is the generalized Abelian integral

J(t) =
∫

γ(t)

g · (Sdx−Rdy).

Here g can be expressed in an integral form (with an exponent), so J is a double
integral. Under some assumptions the estimate ≤ const ·n, n = deg(P, Q, R, S, B),
for the number of zeroes of I + J was proved.



Chapter 7

Hodge Structures and Period Map

The Hodge structure is defined in the cohomology ring of any smooth compact
projective algebraic complex manifold. It presents deep connections between topo-
logical and analytical properties of algebraic varieties. It provides us with new in-
variants of algebraic varieties which are functorial; it means that they are preserved
by algebraic morphisms.
If the variety is not compact, i.e. it is a quasi-projective variety (Zariski open
subset of a closed projective variety), or it has singularities, then its cohomology
group may not admit any Hodge structure. However, P. Deligne proved that such
a manifold admits some structure which is functorial and forms a generalization
of the Hodge structure. He called it the mixed Hodge structure.
The mixed Hodge structure appears also in the situation, when we have an ana-
lytic family of algebraic hypersurfaces Nt ⊂ M , t ∈ D with exactly one singular
fiber N0. Each Nt admits a pure Hodge structure. In the limit t→ 0 these Hodge
structures degenerate to a certain limit mixed Hodge structure introduced inde-
pendently by W. Schmid and J. H. C. Steenbrink.
Steenbrink has gone further and, using the construction of the limit mixed Hodge
structure, defined a certain mixed Hodge structure in the cohomological Milnor
fibration (of an isolated critical point of a holomorphic function). A. N. Varchenko
has shown that Steenbrink’s mixed Hodge structure can be defined by means of
asymptotic expansions of the integrals along vanishing cycles and by the mon-
odromy operator.
The situation with degeneration of a family Nt of hypersurfaces leads to investi-
gation of the so-called period map t→ (

∫
δj(t)

ωi), (integrals of holomorphic forms
along basic cycles in Nt), with values in a period matrix space D (certain ho-
mogeneous space). In the case of curves Nt, the period mapping is an embedding
(Torelli theorem). We have here the Gauss–Manin connection and the monodromy
operator inducing an automorphism of D. The singularities of the period mapping
as t→ 0 were investigated by P. Griffiths. In some cases the limit turns out to lie
in a certain natural partial compactification of the homogeneous space D.
We are going to describe general ideas lying in the foundations of this theory.
We cannot present all the details, because they are very complicated and need
advanced knowledge of homological algebra and sheaf theory. Even without these
details this chapter is decidedly more difficult than the others.

7.1. Agreement. By an algebraic variety M we mean a Zariski open subset of
a projective complex variety. It means that M is defined by a finite system of
algebraic equations f1(x) = . . . = fk(x) = 0, x = (x0, x1, . . . , xN ) ∈ CN+1 (with
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homogeneous fj) and by a finite system of algebraic inequalities g1(x)·g2(x) . . . �= 0
(gj also homogeneous). Such a variety is called quasi-projective. If there are no
inequalities, then the subset (of CPN ) is called Zariski closed .
In the affine part CN ⊂ CP N defined by {x0 �= 0}, with the affine coordinates
yi = xi/x0, we have a variety given by algebraic (non-homogeneous) equations
and inequalities fi(1, y1, . . . , yN) = 0 �= g(1, y1, . . . , yN). Similarly the other affine
parts in the hyperplanes {xi �= 0} are defined.
If the definition of M does not contain inequalities, then such a variety is called
closed.
M is called smooth iff it is of the class C∞ at each of its points as a real manifold.
Equivalently, if the rank of the matrix (df1, . . . , dfk) is constant at each affine part
of M .

§1 Hodge Structure on Algebraic Manifolds

7.2. Harmonic forms on Riemannian manifolds. Let M be a real Riemannian
oriented manifold, i.e. with a scalar product ds2 = 〈·, ·〉x, defined in each tangent
space TxM and depending smoothly on x. This product defines the scalar product
in the cotangent space T ∗

xM and in its exterior products
∧k

T ∗
x M . Moreover, there

is defined the volume form V OL ∈ Γ(M, En) where n = dimM and Ek denotes
the sheaf of smooth k-forms: 〈V OL, (v1, . . . , vn)〉 = ±(det(〈vi, vj〉))1/2. Here the
proper choice of the sign ± is possible due to the orientability of M .
Locally one can write V OL = φ1 ∧ . . . ∧ φn where φi = φi(x) ∈ T ∗

xM are 1-forms
diagonalizing the metric: ds2 =

∑
dφ2

j .
We have also the so-called Hodge star operation ∗ : Ek → En−k defined by the
equality

ω(x) ∧ ∗η(x) = 〈ω, η〉x · V OL(x).

The metric structure on M allows us to define the scalar product on the spaces of
differential forms on the manifold Γ(Ek) = Γ(M, Ek): (ω, η) =

∫
M 〈ω, η〉xV OL(x).

Thus Γ(M, Ek) becomes prehilbert space. We complete it to the Hilbert space
L = Lk.
Moreover, if d : Γ(Ek) → Γ(Ek+1) is the exterior derivative, then we have the
conjugate operator d∗ : Γ(Ek+1)→ Γ(Ek). One can check that

d∗ = − ∗ d ∗ .

We define the laplacian (or the Laplace–Beltrami operator) of M as

∆ = dd∗ + d∗d.

Sometimes this laplacian is denoted by ∆d, as associated with the exterior deriva-
tive. Note that it depends on the metric.
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The forms satisfying the equality ∆ω = 0 are called the harmonic forms. Because
(∆ω, ω) = ||dω||2 + ||d∗ω||2, the harmonic forms have the property that dω =
d∗ω = 0.
Recall that by the de Rham Theorem 3.24 the cohomology group Hk(M, R) is
isomorphic to the group of de Rham cohomologies. It is the quotient space of
closed k-forms modulo differentials of (k − 1)-forms. It is desirable to have some
natural way of choosing a form from each cohomology class. In the case of a
Riemannian manifold such choice is given in the following theorem.

7.3. Theorem (Hodge). The group Hk
dR(M, R) is isomorphic to the space of smooth

harmonic k-forms on M .

Proof. From each class [ω] = {ω+dη : η ∈ Γ(Ek−1)} we take a form with minimal
|| · ||-norm. Because d

dt ||ω + tdη||2|t=0 = 2(ω, dη) = 2(d∗ω, η) = 0 for any η the
minimality of ω implies d∗ω = 0. On the other hand, if d∗ω = 0 then ||ω + dη||2 =
||ω||2 + ||dη||2 which shows that ω is minimal.
These arguments are only heuristic. Note that the minimal element can be found
in the closure of the class [ω] in the Hilbert space L = Lk. We obtain harmonic
forms in the weak sense, as harmonic generalized functions. To complete the proof
we use some partial differential equations methods.
The operator ∆ is non-negatively definite, (∆ω, ω) ≥ 0; so, the operator I + ∆ is
strictly positive. One shows (using the Rellich lemma and the Gårding inequality)
that:

(I + ∆)−1 is a bounded and compact operator in L.

(Proof : I +∆ is an isomorphism between the Sobolev space L1 (the completion of
the space of smooth forms in the norm (||ω||2 + ||dω||2)1/2) and the Hilbert space
L and the inclusion L1 ⊂ L is a compact operator (by the uniform continuity of
functions from the ball in L1).)

Thus (I + ∆)−1 has discrete eigenvalues of finite multiplicity. This applies to the
eigenspace corresponding to the eigenvalue λ = 1, which is equal to the space
of harmonic forms. This shows that the de Rham cohomology groups are finite
dimensional; (we know it also from topological arguments).
Next, one applies the Sobolev lemma to show that harmonic forms are smooth:

If (I + ∆)ω = η and η is smooth, then ω is smooth.

(See [GH] for details of the proof). �
7.4. The Dolbeault cohomologies of complex manifolds. Now we pass to the case
when M is a smooth complex manifold.
The sheaf of complex differential forms on M can be decomposed into sums of
the sheaves Ep,q

M . If z1 = x1 + iy1, . . . , zn = xn + iyi are local coordinates in
M , then the forms of the type (p, q) (or the (p, q)-forms) have the representation
ω =

∑
IJ aIJdzI∧dz̄J , where the sum runs over p-element subsets I and q-element

subsets J of the set of indices and aIJ ∈ C∞(M, C).
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There is also the sheaf of holomorphic p-forms on M which are of the type (p, 0)
with holomorphic coefficients (see the definition before Theorem 5.8). It is denoted
by Ωp = Ωp

M .
The Dolbeault cohomology groups are the Čech cohomology groups (see 3.26)

Hq(M, Ωp).

As we shall see, they play a role analogous to the Čech cohomology groups
Hk(M, C), i.e. with coefficients in the constant sheaf C.
Recall that the latter groups are calculated by means of (complex) differential
forms (see the proof of de Rham’s theorem). Analogously the Dolbeault cohomol-
ogy groups are calculated using differential forms.
The role of the sequence 0 → C → E0 d→ E1 → . . . which is exact (by Poincaré’s
Lemma) is played by the Dolbeault complexes

0 → Ωp → Ep,0 ∂̄→ Ep,1 . . . ,

where ∂̄ is the exterior derivative only with respect to the variables z̄j . The ana-
logue of the Poincaré Lemma, the ∂̄-Poincaré Lemma, says that:

The latter sequences are exact. It means that for any local (p, q)-form ω, such
that ∂̄ω = 0, there is a local (p, q − 1)-form η such that ∂̄η = ω.
(In one dimension we have the formula f(z) = 1

2πi

∫
D[g(w)/(w − z)]dw ∧ dw̄ for

the solution of the equation ∂f/∂z̄ = g; the inductive proof in the general case is
given in [GH].)
Repeating word-by-word the proof of the de Rham theorem we get the following.

7.5. Dolbeault’s Theorem. We have

Hq(M, Ωp) = Hp,q

∂̄
,

where the latter groups are the groups of global ∂̄-closed (p, q)-forms on M modulo
the subgroups of global ∂̄-exact forms.

7.6. The Dolbeault cohomology groups of Hermitian varieties. Assume that M is a
complex smooth manifold equipped with a Hermitian product 〈·, ·〉z in its tangent
bundle.
We can assume that in each tangent plane the Hermitian form is diagonal and
given by

ds2 =
∑

φj ⊗ φ̄j

where φj = φj(z) ∈ T ∗
z M are local (1, 0)-forms. With this metric one associates

the following (1, 1)-form ω = (i/2)
∑

φj ∧ φ̄j . (If ds2 =
∑

hij(z)dzi ⊗ dz̄j , then
ω = (i/2)

∑
hijdzi∧dz̄j). One can say that the real part of the Hermitian metric,

which is a symmetric tensor, represents the Riemannian structure of M (treated
as a real 2n-dimensional manifold) and the imaginary part of the Hermitian metric
is just the anti-symmetric form ω.
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One defines the induced Hermitian product on the spaces T
∗(p,q)
z M ⊂∧p+q

T ∗
z M (of (p, q)-forms at z) and the volume form as V OL = ωn/n!

Repeating the analysis from the point 7.2 we equip the spaces Γ(M, Ep,q) with
Hermitian products and transform them into complex prehilbert spaces.
One defines the Hodge star operation ∗ : Ep,q → En−p,n−q by ξ(z) ∧ ∗η(z) =
〈ξ, η〉z · V OL(z).
It turns out that

∗∗ = (−1)p+q,
∂̄∗ = − ∗ ∂̄ ∗,

where ∂̄∗ is the operator conjugate to ∂̄.
One introduces the ∂̄-laplacian

∆∂̄ = ∂̄∂̄∗ + ∂̄∗∂̄

and defines the harmonic (p, q)-forms as those which satisfy the equation ∆∂̄η = 0.
They satisfy also the equations ∂̄η = ∂̄∗η = 0. The space of harmonic (p, q)-forms
is denoted by Hp,q.
As in the point 7.2 one has the formal isomorphism

Hp,q

∂̄
(M) = Hp,q (1.1)

where one chooses from each cohomology class an element with minimal norm.
The next result is an analogue of Theorem 7.3 (with the same proof which we do
not repeat here).

7.7. Hodge’s Theorem. The isomorphism (1.1) is rigorous. This means that the
space Hp,q

∂̄
(M) is isomorphic with the space of smooth harmonic forms. Moreover,

the spaces Hp,q are finite dimensional.

7.8. Remark. The reader can notice that the above spaces Hp,q are not chosen
canonically, they depend on the Hermitian metric.

7.9. The Kähler manifolds. A complex manifold M is called Kähler iff it admits a
Hermitian metric ds2 =

∑
φj ⊗ φ̄j such that the (1, 1)-form associated with it,

ω = (i/2)
∑

φj ∧ φ̄j ,

is symplectic. In other words, dω = 0.

7.10. Example. Smooth closed projective algebraic varieties are Kähler.
Firstly, we introduce a certain Kähler structure in the projective space CPN . It is
given by the Fubini–Study form

ω = ωCP N =
i

2π
∂∂̄ log |Z|2

where Z : U → CN+1 \ 0, U ⊂ CPN , is a local holomorphic section of the
tautological bundle, i.e. the line Z(x)C represents the point x. It is easy to see
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that this definition does not depend on the choices of Z in its class and that ω is
closed. Expressing it in affine coordinates we show that it is non-degenerate.
The Fubini–Study form ω represents a certain class [ω] in the cohomology group
H2(CPN , C). It turns out that [ω] ∈ H2(CPN , Z); it takes integer values at the
integer 2-dimensional cycles). To see this it is enough to calculate the value of
the class [ω] on the generator of H2(CPN , Z) which can be represented as any
projective line CP 1 ⊂ CPN . But ω restricted to the affine plane C1 ⊂ CP 1 is
equal to idz ∧ dz̄/(1 + |z|2)2 and its integral is equal to 1. The class [ω] is the
coorientation class of (any) hyperplane CPN−1 ⊂ CPN .

If M
i
⊂ CPN is algebraic, then the restriction of the Fubini–Study metric to M

defines the Kähler metric on M . Indeed, ds2|TM is a metric (hence non-degenerate)
and the corresponding (1, 1)-form ωM = i∗ωCP N = i∗ω is closed. Moreover, the
Kähler form i∗ω represents the integer cohomology class of M . The class i∗[ω] is
the coorientation class of intersection of M with a generic projective hyperplane
of CPN (hyperplane section).

The Kähler manifolds have the important property

∆∂̄ = (1/2)∆d.

It means that the forms, harmonic in ∂̄-sense, are also harmonic in the usual sense.
To show this equality one introduces the operators L : η → η∧ω and dc = −i(∂−∂̄)
and the notations: [A, B] = AB−BA (for the commutator) and {A, B} = AB+BA
(for the anti-commutator). Note that d = ∂+ ∂̄. Next, one has the following simple
identities which are consequences of the closeness of ω:

[L, d] = [L∗, d∗] = 0.

The next two identities are more complicated in proofs,

[L, d∗] = dc, [L∗, d] = d∗c ;

they imply {dc, d
∗} = {d∗c , d} = {∂, ∂̄∗} = {∂̄, ∂∗} = 0.

(In a local chart with the metric ds2 =
∑

dzk ⊗ dz̄k (where ‖dzk‖2 = 2) one
introduces the operators ek(·) = dzk ∧ (·), ēk = dz̄k ∧ (·), acting on forms with
compact support. The conjugate operators e∗k act as follows: e∗k(dzI ∧ dz̄J) = 0 if
k /∈ I and e∗k(dzk∧dzI′∧dz̄J) = 2dzI′∧dz̄J ; the operators ē∗k act analogously. There
are relations such as in the Clifford algebra: {ek, e∗k} = {ēk, ē∗k} = 2 and other anti-
commutators are zero. We have ∂ =

∑
ek∂k =

∑
∂kek, ∂̄ =

∑
ēk∂̄k =

∑
∂̄kēk,

∂∗ = −
∑

∂̄ke∗k, ∂̄∗ = −
∑

∂kē∗k (integration by parts) and L = i
2

∑
ekēk. Now

direct calculations show that [L∗, ∂] = i∂∗ and
[
L∗, ∂̄

]
= −i∂̄∗. See also [GH] and

[Wel].)
Finally we get

4∆∂̄ = {d− idc, d
∗ + id∗c} = ∆d + {dc, d

∗
c}+ i{d, d∗c} − i{dc, d

∗} = 2∆d
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(because ∆d − {dc, d
∗
c} = 2{∂, ∂̄∗}+ 2{∂̄, ∂∗}).

This gives the following:

7.11. Hodge’s expansion theorem. Let M be a Kähler manifold. We have

Hk
dR(M, C) =

⊕
p+q=k

Hp,q(M)

where Hp,q(M) = {closed (p, q)-forms}/{exact (p, q)-forms}. These groups are
isomorphic to the groups Hp,q, Hq(M, Ωp) and Hp,q

∂̄
.

In particular, the space Hp,0 ≈ H0(M, Ωp) = Γ(M, Ωp) consists of global holomor-
phic n-forms.
Moreover, we have the following isomorphisms (with n = dimC M):

Hp,q = Hq,p,
Hp,q ≈ Hn−p,n−q.

The latter isomorphism is given by the Hodge star ∗, follows from the Poincaré
duality and is called the Kodaira–Serre duality.

Kähler manifolds admit also another expansion. Introduce the Lefschetz operator
L : Hp,q → Hp+1,q+1 defined by (see above)

L : [η]→ [η ∧ ω]

(it is correct because ω is closed). Moreover, studying the Lie algebra generated
by L and L∗ one obtains the following.

7.12. Strong Lefschetz theorem. The maps Lk : Hn−k → Hn+k, n = dimC M are
isomorphisms.
If we define the subspace of primitive vectors

Pn−k = kerLk+1|Hn−k = kerL∗|Hn−k ,

then we have the Lefschetz expansion

Hk =
⊕

j LjP k−2j ,

P l =
⊕

p+q=l P p,q.

7.13. Example. Let X ⊂ CPn be a smooth closed hypersurface of degree d. If
n = 2k is even then we have:

H0(X) = P 0 = C, H1(X) = 0, H2(X) = LP 0 = C,

H3(X) = 0, . . . , H2k−2(X) = Lk−1P 0, H2k−1(X) = P 2k−1,

H2k(X) = LkP 0, H2k+1(X) = 0, . . . , H4k−2(X) = L2k−1P 0.
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If n = 2k + 1 is odd, then

H0(X) = P 0 = C, H1(X) = 0, H2(X) = LP 0 = C,

H3(X) = 0, . . . , H2k−1(X) = 0, H2k(X) = LkP 0 ⊕ P 2k,

H2k+1(X) = 0, H2k+2(X) = Lk+1P 0, . . . , H4k(X) = L2kP 0.

Here dimP p,q, p + q = n − 1 is equal to the number of integer points in the
hypercube [1, d − 1]n between the hyperplanes |k| = qd and |k| = (q + 1)d, |k| =∑

ki, i.e. dimP p,q = #{k ∈ Zn : 0 < ki < d, qd < |k| < (q +1)d}. See also 7.44(b)
below.

This is not the end of the story. The cohomology spaces of Kähler manifolds are also
equipped with certain bilinear form, called the polarization Q : Hn−k⊗Hn−k → C
and defined as

Q(ξ, η) =
∫

M

ξ ∧ η ∧ ωk.

7.14. Theorem. The polarization form has the following properties, called the bi-
linear Riemann–Hodge relations:

(i) Q(Hp,q, Hp′,q′
) = 0 unless p = q′, q = p′,

(ii) ip−q(−1)m(m−1)/2Q(ξ, ξ̄) > 0 for ξ ∈ P p,q, m = p + q.

The expansion of these properties to Hm and the identity Q(Lξ, Lη) = Q(ξ, η)
shows that Q extends itself to the whole H∗ and is non-degenerate.

The introduced structures (the Hodge decomposition, the Lefschetz decomposi-
tion, the polarization) are functorial. It means that if M and N are smooth com-
pact algebraic varietes and f : M → N is a smooth algebraic morphism, then the
induced map f∗ transforms the above structures from N to the structures in M .

7.15. Example. Hodge structure in the elliptic curve. Let M0 = {y2 = P3(x)}
where P3 is a cubic polynomial with three distinct zeroes x1, x2, x3. After adding
the point [1 : 0 : 0] at infinity, one obtains a non-singular algebraic curve M in
CP 2. As a Riemann surface it is a torus (with genus 1). Its cohomology groups
are

H0 = C, H1 = C2, H2 = C.

These spaces contain also the integer lattices Hk(M, Z) and real subspaces
Hk(M, R). We investigate the influence of the complex structure on M on the
cohomology ring.
Consider the form

η = dx/y

restricted to M . It is holomorphic and nonzero in the affine part of M . Indeed,
near the points where y = 0 (i.e. (xi, 0), P3(xi) = 0) we have x = xi + cy2 + . . .
and dx = (2cy + . . .)dy. Let us look at the behaviour of η near the intersection
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of M with the line at infinity. We apply the change z = 1/y, u = x/y. Then
M = {z = P̃3(u, z)} is smooth near u = z = 0 and can be parameterized by u:
z = au3 + . . .. After simple transformations we obtain η = (−2 + . . .)du. This
shows that η is holomorphic and nonzero in the whole M .
Of course, η represents an element (nontrivial as we shall see) of the first coho-
mology group, [η] ∈ H1(M, C).
If η′ is another holomorphic 1-form on M , then the ratio η′/η is a global holomor-
phic function on M . Such function is bounded and, by an analogue of the Liouville
theorem (the image of a non-constant holomorphic function is open), it is constant.
This means that the space of global holomorphic 1-forms on the elliptic curve is
one dimensional.
We have the property

i

∫
M

η ∧ η̄ > 0. (1.2)

This follows from the local analysis. If locally η = f(z)dz, z = x + iy, then
η ∧ η̄ = |f |2dz ∧ dz̄ = −i|f |2dx ∧ dy. This means that the class [η] is nonzero in
H1 and generates the subspace H1,0.
We get the following Hodge decomposition of the cohomology space of M :

H0,0 = C, H1,0 = [η] ·C, H0,1 = H1,0 = [η] ·C, H1,1 = [η ∧ η̄] ·C.

Other spaces are equal to zero.
We see also that the property (1.2) defines the polarization form on H1. It is
non-degenerate and anti-symmetric.

7.16. Remark. Generally, if X is an algebraic curve, then the dimension of the
space of its holomorphic forms, i.e. dimH0(X, Ω1) = dim Γ(X, Ω1), is called the
algebraic genus of X . For example, let X = CP 1 and let η be a holomorphic form.
Then η|C = f(x)dx with holomorphic f . Near infinity we have η = −f(1/y)dy/y2,
y = 1/x and, in order to have holomorphic η, we should have f(∞) = 0 which
implies f = 0. Thus the algebraic genus of the projective plane is zero.
One of the fundamental facts from the theory of algebraic curves says that the al-
gebraic genus coincides with the topological genus , i.e. with the number of handles
of the corresponding Riemann surface.

If an algebraic manifold is singular and/or not complete, then usually its coho-
mological ring does not have Hodge structure, such as the one presented above.
It turned out that the cohomologies of such manifolds admit the so-called mixed
Hodge structures. Before giving the precise definition of the mixed Hodge structure
we present some additional cohomological tools and examples.

§2 Hypercohomologies and Spectral Sequences
7.17. Preliminary remarks. Recall the proof of the de Rham and Dolbeault theo-
rems.
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In order to calculate the Čech cohomology groups with coefficients in some sheaf
F , one introduces its resolvent (denoted also by F•)

0 → F0 d0

→ F1 d1

→ F2 . . . .

This is a cochain complex (dj+1 ◦ dj = 0) of flabby sheaves which is exact in the
terms F1, F2, . . . (ker dj |Fj(U) = Im dj−1|Fj−1(U)) and the sheaf F is included into
F0 as ker d0. One uses sometimes the notation 0→ F → F•.
The flabby sheaves admit a partition of unity that implies Hq(M,F j) = 0 for
q > 0. Then, using the short exact sequences of sheaves 0 → ker dj → F j →
kerdj+1 → 0 and associated with them the long exact sequences of Čech coho-
mologies, one obtains the successive reductions Hn(M,F) = Hn(M, ker d0) ≈
Hn−1(M, ker d1) . . . and finally one gets the group

H0(M, ker dn)/dn−1H0(M,Fn−1)
= (global closed sections of Fn)/(global exact sections).

Note that the sum of indices in Hi(M, ker dj) is constant and equal to n; this
suggests a possible generalization of these theorems.
One can ask what happens when the considered resolvent is not flabby. For exam-
ple, the holomorphic de Rham complex

Ω0 d→ Ω1 d→ . . .

is exact (by the holomorphic Poincaré lemma), but is not flabby.
It turns out that in such case the groups Hn(M,F) can be calculated using the
so-called hypercohomologies defined as follows.

7.18. Definition. Let F• : 0 → F0 d0

→ F1 d1

→ F2 . . . be a complex of sheaves on M
on M and let U = {Uα} be a covering of M . One considers the double complex
(K•,•(U), D′, D′′), where

Kp,q(U) = Kp,q = Cp(U ,Fq)

are the Čech p-cochains with values in Fq,

D′ = δ : Kp,q → Kp+1,q

is the Čech coboundary operator, and

D′′ = (−1)pdq : Kp,q → Kp,q+1.

We have
K0,0 D′=δ0

→ K1,0 → . . .
d0 ↓ D′′ d1 ↓ D′′

K0,1 D′=δ0

→ K1,1 → . . .
↓ ↓
...

...
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With the double complex one associates the cochain complex (K•(U , D), where

Kn(U) =
⊕

p+q=n

Kp,q, D = D′ + D′′;

(here one checks that D ◦D = 0).
Let Hn(U ,F•) be the cohomology groups of the latter cochain complex. Their di-
rect limit, with respect to the system of coverings U , defines the hypercohomology
groups denoted by

Hn(M,F•) = lim→ Hn(U ,F•).

The next result is an analogue of the de Rham theorem (see [God], [GH]).

7.19. Theorem (Hypercohomology). If the complex of sheaves F• is a resolvent of
F , then

Hn(M,F) ≈ Hn(M,F•).

We will prove this theorem later.

In order to compute the groups Hn one uses the so-called spectral sequences.
Their idea is to compute the hypercohomology groups not at once but successively,
approximating step-by-step the groups Hn.
The complex K• = K•(U) has the natural decreasing filtration K• = F 0 ⊃ F 1 ⊃
F 2 ⊃ . . . , where

F p = Kn,0 ⊕Kn−1,1 ⊕ . . .⊕Kp,n−p,

when restricted to Kn. The differential (the coboundary operator) D is compatible
with this filtration.
At the first step of calculations one restricts the coboundary operator D to F p

and neglects the terms modulo F p+1. More precisely, one considers the following
homomorphism, induced by D,

d0 : F p/F p+1 → F p/F p+1.

If we denote Ep,q
0 = (F p/F p+1)|Kp+q (which is equal to Kp,q), then we have

d0 : Ep,q
0 → Ep,q+1

0 . Because D is a differential, we have d0 ◦ d0 = 0. Here a chain
a ∈ F p is a cocycle with respect to d0 iff Da = 0 (mod F p+1); so Da can be
nonzero, but must lie in F p+1.
One has the cohomology groups associated with the differential d0 and denotes
them by

Ep,q
1 = ker d0/ Imd0

on Ep,q
0 . The group

⊕
p Ep,n−p

1 is the first approximation of Hn.
Of course, in our situation (from Definition 7.18) the differential d0 is equal to D′′.
We have Ep,q

1 = Hq
D′′(Kp,•), the homology groups of the vertical chain complexes.

Thus Ep,q
1 can be associated with the block Kp,q; it is a quotient of some subspace

of Kp,q by another smaller subspace.
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In the second approximation one also uses the operator D and its action on terms
from E•,•

1 , (i.e. on cocycles in the first approximation), but now one neglects the
terms from F p which lie in F p+2. This gives a certain coboundary operator

d1 : Ep,q
1 → Ep+1,q

1 .

If a ∈ F p is a representative of a class [a] from Ep,q
1 , then Da ∈ F p+1 (as it

= 0 mod F p+1) and we take the class of Da in F p+1(mod F p+2), i.e. the coset
Da + F p+2. Because the degree of Da is greater by 1 than the degree of a and
because p grows by 1, we have [Da] = d1[a] ∈ Ep+1,q

1 .
As before we define

Ep,q
2 = ker d1/ Imd1.

One can see that Ep,q
2 = Hp

D′(Hq
D′′ (K•,•)). Here also the term Ep,q

2 is more or less
directly associated with the block Kp,q.
Before making a generalization let us look at how the differential d2 is constructed.
We have d2 : Ep,q

2 → Ep+2,q−1
2 and d2[a] = da (mod F p+3). Here a ∈ F p is such

element that Da = 0 (mod F p+2).
In general we cannot identify the corresponding class [a] ∈ Ep,q

2 with some element
ap from the space F pKn/F p+1Kn = Kp,q, p + q = n. In fact, we have a = ap +
ap+1+. . ., aj ∈ Kj,n−j and Da = (D′′ap)+(D′ap+D′′ap+1)+(D′ap+1+D′′ap+2)+
. . . where the summands are in F p, F p+1, . . . respectively. Because d0[a] = d1[a] =
0, we find D′ap = 0 and D′′ap = −D′ap+1. Thus d2[a] = [D′′ap+1 + D′ap+2]
is identified with an element from Kp+2,q−1. We see that there is no direct link
between Ep,q

2 and Kp,q.
Repeating the above procedure we obtain the triply indexed groups Ep,q

r and
differentials dr : Ep,q

r → Ep+r,q−r+1
r . Note that the index p grows by r (Da takes

values in F p+r) but the sum of indices (degree) grows only by 1 (as for D as
expected).

The above process stabilizes at some moment, i.e. Ep,q
r = Ep,q

r+1 = . . . = Ep,q
∞ for

r > r0, and we have
Hn =

⊕
p

Ep,n−p
∞ .

In fact, r0 ≤ 2 · dimM in our situation.

7.20. Definition. The system (Ep,q
r , dr) is called the spectral sequence of hyperco-

homology groups.

The complex K• admits also the reverse filtration: F̃ p = K0,n ⊕K1,n−1 ⊕ . . . ⊕
Kn−p,p. With this filtration one can associate the corresponding spectral sequence
Ẽp,q

r . Here one gets Ẽp,q
1 = Hp

D′(K•,q) and Ẽp,q
2 = Hq

D′′(Hp
D′(K•,•). Therefore the

two spectral sequences converge to the hypercohomology groups.
The reader can also note that the spectral sequence can be introduced in each case
when a cochain complex admits a filtration compatible with the differentials.
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Figure 1

Using the spectral sequence Ẽ•,•
• one obtains the following useful result about

independence of the hypercohomology groups on the complex F•.

7.21. Definition. A homomorphism of cochain complexes of sheaves j• : F• → G•

(i.e. a system of maps jk : Fk → Gk commuting with the differentials) is called a
quasi-isomorphism if it induces isomorphisms of their cohomological sheaves

j∗ : Hq(F•(U)) ≈ Hq(G•(U)).

7.22. Proposition. The quasi-isomorphism j induces isomorphism of the hyperco-
homologies j∗ : H∗(M,F•) ≈ H∗(M,G•).

Proof. j induces isomorphism at the first level of the second spectral sequence
Ep,q

1 = Hq
D′′(Kp,0(U)) = Cq(U , ker dp/ Im dp−1). �

Proof of Theorem 7.19. Consider the two complexes of sheaves: G• : 0 → F →
0 → . . . and F• : 0 → F0 → F1 → . . .. They are quasi–isomorphic, because they
have the same cohomology sheaves: equal to F in the 0-th term and 0 in the next
terms. So, H∗(M,F•) = H∗(M,G•). The latter hypercohomology group equals
H∗(M,F). �
7.23. Examples. (a) In the proof of the de Rham theorem the two complexes
of sheaves R• : 0 → R → 0 → 0 → . . . and E• : 0 → E0 → . . . are quasi-
isomorphic (because both are exact in the right of R). So they have isomorphic
hypercohomology groups.
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The second spectral sequence Ẽ•,•
• , applied to the complex R•, gives Ẽp,q

2 =
Hp(M, R) if q = 0 and 0 otherwise; thus Ẽ∞ = H∗ = H∗(M).
The first spectral sequence E•,•

• , applied to the complex E•, gives Ep,q
2 = Hp

dR(M)
if q = 0 and 0 otherwise; thus En,0

∞ = Hn = Hn
dR(M). This is the de Rham

theorem.

(b) The proof of the Dolbeault theorem runs in the same way but with the com-
plexes 0→ Ωp → 0→ 0 . . . and the Dolbeault complex 0→ Ep,0 → . . ..

(c) The quasi-isomorphic complexes: trivial

0→ C → 0 → . . .

and holomorphic de Rham

Ω• : 0→ Ω0 d→ Ω1 → . . .

give the isomorphism H∗(M, C) ≈ H∗(M, Ω•).
In the case of a Kähler manifold one obtains additionally that the second spectral
sequence, associated with the resolvent Ω•, stabilizes in the second term Ẽ2 = Ẽ∞
which gives the Hodge expansion Hn(M, Ω•) ≈

⊕
Hq(M, Ωn−q).

7.24. The Leray spectral sequence. This is a sequence used in computation of the
cohomology groups of a fibre bundle. Let π : E → B be a smooth fibre bundle, i.e.
the sets π−1(Uα) are diffeomorphic to Uα×C, where C is a smooth fiber and (Uα)
is a covering of the base B). The cohomology ring of E is calculated using the
de Rham complex E• : 0 → E0 → E1 . . .. We introduce the following decreasing
filtration F 0 ⊃ F 1 ⊃ . . . of the de Rham complex (and of the complex of global
sections). If locally π : (x, y) → x then F pEn consists of forms

∑
aIJdxI ∧ dyJ

with |I| ≥ p.
The Leray spectral sequence is the spectral sequence of the de Rham complex
associated with the filtration F 0 ⊃ F 1 ⊃ . . ..
Obviously

Ep,q
0 = F pEp+q/F p+1Ep+q

and consists of the forms η =
∑

ηI ∧ dxI with |I| = p and ηI contain only dyj ’s.
It is also clear that

d0η =
∑

dyηI ∧ dxI .

This implies that
Ep,q

1 = ker dy/ Imdy = Ep
B(Hq

dR(Ex))

and consists of p-forms on B with values in the q-cohomologies of the fiber Ex =
π−1(x). More precisely, the groups Hq

dR(Ex) are organized into the cohomologi-
cal bundle, called the Leray sheaf Rqπ∗C (denoted also Hq). We have Hq(U) =
Hq(π−1(U)) � U×Hq(C). (This sheaf is the analogue of the cohomological Milnor
bundle from Chapter 5). Hq is a local system with the Gauss–Manin connection
induced by the lattices Hq(Ex, Z).
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The second term in the Leray spectral sequence is also easy to compute. If η =∑
ηI ∧ dxI represents an element from Ep,q

1 , i.e. dyη = 0, then

d1η = dxη.

This shows that Ep,q
2 = kerdx/ Im dx can be identified with

Hp
dR(B,Hq).

In general situations, the Leray spectral sequence does not stabilize here. In [GH]
it is shown that E2 �= E∞ in the case of the Hopf bundle S2n+1 → CPn.

7.25. Theorem (Leray spectral sequence). ([Del1]) If the spaces E and B are
Kähler manifolds, then the Leray spectral sequence degenerates at E2. In particular

Hn(E) �
⊕

p+q=n

Hp(B,Hq).

Proof. We shall use the strong Lefschetz theorem 7.12.
Let ω be the Kähler (1, 1)-form on E whose restriction ωx to each fiber Ex is
also Kähler. Let L : η → η ∧ ωx be the Lefschetz operator. The action of L is
compatible with the Leray spectral sequence, L : Ep,q

r → Ep,q+2
r , and L commutes

with the differentials dr.
By Theorem 7.12: (i) Lk : Hn−k → Hn+k, n = dimC Ex, are isomorphisms and
(ii) Hq =

⊕
k LkPq−2k, where Pn−i are the sheaves of primitive cohomologies of

fibers (kernels of Li+1). We have then Ep,q
2 =

⊕
k LkHp(B,Pq−2k). In order to

show that d2 = 0 it is enough to show that d2 = 0 on Hp(B,Pn−i). Of course,
d2 : Hp(B,Pn−i) → Hp+2(B,Hn−i−1). Because Li+1 : Hp+2(B,Hn−i−1) →
Hp+2(B,Hn+i+1) is an isomorphism we have to show that Li+1 ◦ d2 = 0. On
the other hand, Li+1 ◦ d2 = d2 ◦ Li+1 where Li+1 = 0 on Hp(B,Pn−i).
In the same way one shows that the other dr = 0. �
7.26. Landman’s proof of the monodromy theorem using the Leray spectral se-
quence. The Leray spectral sequence is defined also in the situations when the
map π : E → B is only continuous (not a locally trivial bundle). For this one uses
the corresponding filtration in the complex of singular cochains.
The second term of this sequence consists of the groups Ep,q

2 = Hq(B, Rpπ∗C),
where Rpπ∗C(U) = O(Hp)(U) = Hp(π−1(U)), U ⊂ B defines the Leray sheaf
(the ‘cohomological bundle’ ).
A. Landman in his thesis in 1966 (see [Lan]) applied the Leray spectral sequence
to the case of Clemens contraction map to the proof of the quasi-unipotency of the
monodromy transformation (see Theorem 4.71). His idea of the proof is as follows.
Recall the definition of the Clemens’ contraction from the point 4.70. We have a
holomorphic map f : (X, X0) → (C, 0) such that near any point of X0 there is a
system of holomorphic coordinates such that f = xk1

1 . . . xkr
r . The Clemens map pt

sends a non-singular hypersurface Xt = f−1(t) to X0 such that the preimage of a



210 Chapter 7. Hodge Structures and Period Map

smooth point x0 is finite (equal to multiplicity of the corresponding divisor) and
a preimage of a point of r-fold intersection is an (r − 1)-dimensional torus. The
monodromy transformation h : Xt → Xt is “homologically” compatible with the
map pt and acts either by cyclic permutation (if p−1

t (x0) is finite) or as a periodic
translation on the corresponding torus.
This implies that the monodromy transformation acts diagonally upon the stalks
of the Leray sheaf (with roots of unity as eigenvalues). Therefore it induces a
diagonal and periodic homomorphism h∗ on the second terms Ep,q

2 of the Leray
spectral sequence and in consequence on the final terms Ep,q∞ = GrpHp+q(Xt).
Thus the eigenvalues of the monodromy are roots of unity.
If (Ms)k = (Gr h∗)k = I, then the only nonzero entries of the matrix Mk −
I are upper-triangular. (Here (Ms is the semi-simple part of the monodromy
map and is equal to the graded operator Gr h∗ =

⊕p
Grph

∗, where Grph∗ =
h∗|F p mod Grp+1). This shows that the dimension of any Jordan cell is ≤ p+q+1.
To obtain the Clemens’ estimate (by n − |p + q − n + 1| where n = dim X) one
should apply the Poincaré duality. �

§3 Mixed Hodge Structures
7.27. Examples. (a) Let X be a closed algebraic curve with singularities in S ⊂ X ,
where we assume that the singular points are the double points (locally given by
xy = 0).
The singular points can be resolved by means of normalization (see the points 4.63,
4.64 and 4.65). This means that there is a smooth complete algebraic curve X̃ and
a morphism π : X̃ → X such that π is a diffeomorphism between X̃ \ π−1(S) and
X \ S and π−1(s) is a two-point set {x1, x2} for each s ∈ S (see Figure 2).
Consider the constant sheaf CX on X (see 3.26): it means that CX(U) ≈ C for each
open connected U ⊂ X . Analogously we consider the sheaves C eX on X̃ and π∗C eX
on X . The latter is defined by means of π∗C eX(U) = C eX(π−1(U)): if U ∩ S = ∅,
then π∗C eX(U) ≈ C and if U contains exactly one singular point s ∈ S, then
π∗C eX(U) ≈ C⊕ C. Let CS be a constant sheaf on X supported in S: CS(U) = 0
if U ∩ S = ∅ and CS(U) = C if U ∩ S = {s}.
We have the exact sequence of sheaves on X ,

0 → CX → π∗C eX → CS → 0.

(Outside S we have 0 → C → C → 0→ 0 and at s ∈ S we get 0→ C → C⊕C →
C → 0, where the first arrow is the diagonal embedding and the third arrow is the
difference.)
As we know from Chapter 3 (see Lemma 3.29) this sequence induces the long exact
sequence of the Čech cohomology groups

H0(X, π∗C eX) 0→ H0(X, CS)→ H1(X, CX) → H1(X, π∗C eX) → H1(X, CS).
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Figure 2

Here we have Hk(X, π∗C eX) = Hk(X̃, C) (see Example 3 in 3.26) and Hk(X, CS) =
Hk(S, C); thus the last group is zero. The first homomorphism is zero because any
element of H0(X̃, C) is a constant function and the difference of its values at x1,2

(above s) is equal to 0.

Figure 3

We see that the group H1(X, C) contains H0(S, C) as a subgroup and the quotient
group H1(X, C)/H0(S, C) is isomorphic to H1(X̃, C). Because S and X̃ are non-
singular compact algebraic manifolds they admit the natural Hodge structures.
One can introduce the filtration

0 = W−1 ⊂ W0 ⊂W1 = H1(X, C),

where W0 = H0(S, C). It has the property that the quotient groups Wn/Wn−1

admit the Hodge structures

Wn/Wn−1 =
⊕

p+q=n

Hp,q.

For example, if X = {y2z = x2(x − z)} is a singular elliptic curve, then its
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normalization is a rational curve; X̃ = CP 1,

π : t→ (x, y) = (1 + t2, t(1 + t2)).

Here H1(X, C) = C, H1(X̃, C) = 0, H0(S, C) = C (see Figure 3). Thus W0 =
W1 ≈ H1(X, C) = H0,0 which means that the first cohomology group of X has
the pure Hodge structure of weight 0.
Of course, H1(X) cannot admit the pure Hodge structure of weight 1 because
then it should be of the form H1,0 ⊕H0,1 and should have even dimension.

(b) Let X = C \ {0} be the punctured complex line. Of course, there is no pure
Hodge structure on H1(X, C) = C. However, one can associate the generator α of
H1(X, Z) with the point Y = {0} in the completion X of X . α is the generator
of W0 ≈ H0(Y, C). In this (artificial) sense one can introduce the Hodge structure
on W0 = W0/W−1 = H0,0.

(c) Let X be a curve consisting of two smooth (algebraic) components X1 and X2,
intersecting transversally one another in two points Q1 and Q2. Let, additionally,
Xi be not closed; they are obtained from the smooth closed curves Xi by deleting
some points P1, . . . , PN (see Figure 4).

Figure 4

We distinguish three kinds of generators of the group H1(X):

– the cycles αi, surrounding the points Pi;

– the cycles βj arising from H1(X i) (they are not defined uniquely, only modulo
elements from the first group);
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– the cycle γ which is defined uniquely modulo elements of the first two types.

This argumentation leads to the idea that there should exist a filtration

0 ⊂ W0 ⊂W1 ⊂ W2 = H1(X),

such that the factors Wn/Wn−1 arise from homologies of smooth complete mani-
folds.
Analogous filtrations should exist in the dual space H1(X). Due to this we can
introduce the Hodge structure on Wn/Wn−1.

7.28. Definition (Mixed Hodge structure of a finite dimensional space). Let HQ be
a finite dimensional vector space over the field Q of rational numbers. By H we
denote the complex space HQ ⊗Q C. A mixed Hodge structure on HQ consists of:

(i) An increasing weight filtration W Q on HQ :

0 ⊂ . . . ⊂W Q
n−1 ⊂ W Q

n ⊂ . . . ⊂ HQ.

We denote Wj = W Q
j ⊗ C ⊂ H .

(ii) A decreasing Hodge filtration F on H :

H = F 0 ⊃ F 1 ⊃ . . . ⊃ 0.

Let
Grk = GrkH = GrW

k H = Wk/Wk−1

be the graded spaces. One introduces the following filtrations on the spaces GrkH ,
induced by F,

F pGrkH = (F p ∩Wk + Wk−1)/Wk−1.

The fundamental condition on the filtrations W, F is

GrkH = F pGrkH ⊕ F k−p−1GrkH (3.1)

for any p, k. The conjugation operation is well defined due to existence of the
canonical real subspace HR = HQ⊗R. If e1, . . . , em is a basis of HR, then

∑
ciei =∑

ciei for vectors in HC.
If (3.1) holds, then we say that the filtrations W and F define the mixed Hodge
structure on HQ.
The morphism of mixed Hodge structures of weight 2l is a Q-linear map ϕ : H1 →
H2 of spaces with mixed Hodge structures which is compatible with the filtrations
in a way that

ϕ(WkH1) ⊂ Wk+2lH2,
ϕ(F pH1) ⊂ F p+lH2.
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Figure 5

7.29. Remark. The filtration F • = F •GrnH defines the spaces

Hp,q = F p ∩ F k−p, p + q = k,

and the condition (3.1) is equivalent to

Hp,q = Hq,p.

This gives the expansion GrW
k H =

⊕
p+q=k Hp,q and we say that the space GrkH

admits a pure Hodge structure of weight k. The dimensions hp,q = dimHp,q are
called the Hodge numbers.

7.30. The mixed Hodge structure on the n-th cohomology group of a complete
Kähler manifold. If HQ = Hn(M, Q) for a smooth complete algebraic variety M ,
then the filtrations: weight

0 = W Q
n−1 ⊂ W Q

n = HQ

and Hodge
F 0 ⊃ F 1 ⊃ . . . ⊃ Fn,

with F p = Hn,0 ⊕Hn−1,1 ⊕ . . .⊕Hp,n−p, define the mixed Hodge structure.
Moreover, the Lefschetz operator L : η → η ∧ ω is a morphism of mixed Hodge
structures of weight 2.

In this example the Hodge filtration F is induced from a certain filtration of the
double complex K•,• (which leads to the expression of H∗(M, C) as the hyperco-
homology groups of a suitable complex of sheaves, see the previous section).
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For example, in the case of smooth de Rham resolvent 0→ E0 → . . . one introduces
the filtration associated with the expansion of Em into the sum of Ep,q (of forms
of (p, q)–type). We call this filtration the standard Hodge filtration. Thus

F pE• =
⊕

r≥p,q

Er,q

and the induced filtration on K•,•, Kr,s = Cr(U , Es) (the Čech r–cochains asso-
ciated with a covering U) is

F pK•,• =
⊕
s,t

Cs(U , F pEt).

In the case of the holomorphic de Rham complex 0 → Ω0 → . . . and Kr,s =
Cr(U , Ωs) one puts the so-called filtration bête (or stupid filtration)

F pK•,• =
⊕

r;s≥p

Cr(U , Ωs).

By Theorem 7.11 both initial filtrations lead to the same Hodge filtration in
Hn(M, C). The same alternative in the choice of the Hodge filtration we shall
meet further.

7.31. Theorem of Deligne. ([Del3]) If X is a quasi-projective variety, then its coho-
mology groups Hn(X, Q) admit a natural mixed Hodge structure. If f : X → Y is a
morphism of quasi-projective varieties, then the homomorphism f∗ : Hn(Y, Q) →
Hn(X, Q) is a morphism of mixed Hodge structures of weight 0. If X is complete
and smooth, then the mixed Hodge structure coincides with the classical Hodge
structure.

In fact, P. Deligne proved existence of mixed Hodge structures on a more general
assumption: X is a scheme of finite type.
One uses the cohomologies with rational coefficients in definition of the weight
filtration for the following reason. Firstly, one has the cohomology groups with
integer coefficients, which have some torsion part. After passing to the complex
coefficients the torsion part is killed, Hn(X, C) = (Hn(X, Z)/Tor)⊗C and we have
a lattice Hn(X, Z)/Tor ⊂ Hn(X, C). The weight filtration should be a filtration
of this lattice. The cohomologies with rational coefficients kill the torsion part and
also contain an integer lattice. Sometimes one considers the weight filtration on
Hn(X, Z)/Tor.
In 7.32, 7.33 we present the ideas laying behind the proof of this theorem. They
will be used in the definition of the mixed Hodge structure associated with a
degenerating family of algebraic manifolds. Finally, we introduce the mixed Hodge
structure in fibers of the cohomological Milnor fibration.

7.32. Mixed Hodge structure on a semi-smooth variety. (a) Here we are dealing
with a d-dimensional manifold of the form

M = M1 ∪ . . . ∪Mm,



216 Chapter 7. Hodge Structures and Period Map

such that any point of M has a neighborhood of the type

{(z1, . . . , zd+1) ∈ Cd+1 : z1 · z2 . . . zk = 0, |zi| < ε},

and Mi are smooth and compact projective varieties. We call such M a semi-
smooth variety. Its singularities do not need resolution, the are normal crossing
singularities.

(b) Example. Let M = M1 ∪M2, where Mi are smooth, compact and intersect
one another transversally. The exact sequence of sheaves

0→ CM → CM1 ⊕ CM2 → CM1∩M2 → 0

gives the Mayer–Vietoris long exact sequence

. . .→ Hn−1(M1∩M2)
γn−1→ Hn(M) αn→ Hn(M1)⊕Hn(M2)

βn→ Hn(M1∩M2) → . . .

where βn(w1 ⊕ w2) = i∗1w1 − i∗2w2, i1,2 : M1 ∩M2 →M1,2.
Let Wn−1 = Im γn−1 =coker βn−1, Wn = Hn(M). Then Wn/Wn−1 ≈ Im αn

≈ kerβn. Because the homomorphisms γn−1, βn are functorial they preserve the
pure Hodge structures.
Thus one can introduce the pure Hodge structures on Wn−1/Wn−2 = Wn−1 (of
weight n−1 induced from Hn−1(M1∩M2)) and on Wn/Wn−1 (of weight n induced
from Hn(M1)⊕Hn(M2)).

(c) Let us pass to the general case. One denotes the k-th skeleton M (k) as the
disjoint union of the subvarieties Mi1 ∩ . . . ∩Mik

, i1 < . . . < ik.
On M (k) there are the sheaves Ep

M(k) of differentiable forms. We identify them with
sheaves on M , i.e. as sheaves of forms with support in M (k), i∗Ep

M(k) , i : M (k) →M
is the inclusion.
One introduces the following double complex of sheaves

Kp,q = i∗Ep
M(q+1) ,

with the differentials
D′ = d : Kp,q → Kp+1,q

equal to the external derivative, and

D′′ = (−1)p

q+1∑
j=0

(−1)jδ∗j : Kp,q → Kp,q+1,

where δj : Mi0 ∩ . . .∩Miq →Mi1 ∩ . . .∩Mij−1 ∩Mij+1 ∩ . . .∩Miq (combinatorial
differential as in the Čech complex).
The double complex (K•,•, D′, D′′) defines the cochain complex (K•, D), where

Kk =
⊕

p+q=k

Kp,q, D = D′ + D′′.
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(Here one checks that D2 = 0.) Moreover, using Poincaré’s Lemma one shows
that this cochain complex is exact (as a complex of sheaves). Therefore it forms a
resolvent of the constant sheaf

0→ CM → K•.

(d) Using the theorem about hypercohomology 7.19 we obtain that the group
Hn(M, C) is equal to the n-th hypercohomology group of the complex K•. However
the sheaves Kj are flabby sheaves, admitting partition of unity, and the higher
cohomologies with values in these sheaves vanish (see the proof of the de Rham
Theorem). Thus we are in the same situation as in the case of calculation of de
Rham cohomology. The hypercohomology group of K• is equal to the homology
group of the complex of global sections of K•,

0 → Γ(M,K0)→ Γ(M,K1)→ Γ(M,K2)→ . . . .

Thus Hn(M, C) = Hn
D(Γ(M,K•))

(e) Let us fix n. One defines three filtrations F , Ŵ and W on K• as follows. We
put

F r =
⊕

p+q=• F rKp,q,

Wk =
⊕

p;q≤n−k Kp,q

where F • is the natural Hodge filtration in the space of forms on a complex variety.
The filtration F is called the Hodge filtration and the filtration W is called the
weight filtration.
The Hodge and weight filtrations on K induce the Hodge and weight filtrations on
the space H = Hn

D(Γ(M,K•)).

(f) Let us calculate the induced weight filtration on Hn(M). We have here a situ-
ation with a filtered cochain complex. The calculation of the cohomology groups
of filtered complexes is performed using spectral sequences. In fact, the weight
filtration is increasing, contrary to the case in the definition of spectral sequence.
So we use the reverse weight filtration Ŵ •, Ŵ j = Wn−j = ⊕p,q≥jKp,q. We call the
spectral sequence associated with the reverse weight filtration the weight spectral
sequence and denote it by W Ep,q

r = Ep,q
r .

We have Ep,q
0 = Γ(M, Grp

cWK
p+q) = Γ(M,Kq,p) = Γ(M (p+1), Eq) (transposed

indices!) and the differential d0 is induced by D′ = d. We see that Ep,q
1 =

Hq(M (p+1)).
Since Grp

cWK
p+q = GrW

q Kp+q, p + q = n the index q corresponds exactly to the
index of the weight filtration W•, as well as to the degree of the cohomology group
Hq(M (p+1)) �W Ep,q

r . Thus the terms W Ep,q
1 admit a pure Hodge structure of

weight q.
The second term Ep,q

2 of the weight spectral sequence is nothing else than the
cohomology group of the complex . . . Hq(M (p)) → Hq(M (p+1)) → Hq(M (p+2))
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→ . . ., where the differentials d1 are induced by D′′, which are composed of the
restriction maps for components A ∈M (j), B ∈ M (j+1), A ⊂ B.
Of course, the differentials d1 are morphisms of pure Hodge structures (of weight
0) and the terms Ep,q

2 admit pure Hodge structures of weight n − p. The next
proposition shows that this spectral sequence degenerates here, i.e. Hn(M) =⊕

q W En−q,q
2 . This expansion gives the weight filtration of Hn(M) : GrW

q Hn(M)
=W En−q,q

2 with pure Hodge structure of weight q.

(g) Proposition. The differentials d2 = d3 = . . . = 0 in the weight spectral sequence.

Proof. (We follow [KK]). An element from Ep,q
2 =W Ep,q

2 is represented by a
harmonic q-form ωp on M (p+1) such that D′′[ωp] = 0 in Hq(M (p+2)), i.e. D′′ωp is
an exact form on M (p+2).
The class [ωp] is defined modulo Ŵp+1. Thus, in order to show that d2[ωp] = 0, it
is enough to find a form ωp+1 ∈ Ŵp+1 such that D(ωp + ωp+1) = 0 mod Ŵp+3.
Generally, if one finds ωp+1 ∈ Ŵp+1, ωp+2 ∈ Ŵp+2, . . . , ωp+q ∈ Ŵp+q such that
D(ωp + . . . + ωp+q) = 0, then one will have all dj = 0. We concentrate on showing
that d2 = 0.
The construction of ωp+1’s can be done separately in each (r, s)-harmonic sum-
mand. Thus we assume that ωp is a harmonic (r, s)-form.
Because each summand in the skeleton M (p+2) is a smooth projective variety we
can apply the differential calculus on Kähler varieties (see the points 7.10 and
7.11). Thus ∆d = 2∆∂ = 4∂∂∗ = 4∂∗∂ = 2∆∂̄ = 4∂̄∂̄∗ = 4∂̄∗∂̄.
Because the form η = D′′ωp is exact on M (p+1) it represents the zero cohomology
class and has zero harmonic component. Thus ρ = 4∆−1

∂ η is well defined and sat-
isfies η = ∂∂∗ρ. Next, as Im ∂∗⊥ ker∆∂ , ∂∗ρ has also a zero harmonic component
and σ = 4∆−1

∂̄
(∂∗ρ) is well defined and satisfies ∂∗ρ = ∂̄∂̄∗σ. From this and from

the previous we obtain the representation η = ∂∂̄γ, γ = ∂̄∗σ (the ∂∂̄-Lemma, see
[KK] and [GH]).
We put ωp+1 = ∂γ. Direct calculations show that D(ωp + ωp+1) = D′′ωp+1 ∈
Ŵp+2. But D′′ωp+1 represents the zero ∂-de Rham cohomology class (mod Ŵp+3).
Hence d2 = 0.
The proof of the identity d3 = 0 uses the fact that D′′ωp+1 is exact. One can again
apply to it the ∂∂̄-lemma and repeat the above analysis, etc. �

(h) Above the filtration W was defined only on the complex spaces Hn(M, C);
the definition of mixed Hodge structure needs its definition on the rational space
Hn(M, Q). We have seen that the weight filtration and the weight spectral se-
quence are associated with the cohomologies of smooth varieties M (j) and contin-
uous maps between them. They are well defined over Q.
The rigorous proof uses the spectral sequence of the hypercohomology associated
with the resolution 0 → QM → i∗QM(1)

D′′
→ . . .. Namely, one considers the double

complex whose entries are the Čech l-cochains with values in the sheaves i∗QM(k) .
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We do not present the details and refer the reader to the works of P. Deligne [Del3]
and to the paper of J. Steenbrink [Ste1] (see also [KK]). The final result follows.

(i) Theorem (Mixed Hodge structure on semi-smooth variety). The space HQ =
Hn(M, Q) admits a mixed Hodge structure such that the spaces GrkH have pure
Hodge structure of weight k.

(j) Example (b) revisited. Let M = M1 ∪M2 with smooth algebraic closed curves
M1,2 and M1 ∩M2 = {p1, . . . , pk}. Then the group GrW

1 H1(M) is equal to the
homology group of the complex

0 → H1(M1)⊕H1(M2)→ H1(M1 ∩M2)

and GrW
0 H1(M) is calculated from the sequence

H0(M1)⊕H0(M2)→ H0(M1 ∩M2) → 0.

Thus Gr1H
1(M) = H1(M1)⊕H1(M2) (with h1,0(M) = h1,0(M1)+h1,0(M2)) and

Gr0H
1(M) = H0,0 = Ck/C(1, . . . , 1) = Ck−1 (with h0,0(M) = k − 1).

Similarly Gr2H
2(M) = H2(M1) ⊕ H2(M2) = H1,1 = C2 and Gr1H

2(M) =
Gr0H

2(M) = 0.

(k) Remark. There is another possibility to choose building blocks for the reso-
lution complex K•. Instead of the flabby sheaves of smooth differential forms on
M (k) one can use the sheaves of holomorphic forms

Kp,q
hol = i∗Ω

p
M(q+1) .

The corresponding complex 0 → C → K•
hol is exact (by the holomorphic Poincaré

lemma). Thus Hn(M) = Hn(M,K•). The preliminary weight filtration is the same
as in the smooth case but as the preliminary Hodge filtration we use the filtration
bête F pK•,•

hol =
⊕

r≥p,q K
r,q
hol. This approach is preferred by Deligne.

In the sequel, we shall introduce various mixed Hodge structures in different situa-
tions. In all these cases there is the alternative: either to use the sheaves of smooth
forms with their standard Hodge filtration or to use the sheaves of holomorphic
forms with their stupid filtration. We shall use preferably the holomorphic sheaves.

7.33. Mixed Hodge structure on smooth incomplete manifold. (a) We assume here
that M∗ is an open subset of a smooth closed d-dimensional algebraic variety M
such that

M∗ = M�N,

where M is a closed smooth variety and N is of the form

N1 ∪ . . . ∪Nm,

where Ni are smooth closed hypersurfaces with normal intersections (like Mi from
the previous point).
The main tools which are used in the analysis of this case are:
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– the sheaf of holomorphic forms with logarithmic singularities along N ,

– the Poincaré residuum.

(b) Definition. The sheaf on M ,

Ωn
M (log N) = Ωn(log),

of holomorphic n–forms with logarithmic singularities along N is locally generated
by the forms

dz1

z1
, . . . ,

dzk

zk
, dzk+1, . . . , dzn,

where z1 · . . . · zk = 0 is the local equation for N in M . The coefficients are
holomorphic functions on M .

(c) This logarithmic sheaf admits the following preliminary weight filtration (or
the filtration by the order of poles)

0 = W̃−1 ⊂ W̃0 ⊂ W̃1 ⊂ . . . ⊂ W̃n,

where W̃k consists of forms of the type η =
∑

ηI ∧ (dzI/zI) such that |I| ≤ k.
Here the sum runs over multi-indices and dzI/zI = (dzi1/zi1)∧ . . .∧(dzil

/zil
), I =

(i1, . . . , il) and ηI are holomorphic forms. Thus W̃0 = Ωn
M , W̃1 ≈ {

∑
ηi∧(dzi/zi)}

etc.

(d) Definition. The Poincaré residuum

Rl : W̃l → Ωn−l
N(l)

is defined by means of the formula

Rl(ω ∧ dzI/zI) = (2πi)lω|Ni1∩...∩Nil

near points from Ni1 ∩ . . .∩Nil
. In other words, we integrate the form ω ∧ dzI/zI

along the l–dimensional cycle {|zij | = ε} in M∗ = M \N .
Here we put N (0) = M ; thus R0 is the identity.
The operator Rl commutes with the differential d and is equal to zero at W̃l−1.
The holomorphic logarithmic complex is used to compute the cohomologies of M∗.
Namely we have the following.

(e) Proposition. Hn(M∗, C) ≈ Hn(M, Ω•(log)), where H denotes the hypercoho-
mology groups introduced in §2 of this chapter.

Proof. It is known from 7.21 that the cohomology groups of M∗ are isomorphic to
the hypercohomology groups associated with the complex of holomorphic forms,
Hn(M∗, C) ≈ Hn(M∗, Ω•

M∗). The sheaves Ωk
M∗ induce the sheaves j∗Ωk

M∗ on M ,
where j : M∗ → M ; they are meromorphic forms with poles along the subvariety
N . We have H∗(M∗, Ω•

M∗) = H∗(M, j∗Ω•
M∗) (see Example 3 in 3.26).
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The isomorphism Hn(M∗, C) � Hn(M, Ω•(log)) follows now from the following
fact:

The complexes of sheaves j∗Ω•
M∗ and Ω•

M (log) on M are quasi-isomorphic (see
Proposition 7.22 about quasi-isomorphism).

To show the above quasi-isomorphism it is enough to show that the complexes (of
local sections) Γ(U, Ω•

M (log)) and Γ(U, j∗Ω•
M∗) have the same homologies for U =

Dl×Dd−l near a point where N : x1 . . . xl = 0. The cohomology groups Hm
dR(U ∩

M∗, C) are generated by the forms dxj/(2πixj). Such are also the generators
of Hm(Γ(U, j∗Ω•

M∗)) and of Hm(Γ(U, Ω•(log))). This induces the desired quasi-
isomorphism. �
(f) Remark. In calculations of the Čech cohomologies one uses usually a covering U
such that Ȟq(Ui1 ∩ . . .∩Uir ,F) = 0 for q ≥ 1 and Ui ∈ U . Then by the theorem of
Leray about calculation of Čech cohomology (see [God]) Ȟ(X,F) = Hq(U ,F). In
all cases considered before one could choose the covering of a manifold by means
of a polydisc U � Dd. In the case of the sheaf j∗Ωm

M one should consider also
subsets of the form Dl ×Dd−l around the points where N = {x1 . . . xl = 0}. We
have Ȟq(U, j∗Ωm

M∗) = Hq((D∗)l ×Dd−l, Ωm
M ). The vanishing of the latter group

for q ≥ 1 is a consequence of the Cartan Lemma B on Stein manifolds, proved in
[GuRo]. (By the Stein manifold one means an analytic submanifold of an affine
complex space.) Similar results are proved in the next chapter (in 8.37 and 8.38).)

(g) We introduce the weight and Hodge filtrations on the sheaf complex Ω•(log):

Wn+r = W̃rΩ•(log)

(i.e. the shift of indices) and

F pΩ•(log) =
⊕
k≥p

Ωk(log).

(h) Theorem (Mixed Hodge structure on smooth incomplete variety). The above
two filtrations induce a mixed Hodge structure on Hn(M∗, C). Moreover, this
mixed Hodge structure does not depend on the specific compactification M .

Proof. The proof that the above two filtrations define the mixed Hodge structure
relies on the fact that the Poincaré residuum operator realizes a quasi-isomorphism
of the complexes

GrW
n+r = Gr

fW
r Ω•(log)→ i∗Ω•−r

N(r) .

Recall that N (0) = M .
(In literature the shift of indices, like i∗Ω•−r

N(r) , is often denoted by adding [−r]
without changing other indices; e.g. i∗Ω•

N(r) [−r]. We prefer direct indication of a
shift, as above.)
As in the previous point one has to introduce the weight spectral sequence. For
this one introduces the reverse weight filtration Ŵk = W̃−k, k = −d,−d+ 1, . . . , 0
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of the complex Ω•(log), reverse to the preliminary weight filtration; (thus Gr
cW
−r =

GrW
n+r).

The first term of the weight spectral sequence W Ep,q
1 , p = −r, p + q = n is equal

to

W Ep,q
1 = Hn(M, Gr

cW
p Ω•(log))

= Hn(N (r), Ω•−r)

= Hn−r(N (r))

= Hq+2p(N (−p)).

Because the Poincaré residuum shifts the Hodge filtration, Rl : F sΩ• → F s−lΩ•−l,
we have F sHn(M, Gr

cW−r) = F̃ s−rHn−r(N (r)), where F̃ denotes the natural Hodge
filtration on Hn−r(N (r)) of weight n− r. We obtain

F sHn(M, Gr
cW−r) = F̃ s−rHn−r(N (r))

= F̃n−sHn−r(N (r))

= F (n+r)−sHn(M, Gr
cW−r).

This shows that

The first terms E−r,n+r
1 of the weight spectral sequence admit pure Hodge struc-

tures of weight n + r.

This agrees with our introduction of the weight filtration: GrW
n+r = Gr

cW
−r .

Now, we should describe the differential d1 : Ep,q
1 → Ep+1,q

1 and show that it is a
morphism of pure Hodge structures.
d1 acts from Hn−2r(N (r)) to Hn−2r+2(N (r−1)) and its description is more or less
the following. Assume that a class from Hn−2r(A), A – a component from N (r), is
represented by a form η. Let also A be a hypersurface of B, where B is a summand
of N (r−1). Locally A = {z = 0} ⊂ B. We take (2πi)−1d(η ∧ d ln z) as the “local”
representative of the class d1[η]. In order to improve this definition globally, one
replaces the form d ln z by ∂ ln |s|2, where s is a global section of a certain 1-
dimensional holomorphic bundle on B, equipped with some Hermitian metric | · |.
This bundle is the bundle [A] associated with the divisor A and the section s has
first order zero on A (see the point 10.10 in Chapter 10 below).
The map d1 is known as the Gysin map. It can also be defined as the composition
πB◦j∗◦π−1

A of homomorphisms, where πZ : Hi(Z)→ H2 dim Z−i(Z) is the Poincaré
duality and j∗ is induced by the inclusion.
It is not difficult to see that the Gysin map is a morphism of pure Hodge struc-
tures of weight 2. For example, the homology spaces Hm(Z) are equipped with
pure Hodge structures of weight −m, as dual to the spaces Hm(Z), and πZ is a
morphism of spaces with Hodge structures.
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The weight spectral sequence degenerates in the second term, i.e. d2 = d3 = . . . = 0
and Grn+rH

n(M∗) = E−r,n+r
2 is equal to the homology of the complex

Hn−2r−2(N (r+1)) → Hn−2r(N (r))→ Hn−2r+2(M (r−1)).

This fact can be proved in a similar way as in the previous point (using smooth
de Rham complexes), but we present another proof (from [Del3]).
The Hodge filtration is the filtration bête on the sheaf Ω•(log). This filtration
induces Hodge filtrations F • on W Ep,q

1 (and on W Ep,q
r , r > 1). One can see that

the differentials d1, d2, . . . are compatible with F •; drF
a ⊂ F a and drF

b ⊂ F
b
. We

have Ep,q
r =

⊕
a+b=q

F a(Ep,q
r ) ∩ F

b
(Ep,q

r ) =
⊕

F a ∩ F
b
. But then dr

(
F a ∩ F

b
)
⊂

F a ∩ F
b in Ep+r,q−r+1

r . It is clear that the latter intersection is zero.
Because the Poincaré duality and the Gysin map are well defined over Q, the
weight filtration is induced from a filtration of Hn(M∗, Q). We omit the rigorous
proof of this fact.
The second statement of Theorem (h) states that: if we take another embedding
M∗ ⊂ M̃ , with smooth M̃ and with semi-smooth complement M̃ −M∗ = Ñ , then
the corresponding filtrations on the sheaf complex Ω•

fM (log Ñ) lead to the same
mixed Hodge structure as defined above. We omit the proof of this property. �
(i) Remark. The weight filtration has the form

0 = Wn−1 ⊂ Wn ⊂ . . . ⊂ W2n = Hn(M)

and j∗ maps Hn(M) onto Wn.

(j) Example. Let M∗ = M \ {p1, . . . , pk}, where M is a smooth compact curve.
Then Gr1H

1(M∗) is calculated from the sequence

0→ H1(M)→ 0

and Gr2H
1(M∗) from

0 →
⊕

H0(pi)→ H2(M).

We find Gr1H
1(M∗) = H1(M) with h1,0(M∗) = h1,0(M) and Gr2H

1(M∗) =
H1,1 = Ck−1.

(k) Remark. Instead of dealing with the holomorphic logarithmic complex with
its stupid filtration we could deal with the smooth logarithmic de Rham complex
En(log) =

⊕
Ep,q(log) =

⊕
Ωp(log)⊗E0,q (of smooth forms containing dzi/zi, dzj

and dz̄k). The preliminary weight filtration is the same as in the holomorphic case
and the Poincaré residuum identifies the graded sheaves with the smooth de Rham
sheaves on N (k)’s. One can show that Hn(M∗) is equal to the n-th cohomology
group of the complex of global forms from E•(log) with the external derivative as
differential, i.e. to the logarithmic de Rham cohomology group. The natural weight
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filtration and the standard Hodge filtration associated with the expansion into
(p, q)-components induce the mixed Hodge filtrations on the logarithmic de Rham
cohomology group. The latter coincides with the above mixed Hodge filtrations of
the hypercohomology group of the holomorphic logarithmic complex.

§4 Mixed Hodge Structures and Monodromy

7.34. Degeneration of algebraic manifolds and limits of Hodge structures. Consider
a family Xt, t ∈ D = {|t| < 1} of algebraic closed manifolds degenerating at t = 0.
More precisely, we have a holomorphic map f : X → D with smooth compact
algebraic fibers Xt = f−1(t), t �= 0, and such that the non-smooth X0 does not
need desingularization (union of smooth divisors with normal crossings). Thus we
have a degeneration of algebraic manifolds (semi-stable or not).
For each t �= 0 and any integer n, the group Hn(Xt, C) (with the rational subgroup
Hn(Xt, Q)) admits a pure Hodge structure. Although the groups Hn(Xt) do not
change with t, the Hodge structure depends on t. The Hodge filtration F 0

t ⊃ F 1
t ⊃

. . . depends on t.
The spaces Hn(Xt, C), t �= 0 organize themselves into the cohomological bun-
dle Hn above the punctured disc D∗ = D�0; it is the local system called also
the n-th direct image of constant sheaf and denoted Rnf∗CX−X0 . On each fiber
Hn(Xt, C) (of the bundle Hn), the monodromy operator M associated with the
simple loop in D∗ acts. The monodromy operator preserves the integer lattice
Hn(Xt, Z)/Tor and the rational subspace Hn(Xt, Q). The bundle H∗ is equipped
with the Gauss–Manin connection∇. The Hodge subspaces F p

t also organize them-
selves into bundles Fp on D∗.
One of the aims of this section is to study the limit of the Hodge filtrations in
Hn(Xt) as t→ 0. It turns out that the limit filtration ceases to generate a Hodge
structure. But one can introduce a certain weight filtration so that both filtrations
together define a mixed Hodge structure called the limit mixed Hodge structure.
Of course, in order to compare the Hodge filtrations (for different t’s) one has
to fix some (complex) space H∞ with isomorphisms Hn(Xt) → H∞. The Hodge
filtrations in Hn(Xt) induce a family of Hodge filtrations in H∞ and the weight
filtration is defined in H∞.
In W. Schmid’s and J. Steenbrink’s approaches the choices of the space H∞ are
different and the weight filtrations are defined differently. However, their mixed
Hodge structures turn out to be isomorphic.
In the whole section the integers d = dimX and n (for Hn(Xt)) are fixed.

7.35. The Schmid’s limit mixed Hodge structure. We sketch briefly Schmid’s ap-
proach to this problem (see [Schm]).
This approach is based on the period mapping Φ : D∗ → D introduced in the
next section. Here D is a homogeneous space; it consists of all Hodge structures
(with polarization) on a fixed vector space H = H∞ modulo action of some alge-



§4. Mixed Hodge Structures and Monodromy 225

braic subgroup of GL(H) (like the Grassmann variety). The period mapping is a
multivalued holomorphic mapping.
We get a family of Hodge filtrations H = F̃ 0

t ⊃ F̃ 1
t ⊃ . . . F̃ p

t = Φ(F p
t ). Because

Φ is multivalued, the limit of F̃ p
t , t → 0 may not exist. However, after small

modification, the spaces Φ(t− log M/2πiF p
t ) = Φ(t− log Mu/2πiF p

t ), where Mu is the
unipotent factor of the monodromy operator M restricted to Hn(Xt), tend to
limits F p∞. Here the Hodge filtration is invariant with respect to the semi-simple
factor Ms of M .
The limit filtration does not generate a Hodge structure in H but it induces a
mixed Hodge structure, when one introduces the weight filtration in H as follows.
Let N = log Mu which we treat as acting on H . It is a nilpotent operator and
there exists m such that Nm �= 0 = Nm+1. The weight filtration is of the following
form (of length 2m− 1 and with Wn in the central place)

0 ⊂ Wn−m ⊂ . . . ⊂Wn ⊂ . . . ⊂Wn+m = H.

We put Wn−m = Im Nm and Wn+(m−1) = kerNm; thus Nm realizes isomor-
phism between Grn+m = Wn+m

Wn+(m−1)
and Grn−m = Wn−m. Next, we define the

following filtration on Wn+(m−1)

Wn−m
: one puts Wn−(m−1)

Wn−m
= Im

(
Nm−1|Wn−(m−1)

Wn−m

)
and

Wn+(m−2)

Wn−m
= ker

(
Nm−1|Wn+(m−1)

Wn−m

)
. The same is done with Wn+(m−2)

Wn−(m−1)
: Wn−(m−2)

Wn−(m−1)

= Im
(
Nm−2|Wn+(m−2)

Wn−(m−1)

)
and Wn+(m−3)

Wn−(m−1)
= ker

(
Nm−2|Wn+(m−2)

Wn−(m−1)

)
etc. In this way

we define the whole weight filtration.
It has the following properties (see Figure 6):

N(Wj) ⊂ Wj−2,
Nk : Grn+k → Grn−k is an isomorphism.

Thus Schmid’s weight filtration is determined completely by the monodromy op-
erator. We call this construction the monodromy weight filtration with central
index n. It is defined over Q.
The most difficult part of Schmid’s approach is the proof that the filtrations {F p

∞}
and {Wj} define a mixed Hodge structure. That proof is essentially algebraic; it
uses a certain Deligne classification of pure Hodge structures invariant with respect
to action of the Lie algebra sl(2, C).
We do not present this proof and we shall concentrate on Steenbrink’s geometrical
approach.

7.36. The Steenbrink’s limit mixed Hodge structure. We follow [Ste1], [Ste2].
(a) Firstly we define the fixed space H , where the varying Hodge filtration achieves
its limit.
Let H = {Im z > 0} be the upper half-plane which is the universal covering of the
punctured disc D∗: z → t = e2πiz. We put

X∞ = X ×D∗ H = {(x, z) : f(x) = e2πiz}
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Figure 6

(i.e. a covering of X \X0). We denote π : X∞ → X the projection onto the first
factor.
The fixed space H is defined as

H = Hn(X∞, C).

Of course, the space X∞ is homotopically equivalent to a non-singular fiber Xt

and H � Hn(Xt, C). We can treat H as limz→i∞ Hn(Xt).

(b) The limit mixed Hodge structure is introduced in Hn(X∞) in a way to agree
with the mixed Hodge structure on the singular fiber X0 (see the point 7.32).
Because X0 is a deformation retract of X , we have the isomorphism Hn(X0) →
Hn(X). On the other hand, the inclusion Xt → X induces the homomorphism
Hn(X)→ Hn(Xt). Composing these two homomorphisms and passing to the limit
t → 0, we obtain a homomorphism Hn(X0) → Hn(X∞). The latter should be a
morphism of spaces with mixed Hodge structures.

(c) Define the following sheaf of relative logarithmic holomorphic forms

Ωp
X/D(log X0) = Ωp

X/D(log)

as the sheaf of logarithmic holomorphic forms modulo dt = df . It means that
Ωp

X/D(log) = Ωp
X(log)/f∗Ω1

D(log 0) ∧ Ωp−1
X (log).

The restriction of the complex of sheaves Ω•
X/D(log) to any non-singular fiber Xt is

the same as the usual complex Ω•
Xt

of holomorphic forms on Xt. (The restriction of
a sheaf F on X to an analytic subset Y is denoted usually by F⊗OXOY = F⊗OY .)
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For t = 0 one also has the restriction to X0, i.e. Ω•
X/D(log)×OX0 . However here

the sheaf OX0 of germs of regular functions on X0 does not consist of reduced
rings OX0(U) (they contain nilpotents). For example, near a point x0 ∈ X0 where
f = xk1

1 , k1 > 1, we haveOx0,X0 � O0(Cd)/(xk1
1 ) and the function x1 is a nilpotent

element of the local ring.
In order to avoid excessive notation we shall sometimes avoid the tensoring by
OXt .
The next proposition is an analogue of Proposition (e) from 7.33.

(d) Proposition. We have

Hn(X∞, C) � Hn(X0, Ω•
X/D(log)).

In particular, the groups Hn(Xt, Ω•
X/D(log)) have constant dimension on D and

define a prolongation of the cohomological bundle H from D∗ to D.

Proof. The second statement follows from the fact that dimHn(Xt)=dim Hn(X∞)
for t �= 0.
Of course, we have Hn(X∞, C) � Hn(X∞, Ω•

X∞) (the holomorphic de Rham the-
orem). The latter hypercohomology group of X∞ is the same as the hypercoho-
mology group of X, but with values in the direct image under the map π∗ of the
sheaf of holomorphic forms on X∞: Hn(X, π∗Ω•

X∞), where π : X∞ → X is the
projection (see Example 3 in 3.26).
Next X is contractible to X0. Thus the group Hn(X, π∗Ω•

X∞) is the same as the
limit lim→ Hn(Vε, π∗Ω•

X∞) where the sets Vε = {|f(x)| < ε} form a system of
neighborhoods of X0. The latter limit group can be interpreted as the hypercoho-
mology group of X0 with coefficients in the sheaf complex whose groups of local
sections are germs of π∗Ω•

X∞ with center at X0, treated as OX0 -moduli. The latter
sheaf is denoted in literature by i∗π∗Ω•

X∞ , where i : X0 → X . (If g : M → N and
F is a sheaf on N , then g•F(U) = lim→F(V ), g(U) ⊂ V .)
Proposition (d) is derived from the following. �

(e) Lemma. The two sheaves on X0: i•π∗Ω•
X∞ and Ω•

X/D(log))⊗OX0 are quasi-
isomorphic.
More precisely, let x0 ∈ X0 be such a point that f = xk1

1 . . . xkl

l near it. Let
k = gcd (k1, . . . , kl) and ki = mik. Then the stalks at x0 of the q-th local coho-
mology groups (i.e. the direct limits of the system of groups Hq(Γ(U, F •)) over
neighborhoods U of x0) of the above two complexes are generated by the forms:

t−a/k
(∏

xmi

i

)a

d lnxi1 ∧ . . . ∧ d lnxiq , t = e2πiz ,

and by (∏
xmi

i

)a

d lnxi1 ∧ . . . ∧ d ln xiq
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respectively. Here a = 1, . . . , k − 1, 1 ≤ i1 < i2 < . . . < iq ≤ l, the rational forms
d lnxi = dxi/xi are subject to the relation∑

ki · d lnxi = 0

and the multivalued function t−a/k is univalent on X∞.

Proof. (1) The system of open sets U = Vε∩{|x| < η} forms a fundamental system
of neighborhoods of x0. We calculate

limHq(Γ(U, π∗Ω•
X∞)) = limHq(Γ(π−1(U), Ω•

X∞)).

We have
π−1(U) = {(x, z) :

∏
xki

i = e2πiz, |x| < η, Im z > C}.

This set is homotopically equivalent to

F = {y ∈ C l|
∏

yki

i = 1}.

The set F forms a disjoint union of k components each of which is isomorphic to
(C∗)l−1.
The function τ = ym1

1 . . . yml

l generates H0(F, C) = Ck, treated as a C-algebra.
The forms d ln yj ∈H1(F, C) generate H∗(F, C), as the Grassmann H0(F )-algebra.
These generators are subject to the relations τk = 1,

∑
ki · d ln yi = 0.

In π−1(U) the function τ becomes t−1/k
∏

xmi

i and the forms d ln yi pass to the
forms d ln xi.
(2) Recall the definition of the Koszul complex on a C-algebra A with operators
D1, . . . , Dk (acting on A). It is the complex

0→ Ak → Λ2Ak → . . .

where d(fei1 ∧ . . . ∧ eip) =
∑

Di(f)ei ∧ ei1 ∧ . . . ∧ eip are the differentials. Here
f ∈ A and e1, . . . , ek is the canonical basis in Ak. It is an easy fact that:

If at least one of the operators Di is bijective then the Koszul complex is exact,
i.e. it has zero cohomology groups (is acyclic).

Let us calculate for example the first cohomology group. If
∑

fiei lies in the kernel
of d, then Difj = Djfi. Assuming that D1 is invertible, we find fj = Dj(D−1

1 f1) =
Djg; thus

∑
fiei = dg.

Let us pass to calculation of the local homology groups of the sheaf complex
Ω•

X/D(log) ⊗ OX0 near a point x0 as above, where f = xk1
1 . . . xkl

l . We can also
assume that l = dimX (because we can contract the neighborhood U ∩X0 along
the eventual additional directions).
It is easy to see that the complex Γ(U∩X0, Ω•

X/D(log)) is isomorphic to the Koszul
complex on A = C{x1, . . . , xl} = O0(Cl) (the local ring of germs of analytic
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functions) with the operators Di = xi∂xi − (ki/kl)xl∂xl
, i = 1, . . . , l − 1. The

cohomology of this Koszul complex is computed monomial by monomial because
Di are homogeneous. One gets a nonzero contribution only from those monomials
on which Di are all zero. Because Di(xa1

1 . . . xal

l ) = (ai − alki/kl)xa1
1 . . . xal

l , this
amounts to saying that xa1

1 . . . xal

l is a power of xm1
1 . . . xml

l . �
(f) The case of semi-stable degeneration. We introduce the limit mixed Hodge
structure firstly under the assumption of semi-stability. We know from Clemens’
proof of the monodromy theorem 4.71 (in Chapter 4) that the monodromy operator
is unipotent in this case. In [Ste1] the limit mixed Hodge structure is introduced
under the assumption of unipotency of M .
The semi-stability assumption says that locally f = x1 . . . xl and the (ringed)
variety (X0,OX0) is reduced. Thus we avoid some algebraic complications.
It is easy to introduce the Hodge filtration on Hn(X∞, C), it arises from the
filtration bête of the relative holomorphic logarithmic complex.
The weight filtration should arise from the intersections of components of X0.
Assume that

X0 = Y1 ∪ . . . ∪ YN

(with normal intersections) and denote Y (k) the k-th skeleton of X0 as the disjoint
union of k–fold intersections Yi1 ∩ . . . ∩ Yik

(see 7.32 above).

(g) The complex A•. We want to replace the complex of relative forms (where we
divide by d ln t =

∑
d lnxi) by some more natural complex. Moreover, this new

complex should be quasi-isomorphic with Ω•
X/D(log).

The mapping ω → ω∧d ln t defines a homomorphism of sheaves (restricted to X0)
θ : Ω•

X/D(log) → Ω•+1(log)/W̃0Ω•+1(log) (forms with at least one pole); here W̃•
is the preliminary weight filtration of the holomorphic logarithmic complex (by
order of poles, see the point 7.33(c)). But θ is not a quasi-isomorphism. In order
to get a quasi-isomorphism one should be able to associate with a local closed form
η on U ⊂ X, a closed form from Γ(U, Ω•

X/D(log)); for this one needs d ln t∧ η = 0.

So, a natural differential should be D = d′ + d′′, where d′ = d and d′′ = d ln t∧ (·).
But the image of d′′ lies in Ω•+1(log)/W̃1Ω•+1(log) (forms with at least two poles).
This suggests introduction of the complex

Am =
m⊕

q=0

Ωm+1(log)/W̃qΩm+1(log) =
⊕

Am−q,q,

with the differential D = d′ + d′′ as above.
The map θ : Ω•

X/D(log)→ A•,0 induces a homomorphism into A•. It is not difficult
to show that θ is a quasi-isomorphism between Ω•

X/D(log) and A• (see [Ste1] for
details).

(h) Definition of the limit mixed Hodge structure. Let us fix n. Using the quasi-
isomorphism θ and Proposition (d) we obtain Hn(X∞, C) � Hn(X0,A•). The
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mixed Hodge structure on this space is induced from the following two filtrations
on the double complex A•,•.
The (decreasing) Hodge filtration is equal to F rAm =

⊕
p≥rAp,m−p. Notice that

F (A•) is the stupid filtration induced from the filtration bête on Ω•
X/D(log). Later

we will interpret the filtration F •Hn(X∞) as a limit of the filtrations F •Hn(Xt)
(see the point 7.37(h) below).
The (increasing) weight filtration is equal to Wn+rAm−q,q = (W̃2q+r+1/W̃q) on
Ωm+1(log); here r can be positive and negative as well, but q + r ≥ 0.

Figure 7

(i) Theorem about the limit mixed Hodge structure. The above filtrations induce
a mixed Hodge structure in Hn(X∞).

Proof. We have Wn+r/Wn+r1 = W̃2q+r+1/W̃2q+r (on Ωm+1(log)). By Poincaré
residuum this sheaf is isomorphic to i∗Ω

m−2q−r
Y (2q+r+1) (i-embedding). Therefore

GrW
n+rAm =

⊕
q≥0,−r i∗Ω

m−2q−r
Y (2q+r+1) , or

GrW
n+rA• =

⊕
q≥0,−r

i∗Ω
•−2q−r
Y (2q+r+1) .

Calculating the hypercohomology of this we get

Hn(X0, Grn+rA•) =
⊕

q≥0,−r

Hn−2q−r(Y (2q+r+1)) =
⊕

q

Hr,q.

Each component Hr,q admits a pure Hodge structure as the cohomology group of
a closed non-singular algebraic variety.
The weight of this pure Hodge structure is calculated as follows. Let F̃ be the
filtration bête of Ω•(log). We have

F pGrW
n+rA• =

⊕
q F̃ p+q+1Gr

fW
2q+r+1Ω•+1(log)

=
⊕

q i∗F̃ p−q−rΩ•−2q−r
Y (2q+r+1)
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and hence F pHr,q = F̃ p−q−rHr,q. Because

F (n+r)−pHr,q = F̃n−p−qHn−2q−r(Y (2q+r+1))

= F̃ p−q−rHr,q

= F pHr,q

the pure weight is n + r.
The groups

⊕
q Hr,q form the initial terms W E−r,n+r

1 = E−r,s
1 of the weight spec-

tral sequence of hypercohomology of A• associated with suitable reverse weight
filtration. The differential d1 (of this spectral sequence) acts differently on different
components Hr,q. We have the maps

d1 : Hs−2q−2r(Y (2q+r+1))→ Hs−2q′−2r+2(Y (2q′+r)), q ≥ 0,−r; q′ ≥ 0,−r + 1;

they can be induced by inclusions of components, by Gysin maps between compo-
nents and by compositions of these. This suggests that d1 consists of morphisms
of pure Hodge structures.
The weight spectral sequence degenerates at the second term Hn(X∞) �⊕

W E−r,n+r
2 and W E−r,n+r

2 is the r-th homology group of the complex . . . →⊕
q≥0,−r Hr,q →

⊕
q≥0,−r+1 Hr−1,q → . . .. Proof of this fact is the same as the

proof of the analogous statement in the case of an incomplete manifold (see the
point 7.33(i)): it uses the fact that the differentials d1, d2, . . . are compatible with
the filtrations F • and F

•
. �

(j) The case of not semi-stable degeneration. In this case the monodromy operator
can be unipotent as well as not unipotent. Steenbrink treats the general (not
unipotent) case in [Ste2].
As in the points 4.66, 4.67 in Chapter 4 we apply firstly the base change D̃ = D→
D, s → t = sl and replace X by X ×D D̃ with the projection f̂ : X ×D D̃ → D̃.
Because X ×D D̃ is usually not normal space, one introduces the normalization
n : X̃ → X ×D D̃. Let f̃ = f̂ ◦ n : X̃ → D̃; it plays the role of semi-stable
degeneration. We have the diagram

X̃
n→ X ×D D̃ → X

↓ f̃ ↓ f̂ ↓ f

D̃ = D̃ → D

The variety X̃ is an orbifold (or V-manifold); it is covered by subsets of the form
U/G where U ≈ Cd and G is a finite subgroup of GL(d, C).
The V-manifold has singularities of codimension ≥ 2. (The elements of G are
divided into: rotations with smooth quotient and other elements with at least two
eigenvalues different from 1.)
The latter fact allows us to extend the sheaf and Hodge theories to any V-manifold
Z (see Theorem 3 in the point 5.30). In particular, the complex Ω̃• = j∗Ω•

Z−sing(Z)
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(j - embedding) is a coherent resolution of the constant sheaf and defines the Hodge
structure Hp,q(Z, C) = Hq(Z, Ω̃p) ⊂ Hp+q(Z, Ω̃•).
If Z is projective, then the Kähler form (induced from the Fubini–Study metric)
defines an integer cohomology class ω ∈ H2(Z, Z) (as in 7.10). Also the notions of
primitive cohomologies and polarization have the same meaning as in the smooth
projective case (see the points 7.11 and 7.12). For the proofs we refer the reader
to the work of Steenbrink.
Let us return to the map f̃ : X̃ → D̃ with the fibers X̃s = f̃−1(s). As in the semi-
stable case, one introduces the space X∞ = X×DH which is the same as X̃×eDH.
Also analogously one constructs the holomorphic logarithmic sheaves Ω̃p(log X̃0) =
Ω̃p(log) and the holomorphic logarithmic relative sheaves Ω̃p

eX/ eD(log). One has

Hn(X∞) = Hn(X̃0, Ω̃•
eX/ eD(log)). The corresponding complex A, with Hodge and

weight filtrations, is defined in the same way. Thus the mixed Hodge structure in
Hn(X∞) is defined.

(k) The cohomological bundles on D̃ and D. The system of spaces H̃n
s =

Hn(X̃s, Ω̃•
eX/ eD(log)) (of constant dimension) is glued together to a vector fiber

bundle H̃n → D̃ (the cohomological bundle). This bundle admits the Hodge fil-
tration F̃ p

s /F̃ p+1
s = Hn−p(X̃s, Ω̃

p
eX/ eD(log)). Using the upper semi-continuity of

dim F̃ p
s with respect to s (see [HaR]) and (topological) triviality of H̃n, one gets

that the corresponding fibrations F̃p are also (topologically) trivial; (the sum of di-
mensions is constant). The sheaf of local sections of H̃n is the hypercohomological
sheaf: O(H̃n) = Rnf̃∗Ω̃ eX/ eD(log).

Applying the finite-to-one maps X̃ → X , α : D̃→ D we transform the bundle H̃n

to bundle Hn above D with the fibers Hn(Xt, Ω•
X/D(log)) and with the analogous

Hodge subbundles Fp. The bundle Hn and its Hodge subbundles Fp are trivial,
i.e. the corresponding sheaves of sections are locally free of finite rank on D.

7.37. Limit mixed Hodge structure and monodromy. (a) The cohomological bundle
above the punctured disc D∗, Hn|X∗ → D∗ admits the Gauss–Manin connection.
It is defined by the condition that sections represented by continuous families of
cocycles φt, taking values in the integer lattices Hn(Xt, Z)/Tor, are horizontal
with respect to this connection, ∇∂/∂tφt ≡ 0.
The Gauss–Manin connection is defined also as a morphism of sheaves on D∗,

∇ : O(Hn) → Ω1
D∗ ⊗O(Hn) = Ω1(Hn)

(thus ∇a(t)∂/∂t is a section of the sheaf of endomorphisms of Hn).
The Gauss–Manin connection can be defined cohomologically. Note that we have
the exact sequence of de Rham complexes on X∗ = X −X0

0→ Ω1
D∗ ⊗ E•−1

X∗/D∗
∧→ E•X∗ → E•X∗/D∗ → 0, (4.1)



§4. Mixed Hodge Structures and Monodromy 233

where Ep
X∗/D∗ = Ep

X∗/ ∼ (with the equivalence dt∧ ωp−1 ∼ 0) are the relative de
Rham sheaves. We know also that Hn

t = Hn
d (Γ(Xt, E•X∗/D∗)), cohomologies of the

complex of global sections of the relative de Rham sheaves.
The exact sequence (4.1) induces the long exact sequence of cohomologies

→ Hn(Γ(Xt, E•X∗))→ Hn(Γ(Xt, E•X∗/D∗))
δ→ Hn+1(Γ(Xt, Ω1

D∗ ⊗E•X∗/D∗)) → . . . .

Let us calculate the connecting homomorphism δ. If ωt is a family of closed forms
on Xt (i.e. it defines a closed section of En

X∗/D∗), then it arises from a form ω̃ on
X∗ as a restriction, ωt = ω̃|Xt . Next one takes dω̃; it belongs to the image of the
map Ω1 ⊗ En → En+1. Thus dω̃ = dt ∧ η, where η = dω̃/dt is the Gelfand–Leray
form. One puts δ[ωt] = [η].
If ∆(t) is a family of cycles, which are horizontal with respect to the Gauss–Manin
connection, then we have d

dt 〈ω̃, ∆(t)〉 = 〈∇∂/∂tω̃, ∆(t)〉. But, by Lemma 5.12 and
remarks after it, the above derivative is equal to 〈dω̃/dt, ∆(t)〉. Therefore the class
[η] = δ[ω] is equal to ∇∂/∂t[ω], i.e. we have ∇ = δ.
The above can be repeated in the case when the smooth de Rham complexes
are replaced by complexes of sheaves of holomorphic forms Ω•

X∗ , Ω•
X∗/D∗ and

the de Rham cohomology groups are replaced by the hypercohomology groups.
The Gauss–Manin connection becomes the connecting homomorphisms in the long
exact sequence of hypercohomologies.
The latter (holomorphic) construction has extension to the cohomological bundle
above the full disc. One has to replace the sheaves of holomorphic forms by the
logarithmic holomorphic de Rham sheaves, More precisely, the following is true.

(b) Proposition. The Gauss–Manin connection ∇ : O(Hn) → Ω1(Hn) is equal to
the connecting homomorphism in the long exact sequence of hypercohomologies,
i.e.

Hn(Xt, Ω•
X/D(log))→ Hn+1(Xt, Ω1

D(log 0)⊗ Ω•
X/D(log))

� Hn(Xt, Ω•
X/D(log)),

associated with the short exact sequence 0 → Ω1
D(log 0)⊗Ω•−1

X/D(log) → Ω•
X(log) →

Ω•
X/D(log)→ 0.

(c) The monodromy operator, called also the Picard–Lefschetz transformation, acts
on the fibers of the cohomological bundle over D∗: Mt : Hn

t → Hn
t . Any two of

them are conjugate.
Because the cohomological bundle extends to the whole D, we have the limit
operator M = M0 : Hn

0 → Hn
0 . The latter can be defined by means of the Gauss–

Manin connection.
Define the residuum of the Gauss–Manin connection Res∇ : Hn

0 → Hn
0 as the

composition res ◦ ∇, where res : a(t)d ln t⊗ η → a(0) · η.
We have tdω/dt = Res∇(ω) + O(t) and, after performing calculations of the
monodromy operator with t = εeiθ, ε → 0, θ ∈ [0, 2π], we get the following.
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(d) Proposition. M0 = exp(2πiRes∇).

(e) Let us express the action of M = M0 on the limit mixed Hodge structure
introduced in the point 7.36. Assume firstly that the degeneration is semi-stable.
Then X0 is reduced and M is unipotent. Denote

N = log M = 2πiRes∇.

Because the mixed Hodge structure is introduced by means of the auxiliary com-
plex A• and ∇ has cohomological interpretation, we introduce an auxiliary short
exact sequence of coherent holomorphic sheaves containing A•. Namely, there ex-
ists some complex B• and the following commutative diagram with exact rows and
vertical quasi-isomorphisms:

0 → Ω•−1
X/D(log) d ln t∧→ Ω•

X(log) → Ω•
X(log) → 0

↓ d ln t∧ ↓ σ ↓ d ln t∧
0 → A•−1 → B• → A• → 0

Thus Res∇ is the connecting homomorphism Hn(X0,A•)→ Hn(X0,A•).
The complex B• consists of the blocks

Bm−q,q = Am−q−1,q ⊕Am−q,q

and the homomorphism σ : Ωm
X(log) → Bm is defined as ω → (ω, ω ∧ d ln t) ∈

Am−1,0⊕Am,0; (recall that Am−q,q = Ωm+1(log)/W̃qΩm+1(log)). The differential
dB = d′B + d′′B, d′B : Bm−q,q → Bm−q+1,q, d′′B : Bm−q,q → Bm−q,q+1 should be
chosen to satisfy σ(Dω) = dBσ(ω). Therefore dB(ω, ω∧d ln t) = (dω, dω∧d ln t) ∈
Am−q,0 ⊕Am−q+1,0. The following choice is natural:

d′B(ω1, ω2) = (dω1, dω2),
d′′B(ω1, ω2) = (d ln t ∧ ω1 + ν(ω2), d ln t ∧ ω2),

where the operator
ν : Am−q,q → Am−q−1,q+1

equals (−1)m times the canonical projection ω2(mod W̃q) → ϕ2(mod W̃q+1) (see
the point 7.36(g)).
One checks that:

The connecting homomorphism of hypercohomologies is induced by the endomor-
phism ν, i.e.

Res∇ = ν.

We see also that ν : WjA• → Wj−2A• and that νr : Grn+rA• → Grn−rA• is an
isomorphism. Moreover ν : F p A• → F p−1A•.
Because the endomorphism ν = Res∇ of Hn

0 is conjugate to N , also the operator
N possesses the above properties.
In the general situation we have the Chevalley decomposition M = MsMu, Ms –
the semi-simple part and Mu – the unipotent part. One has M l

s = id, where l is
the order of the ramified covering α : D̃ → D. We put N = log M l = l · log Mu.
The general result is as follows.
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(f) Theorem (Action of monodromy on the limit mixed Hodge structure).

(1) The operator N satisfies the properties

N : Wj →W,
N : F p → F p−1,

i.e. it is a morphism of the limit mixed Hodge structure of weight −2.

(2) The map N r realizes an isomorphism between GrW
n+r and GrW

n−r. In partic-
ular, the weight filtration is completely determined by the unipotent part of
the monodromy and is defined on the rational cohomology Hn(X∞, Q).

(3) The operator Ms is an automorphism of the limit mixed Hodge structure.

Proof. We have M l = exp(2πiRes∇̃) where ∇̃ is the Gauss–Manin connection of
the cohomological fibration H̃ associated with the degeneration X̃ → D̃ (see the
point 7.36(j)). Thus the proofs of the points (i) and (ii) are the same as in the
semi-stable case.
To prove the point (iii) one must notice that the semi-simple (i.e. diagonal)
part of the monodromy is the same as the action of an automorphism Λ∗ on
Hn(X̃0, Ω̃•

eX/ eD(log) induced by the diffeomorphism Λ of X̃ defined as the lift of

the rotation s → e2πi/ls of the base D̃. This is shown using local calculations as
in the proof of Lemma 7.36(e)).
The fact that Λ∗ is semi-simple and preserves the mixed Hodge filtrations follows
from the fact that it acts diagonally at the sheaves Ωp

eX/ eD(log)⊗O eX0
and preserves

the skeletons Y (j). We see also that Λ∗ is periodic with period l, which implies
that the eigenvalues of Ms are roots of unity of order l. �

(g) Corollary (The monodromy theorem). We have (M l − I)n+1 = 0.

(h) The Hodge filtration on Hn(X∞) as limit of Hodge filtrations on Hn(Xt). We
consider the case of semi-stable degeneration; in the general situation one must
change notation by adding the tildes.
The Steenbrink’s Hodge filtration on Hn(X∞) = Hn

0 is defined as F•
0 = F•|t=0,

where Fp ⊂ Hn are holomorphic subbundles. The fibers of the corresponding
graded bundles are Hn−p(Xt, Ω

p
X/D(log)) = Grp

F Hn(Xt). In this sense the Steen-
brink’s Hodge filtration is a limit of the Hodge filtrations arising from smooth
closed varieties.
Schmid introduced the limit Hodge filtration in another way. If z ∈ H (upper
half-plane) and t = e2πiz ∈ D∗, then the inclusion Xt → X∞ = X ×D H induces
varying Hodge filtration in Hn(X∞), which we denote by F •

t . This family is multi-
valued, but the switched family F̂ •

t = e−zNtF •
t = t−N/2πiF •

t , Nt = log Mt defines
a single-valued map from D∗ to the corresponding variety of flags of subspaces of
Hn(X∞). Schmid proved that the limit F •

∞ = limt→0 F̂ •
t exists.
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Note that the Steenbrink’s filtration F•
0 is invariant with respect to the action of

the operator e−zN = I − zN + . . . + (−zN)d/d!, N = log M0: e−uNFp
0 = Fp

0 . It is
because e−zN = M−z and M preserves F•.
We compare the two families of filtrations of Hn(X∞): t−N/2πiF •

0 and
t−Nt/2πiF •

t . The distance between F•
0 = F •

0 and F •
t is of order O(|t|); also

||N−Nt|| = O(|t|). Because ||t−Nt/2πi|| = O(lnd |t|) we get that dist (F̂ •
t , F •

0 )→ 0,
i.e. F •

∞ = F•
0 .

By Theorem (f) the Steenbrink’s limit weight filtration is the monodromy weight
filtration with the central index n. It coincides with the Schmid’s limit weight
filtration (see its definition in the point 7.35). Therefore:

The Steenbrink’s limit mixed Hodge structure coincides with the Schmid’s limit
mixed Hodge structure.

(i) Brieskorn’s proof of the first part of the monodromy theorem. We use here
an opportunity to present a clever proof by E. Brieskorn [Brie] of the fact that
eigenvalues of M are roots of unity (the first part of the monodromy theorem).
Its ingredients are: the affirmative solution (by O. A. Gelfond [Gel] and T. Schnei-
der [Schn]) of Hilbert’s VII-th problem (if α and e2πiα are both algebraic numbers,
then α ∈ Q) and algebraicity of the eigenvalues of the residuum of the Gauss–
Manin connection.
One has to prove algebraicity of the eigenvalues αj of the operator Res∇ (see the
points (a), (b), (c) and (d) above). It is done as follows.
Let σ : C → C be an automorphism of the number field C. Applying σ to coef-
ficients of the Taylor expansions of functions and of differential forms, we obtain
the extension of σ to the sheaves OX , Ω1

S(log 0), Ωp
X/S(log) and to the Leray

sheaves O(Hn), O(Hp,q) = Rqf∗Ω
p
X/S(log). The automorphism σ commutes with

the action of ∇. In particular, it permutes the eigenvalues of Res∇.
If some eigenvalue αj is not algebraic, then for any other non-algebraic number β
there is an automorphism σ sending αj to it. One can choose β such that e2πiβ

is non-algebraic. However, we know that e2πiαj is algebraic, hence the number
σ(e2πiαj ) is algebraic too. We have a contradiction. �

7.38. Example (The Morse degeneration). Consider a degeneration g : Z → D such
that the Zt = g−1(t), t �= 0 are smooth closed algebraic varieties and Z0 has unique
Morse singularity; i.e. locally g = z2

1 + . . .+z2
d. By applying the blowing–up (once)

one obtains a degeneration f : X → D satisfying the assumptions of this section.
One has X0 = Z̃0 + E, where Z̃0 is the smooth strict transform of Z0 and E =
CP d−1 is the exceptional divisor with multiplicity 2: locally f = z2(u2

1 + . . .+u2
d),

z ∈ (C, 0), u ∈ CP d−1. Z̃0 ∩ E is a quadric in CP d−1. Application of the base
change t = s2 gives X ×D D̃ = {z2(u2

1 + . . . + u2
d) = s2}. The normalization of the

latter space is a smooth variety X̃ = {zv = s, v2 = u2
1 + . . . + u2

d} with f̃ = zv,
X̃0 = Y1 + Y2, Y1 � Z̃0 and Y2 = {z = 0, v2 = u2

1 + . . . + u2
d} a 2-fold covering of

E ramified along Z̃0 ∩ E = Y1 ∩ Y2.
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In calculations of the weight filtrations on Hn(X∞), one uses the cohomologies of
Y (j), where Y (1) = Y1 � Y2 (disjoint union) and Y (2) = Y1 ∩ Y2. The components
of the first term of the weight spectral sequence of Hn(X̃0,A•) (associated with
the weight filtration) are E−r,n+r

1 =
⋃

q≥0,−r Hn−r−2q(Y (2q+r+1)) (see the points
(h) and (i) in 7.36). One gets the table (a part of the weight spectral sequence)

0 → E−1,n−1
1 → Hn−1(Y (1)) → Hn−1(Y (2)) → 0,

0 → Hn−2(Y (2)) → Hn(Y (1)) → Hn(Y (2)) → 0,

0 → Hn−1(Y (2)) → Hn+1(Y (1)) → E1,n+1
1 → 0.

Here the horizontal arrows denote the differential d1 of the spectral sequence.
In particular, d1 : Hj(Y (1)) = Hj(Y1) ⊕ Hj(Y2) → Hj(Y1 ∩ Y2) acts as the
difference of restrictions of cohomology classes. Other differentials are the Gysin
maps. Because this spectral sequence degenerates at E•,•

2 , the weight gradation
groups Grn−1H

n(X∞), GrnHn(X∞), Grn+1H
n(X∞) are the homology groups in

the diagonal terms (with the sum of indices equal to n + 1).

Assume firstly that d = 2. Then Zt are curves, Z0 has double point, E = C,
Z̃ ∩ E = {p1, p2}, Y2 = C with double covering over E. The spaces H0(X∞)
and H2(X∞) have pure weights 0 and 2 respectively. An interesting happens with
H1(X∞). We have Gr0H

1(X∞) = coker(H0(Y1) ⊕H0(Y2) → H0(Y1 ∩ Y2)) = C
(because the cycle [p1] − [p2] �∼ 0 in Y1 ∩ Y2, but is ∼ 0 in Y1 as well as in Y2).
Next, Gr1H

1(X∞) = H(0 → H1(Z̃0) → 0) = H1(Z̃0). Finally, Gr2H
1(X∞) = C,

because of the isomorphism N : Gr2 → Gr0.
Here the monodromy operator has all eigenvalues equal to 1 but the monodromy
is unipotent and nontrivial M − I �= 0 = (M − I)2.
Note that in this degeneration not one but two cycles from H1(Zt) disappear at
H1(Z̃0). One is the vanishing cycle and the other is removed after desingularization.
For example, an elliptic curve acquiring a double point is rationally equivalent to
the projective line.
The same holds in the case of general even dimension d.

If d is odd then all the spaces Hn(X∞) have pure weight n. If n = d − 1 then
exactly one of the eigenvalues of the monodromy operator is equal to −1 (at the
vanishing cycle). The reader can check these properties in the trivial case d = 1.
Here Z̃0 has the same cohomologies as Zt.

The reader can find more information about degenerations of curves and surfaces
in [KK].

7.39. Relation between the limit mixed Hodge structure and the mixed Hodge
structures on X0 and on X�X0. The mixed Hodge structures on cohomology
groups of complete intersections (e.g. X0) and of open smooth varieties (e.g. X∗ =
X�X0) were introduced in the points 7.32 and 7.33 respectively. It turns out that
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all three mixed Hodge structures are related. In order to avoid complications we
assume the semi-stable case.
One has the exact Wang sequence (see the point 3.32)

. . .→ Hn(X∗)→ Hn(Xt)
M−I→ Hn(Xt)→ . . . , t ∈ D∗,

(here M = Mt). This sequence is obtained from the long exact sequence of the
pair (Xt × [0, 1], Xt × 0 ∪Xt × 1), when we identify (homotopically) X∗ with the
quotient space Xt × [0, 1]/ ∼, where (x, 0) ∼ (h(x), 1) and h is the monodromy
diffeomorphism of the fiber.
When we replace Xt by X∞, then the corresponding Wang sequence is still exact.
We have Hn(X∗) = Hn(X, Ω•(log)) = Hn(X,B•) (see the points 7.32(e) and
7.37(e)). The complex of sheaves Ω•(log) is equipped with the Hodge and weight
filtrations defined in the point 7.33(i). Analogous filtrations are introduced in the
complex B; they are analogous to the filtration in the complex A from 7.36(h).
The final result follows.

(a) Proposition. The limit Wang sequence . . . → Hn(X∗) → Hn(X∞) M−I→
Hn(X∞)→ . . . is an exact sequence of spaces with mixed Hodge structures.

If M is unipotent, then the operator M − I can be replaced by N = log M .
The operator N in the Wang sequence is induced by the operator ν : A →
A which, when restricted to Am−q,q, is equal (up to a sign) to the projection
Ωm+1(log)W̃q → Ωm+1(log)/W̃q+1 = Ap−1,q+1. The kernel of ν consists of the
sheaves Grq+1Ωm+1(log) � i∗Ω

m−q

Y (q+1) . The latter sheaves form the building blocks
Kp,q+1 used in the point 7.32(c) in construction of the mixed Hodge filtrations in
Hn(X0). We have the following result.

(b) Proposition. The composition of maps Hn(X0) → Hn(X) → Hn(X∞) is a
homomorphism of spaces with mixed Hodge structures.

The first map above Hn(X0) → Hn(X) is the map induced by the Clemens
contraction. Identifying X∞ with Xt one gets the next result.

(c) Invariant cycle theorem. Let f : X → D be a semi-stable degeneration. Then
ker(Mt − I) = ker N = Im(Hn(X0)) in Hn(Xt), i.e. the cocycles on Xt upon
which the monodromy acts trivially arise from cocycles in the singular fiber X0

under the Clemens contraction.
In the case of general family Xt = f−1(t) with degeneration (not semi-stable)
we have ker N = Im(Hn(X̃0) in Hn(Xt), where Xt are identified with the fibers
f̃−1(s), t = sl of the semi-stable reduction. Thus the cycles in Hn(Xt) upon which
Mt acts semi-simply are identified with certain cycles in the reduced fiber X̃0.

This result was first proved by Deligne [Del3] in the case when we have a de-
generation F : X → S over a general algebraic manifold (scheme) S as a base.
Here the degeneration occurs along a subvariety S0 ⊂ S and we have the action
of the fundamental group π1(S�S0) on Xt. Deligne also proved that the action
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of π1(S�S0) on Hn(Xt) is completely reducible (i.e. any invariant subspace has
a complementary invariant subspace). It is a generalization of the invariant cycle
theorem and its proof also uses mixed Hodge structures.

7.40. Mixed Hodge structure on the cohomological Milnor bundle.
(a) The Milnor fibration and degeneration of algebraic varieties. Let

g : (Cn+1, 0)→ (C, 0)

be a germ of a holomorphic function with isolated critical point. For a small disc
Dε (with center 0 and radius ε) in the image, we choose a small ball Bρ in the
preimage such that the varieties g−1(t) are transversal to the sphere ∂Bρ. Thus
the family Vt = Bρ ∩ g−1(t), t ∈ D∗

ε organize themselves into the locally trivial
topological bundle V above the punctured disc, called the Milnor bundle (see
Chapter 4).
The spaces Hn(Vt, C) are fibers Hn

t of the (holomorphic) cohomological Milnor
bundle Hn over D∗

ε (see Chapter 5). Our aim is to introduce a mixed Hodge
structure on the fibers Hn

t .
Using the results of Chapter 2 (Tougeron’s theorem and its corollaries) we can
assume that: (i) g is a polynomial (of degree N); (ii) Dε = D; (iii) t = 0 is the
only critical value of g and the projective closure (in CPn+1) of g−1(0) has only
one critical point 0.
Thus we take the variety Ŷ = {(z, t) ∈ CPn+1 × D : g̃(z) − tzN

n+1 = 0}, where
g̃ is the homogenization of g. We have the map g1 : Ŷ → D, defined as the
projection g1(z, t) = t. The varieties Ŷt = g−1

1 (t) intersect each other at Ŷ ∞ =
{g(z) = zN+1 = 0} at infinity. So, we blow up the set Ŷ ∞. Denote by Y the
obtained space and by g2 the morphism to D induced by g1. We have Vt = V ∩Yt,
Yt = g−1

2 (t).
There is a contraction Y → Y0, the prolongation of the radial contraction D→ 0
(see Chapter 4). Next the singular fiber V0 (of the Milnor bundle) can be contracted
to the singular point; we prolong it to a map Y0 → Y0 such that V0 → 0. The
composition of these two contractions gives the following.

(b) Contraction Lemma. There are contractions Yt → Y0 such that Vt → 0. Thus
Y0 � Yt/Vt. Moreover, these contractions are compatible with the action of the
monodromy transformation.

(c) The exact sequence. The long exact sequence of cohomology groups of the pair
(Yt, Vt) gives the exact sequence

0 → H̃n(Y0) → Hn(Yt)→ Hn(Vt)→ Hn+1(Y0)→ Hn+1(Yt) → 0,

because the only nonzero reduced cohomology group of the Milnor fiber is H̃n(Vt).
We apply the resolution σ : X → Y of the singularity of Y0. We put f = g2 ◦ σ :
X → D. Thus f−1(0) = X0 = E0 + E1 + . . . + Er with smooth divisors Ej

intersecting one another normally. Here the strict transform (desingularization) of
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Figure 8

Y0 is the divisor denoted by E0 and E1 + . . . + Er = σ−1(0). Of course, Xt =
f−1(t) � Yt for t �= 0.
Therefore, we are in the situation of degeneration of a family of algebraic manifolds
as in the previous several points. We define the limit spaces X∞ = X ×D H and
V∞ = V ×D H, where H → D is the exponential map t = e2πiu. They are
homotopically equivalent to Xt and to Vt respectively.
Passing to the ‘limit’ t → 0 in the above exact sequences (with Yt replaced by Xt)
we get the exact sequence

0→ H̃n(Y0)→ Hn(X∞)→ Hn(V∞)→ Hn+1(Y0) → Hn+1(X∞)→ 0. (4.2)

This sequence is monodromy invariant.
We shall introduce mixed Hodge structures in each entry from this complex.

(d) The mixed Hodge structures on Hj(X∞) and on Hj(Y0). The limit mixed
Hodge structure on Hj(X∞) was introduced in 7.36. We recall shortly its basic
ingredients.
We deal with the semi-stable reduction

(V, V0) → (Y, Y0) ← (X, X0) ← (X̃, X̃0)
↓ g ↓ g2 ↓ f ↓ f̃

(D, 0) → (D, 0) = (D, 0) ← (D̃, 0)

Here one applies the base change D̃ → D, t = sl and introduces the space X̃
(normalization of X ×D D̃) with the map f̃ : X̃ → D. The singular fiber X̃0 =
D0 + C1 + . . . + Cs, where D0 � E0 (desingularization of Y0) and the divisors Cj

have multiplicity 1 and are sent to some divisors Ei by the map X̃ → X . (We use
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the notation C1, C2, C3, . . . in order to distinguish them from D0, but below we
also use the notation Di = Ci, i = 1, 2, . . ..)
The cohomology group Hj(X∞) is the same as the j-th hypercohomology group of
the sheaf complex Ω•

eX/ eD(log) on X̃0. This complex is quasi-isomorphic to the com-

plex A• composed of the building blocks Ap,q = Ωp+q+1
eX/ eD (log)/W̃q with the prelim-

inary filtration W̃ by the order of poles). The Hodge filtration F r =
⊕

p≥r,qAp,q

and the weight filtration Wj+r = W̃2q+r+1/W̃q induce the limit mixed Hodge
structure on Hi(X∞).

Our next aim is to introduce a sheaf complex A•(Y0), with Hodge and weight
filtrations, such that it forms a subcomplex of A• and its j-th hypercohomology
group is equal to H̃j(Y0).
The reduced cohomology group H̃j(Y0) = Hj(Y0, 0) is the same as the relative
cohomology group Hj(X̃0, C), where C = C1 + C2 + . . . is the preimage of 0
under the map X̃ → Y . Both spaces X̃0 and C are semi-smooth varieties. In
7.32 the double complex K•,•, to calculate the cohomology of such a semi-smooth
variety, was introduced. This cohomology is equal to the hypercohomology of the
corresponding simple complex K•. On X̃0 we have Kp,q(X̃0) = i∗Ω

p
D(q+1) , where

we use the notation Di = Ci, i = 1, 2, . . .. Analogously on C we have the double
complex Kp,q(C) = i∗Ω

p

C(q+1) . The second sheaf is a direct factor of the first sheaf.
We define the mixed Hodge complex on Y0 by means of the building blocks

Ap,q(Y0) = Kp,q(X̃0)/Kp,q(C) =
{

i∗Ω
p
D0

, (q = 0),
i∗Ω

p
D0∩C(q) , (q > 0).

The Hodge and weight filtrations on A•,•(Y0) are given by

F r =
⊕

p≥r,qAp,q(Y0),
Wn+r =

⊕
p,q≥−r Ap,q(Y0).

Because the corresponding simple complex A•(Y0) is a resolvent of a constant
sheaf, we have H̃n(Y0) = Hn(X̃0,A•(Y0). As in the case of mixed Hodge structure
of a semi-smooth variety the weight spectral sequence of this hypercohomology
degenerates at the second term, W Ep,q

2 = GrW
q (Hp+q(Y0)).

(e) Definition of the mixed Hodge structure on Hn(V∞).The sheaves Ap,q(Y0)
are subsheaves of the sheaves i∗Ω

p

D(q+1) . The latter sheaves are isomorphic to
Gr

fW
q+1Ω

p+q+1
eX (log) = W̃q+1/W̃q (via the Poincaré residuum) which in turn are

direct factors of the sheaves Ap,q = W̃p+q+1/W̃q. Therefore there is an inclusion
Ap,q(Y0) ⊂ Ap,q.
The mixed Hodge complex on the limit Milnor fiber is given by

A•(V∞) = A•/A•(Y0)
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with the Hodge and weight filtrations induced from the filtrations on A and on
A(Y0).

(f) Theorem (Mixed Hodge structure on the limit Milnor fiber). We have
Hn(V∞) = Hn(X̃0,A•(V∞)) and the Hodge and weight filtrations of the complex
A•(V∞) induce a mixed Hodge structure on Hn(V∞) such that the exact sequence
(4.2) (see the point (c) above) is the sequence of spaces with mixed Hodge structures
and their morphisms.
Moreover, the weight spectral sequence of hypercohomology of A•(Y0) degenerates
at the second term.

Proof. The fact that Hn(V∞) is the same as the hypercohomology of A•(Y0) and
the statement about the sequence (4.2) are consequences of the short exact se-
quence of the sheaf complexes

0→ A•(Y0) → A• → A(V∞)→ 0.

The sequence (4.2) is the long exact sequence of hypercohomology associated with
this short sequence.
Also the statement about weight spectral sequence can be obtained from this and
from the fact that the weight spectral sequences associated with complexes A•,
A•(Y0) degenerate at the second terms. �

(g) The first terms of the weight spectral sequence. The weight spectral sequence
of hypercohomology is associated with the reverse weight filtration of the complex
A•(V∞). Its first terms are equal to W E−r,n+r

1 = Hn(X̃0, GrW
n+rA•(V∞)). Here

GrW
n+rA•(V∞) = GrW

n+rA•/GrW
n+rA•(Y0)

=

{ ⊕
q≥0 i∗Ω

•−2q−r
D(2q+r+1) , (r > 0),

i∗Ω•+r
C(−r+1) ⊕

⊕
q>−r i∗Ω

•−2q−r

D(2q+r+1) , (r ≤ 0).

Therefore

W E−r,n+r
1 =

{ ⊕
q≥0 Hn−2q−r(D(2q+r+1)), (r > 0),

Hn+r(C(−r+1))⊕
⊕

q>−r Hn−2q−r(D(2q+r+1)), (r ≤ 0),

(where D(j) consist of intersections of all divisors Di = Ci, i = 1, 2, . . . as well as
of D0). In other notations

W Eu,v
1 =

{ ⊕
q≥0 H2n−v−2q(D(2q−u+1)), (u < 0),

Hv(C(u+1))⊕
⊕

q>u H2n−v−2q(D(2q−u+1)), (u ≥ 0).

The weight of the factor Hn+r(C(−r+1)) is n + r and, from the proof of Theorem
7.36(i), it follows that the weight of the other factors is also equal to n + r. So,
the weight of W E−r,n+r

1 and of W E−r,n+r
2 is n + r.
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(h) Example (The homogeneous singularity). (We use example 3.12 from [Ste2]).
Let g = P , where P is a homogeneous polynomial on Cn+1 of degree d with
isolated singularity. The blowing-up of the point 0 ∈ Cn+1 gives a manifold X
with holomorphic map f : X → C; (in an affine chart C × CPn � (y, u) →
x = yu, f = ydP (u : 1)). The singular fiber X0 consists of two components:
E0 (the normalization of P−1(0)) and E1 � CPn of multiplicity d and E0 ∩ E1

is a hypersurface of degree d in CPn. The semi-stable reduction gives X̃ with
f̃ : X̃ → D and X̃0 = D0 + C1, where D0 � E0 and C1 = D1 is a d-fold covering
of E1 with ramification along E0 ∩ E1; (here X ⊗D D̃ = {ydP (u : 1) = sd} and
X̃ = {yv = s, P (u : 1) = vd} is smooth with D0 = {v = 0}, D1 = {y = 0, P (u :
1) = vd}). In Steenbrink’s construction, X should be chosen compact but it is not
essential.
We have

Ap,0 = Ωp+0+1(log)/W̃0 �
(
Ωp

D0
⊕ Ωp

D1

)
⊕ Ωp−1

D0∩D1
, Ap,1 � Ωp

D0∩D1

and other blocks vanish. Next,

Ap,0(Y0) � Ωp
D0

and dAp,1(Y0) � Ωp
D0∩D1

.

Hence Ap,0(V∞) � Ωp
D1
⊕ Ωp−1

D0∩D1
, Ap,1(V∞) = 0.

This gives A•(V∞) � Ω•
D1
⊕ Ω•−1

D0∩D1
with the weight filtration GrW

n+1A•(V∞)
� Ω•−1

D0∩D1
, GrW

n A•(V∞) � Ω•
D1

.
One can check that this mixed Hodge complex coincides with the mixed Hodge
complex used by Deligne to calculate Hn(D1�D0), where D1�D0 = {P (u) =
1} ⊂ Cn+1 is an affine (open) variety.

Figure 9

(i) Example. Let g = x4 + y2 be the A3 singularity (see Figure 9). The resolution
consists of two blowing-ups: x = zx̃, y = zỹ, (x̃ : ỹ) ∈ CP 1, g = z2(z2x̃4 + ỹ2)
and the blowing-up of z = 0, x̃ = 1, ỹ = 0 by means of z = rZ, ỹ = rY , g =
r4Z2(Z + iY + . . .)(Z − iY + . . .)). We find the divisors: E01, E02 (normalizations
of g−1(0)), E1 � CP 1 (of multiplicity 2) and E2 � CP 1 (of multiplicity 4). Next
the variety X×DD̃ = {r4Z2(Z2+Y 2+. . .) = s4} is normalized. The neighborhood
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of r = Z = 0 has two preimages, each of the form rZ̃ = s(a + . . .), Z = Z̃2. The
preimage of a neighborhood of any point E2 ∩E0j has one component of the form
rV = s(a+. . .), Z±iY +. . . = V 4. This shows that X̃0 = D01+D02+C11+C12+C2,
where D0,j � E0j , C1j = D1j � CP 1 (sent to E1) and C2 = D2 is a 4-fold covering
of E2 with branching points at D1 ∩D1j (of index 2) and at D2 ∩D0j (of index
4). The Riemann–Hurwitz formula (Theorem 11.32) shows that C2 is an elliptic
curve.
We are interested in H1(V∞). We find part of the weight spectral sequence in the
form

E−1,0
1 → H0(C(1)) → H0(C(2)) → 0,

0 → H1(C(1)) → 0,

0 → H0(D(2)) → H2(C(1)) → E1,2
1 .

We see that GrW
0 H1(V∞) = H0(C(2))/ Im H0(C(1)) = 0 (it is equal to C2/ ImC3),

GrW
1 = H1(C(1)) = H1(C2) = H1,0 ⊕ H0,1 ≈ C2 and GrW

2 = ker(H0(D(2)) →
H0(C(1))) = ker(C4 → C3) = C = H1,1.
In [Ste2] (Example 3.13) the reader can find calculations for general singularity
(C2, 0)→ (C, 0).

7.41. Mixed Hodge structure on Milnor bundle and monodromy.
(a) The cohomological Milnor bundle over the punctured disc D∗ is prolonged to
a bundle Hn over D with the central fiber Hn

0 equal to Hn(V∞). The monodromy
action Mt : Hn

t → Hn
t has limit M0.

One expects that the action of the monodromy operator M = M0 on Hn(V∞)
should be analogous to the action of the monodromy on the limit mixed Hodge
structure on Hn(X∞). As the reader will see this is not completely true.
Indeed, by the Thom–Sebastiani theorem 5.31, the monodromy of the singularity
g = x4 + y2 is equal to the tensor product of monodromies of the component
functions:

Mg = Mx4 ⊗Mx2 =

⎛⎝ 0 0 −1
1 0 −1
0 1 −1

⎞⎠⊗ (−1)

with the eigenvalues 1,±i. Thus M = Ms (is semi-simple) and N = log Mu = 0.
We should expect that N r : GrW

1+r → GrW
1−r are isomorphisms. But N1 = 0,

GrW
2 �= 0 = GrW

0 .

(b) If a root of unity λ is an eigenvalue of an operator M acting on a space H ,
then we denote by Hλ the invariant subspace corresponding to this eigenvalue. By
H �=1 we denote

⊕
λ �=1 Hλ.

Recall the exact sequence (4.2)
0→ H̃n(Y0)→ Hn(X∞)→ Hn(V∞)→ Hn+1(Y0) → Hn+1(X∞)→ 0.
We have Hj(Y0) = Hj(Y0)1. This shows that

Hn(V∞)λ � Hn(X∞)λ, λ �= 1,
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and that M acts on Hn(V∞)�=1 in the same way as it acts on Hn(X∞)�=1.

(c) Consider the restriction of the sequence (4.2) to the subspaces corresponding to
the eigenvalue λ = 1. As usual we denote N = log Mu, where Mu is the unipotent
part.
We can represent Hn(V∞)1 as

(Hn(X∞)1/ ImHn(Y0)1)⊕ Im
(
Hn(V∞)1 → Hn+1(Y0)1

)
.

(d) We have Hj(Y0) ⊂ ker N |Hj(V∞)1. The invariant cycle theorem 7.39(c) says
even more, kerN is equal to the image of Hj(X̃0) where X̃0 is the reduced semi-
smooth variety associated with X0 (via base change and normalization). But X0

consists of divisors E0 (with multiplicity 1) and E1, E2, . . . (with multiplicities
> 1); respectively X̃0 consists of divisors D0 = E0 and Cij (preimages of Ej ,
j > 0). The cycles from

⋃
Cij lie in the subspaces corresponding to eigenvalues

�= 1 (see also the proof of the monodromy theorem). This leads to the equalities

Hj(Y0) = kerN |Hn(V∞)1,
Hn(X∞)1/ Im Hn(Y0)1 = Hn(X∞)1/ kerN.

The space Hn(X∞)1 has weight filtration being the monodromy weight filtration
with central index n; i.e. defined by N : Wj → Wj−2 and the operators N r :
GrW

n+r → GrW
n−r are isomorphisms. In the quotient space Hn(X∞)/ kerN we

delete all blocks GrW
n−r at which N = 0. It means that the central index is shifted

to n + 1 (see Figure 10).

(e) Let us study the weight filtration on Im
(
Hn(V∞)1 → Hn+1(Y0)1

)
. One can

avoid this term by suitable choice of the polynomial g : Cn+1 → C defining the
singularity. In [SS] it is argued that, if the degree of g is sufficiently high, then the
map Hn(Xt) → Hn(Vt) is surjective; (equivalently: any n-dimensional cycle in Vt

is not a boundary in Xt).
(In [Ste2] it is proved that, in the general case, the space Hn+1(Y0) (and
Im
(
Hn(V∞)1 → Hn+1(Y0)1

)
) has pure weight n + 1. The proof is based on the

exact sequence . . .→ Hn(E1 ∪ E2 ∪ . . .)→ Hn+1(Y0)→ Hn+1(X0)→ . . ., on the
fact that the combinatorial complexes . . .Hp(E(q)) → Hp(E(q+1))→ . . . are exact
in terms q > 1 (as Ej appear in successive blowing-ups), showing that Hp(E1∪. . .)
have pure weight p, and on a similar proof that Hn+1(X0) has pure weight n+1.)
The above gives the following result.

(f) Theorem (Action of monodromy on mixed Hodge structure in vanishing coho-
mology).

(1) Ms is an automorphism of the mixed Hodge structure.

(2) The maps

N r : GrW
n+rH

n(V∞)�=1 → GrW
n−rH

n(V∞)�=1,
N r : GrW

n+1+rH
n(V∞)1 → GrW

n+1−rH
n(V∞)1

are isomorphisms of weight −2r.
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Figure 10

(g) Corollary. Symmetries of the Hodge numbers. We have

hp,q
λ = hq,p

λ̄
,

hp,q
λ = hn−p,n−q

λ , λ �= 1,

hp,q
1 = hn+1−p,n+1−q

1 ,

where hp,q
λ = dimHp,q

λ .

(h) Corollary. The dimension of a Jordan cell of M does not exceed the dimension
n + 1 of the ambient space in the case of eigenvalue different from 1 and is ≤ n
for eigenvalue 1.

7.42. The mixed Hodge structure and the intersection form for a quasi-homogene-
ous singularity. (We follow mainly [Ste3] and [Var1]).
Assume that g is a quasi-homogeneous polynomial, i.e. g(λα0x0, . . . , λ

αnxn) =
λg(x0, . . . , xn), where αj are rational numbers.
Let {xk : k = (k0, . . . , kn) ∈ I}, I ⊂ (Z+)n+1 be the set of monomials whose
classes form a basis of the local algebra O0(Cn+1)/(∂f/∂x). For k ∈ I we put
lk =

∑n
i=0(ki + 1)αi and associate with it the form

ωk = xkdx0 ∧ . . . ∧ dxn.

We denote [lk] =integer part of lk.
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The next theorem of Steenbrink solves a conjecture of Arnold about intersection
form for quasi-homogeneous singularities [Arn4].

Theorem of Steenbrink about quasi-homogeneous singularities. ([Ste3])

(1) With the system of forms ωk, k ∈ I, one can associate a basis in Hn(Vt)
consisting of eigenvectors of the monodromy with eigenvalues e2πilk .

(2) The Hodge numbers are equal to

hp,q = #{k : q < lk < q + 1}, p + q = n,
hp,q = #{k : lk = q}, p + q = n + 1.

(3) The zero space of the intersection form on Hn(Vt) has dimension

µ0 = #{k ∈ I : lk ∈ Z}

and, if n is even, then the number of pluses and of minuses in the canonical
representation of the intersection form are equal to

µ+ = #{k ∈ I : lk �∈ Z, [lk] even },
µ− = #{k ∈ I : lk �∈ Z, [lk] odd }.

Proof. (α) We introduce the notion of weighted projective space. Let the weights
be αj = aj/bj . We put b = lcm (b0, . . . , bn), ci = αib (integers).
Let G be a subgroup of PGL(n+1, C) consisting of elements represented by the di-
agonal matrices diag (e2πim0/c0 , . . . , e2πimn/cn), mj ∈ Z. The weighted projective
space is the space M = CPn/G. Its structural ring is C[z0, . . . , zn]G and consists
of quasi-homogeneous polynomials. The space M is an orbifold and is a normal
space (by Example 4.64(d)).
(β) As in Example (h) in 7.39, one shows that Hn(Z∞) � Hn(Z∗), where Z∗ =
{g(x) = 1} ⊂ Cn+1. We treat Z∗ as a subvariety in its weighted-projective closure
Z ⊂ M . Thus Z∗ = Z \Z∞, where Z∞ lies at infinity. Because Z∗ is diffeomorphic
with any nonzero level g−1(t), t �= 0 (and is homotopically equivalent to the fiber
Zt of the Milnor fibration), we shall study the mixed Hodge structure of the fiber
g = t.
The mixed Hodge structure of Hn(Z∗) is defined as follows (with the Gysin ho-
momorphisms):

GrW
n Hn(Z∗) = coker

[
Hn−2(Z∞)→ Hn(Z)

]
,

GrW
n+1H

n(Z∗) = ker
[
Hn−1(Z∞) → Hn+1(Z)

]
.

On the other hand, we know that GrW
n Hn(Z∞) = Hn(V∞)�=1, GrW

n+1H
n(Z∞) =

Hn(V∞)1.
(γ) Let us pass to description of the Hodge filtration. Its definition by means of
the filtration bête of the complex Ω•

Z(log Z∞) is not useful in calculations. The
same is with the stupid filtration of the complex A•(Z∞).
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In 7.45 below the Hodge filtration on Hn(g−1(t)) is introduced in another way.
So, we use that filtration, leaving aside (for a while) explanation of its equivalence
to the standard Hodge filtration.
If ω is a quasi-homogeneous holomorphic (n+1)-form and l > 0 is an integer, then
ω/(g−t)l is a meromorphic quasi-homogeneous form with pole at the hypersurface
g = t. We associate with ω/(g− t)l its residuum η = Res ω/(g− t)l, an n-form on
g = t, as follows. Let U be a tubular neighborhood of g = t and ∂U its boundary
with projection π : ∂U → {g = t}. If ∆ is an n-dimensional cycle in {g = t}, then
π−1(∆) is an (n + 1)-dimensional cycle in ∂U ⊂ Cn+1�{g = t}; it is the Leray
coboundary δ∆ (see Definition 5.9). We put∫

∆

Res ω/(g − t)l =
∫

π−1(∆)

ω/(g − t)l.

One can easily check that Res ω/(g−t)l = 2πi
(l−1)! (∇∂/∂t)l−1s[ω](t), where s[ω] is the

geometrical section (of the cohomological Milnor bundle) defined by means of the
Gelfand–Leray form ω/dg and ∇∂/∂t is the Gauss–Manin connection. The map
Res is the extension of the Poincaré residuum homomorphism to meromorphic
forms with high order poles.
With any form ωk = xkdx0∧ . . .∧dxn, such that xk is an element of the monomial
basis of the local algebra C[x]/(∂g/∂x), we associate the element ηk = Res ωk(g−
t)[−lk]−1, lk =

∑
αi(ki+1). One shows that the geometrical sections satisfy s[ωk] =

tlkAk, where Ak are horizontal sections of Hn (by quasi-homogeneity). They form
a basis of Hn(g−1(t)) (see Chapter 5). Therefore, the classes

ηk = const · tlk+[−lk]Ak, k ∈ I,

also form a basis.
In 7.45 below it is shown that the Hodge filtration on the space generated by
classes ηk is the same as the filtration by the order of pole −[−lk] + 1 of the space
generated by forms ωk(g − t)[−lk]−1. Thus F p = span [ηk : lk ≤ n− p].
Next, the elements ηk are eigenvectors of the monodromy with eigenvalues e2πilk

and hence Wn = span [ηk : lk �∈ Z] (corresponding to e2πilk �= 1).
In this way the mixed Hodge structure on Hn(g−1(t)) is defined. The Hodge
numbers are the same as in the theorem.
(δ) In order to calculate the invariants of the intersection form on Hn(Z∗) we use
the cohomologies with compact support Hn

c (Z∗). Hn
c (Z∗) is the dual to Hn(Z∗)

and is equipped with a mixed Hodge structure (with Wn−1 ⊂ Wn) such that the
pairing morphism Hn

c (Z∗)⊗Hn(Z∗)→ C = Hn,n is a morphism of mixed Hodge
structures. We have Wn−1H

n
c = {ω : 〈ω, η〉 = 0 for any η ∈ WnHn}. Consider

the commutative diagram, where i : Z∗ → Z is the inclusion and all arrows are
morphisms of mixed Hodge structures,

Hn
c (Z∗) i∗→ Hn

c (Z)
↓ j ↓=

Hn(Z∗) i∗← Hn(Z)
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Let S be the bilinear form on Hn
c (Z∗) given by S(α, β) = 〈α, j(β)〉 =

∫
α ∧ β.

We get S(α, β) = 0 if α ∈ Wn−1H
n
c (or if β ∈ Wn−1H

n
c ); because j|Wn−1 = 0 :

Wn−1H
n
c → Wn−1H

n = 0. This shows that Wn−1H
n
c is the zero space of the

intersection form.
Next, i∗ identifies GrW

n Hn
c (Z∗) with Pn(Z), the primitive part of the weight-

ed-projective variety Z ⊂ CPn/G. Recall that the primitive cohomology classes
are those classes which have zero intersection with suitable power of the Kähler
class, dual to a hyperplane section [H ∩ Z] (e.g. at infinity, see Theorem 7.12).
In particular, the forms with compact support do not touch infinity and hence
represent primitive classes, Hn

c (Z∗) ⊂ Pn(Z). By the point (ii) (of the theorem
under proof) GrnHn(Z∗) = coker

(
Hn−2(Z∞)→ Hn(Z)

)
and the arrow is the

Gysin homomorphism. Using the Poincaré duality we identify it with the space of
cycles in Z modulo cycles in Z∞. Because GrnHn

c (Z∗) is dual to GrnHn(Z∗) we
find that it equals Pn(Z).
Now we use Theorem 7.14. The form S is non-degenerate on Pn, which shows
that the dimension of the zero subspace µ0 = dimGrW

n+1H
n(Z∗) (by duality). If

n is odd, then the form S is symplectic on Pn(Z). If n is even, then we have
the Hodge–Riemann relations on Pn(Z) =

⊕
Hp,q: (i) S(α, β) = 0 if α ∈ Hp,q,

β ∈ Hr,s, (p, q) �= (s, r) and (ii) (−1)n(n−1)/2ip−qS(x, x̄) > 0 for x ∈ Hp,q \ 0.
If n is even, and we consider cohomologies with real coefficients, then the form
S|P n(Z,R) is diagonalizable with µ+ =

∑
q even hp,q

�=1 pluses and with µ−=
∑

q odd hp,q
�=1

minuses. �

7.43. Remarks. (a) Steenbrink in [Ste3] introduced the Hodge filtration by means
of the identity F pHn(Z) ≈ Γ(M, Ωn+1

M (n + 1 − p)Z))/dΓ(M, Ωn
M ((n − p)Z)) and

an analogous identity for F pHn−1(W ). Here Ωm
M (kZ) is the sheaf of meromorphic

k-forms with poles on Z of order k (see below). In order to prove this he used a
theorem of Bott about vanishing of Čech cohomologies of the projective space.

(b) The filtration F p = span [ηk : lk ≤ n − p], from the proof of the theorem of
Steenbrink, is equivalent to the following filtration, called the asymptotic Hodge
filtration, in the space spanned by the geometrical sections s[ωk], k ∈ I:

F p
as = span [s[ωk] : lk ≤ n− p].

Because s[ωk] ∼ tlk this is the filtration determined by the asymptotic behaviour
of the geometrical sections.

(c) In [Ste2] Steenbrink calculated the invariants µ0, µ± in the general situation.
We have

µ0 =
∑

p+q=n+1,n+2

hp,q
1 , µ± =

′∑
p+q=n+2

hp,q
1 + 2

′∑
p+q≥n+3

hp,q
1 +

′∑
hp,q
�=1 ,

where
∑′ runs over even (respectively odd) q’s for even n.
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From this it follows in particular that: if n is odd then µ − µ0 is even, if n =
2 (mod 4) then µ− µ− is even, if n = 0 (mod 4) then µ− µ+ is even.

7.44. Applications of the mixed Hodge structure on the Milnor bundle. (a) The
Petrovski–Oleinik inequalities in real algebraic geometry. V. I. Arnold [Arn4] ob-
served that certain classical inequalities obtained by I. G. Petrovski and O. A.
Oleinik [PO] can be interpreted in terms of the mixed Hodge structure on vanish-
ing cohomology.
The Petrovski–Oleinik inequalities are the following:

|χ(A) − 1| ≤ Πn(d), n even,
|χ(B+)− χ(B−)| ≤ Πn(d), n odd, d even,

where A ⊂ RPn−1 is a projective algebraic hypersurface given as f = 0, B± =
{±f ≥ 0}, f is a homogeneous polynomial, χ is the Euler characteristic and
Πn(d) = #{k :

∑
ki = dn/2}.

The same inequalities in Arnold’s interpretation take the form

|ind| < h
n/2,n/2
1 , |ind| < h

[n/2],[n/2]
1 ,

where ind = i0∇f is the index of the gradient vector field and hk,k
1 are the Hodge

numbers of the mixed Hodge structure in the vanishing cohomology defined by
f(x) (n even) and by f(x) + y2 in Cn+1 (n odd).
The proof uses the theorem of Steenbrink about quasi-homogeneous singularities
(from the point 7.42).
Arnold conjectures that the mixed Hodge structure should play an important role
in topology of real algebraic manifolds.

(b) Hodge numbers for hypersurfaces in projective and affine spaces. Using the
Lefschetz theorem about hyperplane sections and the Steenbrink theorem about
quasi-homogeneous singularities, applied to a hypersurface Z ⊂ CPn+1 defined by
generic homogeneous polynomial equation g̃ = 0 (e.g. g̃(x) = g(x) − xd

n+1), one
can show that Pn(Z) coincides with GrW

n−1(Z∞). In this way one computes the
Hodge structure on Z (see Example 7.13 above).
The Lefschetz theorem about hyperplane section says that:

If X ⊂ CPn is smooth compact variety of (complex) dimension m and Y =
X ∩H is smooth, where H ⊂ CPn is a projective hyperplane, then the restriction
homomorphism Hj(X) → Hj(Y ) is an isomorphism for j < m − 1 and is an
embedding for j = m− 1.
The dual version of this statement says that the Gysin homomomorphism Hj(Y )→
Hj+2(X) is an isomorphism for j > m− 1 and is epimorphism for j = m− 1.

From this it follows also that:

The affine variety Z∗ = {g(x) = 1} ⊂ Cn+1 has the only nontrivial reduced
cohomologies in dimension n.
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Thus we have a generalization of the Milnor theorem to an algebraic situation.

7.45. The asymptotic mixed Hodge structure. A. N. Varchenko [Var1] has de-
fined the following asymptotic mixed Hodge structure on a fiber Ht = Hn(Vt) of
the Milnor cohomological fibration, associated with a singularity g : (Cn+1, 0) →
(C, 0).
The asymptotic weight filtration W• is the same as the Steenbrink weight filtration;
it is the monodromy filtration with central index n on Hn(Vt)�=1 and with central
index n + 1 on Hn(Vt)1.
The asymptotic Hodge filtration F • is defined by means of the geometrical sections
s[ω] = 〈·, ω/df〉 of the cohomological Milnor bundle Hn. We have

F p
as = F pHn(Vt) = span {s[ω] : ω of order ≤ n− p}.

It means that, if s[ω] ∈ F p and
∫
∆(t)

ω/df =
∑

α,k Ak,α(∆)tα(ln t)k, then there
exists α0 ≤ n− p, k such that Aα0,k �= 0.

Theorem. ([Var1], [SS]) The above two asymptotic filtrations define a mixed Hodge
structure equal to Steenbrink’s mixed Hodge structure.

Varchenko [Var1] proved this result in special cases (semi-quasi-homogeneous, two
variables, f(x)+ g(y)). J. Scherk and J. H. C. Steenbrink [SS] gave a proof of this
theorem using F. Pham’s [Ph3] description of so-called Gauss–Manin moduli (via
filtrations on some D–moduli). V. S. Kulikov in [Kul] translated the proof from
[SS] into the more standard language of sheaves and hypercohomologies.
We will see that the asymptotic Hodge filtration is analogous to the asymptotic
Hodge filtration, which we have met in the quasi-homogeneous case.

The idea of the proof of this theorem is to equip the hypercohomologies of a
complement X�Y of a hypersurface Y ⊂ X with a filtration which arises from a
filtration of some sheaf complex, but is different from the standard filtration into
forms of (p, q)-type (when we use Hn(X�Y ) = Hn(X, E•(log))) and is different
from the stupid filtration (when Hn(X�Y ) = Hn(X, Ω•(log)). This idea belongs
to P. Griffiths [Gri3].
We have the short exact sequence

0 → Ω•
X → Ω•

X(log Y ) R→ i∗Ω•−1
Y → 0

(R – the Poincaré residuum), which shows that one can calculate the cohomolo-
gies of X�Y by means of hypercohomologies of the holomorphic logarithmic com-
plex on X . The complex Ω•(log Y ) is quasi-isomorphic to the complex Ω(∗Y ) of
meromorphic forms with finite order poles on Y . The above short exact sequence
becomes quasi-isomorphic to the sequence

0→ Ω•
X → Ω•

X(∗Y ) R→ DR•−1(B[Y ]X)→ 0,

where DR•(B[Y ]X) = Ω•
X ⊗ B[Y ]X is the de Rham complex of the ring B[Y ]X =

OX(∗Y )/OX and consists of classes of meromorphic forms with poles at Y modulo
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holomorphic forms. Here, by OX(kY ) we denote the sheaf of meromorphic func-
tions on X with poles at Y of order at most k. OX(∗Y ) is the union of such rings,
OX ⊂ OX(Y ) ⊂ OX(2Y ) ⊂ . . .OX(∗Y ).
The complexes Ω•

X , Ω•
X(log Y ), i∗Ω•−1

Y are equipped with the filtration bête F •.
For example, we have F pΩm

X(log Y ) = Ωm(log) if m ≥ p and = 0 otherwise. We
want to introduce a filtration P • on Ω•(∗Y ) (and on DR•−1(B[Y ]X)) such that the
inclusion map a : Ω•(log)→ Ω•(∗Y ) is a filtered quasi-isomorphism (and the maps
i∗Ω•−1

Y → DR•(B[Y ]X) and Ω•
X(∗Y )→ DR•−1(B[Y ]X) are filtration preserving).

For fixed n we put the filtration by the order of pole P • :

P pΩm(∗Y ) = Ωm((n + 1− p)Y ), p = 1, . . . , n,
= Ωm(∗Y ), p = 0.

Then we have a(F pΩm(log)) ⊂ P pΩm(∗Y ), p = 0, 1, . . . n. The filtration P • on
the complex DR•(B[Y ]X) is defined analogously.
It follows that the filtrations by the order of pole induce the Hodge filtrations on
Hn(X, Ω•(∗Y )) and on Hn(X, DR•−1(B[Y ]X)); the latter coincide with Deligne’s
Hodge filtrations on Hn(X�Y ) and Hn−1(Y ) respectively.
(In [Ste3] the above filtered quasi-isomorphism is derived directly in the case X is
a weighted projective space and Y is a (quasi-homogeneous) hypersurface. Steen-
brink uses long exact sequences associated with short sequences 0 → Z(Ωq−1(kY ))
→ Ωq−1(kY )→ Z(Ωq((k+1)Y )) → 0 and 0→ Z(Ωq

X)→ Z(Ωq(Y )) → Z(Ωq−1
Y )→

0 and vanishing of some cohomology groups Hp(X, Ωq
X ⊗O(k)) (Bott theorem).)

One applies this construction to the cases X = V (small ball around the origin in
Cn+1) and Y = Vt, t �= 0). Due to the quasi-isomorphism between DR•(B[Y ]X) and
Ω•

Y , which is analogous to the map Res from the proof of the theorem of Steenbrink
in the point 7.42, the induced filtration on Hn(Y ) becomes the asymptotic Hodge
filtration.
The detailed proof is much more complicated. We refer the reader to the book
[Kul]. �
The asymptotic mixed Hodge structure is closely related to the spectrum of the
singularity and the conjecture about its semi-continuity (see the point 5.45, [AVG],
[Ste2] and [Kul]).
Varchenko in [Var2] proved that the operator N = log Mu acting on Hn(Vt) � Cµ

has the same structure as the operator of multiplication by f in the local algebra
C[x]/(∂f/∂x) � Cµ. It follows from the proof of the previous theorem (see [SS]
and [Kul]). In particular, fn+1 ∈ (∂f/∂x), where n + 1 is the dimension of the
ambient space. The later property was first proved by J. Briançon and H. Skoda
[BS].

§5 Period Mapping in Algebraic Geometry
7.46. Example. The moduli space of elliptic curves. An elliptic curve E can be
identified with the quotient C/Λ, where Λ = {mz1 + nz2 : m, n ∈ Z} is a lattice.
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The automorphisms of C, i.e. z → λz, define isomorphisms between lattices C/Λ
and C/λΛ. Thus one can assume that z1 = 1, Im z2 > 0. Usually z2 is here denoted
by τ .
The generators of Λ � Z2 are not defined uniquely. One can apply an automor-
phism of Z2, i.e. an element of the group SL(2, Z) to them. Because τ = z1/z2 is
the coordinate in the projectivization of the complex plane generated by z1, z2, the

action of
(

a b
c d

)
∈ SL(2, Z) is equal to its projective representation: τ → aτ+b

cτ+d .

Therefore the space of all elliptic curves is identified with H/PSL(2, Z), where
H is the upper half-plane. There is one-to-one correspondence between the space
M1 of moduli of elliptic curves and H/PSL(2, Z).
The map E → τ(E) is called the period map. It can be defined by means of
integrals of holomorphic forms along cycles in E. The space of holomorphic forms
is 1-dimensional, H0(E, Ω1) = H1,0(E) � C and is generated by ω = dz. The
integer homologies H1(E, Z) are generated by the cycles γ = R/Λ and δ = τR/Λ

with the index of intersection 〈γ, δ〉 = 1. The intersection matrix is
(

0 1
−1 0

)
.

The period mapping is identified with the map E → (
∫

γ
ω,
∫

δ
ω) = (1, τ).

The intersection form of cycles is dual to the external product on de Rham coho-
mologies, Q(φ, ψ) =

∫
E φ ∧ ψ. In the basis (η, µ) of H1(E, Z), dual to (γ, δ), we

have Q =
(

0 1
−1 0

)
. Here η = dx − (τ1/τ2)dy, µ = dy/τ2 where z = x + iy,

τ = τ1 + iτ2.
Moreover ω = dx + idy = η + τµ = (η, µ)Ω�, Ω = (1, τ).

If a curve C ⊂ CP 2 is given by a quartic equation y2 = P4(x) (in the affine
part) then C is a topological torus (elliptic curve). One can choose a basis (γ, δ) of
H1(C, Z) with 〈γ, δ〉 = 1 and a 1-form ω = c ·dx/y ∈ H0(C, Ω1) such that

∫
γ

ω = 1
and Im

∫
δ
ω > 0. Thus the period mapping (

∫
γ

ω,
∫

δ
ω) = (1, τ) coincides in both

models of an elliptic curve.
There is a holomorphic diffeomorphism between C and E. It is the Abel–Jacobi
map p →

∫ p

p0
ω (mod Λ), where p0 is a fixed point. The curve E is called the

jacobian of the curve C.

7.47. The period mapping for general algebraic curves. Let C be a smooth closed
projective curve of genus g.
For example, the curve defined by Q(x, y) = 0 (in C2), where Q is a generic
polynomial of degree d, has smooth compactification in CP 2 to a Riemann surface
of genus g = (d−1)(d−2)/2. The compactification of the affine hyperelliptic curve
y2 = P2g+2(x) (P2g+2 – a generic polynomial of degree 2g+2 > 4) is singular at one
point at infinity. The resolution of this singular point gives a general hyperelliptic
curve of genus g. Here the hyperellipticity means existence of a 2-fold ramified
covering above the projective line.
Then H1(C, C) = H0,1 ⊕H1,0 where h0,1 = h1,0 = g and H1,0 is identified with
the space of global holomorphic 1-forms.
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Let Q(φ, ψ) =
∫

C φ ∧ ψ be a bilinear anti-symmetric form on H1(C). It has the
property

iQ(α, α) > 0, α ∈ H1,0 \ 0, (5.1)

(because locally α ∧ α = −2i|f |2dx ∧ dy for α = f(z)dz).
There exists a basis η1, . . . , ηg, µ1, . . . , µg of H1(C, Z) such that

Q =
(

0 Ig

−Ig 0

)
(5.2)

in this basis. (Ig is the identity matrix of dimension g.) This basis is dual to a
basis γ1, . . . , γg, δ1, . . . , δg of the lattice of integer cocycles. We choose a basis of
holomorphic forms ω1, . . . , ωg ∈ H0(C, Ω1) such that∫

δi

ωj = δij .

The integrals
∫

γ ω of a holomorphic form along 1-cycles are called periods. The
representation of the forms ωi in the basis η1, . . . , µg has the form

(ω1, . . . , ωg) = (η1, . . . , ηg|µ1, . . . , µg)Ω
�

where Ω = (Ig|Z) and Z = X + iY is a complex g × g matrix (X, Y real). Ω is
called the period matrix: Ω = (

∫
γk

ωj |
∫

δk
ωj).

The form Q|H1,0 , in the basis ωj , is equal to ΩQΩ� = Z� − Z where Q is in the
form (5.2). Because Q|H1,0 ≡ 0 we get the first Hodge–Riemann relation:

(i) the matrix Z is symmetric, Z = Z�.

The Hermitian form (φ, ψ) → iQ(φ, ψ̄) restricted to H1,0 is equal to iΩQΩ
�

=
2 Im Z = 2Y . Because of (5.1), we have the second Hodge–Riemann relation:

(ii) the matrix Y is positive definite, Y > 0.

The space
Hg = {Z ∈ gl(g, C) : Z = Z�, Im Z > 0}

is called a Siegel upper half-plane of genus g.
Here the Siegel upper half-plane is identified with the period matrix space or with
the classifying space of Hodge structures (see below).

The (arithmetic) Siegel modular group Sp(g, Z) of matrices G =
(

A B
C D

)
∈

SL(2g, Z), which preserve the (symplectic) form Q in the basis ηk, µl (GQG� = Q)
acts on the space Hg:

G(Z) = (AZ + B)(CZ + D)−1.
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The space Hg/Sp(2g, Z) is the proper space for values of the period mapping; (to
be correct one should write Sp(2g, Z) \ Hg, since we have the left action of the
modular group). However it is more useful to work with the space Hg.
With the curve C one can associate a certain torus J(C) called the jacobian of
C and defined as H1,0/πH1(C, Z), where π : H1 → H1,0 is the projection along
H0,1. Thus J(C) is a 2g-dimensional real torus. The Abel–Jacobi mapping from
C to J(C) is defined as p → (

∫ p

p0
ω1, . . . ,

∫ p

p0
ωg)� (mod Λ), where the lattice

Λ � Z2g is generated by the periods (the columns of the matrix Ω).
(The jacobian J(C) turns out to be an algebraic variety, i.e. abelian variety with a
Kähler (1, 1)-form (polarization). It has other interesting invariants reflecting the
geometry of the curve C. We refer the reader to any book on algebraic geometry
to get more information about this interesting subject.)
Denote by Mg the space of moduli of algebraic curves of genus g. Two such curves
are treated as equivalent iff there is an analytic diffeomorphism between them.
We have defined a canonical map

Φg :Mg → Hg/Sp(2g, Z).

7.48. The Torelli theorem for curves. ([Tor]) The map Φg is an embedding. It
means that if two curves have the same period matrix modulo the Siegel modular
group, then they are analytically isomorphic.

The proof of this result needs introduction of some additional algebro–geometri-
cal notions (canonical curve, Θ–divisor) (see [GH] for example). So, we omit this
proof.

At this moment it is worth citing some results of D. Mumford and P. Deligne
[DeMu]. It turns out that the space Mg, g > 1, admits a structure of irreducible
quasi-projective algebraic variety of dimension 3g− 3. Its closure Mg is a smooth
variety consisting of classes of curves admitting at worst double point singulari-
ties. The same concerns the space Mg,n (of moduli of curves of genus g with n
punctures) and its closure (which forms a so-called algebraic stack). The intersec-
tion numbers of certain cycles in Mg,n (the Gromov–Witten invariants) generate
so-called partition function of conformal 2-dimensional field theory (see [Dub],
[Voi]). These topics are in the frontiers of modern mathematics. They reveal deep
connections between algebraic geometry and mathematical physics.
We leave these interesting themes aside and we pass to definition of period matrix
space in the general situation.

7.49. Definition of polarized Hodge structure. Let HZ be an integer lattice in its
complexification H = HZ ⊗ C. Assume that H admits a pure Hodge structure of
weight n, i.e. H =

⊕
p+q=n Hp,q with Hp,q = Hq,p. Let Q : HZ ⊗ HZ → Z be a

non-degenerate bilinear form satisfying the Hodge–Riemann relations

Q(φ, ψ) = (−1)nQ(ψ, φ),
Q(φ, ψ) = 0, φ ∈ Hp,q, ψ ∈ Hr,s, p �= s,

ip−qQ(φ, φ̄) > 0, φ ∈ Hp,q \ 0.
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The triple (HZ, Hp,q, Q) is called the polarized Hodge structure of weight n. We
introduce the Hodge numbers hp,q = dimHp,q and the Weil operator C : H → H ,
C|Hp,q = ip−q.

Example. Let X be a smooth complete projective variety of dimension d. Let
[ω] ∈ H2(X, Z) be its Kähler class and let L : Hj(X) → Hj+2(X), [η] → [ω ∧ η]
be the Lefschetz operator.
We define HZ as Pn(X, Z) = ker

[
Ld−n+1 : Hn → H2d−n+2

]
, n ≤ d, the subspace

of primitive vectors (see Theorem 7.12). The spaces Hp,q are Pn(X, C)∩Hp,q(X)
and the form Q(φ, ψ) equals (−1)n(n+1)/2

∫
X

φ∧ ψ ∧ ωd−n. Due to Theorem 7.14,
these data define a polarized Hodge structure of weight n.

7.50. Definition of the classifying space of polarized Hodge structures. Let an
integer n, a lattice HZ and a bilinear form Q (on the lattice) and positive integers
hp,q (equal to the dimensions of Hp,q) be given. Define the space D as the space
of all polarized Hodge structures HZ, Hp,q, Q with dimHp,q = hp,q and call it the
period matrix space.
The space D can be constructed explicitly. The space F of all filtrations F 0 ⊃
F 1 ⊃ . . . with fixed dimensions f j = dimF j (= hn,0 + hn−1,1 + . . . + hj,n−j) is a
flag variety and forms a subvariety of a product of Grassmann varieties (i.e. spaces
of all subspaces of H of fixed dimension) with the natural complex structure.
The first Hodge–Riemann condition

Ď : Q(F p, Fn−p+1) = 0

defines a closed complex analytic subvariety Ď of the flag variety F. The second
Hodge–Riemann condition

D : Q(Cφ, φ̄) > 0, φ �= 0,

defines the period matrix space D as an open subvariety of Ď.
The spaces Ď and D have also other algebraic descriptions. Let GC = Aut (H, Q)
be the group of linear automorphisms of the space H preserving the form Q. GC

acts on the flag space F and the subset Ď is an invariant subset with respect to
this action. The action of GC on Ď is transitive; for any a, b we have b = g(a),
g ∈ GC (there is only one orbit). This shows that Ď is a homogeneous space and
can be represented in the form

Ď = GC/B,

where B is a stationary subgroup of one point, of a fixed flag F 0
∗ ⊃ F 1

∗ ⊃ . . .. In
a suitable basis of H attached to this flag, the elements of the group B consist
of block-triangular matrices. Such a group is called a parabolic subgroup. (The
definition of parabolicity of an algebraic subgroup of a linear affine algebraic group
requires that the quotient space be a compact projective variety.) This shows that
the space Ď is smooth.
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In order to give a similar description of the space D one takes the subgroup
GR = Aut (HR, Q) ⊂ GC (the real variant of GC) and its subgroup K = B ∩ GR.
K turns out to be compact (because its restrictions to the quotient spaces F p

∗ /F p+1
∗

are orthogonal groups). We have

D = GR/K.

One has also the discrete arithmetic subgroup GZ = Aut (HZ, Q) ⊂ GR. We treat
this subgroup as acting on D from the left (induced from left multiplication in
GR), whereas the cosets in GR/K are cosets of the right multiplication of elements
from K on GR. So one has the left quotient GZ \D as the proper classifying space
of Hodge structures. Because analytic description of the latter space is not explicit,
one prefers to deal with D. However, when one has a family of Hodge structures
depending on a parameter s ∈ S then one has a map from S to GZ�D, which can
be multivalued. In order to get single-valued mapping one uses the period matrix
space in the form

Γ \D

where Γ ⊂ GZ is the monodromy group, the image in GZ of the fundamental group
of S.

Let us demonstrate the construction of the space D in the case of curves of genus
g. Each such curve is C∞ diffeomorphic to a fixed curve X0. The lattice HZ is the
space H1(X0, Z) � Z2g with the basis η1, . . . , ηg, µ1, . . . , µg and with the standard
symplectic form Q. The Hodge structures on H = C2g are defined by choices of
the subspaces F 1 = H1,0(X, C). The subspaces F 1 form graphs F 1 = {(η, µ) : µ =
Z�η}, η =

∑
ajηj , µ =

∑
bjµj . This means that the space of flags H ⊃ F 1 of

this form is the same as the space of matrices Z. This space forms an affine part
of the Grassmann variety G(2g, g) of all flags. The space {Z : Z� = Z} is the
affine part of Ď and {Z ∈ Ď : Im Z > 0} is the affine part of D.

7.51. The general period mapping. Consider an analytic morphism f : X → S of
complex analytic manifolds and such that X ⊂ CPN × S, f is the projection and
the fibers Xs = f−1(s) ⊂ CPN ×{s} are compact smooth projective varieties. Fix
a positive integer n. For each s we have the data (HZ)s, (Hp,q)s, Qs.
Fix s0 and HZ = (HZ)s0 = Hn(Xs0 , Z), Hp,q = (Hp,q)s0 , Q = Qs0 . Because f
is a locally trivial fibration (in the topological and C∞ categories) there exists a
family of diffeomorphisms gs : Xs0 → Xs. The induced homomorphisms g∗s allow
us to identify the lattice (HZ)s with HZ and the form Qs with Q. In fact this
identification is unique modulo the monodromy, i.e. the action of the fundamental
group π1(S, s0).
However the spaces Hp,q

s = g∗s(Hp,q)s can differ from Hp,q (because the fibration
should not be an analytic bundle). We obtain a family of polarized Hodge struc-
tures, i.e. a family of elements in D modulo the action of π1(S, s0). Denote by Γ
the image of π1(S, s0) in GZ. The resulting map

ΦΓ : S → Γ \D
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is the period mapping of the family Xs.
In applications one uses S = D∗ or S = MY , where MY is the space of moduli
of analytic varieties topologically equivalent to Y .
Griffiths [Gri1] proved that ΦΓ is locally liftable to D. It means that there are
neighborhoods U (of points in S) and local maps Φ = ΦU : U → D such that
ΦΓ|U is the composition of Φ and of the quotient map.
We have the locally trivial vector bundles: H → S and Fp → S, with the fibers
H(Xs, C) and F pH(Xs, C) respectively, where F • is the Hodge filtration. The
cohomological bundle is equipped with the Gauss–Manin connection; it is a holo-
morphic bundle.

7.52. The period map and the Gauss–Manin connection. (a) Assume that we have
a family f : X → S of algebraic varieties Xs as above and let Φ : U → D be
a local lift of the period mapping. We want to differentiate Φ with respect to
vectors v ∈ Thol,s0S = Ts0S (vectors of type (1, 0)). Because the lattice HZ does
not depend on s, such a derivative is in fact the derivative along the Gauss–Manin
connection, ∂Φ/∂v = ∇vΦ. Let us first differentiate the classes [η] ∈ Hn(Xt0 , C).

(b) Griffiths Transversality Theorem. ([Gri1]) If [η] ∈ F p and v ∈ Ts0S then
∇v[η] ∈ F p−1.

The property ∇ : OS(Fp) → Ω1
S(Fp−1) is called the tranversality condition (or

the infinitesimal period relations). It says that, although the subbundles Fp are
not horizontal with respect to the Gauss–Manin connection, this non-horizontality
is relatively small.

(c) Corollary. The subbundles Fp are holomorphic and the period map Φ is also
holomorphic.

Proof. ∇vΦ is a tangent vector to the complexification of D, treated as a C∞ real
manifold. The affine part of the Grassmann variety G(H, fp) of fp-dimensional
subspaces F p of H consists of the graphs of linear maps from F p

s0
= F p to the

quotient space H/F p. Therefore the (holomorphic) tangent space to this Grass-
mann variety at the point d = Φ(s0) is identified with the space L(F p, H/F p) of
linear maps. We have ∇vΦ(s0) ∈ L(F p, H/F p)C. The transversality theorem says
that ∇vΦ(s0) ∈ L(F p, F p−1/F p)C in fact.
The derivative of a section [η] along the conjugate vector v̄ ∈ (Ts0S)C is equal
to ∂[η]/∂v̄ = ∂[η]/∂v, where [η] ∈ Fn−p and ∂[η]/∂v ∈ Fn−p−1. Hence ∂[η]/∂v̄
∈ F p+1. This shows that ∂Φ/∂v̄ ∈ L(F p, F p+1/F p) = 0 (as F p+1 ⊂ F p).
(The analyticity of the bundles Grp

F follows also from their definition as the Leray
sheaves Rqf∗Ω

p
X/S .) �

(d) Proof of Griffiths Transversality Theorem. Let us choose the representative
η as a harmonic form on Xs0 , a sum of components of the type (n, 0), (n −
1, 1), . . . , (p, n− p). We extend η to a form η̃ in a neighborhood of Xs0 in X with
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components of the same type. We use the C∞ trivialization f−1(U) � U ×Xs0 .
The (Gelfand–Leray) form

ivdη̃,

where iv is the internal product, defines the class of ∇v[η]. Because dη̃ is of the
type (n + 1, 0) + . . . + (p, n− p + 1) and v is of the type (1, 0) the form ivdη̃ is of
the type (n, 0) + . . . + (p− 1, n− p + 1), i.e. it lies in F p−1. �

(e) Definition. The horizontal subspace Th,d(D) of the (holomorphic) tangent space
TdD is defined as

L(F p, F p−1/F p) ⊂ L(F p/H/F p), p = 1, 2, . . .

The horizontal subbundle Th(D) is the subbundle of TD with the fibers Th,d(D).
Griffiths Transversality Theorem says that Φ∗ takes values in the horizontal sub-
bundle.

7.53. The Kodaira–Spencer mapping. Again we have the family f : X → S,
deformation of Y = Xs0 . The Kodaira–Spencer map is a linear map

ρ : Ts0S → H1(Y, TY )

defined by means of the connecting homomorphism H0(Y, NY ) → H1(Y, TY )
associated with the short exact sequence 0 → TY → TX |Y → NY → 0. Here
NY is the normal bundle to Y in X and one identifies the vectors ξ ∈ Ts0S with
global sections σ(y) of the normal bundle; σ(y) = [w] with any w ∈ TyX such that
f∗w = ξ.
One can describe the Kodaira–Spencer class ρ(∂/∂s) more explicitly. Let U = (Uα)
be a covering of a neighborhood of Y in X by sets Uα, equipped with holomorphic
coordinate systems (xα,1, . . . , xα,d, s), d = dimY . The vector ∂/∂s from Ts0S
has representations vα in the coordinate system in Uα. vα is a vector field in Uα

which allows us to construct a holomorphic diffeomorphism between Xs0 ∩ Uα

and Xs ∩ Uα. If we had a global vector field v, defined in a neighborhood of Y
(projecting itself to ∂/∂s), then the phase flow maps gs−s0

v : Xs0 → Xs would
define a local analytic trivialization of the bundle f . The obstacles to prolongation
of vα are the differences tαβ = vα − vβ in Uα ∩ Uβ . These differences satisfy the
1-cocycle condition and take values in TY (the s-components are the same). The
cohomology class of the cocycle (tαβ) ∈ C1(U , TY ) is the value of ρ(∂/∂s).
We see that the Kodaira–Spencer class constitutes the first obstacle to holomorphic
triviality of the bundle f : X → S. The elements of H1(Y, TY ) are called the
infinitesimal deformations of Y .
It turns out that the component Φp

∗ : Ts0S → L(Grp
F , Grp−1

F ) =
L(Hp,q, Hp−1,q+1) of the tangent Φ∗ to the period map is equal to the compo-
sition

Ts0S
ρ→ H1(Y, TY )→ L(Hq(Ωp), Hq+1(Ωp−1),
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where the first map is the Kodaira–Spencer map and the second map is the internal
product in cohomologies.
The space H1(Y, TY ) is a candidate to the space of moduli of analytic varieties,
which have the same topological invariants as Y . Here by a moduli space MY we
mean the following. Either one associates to a point from MY a variety (as in
the case of the moduli space Mg of curves) or one fixes the manifold Y , treated
as a C∞ manifold, and varies the complex structure on Y . The second approach
is better because the variation of various invariants (of the complex structure)
can be expressed in terms of objects (e.g. cohomologies) living on Y . One looks
for deformations that are versal, which means that any complex structure on
Y is among those from the deformation; (like versal deformation of a germ of
holomorphic function).
Not always H1(Y, TY ) is a base of the versal deformation. Sometimes an infinites-
imal deformation, which forms the first term of the Taylor series of a deformation,
cannot be completed to the whole Taylor series. The obstacles lie in the group
H2(Y, TY ). In [KNS] it is proved that, if H2(Y, TY ) = 0, then the Kodaira–
Spencer mapping is an isomorphism between the base space of versal deformation
(which exists) and H1(X, TX).
The versal deformation was constructed by Kuranishi [Kur]. It turns out that
there exists a mapping γ : H1(Y, TY )→ H2(Y, TY ) such that MY = γ−1(0).
Another approach to the problem of moduli of algebraic varieties runs through def-
inition of quotients of actions of algebraic groups and was developed by Mumford
[Mum1].

7.54. The mirror symmetry. The deformations of complex structures play crucial
role in the mirror symmetry conjecture for Calabi–Yau varieties (see [Dub], [Wit],
[CoKa] and [Voi]).
A Kähler manifold X is called Calabi–Yau iff its canonical bundle KX = Ωdim X

X is
trivial. Calabi–Yau manifolds with the same Hodge numbers as X form a family
with the moduli space MX . Examples of the Calabi–Yau manifolds constitute the
K-3 surfaces (i.e. 2-dimensional complex analytic varieties with H1(X, Z) = 0 and
trivial canonical bundle KX = Ω2 � OX).
The mirror symmetry relies on ‘existence’ of a family X ′

s, s ∈ MX′ , of Calabi–Yau
varieties such that the moduli space MX′ is parametrized by a subset K(X) ⊂
H1,1(X) (Kähler cone) and conversely, MX is parametrized by K(X ′).
Existence of pairs (X, X ′) of families of (complex) 3-dimensional Calabi–Yau va-
rieties was discovered by physicists [COGP] and it led to fantastic mathematical
predictions. Namely, if Ω ∈ Γ(X, Ω3

X) is a global holomorphic 3-form, then one
can define the following Yukawa potential on (TMX)⊗3 = (H1(X, T 1,0)⊗3 :

(ξ1, ξ2, ξ3)→
∫

X

Ω ∧∇ξ1
∇ξ2

∇ξ3
Ω,

where ∇ is the Gauss–Manin connection. By some arguments, taken from super-
symmetric string theory, it turns out that the Yukawa potential should ‘coincide’
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with the so-called following Gromow–Witten potential on
(
H2(X ′, Z

)
)⊗3 :

(η1, η2, η3)→
∑

β

e−〈β,ω〉N(α1, α2, α3; β).

Here ω ∈ H1,1(X ′) is a symplectic form (imaginary part of the Kähler form), αj

are cycled dual to ηj , the summation runs over homology classes β ∈ H2(X ′, Z)
and N(α1, α2, α3; β) is the number of holomorphic curves φ : CP 1 → X ′ with
φ∗
[
CP 1

]
= β and incident to the cycles αj (the Gromow–Witten invariants).

In [COGP] the case when X ′ is a quintic hypersurface in CP 4 and X =
{
x5

1 + . . .

+x5
5 + sx1 . . . x5 = 0

}
/(Z5)3 is considered. Here H2(X ′) and MX are 1-dimen-

sional; so for fixed generators ξ = ξ1,2,3 and η = η1,2,3 the above potentials depend
essentially on one variable. The mirror symmetry predicted equality of the Yukawa
and Gromow–Witten potentials as functions of one variable. P. Candelas, X. de
la Ossa, P. S. Green and L. Parkes calculated the Yukawa potential (it is rather
standard) and predicted the number of rational curves in a quintic. The rigorous
proof of all this was eventually found by A. B. Givental [Giv2].
For more details on this subject we refer the reader to [CoKa] and [Voi].

7.55. The Torelli theorems. By the notion of Torelli theorem we have in mind
certain analogues of the Torelli theorem for curves (Theorem 7.48). These are
results about embeddings of the moduli space MY into the period matrix space
D. If Φ : MY → D is an embedding, then we say that the global Torelli theorem
holds. If Φ∗(s) is an embedding (for any s ∈MY ) then we say that the infinitesimal
Torelli theorem holds.
The global Torelli theorems were proved for: curves, cubics in CP 4 and Calabi–Yau
manifolds.
The infinitesimal Torelli theorem holds for hypersurfaces in CPn.
For more information we refer the reader to [KK] and [Voi].

7.56. The hyperbolic geometry methods. (a) Consider a degeneration f : X∗ → D∗

of varieties, parametrized by the punctured disc and associated with it the period
mapping ΦΓ : D∗ → Γ\D. Here Γ is the cyclic group generated by the monodromy
automorphism.
The space D is the homogeneous space GR/K. It is equipped with invariant metric
ds2

D, induced from the Cartan–Killing form on the Lie algebra g = TeGR. (The
Cartan–Killing form 〈·, ·〉 satisfies 〈[x, y], z〉 + 〈y, [x, z]〉 = 0, defines an invariant
metric on the group and is unique up to normalization for a simple Lie algebra,
see [Ser1]).

(b) It turns out that (see [Gri1], [Gri2]):

The period mapping is negatively curved. It means that the sectional curvature in
the direction Φ∗TtD∗ is negative; after suitable normalization we have

KD(v, v̄) ≤ −|v|2D, v ∈ Φ∗TtD∗.
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In other words, the horizontal subbundle Th(D) (see 7.52(e)) is negatively curved.
On the other hand, the punctured disc D∗ also admits a negatively curved metric,
the metric |dht|2 = |dt|2/(|t| ln |t|)2 (induced from the hyperbolic metric |dz|2/
(Im z)2 on the universal covering H).

(c) There is a generalization of the classical Schwarz theorem, which says that if
f : (D, 0) → (D, 0) is holomorphic, then |f(t)| ≤ |t|. This generalization says that:

The period map is hyperbolic distance decreasing, d(ΦΓ(t), ΦΓ(t′)) ≤ dH(t, t′).

We cannot explain here the above two results. We refer the reader to the works
of Griffiths [Gri1] and [Gri2]. Below we have their application to the monodromy
operator.

(d) Borel’s proof of the first part of the monodromy theorem. We want to show
that the eigenvalues of the monodromy operator M are roots of unity.
We apply the covering map Φ̃ : H → D = GR/K. We have Φ̃(z + 1) = M Φ̃(z),
z ∈ H.
Consider the points ni, ni+1 ∈ H, i =

√
−1, n = 1, 2, . . .. The elements Φ̃(ni) ∈ D

are cosets gnK, gn ∈ GR and Φ̃(ni+1) = MgnK. The hyperbolic distance between
ni and ni+1 tends to zero, dH(ni, ni+1) = 1/n. By the point (c) above, we have
d(gnK, MgnK) ≤ 1/n, which means that d(g−1

n MgnK, K)→ 0. Thus the elements
g−1

n Mgn, from the conjugacy class of M , have accumulation point in the subgroup
K.
The group K is compact. If M would have an eigenvalue λi with module different
from 1, then the groups generated by g−1

n Mgn would be non-compact. This shows
that all |λi| = 1.
Because λi are algebraic numbers they are roots of unity. �

7.57. The Baily–Borel compactification and limit of period mapping. Let f : X →
D be a degeneration of a family of algebraic varieties. It means that Xt, t �= 0, are
compact and smooth and X0 is singular. We have the period mapping ΦΓ : D∗ →
Γ \D.
The punctured disc D∗ is open. The space Γ \D is also open, because of openness
of the second Hodge–Riemann relation.
If the monodromy operator is periodic, i.e. M = Ms and N = log Mu = 0, then
after applying the semi-stable reduction one obtains a situation with holomorphic
single-valued map D∗ → D. After showing that it is bounded one obtains analytic
prolongation of ΦΓ to the full disc with values in Γ \D (see [Gri2]).
In the general case one cannot obtain prolongation with values in Γ \D. However,
one can try to obtain a prolongation in the form ΦΓ : D → {Γ \ D}∗, where
{Γ\D}∗ is some (partial) compactification of the space Γ\D. A natural candidate
for {Γ \D}∗ is the so-called Baily–Borel compactification (see [BaiB]) which can
be described as follows.
The boundary ∂D = D \ D ⊂ Ď is a union of disjoint subsets F1, . . . , Fr. They
are complex submanifolds in Ď. The action of GR prolongs itself to an action on
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∂D, but the varieties Fj can be permuted. Denote N(Fj) = {g : g(Fj) = Fj},
the normalizer of Fj , and Z(Fj) = {g : g|Fj = id}, the centralizer of Fj . We have
Fj � GFj /KFj , where GFj = N(Fj)/Z(Fj) and KFj are their compact subgroups.
Assume also that the discrete groups Γj = Γ∩N(Fj) act properly discontinuously
on Fj ; (i.e. elements from Γj \ Z(Fj) have no fixed points in Fj).
The Baily–Borel compactification (see [BaiB]) is equal to

{Γ \D}∗ = (Γ \D) ∪
⋃
j

(Γj \ Fj ,

where the induced topologies on Γ \D and on Γj \ Fj are the natural topologies
and Γ \D is an open subset in {Γ \D}∗.
The following result belongs to Borel (according to Griffiths [Gri2]).

Theorem. The period mapping can be extended to a map ΦΓ : D → {Γ \ D}∗ in
the cases when the varieties Xs are: curves, cubic threefolds and K–3 surfaces.

7.58. Example of extension of the period mapping for curves. This result is due
to Mumford (unpublished). We follow the exposition in [Gri2].

(a) We have F : X → D with fibers Xt, t �= 0, which are curves of genus g. Without
loss of generality we can assume that the monodromy operator is unipotent, (M −
I)2 = 0.

(b) We begin with a proper choice of the basis of rational cycles in H1(Xt, Q). By
the monodromy assumption there exists a basis x1, . . . , xm, y1, . . . , ym,
z1, . . . , z2g−2m such that

Mxj = xj + yj , Myj = yj , Mzj = zj. (5.3)

Because the intersection form is monodromy invariant we have Q(xi, yj) =
Q(Mxi, Myj) = Q(xi+yi, yj) and hence Q(yi, yj)=0. Similarly we get Q(yj , zk) =
0. Next from Q(xi, xj) = Q(xi+yi, xj +yj) it follows that Q(xi, yj)+Q(yi, xj) = 0.
Therefore

Q =

⎛⎝ 0 A 0
−A� B C

0 −C� D

⎞⎠ , A = A�,

in the basis (yj , xi, zk). By means of the change x′
i = xi + (1/2)

∑
(A−1B)jiyj we

reduce B to 0. Similarly we reduce C to 0. Then D = −D�.
The further substitution x′ = Ex, y′ = Fy gives a similar matrix Q, with B = 0,
C = 0 and A′ = EAF�. Thus one can transform A to Im, using symmetric and
commuting matrices E and F with rational coefficients. Because Q, restricted to
{z1, . . . , z2g−2m} (the space spanned by zk), is symplectic we can assume that

D =
(

0 I
−I 0

)
.

So in the basis y1, . . . , ym, z1, . . . , zg−m, x1, . . . , xm, zg−m+1, . . . , z2g−2m we obtain
the standard form for Q.
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However the formulas (5.3) for the monodromy do not hold now; (because we have
replaced xi and yj). In the new basis {yj, zk, xi, zg−m+l} we have

M =

⎛⎜⎜⎝
Im 0 Λ 0
0 Ig−m 0 0
0 0 Im 0
0 0 0 Ig−m

⎞⎟⎟⎠ , Λ = EF−1 = Λ�. (5.4)

(c) Let us pass to the cohomologies and the period mapping. We choose a basis
ψ1, . . . , ψ2g of H1(Xt, C), depending holomorphically on t ∈ D∗ and such that the
integrals

∫
δi

ψj along horizontal cycles (e.g. xi, yj, zk) have the form

a(t) + b(t) · (2πi)−1 log t,

with holomorphic a(t) and b(t) near t = 0. The existence of such a basis follows
from the regularity of the Gauss–Manin connection. In Chapter 8 it is proved that
a germ of a regular linear non-autonomous system with unipotent monodromy is
analytically reduced to the system tu̇ = (C0 + O(t))u, C0 nilpotent. The solutions
of such a system have just the above type singularities.
The period matrix, i.e. the matrix of integrals of holomorphic forms along the
cycles from the above basis, takes the form Ω(t) = Ω0(t) + (2πi)−1Ω̃0(t) ln t =
Ω0 + (2πi)−1 ln t · Ω(M − I), where Ω0 and Ω̃0 are holomorphic. (This follows
from the monodromy action Ω → ΩM = Ω + Ω̃0.) Writing Ω = (Ω1|Ω2) (Ωj –
(g × g matrices) one finds from (5.4) that Ω1 is holomorphic and single-valued.
The Hodge–Riemann relations imply detΩ1(t) �= 0 for t �= 0. Application of Ω−1

1

gives the standard form Ω = (Ig |Z(t)) where

Z(t) = Z0(t) +
ln t

2πi

(
Λ 0
0 0

)
,

with meromorphic Z0 and Λ the same as above (the only nonzero part in M − I).
Next we know that Z(t) takes values in the Siegel upper half-plane Hg. If Z0(t)
would have a pole at t = 0, then the image of Z(t) could not be restricted to Hg,
which is biholomorphically equivalent to a bounded domain (like H � D). Thus
Z0 is holomorphic. But then the dominating term in Z(t), t→ 0, is Λ ln t

2πi . Because
Im Z > 0 we find that Λ > 0.

(d) Recall the weight filtration of the limit mixed Hodge structure associated with
the degeneration f . It is the monodromy weight filtration with central index 1 and
is defined by W0 = Im (M − I), W1 = ker(M − I), W2 = H1(Xt).
We choose a rational basis η1, . . . , ηg, µ1, . . . , µg of H1(Xt, Q) such that the period
matrix is equal to (I|Z(t)), the exterior product form Q has the standard form
and the monodromy acts as follows:

Mηi = ηi +
∑m

j=1 Λijµj , i = 1, . . . , m,

Mηj = ηj , j > m,
Mµi = µi.
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Then we have
GrW

2 = {η1, . . . , ηm},
GrW

1 = {ηm+1, . . . , ηg; µm+1, . . . , µg},
W0 = {µ1, . . . , µm}.

(e) The Hodge filtration F 0
t ⊃ F 1

t ⊃ {0} defines subspaces F 1
t = H0(Xt, Ω1) in

H1(Xt). With fixed basis we obtain a family of g-dimensional subspaces St ⊂ C2g.
Each such subspace S = St is an element of the Grassmann variety G(2g, g) and is
isotropic with respect to the symplectic form Q. The isotropic subspaces form the
subvariety Ď ⊂ G(2g, g). We know also that if t �= 0, then the form iQ(S, S) > 0,
i.e. S ∈ D.
The basis of the space St comprises of the forms ωj = ηj +

∑g
k=1(Z(t))jkµk.

We pass to the limit t → 0 with St. Thus we normalize the above basis of
St as follows: ψj(t) =

∑m
k=1 Λjkµk + O(ln−1 t), j = 1, . . . , m; ψj(t) = ηj +∑g

k=1(Z0(t))jkµk, j = m + 1, . . . , g. Here the vectors ηi, µk are fixed and the
matrix Z0(t) is holomorphic.
We see that the limit S0 = limSt is a subspace containing W0.

(f) The limit S0 turns out to be an element from the boundary D \ D. The
boundary D \D ⊂ Ď is divided into components as follows. Each component Fj

is characterized by the dimension of the kernel of the form iQ(S, S).
If W0 is a rational (i.e. defined over Q) isotropic subspace (i.e. Q(W0, W0) = 0)
of (C2g, Q) of dimension m, then we put F (W0) as the set of all S ∈ Ď with
W0 ⊂ S and such that iQ(S, S) has rank g −m. Equivalent conditions state that
W0 = S ∩ S, or that (W0)⊥ = S + S.
We have

S0 ∈ F (W0) in the above limit.

Indeed, we can assume that

S0 = {µ1, . . . , µm, ηm+1 +
g∑

k=m+1

zm+1,k(0)µk, . . . , ηg +
g∑

k=m+1

zg,k(0)µk},

S0 = {µ1, . . . , µm, ηm+1 +
g∑

k=m+1

zm+1,k(0)µk, . . . , ηg +
g∑

k=m+1

z̄g,k(0)µk}.

Moreover, the matrix Im(zjk(0))g
j,k=m+1 is positive definite. This means that S0∩

S0 = {µ1, . . . , µm} = W0.

(h) Each space F (W0) is isomorphic to the Siegel upper half-plane Hg−m: F (W0) �
S → S/W0 ⊂ (W0)⊥/W0.
Moreover, any two m–dimensional isotropic rational subspaces of (C2g, Q) related
by a transformation from the modular group Γg � Sp (2g, Z) are treated as equiv-
alent. This means that we have set theoretically

{Γ \D}∗ = (Γg \Hg) ∪ (Γg−1 \Hg−1) ∪ . . . ∪ (Γ0 \H0),
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where Γp is the modular group acting on Hp.
This is the Borel–Baily compactification of Γ \Hg. In this special case it is also
called the Satake compactification (see [Gri2]).



Chapter 8

Linear Differential Systems

§1 Introduction
The subject in this chapter is the non-autonomous linear differential systems

ż = A(t)z, z ∈ Cn, (1.1)

and the linear higher order differential equations

x(n) + a1(t)x(n−1) + . . . + an(t)x = 0, x ∈ C. (1.2)

In the above two equations the ‘time’ t usually takes values in the complex plane
C. Sometimes t ∈ S, where S is some Riemann surface. In the latter case the
equation (1.1) is treated as an equation for horizontal sections of some holomorphic
vector bundle with respect to a certain connection in it. Often we will consider
the equations (1.1) and (1.2) locally, then t ∈ (C, 0).
The entries of the matrix A(t) and the coefficients ai(t) are meromorphic functions.
The equations of this type are met very often as the following examples show.

8.1. Examples.

(a) The Gauss–Manin connection on the cohomological Milnor bundle. Recall
that, if ∆(t) is a family of vanishing cycles (in fibres of the Milnor fibration
associated with an isolated critical point of a holomorphic function) and
ω1, . . . , ωµ define a trivialization (of the cohomological Milnor bundle), then
the vector function Ji = (

∫
∆(t) ω1/df, . . . ,

∫
∆(t) ωµ/df)� satisfies the Picard–

Fuchs differential system (see Theorem 5.29)

J̇ = A(t)J.

(b) The particular case of the Picard–Fuchs equations for the elliptic integrals
are the following (see Lemmas 5.22 and 5.23) 2(9t2 − 4)İ0 = 45tI0 − 42I1,
2(9t2 − 4)İ1 = −10I0 + 63tI1, or 4(9t2 − 4)Ï0 = −15I0, 4(9t2 − 4)Ï1 = 21I1.

(c) The Gauss hypergeometric equation

t(t− 1)ẍ + [(α + β + 1)t− γ]ẋ + αβx = 0.

We shall study this equation and its generalizations later. Most of the equa-
tions written below are obtained from the hypergeometric equation by appli-
cation of some limit process.
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(d) The Bessel equation
t2ẍ + tẋ + (t2 − ν2)x = 0.

(e) The Weber equation
ẍ + (a2 − t2)x = 0.

(f) The Legendre equation

(t2 − 1)ẍ + 2tẋ− ν(ν + 1)x = 0.

(g) The confluent hypergeometric equation

tẍ + (c− t)ẋ− ax = 0.

(h) The Hermite equation
ẍ− 2tẋ + 2nx = 0.

(i) The Laguerre equation

tẍ + (α + 1− t)ẋ + nx = 0.

(j) The Gegenbauer equation

(1 − t2)ẍ + (2λ + 1)tẋ + n(n + 2λ)x = 0.

(k) The Jacobi equation

(1− t2)ẍ + [β − α− (α + β + 2)t]ẋ + n(n + α + β + 1)x = 0.

(l) The Mathieu equation d2u/dz2 + (1 + a cos(2z))u = 0, after the substitution
t = sin2 z, x(t) = u(z), takes the form

4t(1− t)ẍ + 2(1− 2t)ẋ + (1 + a− 2at)x = 0.

(m) The Airy equation
ẍ− tx = 0.

(n) The algebraic function x = n
√

t satisfies the equation

ntẋ = x.
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(o) The algebraic function x(t) =
√

t+ 3
√

t− 1 also satisfies the linear differential
equation

(t− 3)
d

dt
(6t(t− 1)ẋ) = 3(3t− 1)[3(t− 1)ẋ− x] + 2(4t− 3)[2tẋ− x].

(Hint. From the formula for x and from 6t(t− 1)ẋ = 3(t − 1)
√

t + 2t 3
√

t− 1
express

√
t and 3

√
t− 1 by means of x and ẋ.)

It turns out that any algebraic function is a solution of some linear differential
equation. It follows from the Riemann theorem about multivalued holomorphic
functions with regular singularities (see Theorem 8.35 below).

8.2. Definition. A point tj at which the matrix A(t) in (1.1) or one of the coefficients
ai(t) in (1.2) has a pole is the singular point for the equation. In the local case
we shall assume that tj = 0. The first rough classification of singular points is the
following.
The singular point t = 0 of the equation (1.1) or (1.2) is called regular if any of its
solutions φ(t) has at most polynomial growth in any sector with vertex at t = 0.
It means that

|φ(t)| < CN/|t|N , |t| → 0, a < arg t < b.

Otherwise the singular point is called irregular.

Example. The Picard–Fuchs equations have regular singularities at their singular
points (which are the critical values of the holomorphic function, see Theorem
5.40).

8.3. Definition. Let t0 be a non-singular point of the equation (1.1) or (1.2) (defined
near the singularity t = 0). Let V be the space of its solutions defined near t0. As
t turns around the point 0, with the beginning and end at t0, the solutions are
prolonged analytically and define the monodromy operator M : V → V : if φ(t),
t near t0, is a solution, then Mφ(t) = φ(e2πit).
Let φ1(t), . . . , φn(t) form a basis of V . We define the fundamental matrix F =
(φ1, . . . , φn) in the case (1.1) and

F =

⎛⎝ φ1 . . . φn

. . . . . . . . .

φ
(n−1)
1 . . . φ(n−1)

n

⎞⎠
in the case (1.2). Then the monodromy operator, written in this basis, is the
monodromy matrix M satisfying F(t)M = F(e2πit).
Here the matrix M depends on the choice of F but not on the point t0. Note also
that the matrix M acts in the same way onto any row of the fundamental matrix.
If the system (1.1) or the equation (1.2) is defined on a compact Riemann surface
S with singular points t1, . . . , tm, then any loop γ ∈ π1(S�{t1, . . . , tm}, t0) defines
(in the same way as above) the corresponding monodromy operator Mγ ∈ AutV .
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These operators generate a subgroup in AutV called the monodromy group. The
correspondence γ →Mγ satisfies Mγδ = MγMδ, i.e. it is an anti-representation.
The operators Mγ define also a certain vector bundle on S�{t1, . . . , tm} with lo-
cally constant transition operators (equal to Mγ). It is the local system associated
with the linear equation.

§2 Regular Singularities
We begin the study of singularities of meromorphic differential equations with
one-dimensional phase space, n = 1. It means that we have the equation

tr ż = a(t)z

where a(t) is an analytic function near 0.
If r = 0, then the solutions are analytic (by the theorem on existence and unique-
ness of solutions in the analytic version).
If r > 0, then we assume that the coefficient a0 �= 0 in the expansion a(t) =
a0 + a1t + . . .. Of course, the general solution is written in the form

z(t) = C · exp
[∫ t

a(s)s−rds

]
.

If r = 1, then we get z(t) = Cta0 × analytic function. This means regularity of
the singular point.
If r > 1, then z(t) = CeP (1/t)tb × analytic function, where

P (λ) =
a0

1− r
λr−1 +

a1

2− r
λr−2 + . . .− ar−2λ,

b = ar−1. Here the singularity is irregular, because for Re a0t
1−r < 0 the solution

diverges faster than any power of t. We have proved the following.

8.4. Proposition. If n = 1, then the singular point of equation (1.1) is regular if
and only if the function A(t) has a pole of order exactly 1. In general, equation
(1.1) is analytically equivalent to the equation tr ż = [

∑r−1
0 ajt

j ]z.

Consider now the case of an n-dimensional system with the singularity

tż = Az,

where A is a constant matrix. The fundamental matrix of solutions of this system
is

tA = eA ln t,

which grows at most polynomially (regularity). This result is generalized in the
following way.

8.5. Proposition. If A(t) = A0/t + A1(t), where A0 = const and A1(t) is a holo-
morphic matrix-valued function, then the point t = 0 is regular.
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Figure 1

Proof. We put t = ρeiθ, where θ = const and ρ tends to 0. Let φ(ρ) = z(t)
and r(ρ) = ||φ(ρ)||. From the identity dφ/dρ = eiθ ż = (Ã(t)/ρ)φ (where Ã is
holomorphic) we get the inequality

−Cr

ρ
<

dr

dρ
<

Cr

ρ

for 0 < ρ < ρ0 with some constant C and ρ0.
From this and Figure 1 we see that the graphic of the function r(ρ) must lie in
the distinguished domain. Thus r < ρ−C near ρ = 0. �
8.6. Definition. The system (1.1), i.e. ż = A(t)z, has a singularity of the Fuchs type
at t = 0 if A(t) has a simple pole at 0. The equation (1.2), i.e. x(n) + . . .+an(t)x =
0, has a singularity of the Fuchs type at t = 0 if all the functions tjaj(t) are
holomorphic near 0.

Proposition 8.5 says that, if the system (1.1) has singularity of the Fuchs type,
then this singularity is regular. The following example shows that the converse is
not true.

8.7. Example (Euler equation).

tnx(n) + b1t
n−1x(n−1) + . . . + bnx = 0,

where bi are constants, by means of the change t = eu, d
dt = e−u d

du , d2

dt2 =
e−2u( d2

du2 − d
du ), . . . is reduced to the equation

dnx

dun
+ c1

dn−1x

dun−1
+ . . . + c0x = 0

with constant coefficients. Its general solution has the form x =
∑

dα,keαuuk =∑
dα,ktα(ln t)k. Thus the point t = 0 is regular.
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On the other hand, if we rewrite the Euler equation in the form of the linear
system

ż =

⎛⎜⎜⎝
0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .

−bn/tn −bn−1/tn−1 . . . . . . −b1/t

⎞⎟⎟⎠ z

(where z1 = x, z2 = ẋ, . . .) then the corresponding matrix A(t) has a non-simple
pole.

In the case of a linear equation of n-th order the situation is much more clear.

8.8. Theorem. The singular point t = 0 for equation (1.2) is regular if and only if
it is of the Fuchs type.

Proof. (We follow the proof of Theorem 5.2 in [CL].)
1. Assume that the Fuchs conditions, i.e. all tjaj(t) are holomorphic, hold. Follow-
ing the latter example we perform a transformation reducing equation (1.2) to a
system (1.1) with a Fuchs type singularity. Then Proposition 8.4 will give us the
regularity property. The change is as follows:

z1 = x, z2 = (td/dt)x, z3 = (td/dt)2x, . . . , zn = (td/dt)n−1x.

It gives ż1 = (1/t)z2, ż2 = (1/t)z3, . . . , żn−1 = (1/t)zn and zj = tjx(j)+ combina-
tion of tkx(k), k < j. Thus tjx(j) can be expressed as a linear combination of zk,
k ≤ j.
The last equation from the promised system is żn = d

dt (t
n−1x(n−1))+ combina-

tion of żi, i < n. The term d
dt (t

n−1x(n−1)) contains (n − 1)zn/t and tn−1x(n) =
−tn−1

∑
ajx

(n−j) = −t−1
∑

(ajt
j)(x(n−j)tn−j). The functions ajt

j are holomor-
phic by the assumption and x(n−j)tn−j are expressed by means of zi’s. All this
shows that tżn is analytic in t and z.
2. Assume that t = 0 is a regular point. We want to show that the functions

bj(t) = ajt
j

are analytic.
We use the monodromy operator. If F is the fundamental matrix, F → FM is the
monodromy operation and G(t) = t− ln M/2πi, then the matrix-function FG is uni-
valent. By regularity of F it is meromorphic. Thus F = (meromorphic matrix )×
tlnM/2πi.
The matrix M has always some (left) eigenvector v = (v1, . . . , vn), vM = αv.
Using it we can find a solution φ(t) =

∑
viφi of the form tλ× analytic function);

here 2πiλ = α − (integer). The importance of this solution is that it does not
contain logarithms in its expansion.
Other solutions are searched for in the form x = φ · y. For z = ẏ we obtain an
equation of order n− 1.



§2. Regular Singularities 273

Indeed, if D = (d/dt)n +
∑

aj(d/dt)n−j then D(φy) = D(φ) · y + expressions
depending on ẏ. This equation is of the form∑

dn−1−j(t)z(j) = 0,

where

dj = aj + const · aj−1 · φ̇/φ + const · aj−2 · φ̈/φ + . . . , d0 = a0 = 1

and φ(l)/φ ∼const·t−l

Next we use induction with respect to the order n. In the case n = 1 the statement
has been proven in Proposition 8.4; regularity implies the Fuchs property.
Assume that we know that any regular equation of order n− 1 satisfies the Fuchs
conditions and consider our system.
Let ψi be the system of independent solutions of the equation for z. Then ψi =
(φi/φ) ., where φi are independent solutions of the equation for x. Because all φi

are regular (by assumption) and φ ∼ tλ, then also ψi(t) behave regularly. Thus
the equation for z has regular singularity at t = 0. By the induction assumption
the coefficients dj have good behaviour, djt

j are analytic. Because of the above
relation between aj’s and dk’s we find that also ajt

j are holomorphic. �

8.9. Definition. If t = 0 is regular for the equation (1.2) and ai(t) = µit
−i + . . .,

then the equation

P (λ) = λ(λ− 1) . . . (λ− n + 1) + µ1λ . . . (λ− n + 2) + . . . + µn = 0

is called the defining equation for (1.2). In particular, its roots and multiplici-
ties allow us to determine the first terms of the asymptotic of solutions of the
differential equation.

8.10. Example (Elliptic integrals revisited). (See [BE], vol. 3, and [Gol]).
(i) The complete elliptic integrals (those which are given in tables and are used
by engineers) are defined by the formulas

K(k) =
∫ 1

0
ds√

(1−s2)(1−ks2)
,

iK ′(k) =
∫ 1/k

1
ds√

(1−s2)(1−ks2)
,

E =
∫ 1

0

√
1−k2s2

1−s2 ds,

iE′ =
∫ 1/k

1

√
1−k2s2

1−s2 ds.

As one can easily see, they define the periods of the incomplete elliptic integrals

F (k, φ) =
∫ φ

0
dt√

1−k2 sin2 t
,

E(k, φ) =
∫ φ

0

√
1− k2 sin2 tdt.
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One should apply the substitution s = sin t. The periods are 4K and 2iK ′ (or 4E
and 2iE′ respectively). They are integrals along two cycles in the Riemann surface
y2 = (1− x2)(1 − k2x2).
(ii) One has the formulas K = F (k, π/2), K ′ = F (k′, π/2), E = E(k, π/2), E′ =
E(k′, π/2), where k′ =

√
1− k2. (One should apply the changes 1−k2s2 = u2 and

u = k′v.)
(iii) These integrals can be expressed by means of the elliptic integrals along
the curve y2 = P3(z), which have been investigated in Chapter 5. Namely the
substitution s = 1 − 1/z gives (1 − s2)(1 − k2s2) = P3(z)/z4 and the integral K
becomes

∫
(P3(z))−1/2dz, with which we are acquainted.

(iv) The functions K, K ′, as functions of t = k2, satisfy the differential equation

t(1− t)ẅ + (1 − 2t)ẇ − w/4 = 0. (2.1)

This equation, after the change t = (1− τ )/2, becomes the Legendre equation

(τ2 − 1)
d2w

dτ2
+ 2τ

dw

dτ
− ν(ν + 1)w = 0

for ν = −1/2.
To obtain the equation (2.1) one takes the expressions

K =
∫ 1

0

(
(1− s2)(1 − ts2)

)−1/2
ds, K̇ = (1/2)

∫
s2
(
1− s2

)−1/2 (1− ks2
)−3/2

,

K̈ = 3
4

∫
s4
(
1− s2

)−1/2 (1− ts2
)−5/2

and substitutes them into the left-hand-side of the differential equation. One ar-
rives at an integral of the expression [tu2 + 2(1 − t)u − 1] · (u(1 − u))−1/2 · (1 −
tu)−5/2, where u = s2. The latter is the complete differential of the function
u1/2(1 − u)1/2(1− tu)−3/2 and gives zero integral.
(v) Here is a good place to explain to the reader the origins of the name Gauss–
Manin connection. Yu I. Manin in [Man1] considered the family of elliptic curves
y2 = x(x − 1)(x − t); (he treated this family as an elliptic curve with the basic
field C(t)). He studied integrals of the holomorphic form ω = dx/y along inte-
ger cycles in this curve. These integrals are integer combinations of two basic
periods (integrals along the generators of the first homology group) and satisfy
the Legendre differential equation 4t(t − 1)Ï − 4(1 − 2t)İ + I = 0 (the same
as (2.1)). Because this equation is a special case of the Gauss hypergeometric
equation, Manin called it the Gauss equation. The form ω satisfies the equation
[4t(t− 1)(d2/dt2)− 4(1− 2t)(d/dt) + 1]ω = d(−2y/(x− 2)2).
In the same paper Manin generalized this situation,. He considered integrals of
a holomorphic 1-form ω along integer cycles in a family Ct of algebraic curve of
genus g, and called the obtained differential equations Pω = df and PI = 0 the
Picard–Fuchs equations; (here P = P (t, d/dt) is a linear differential operator, f is
a function on Ct and I is an integral). Next he introduced the Picard–Fuchs equa-
tions in the case of a family of multidimensional varieties depending algebraically
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on a parameter; the latter was formulated in algebraic terms of functional fields
and their extensions. Since then the operator P is called the Gauss–Manin op-
erator, the corresponding connection in the cohomological bundle is called the
Gauss–Manin connection and the equation PI = 0 is called the Picard–Fuchs
equation (see also [Dav]).
(vi) Equation (2.1) has three singular points t = 0, 1,∞; (we treat it as an equation
in C).
The point t = 0 is regular, because we have ẅ+(t−1+ . . .)ẇ+(−t−1/4+ . . .)w = 0.
Its defining equation is λ2 = 0, which implies that one of its solutions is analytic
(it is K) and the other solution contains a logarithm (it is iK ′).
Similarly the point t = 1 is regular with the defining equation λ2 = 0.
After some transformations one checks that the point t = ∞ is also regular, with
the defining equation (λ− 1/2)2 = 0
(vii) The elliptic functions appear in Newton’s equation ẍ = −V ′(x), where the
potential V = x4 + ax3 + bx2 + cx has two local minima. If ẋ2/2 + V (x) = E is
the equation of a trajectory oscillating around one such minimum, then the period
of the oscillations is given by the elliptic integral T =

∫
dx/
√

2E − V (x), which
(after some changes) can be expressed by means of K ′. The reader can show that
the periods of oscillations around both minima of the potential, with the same
total energy E, are equal.
(viii) The Weierstrass function ℘(t) is the inverse of the elliptic integral t =∫ x

∞ ds/
√

4s3 − g2s− g3. It satisfies the equation (℘̇)2 = 4℘3 − g2℘ − g3 (which
is obvious). It represents a meromorphic function of t and is two-periodic. Namely
when one adds to t one of the two periods 2ω =

∫
γ

ds/y, 2ω′ =
∫

δ
ds/y, y =√

4s2 − g2s− g3, represented as complete elliptic integrals along two basic cycles
γ, δ, then the value of ℘(t) does not change. Usually one chooses the periods in
such a way that Im ω′/ω > 0. Another representation of the Weierstrass function
is

℘(t) =
1
t2

+
′∑
w

(
1

(z − w)2
− 1

w2

)
,

where the sum
∑′ runs over the incomplete lattice {w = 2mω + 2nω′ : (m, n) �=

(0, 0)}. In this case g2 = 60
∑′

w−4, g3 = 140
∑′

w−6.

8.11. Definition. Two local differential systems ż1 = A1(t)z1, ż2 = A2(t)z2 are
called holomorphically equivalent (respectively meromorphically equivalent or for-
mally equivalent or formally meromorphically equivalent) near the singular point
t = 0 if there is a holomorphic matrix H(t) (respectively meromorphic matrix
H(t) or the formal series H(t) ∼

∑∞
j=0 Hjt

j or
∑∞

j=−m Hjt
j) such that, after the

change z2 = H(t)z1, the first system is transformed to the other system. In the
formal cases this holds at the level of formal expansions of these systems in powers
of t.

Remark. If the equation ż = A(t)z is treated as the equation for the horizontal
section with respect to the connection d/dt−A(t), then application of the change
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z → H(t)z means application of the gauge transformation

A → B = ḢH−1 + HAH−1.

8.12. Theorem. The point t = 0 is a regular singular point for the system ż = A(t)z
if and only if this system is meromorphically equivalent to the system ż = (C/t)z,
where M = e2πiC is the monodromy transformation.

Proof. The proof that regularity implies meromorphic reducibility repeats the
analogous proof of Theorem 5.40. If F(t) is the fundamental matrix of the sys-
tem with the matrix A, then the conjugating transformation is equal to H(t) =
F(t)t−C . It is univalent and meromorphic (by regularity).
The reverse implication is obvious. �

In order to develop the theory of formal classification of meromorphic systems we
need to say something about the Poincaré–Dulac theory of normal forms. This
theory will be used in further parts of the book.
Consider a germ of vector field in (Cn, 0)

ẋ = Ax + . . . ,

where A is a constant matrix of linearization of the vector field at 0. Let λ1, . . . , λn

be the eigenvalues of A.

8.13. Definition. We say that the eigenvalues satisfy the resonant relation of the
type (i; k) if

λi = λ1k1 + . . . + λnkn,

where k = (k1, . . . , kn) and kj are non-negative integers.

8.14. Poincaré–Dulac Normal Form Theorem. There exists a formal change y =
x + . . . such that

ẏi = (Ay)i +
∑

ai,kyk, i = 1, . . . , n,

where the sum runs over the multi-indices k such that the eigenvalues satisfy a
resonant relation of the type (i; k).

Proof. We apply a series of changes of type x → x′ = x + φ(x), where φ is a
homogeneous transformation of degree m,

(φ)i =
∑

|k|=m

bi,kxk.

The inverse map has the form x′ → x = x′ − φ(x′) + . . .. We strive to cancel all
possible terms in the vector field of homogeneous degree m.
We have ẋ′

i = (old part of degree < m)+(old part of degree m)+(Lφ)i(x′)+ . . .,
where

(Lφ)i = ∂(φ(x))i/∂x ·Ax′ − (Aφ)i
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is called a homological operator.
If the matrix A is diagonal, then L is also diagonal:

L(xkei) = (
∑

kjλj − λi)(xkei),

where ei form the standard basis in Cn. Because the eigenvalues of L vanish only
at the resonant terms, then all non-resonant terms in the vector field of degree m
can be cancelled in this way.
If A is upper-triangular then, taking the suitable ordering of the basis xkei, we
get the triangular form of the operator L,

L(xkei) = Λi,kxkei +
∑
j<i,l

const · xlej. �

8.15. Examples for n = 2. The resonance means

(i) λ1 = k1λ1 + k2λ2 and/or (ii) λ2 = k1λ1 + k2λ2.

Next we divide the problem into several subcases.

(a) If λ1 = λ2 = 0 then all terms in the expansion of the vector field are resonant
and nothing can be reduced (by means of Theorem 8.14).

(b) If λ1 = 0 �= λ2 then in (i) we must have k2 = 0 and in (ii) we must have
k2 = 1. Thus the Poincaré–Dulac formal normal form is

ẋ = x2f(x), ẏ = λ2y(1 + g(x)).

(c) If λ2/λ1 ≥ 1 is a rational number, then (i) cannot hold and (ii) can hold with
k1 = λ2/λ1, k2 = 0 provided that λ2/λ1 = m is integer. The normal form is
either a linear system or

ẋ = λ1x, ẏ = mλ1y + axm.

(d) If λ2/λ1 = −p/q is rational then the normal form is

ẋ = λ1x(1 + f(xqyp)), ẏ = λ2y(1 + g(xqyp)).

(e) If λ2/λ1 is irrational then the normal form is linear.

We apply the Poincaré–Dulac theorem to the non-autonomous system

tr ż = B(t)z, B(0) �= 0, (2.2)

with an analytic matrix B(t). This system is associated with the autonomous
system in the extended phase space

z′ = B(t)z, t′ = tr, (2.3)



278 Chapter 8. Linear Differential Systems

where ′ = d/dτ . (The graphs of solutions of the equation (2.2) form the phase
curves of the equation (2.3)). We apply Theorem 8.14 to the second system. As-
sume also that λ1, . . . , λn are the eigenvalues of the matrix B(0).
If r = 1, i.e. in the Fuchs case, then the eigenvalues of the system (2.3) are
λ1, . . . , λn, 1. If r > 1, then the eigenvalues of the system (2.3) are λ1, . . . , λn, 0.

8.16. Definition. The system λ1, . . . , λn of eigenvalues of B(0) is resonant if:

(a) λi − λj ∈ Z for some i �= j in the case r = 1;

(b) λi − λj = 0 for some i �= j in the case r > 1.

The reader can notice that these resonant relations imply resonant relations be-

tween the eigenvalues of system (2.3). They are of type (i; 0, . . . , 0,
j

1, 0, . . . , 0, l),
i, j = 1, . . . , n, because in the linear changes we use only φ’s of the form tlzjei.
If the Fuchsian singular point is non-resonant, then the Poincaré–Dulac theorem
says that the system (2.2) is formally equivalent to the system tż = B(0)z.
On the other hand, Theorem 8.12 is about meromorphic equivalence. But formal
equivalence means that, in the meromorphic matrix H(t) = H−dt

−d + . . ., all the
terms with negative power of t vanish. This gives the following result.

8.17. Theorem (Normal form for Fuchsian singularity). The system tż = B(t)z
with non-resonant Fuchsian singular point is analytically equivalent to tż = B(0)z.

8.18. Remark. If a Fuchsian singular point is resonant, then it is analytically
equivalent to the system

tżi = λizi + const · tkzj, i = 1, . . . , n.

After reordering the variables zi we obtain a system, where B(t) is of the form
(constant diagonal) + (strictly triangular). Such a system can be integrated (see
also [CL]).

8.19. Regularity of the Gauss–Manin connection. Consider a degeneration of alge-
braic manifolds f : X → D such that Xt = f−1(t), t �= 0 are smooth compact and
X0 is a divisor with normal intersections (as in Chapter 7). For given n we have the
cohomological bundle Hn over D∗ with the fiber Hn(Xt, C) and the Gauss–Manin
connection; (such that the integer cocycles form a horizontal section of the coho-
mological bundle). The Gauss–Manin connection is regular iff the corresponding
Picard–Fuchs differential system for integrals along horizontal families of cycles
∆(t) is regular. The regularity of the Gauss–Manin connection can be proved in
three ways.
The first method relies on description of the integer cycles ∆j(t) in Hn(Xt, Z) by
means of real semi-algebraic subsets of Xt depending in a regular way on t. Such a
description is given in the book of S. Lefschetz [Lef ]. One can use the geometrical
sections s[ωi] = 〈·, ωi/df〉 as basis in Hn(Xt) (ωi - holomorphic (n + 1)-forms in
X). Thus the integrals Iij(t) = 〈δi(t), s[ωj ]〉 have regular singularities.
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The second method uses the regularity criterion following from Theorem 8.12: a
system ẏ = A(t)y, y ∈ Cm has a regular singular point iff there is a meromorphic
change z = B(t)y such that tż = C(t)z with holomorphic C(t). This means that
one should find a system of vector-valued functions vj(t) satisfying t∇∂/∂tvj ⊂
span{v1, v2, . . .} over O0(t). In [Brie] and [Kul] it is said that there is a lattice
in the O0(t)-module of germs of holomorphic vector-functions y(t), generated by
vi and invariant with respect to the operator t∇∂/∂t. This lattice is called the
Brieskorn lattice.
The Gauss–Manin connection is defined also as the connecting homomorphism,
associated with the short exact sequence 0 → Ω1

D∗⊗Ω•−1
X∗/D∗ → Ω•

X∗ → Ω•
X∗/D∗ →

0 of sheaf complexes over the punctured disc (see the point 7.37). This exact
sequence is completed to the exact sequence of complexes of holomorphic sheaves
with logarithmic singularities, i.e. Ω•

X∗(log) instead of Ω•
X∗ and Ω1

D(log 0) instead
of Ω1

D∗ . The corresponding cohomological bundle is prolonged to a bundle (denoted
also by Hn) on the whole disc D. This bundle is trivial Hm � D×CM = {(t, y)}
and the condition ∇∂/∂ty = 0 is the corresponding Picard–Fuchs equation (for
components in a certain basis).
However, in our case the sheaf O(Hn) = Rnf∗Ω•

X/D(log) (the Leray hypercoho-
mological sheaf) and the connection ∇ already satisfy the property ∇ : O(Hn) →
Ω1

D(log 0)⊗O(Hn). This means that ∇∂/∂t has only a first order pole, when acting
upon sections of Hn. Any O0(t)-basis of the module O(Hn) satisfies the regularity
criterion following from Theorem 8.12.
We see that the essential point in this proof lies in the proper extension of the
cohomological bundle to the whole disc. Similar arguments work also in the case
of Gauss–Manin connection in vanishing cohomologies.
An interesting proof of regularity of the Gauss–Manin connection , using its ‘nilpo-
tency in characteristic p’, was given by N. Katz (see [Kat2] and [Gri2]).

§3 Irregular Singularities
8.20. Formal Classification Theorem in Non-resonant Case. If r > 1 and B(0) is
non-resonant, then the system trż = B(t)z is formally equivalent to the system
trẇ = C(t)w, where the matrix C(t) is diagonal, C = diag (c1(t), . . . , cn(t) and
ci(t) are polynomials of degree at most r − 1.

Proof. By the Poincaré–Dulac theorem all the terms tkzjei, i �= j can be cancelled
(are non-resonant). There remain only the terms tkziei which are diagonal. Next
one applies Proposition 8.4. �

If we write C(t)t−r = Drt
−r + Dr−1t

−r+1 + . . . + D2t
−2 + Et−1, where Dj and

E are diagonal matrices, then the formal fundamental matrix of the system from
Theorem 8.20 takes the form

F(t) = Ĝ(t)tE exp
[∑

Dj/(j + 1)tj+1
]
,
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where Ĝ is a formal power series.

In the resonant case there is also a diagonal formal normal form, but the gauge
transformation generally cannot be expanded into a formal power series in t. In-
stead one should change the local ring C[[t]] (of formal power series in t) by the
ring C[[t1/b]], where b is some positive integer. This was first observed by E. Fabry
in [Fab].

8.21. Example of Fabry. ([Fab], [Vara]) The system

ż1 = (a/t)z3, ż2 = (1/t2)z1, ż3 = (1/t2)z2

(with a �= 0) is of the form t2ż = B(t)z, where the matrix B(0) is nilpotent.
Let us try the substitution yi = taizi. Simple calculations give

ẏ1 = ata1−a3−1y3 + (a1/t)y1,
ẏ2 = ta2−a1−2y1 + (a2/t)y2,
ẏ3 = ta3−a2−2y2 + (a3/t)y3.

If we put a1 = −1/3, a2 = 0, a3 = 1/3, then the first terms in the right-hand
sides of the above equations have the same power of t; namely −5/3. Thus we get
ẏ = (t−5/3D + t−1E)y, where

D =

⎛⎝ 0 0 a
1 0 0
0 1 0

⎞⎠ , E = diag (−1/3, 0, 1/3).

We see that the leading matrix D has three distinct eigenvalues, the cubic roots
of −a. Transforming it to the diagonal form and applying the series of transfor-
mations from the proof of Theorem 8.20 (with power series in ζ = t1/3) we can
diagonalize also the remaining part of the system for y.

The general result concerning normal forms in the case of a resonant irregular
singular point belongs to M. Hukuhara [Huk], H. Turrittin [Tur] and A. H. M.
Levelt [Lev] and is formulated in the next theorem.

8.22. Formal Normalization Theorem. If t = 0 is an irregular singular point of
the system ż = A(t)z, then there exist:

– a positive integer b,

– rational numbers (with the common denominator b) r1 < r2 < . . . < rm <
−1,

– diagonal matrices D1, . . . , Dm, E,

– a change y = H(t1/b) in the class of formal series in t1/b
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such that H transforms the system for z to the system

ẏ = (D1t
r1 + . . . + Dmtrm + Et−1)y. (3.1)

Two forms (3.1) with Dj, E and D′
j , E

′ are formally equivalent (over C[[t1/b]]) iff
the matrices Dj and D′

j and E and E′ are mutually spontaneously conjugated by
means of some matrix from GL(n, C).
In the variable s = t1/b system (3.1) takes the form

dy/ds = b(D1s
−R1 + . . . + Dms−Rm + Es−1)y

for some integers R1 > R2 > . . . > Rm > 1.

Remark. The numbers rj are called the canonical levels, the principal level r1 is
called the Katz invariant and the smallest integer b is called the ramification index.
Katz in [Kat2] gave an algebraic interpretation of the canonical level r1 (see also
[Del2]).

Problem. Calculate the Katz invariant in the case of the equation P (t, t d
dt )x

= 0 in terms of Newton’s diagram of the function P (x, y).

Proof of Theorem 8.22. We present a sketch of this proof based on the paper [Sib1]
of Y. Sibuya.
Assume that we have tr ż = B(t)z.
1. Repeating the proof of Theorem 8.20 we show that division of the matrix B(0)
into diagonal blocks corresponding to different eigenvalues λi can be extended to
formal splitting of the system into several independent systems, which are charac-
terized by having only one eigenvalue.
2. Let λ1 = . . . = λn = λ. The change z = eλ/(1−r)tr−1

y leads to the system
trẏ = A(t)y, where

A(0) =

⎛⎜⎜⎜⎜⎝
0 d1 . . . 0
0 0 . . . 0

. . . . . . . . . . . .
0 0 . . . dn−1

0 0 . . . 0

⎞⎟⎟⎟⎟⎠
where di = 0, 1.
3. Assume that all dj = 1. We introduce the variables u1 = y1, u2 = tru̇1, . . . , un =
tru̇n−1. Then we obtain the system tru̇ = B(t)u, where

B(t) =

⎛⎜⎜⎜⎜⎝
0 1 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 1

b1(t) b2(t) . . . bn(t)

⎞⎟⎟⎟⎟⎠
where each bj(t) = O(t).
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Now the substitution uj = tαj vj , with suitable rational exponents aj , leads to
the equation v̇ = (t−αC + . . .)v where the matrix C has a form like the matrix
B(0) but with at least one constant bj(0) �= 0. This means that C has at least one
nonzero eigenvalue and we can apply induction with respect to the dimension of
the eigenspace.
4. If some of the di’s in the matrix A(0) are equal to zero then, using the change
y → u (analogous to 3.), we reduce the matrix A(t) to the matrix⎛⎝ B1 E12 . . .

E21 B2 . . .
. . . . . . . . .

⎞⎠ ,

where Bj = Bj(t) are of the form of the matrix B(t) from 3. and

Eij =
(

0
e1(t) . . . es(t)

)
.

One can show that, after applying a suitable change u → v of the same form as in
3., we obtain v̇ = (t−αC + . . .)v where either:

(i) the matrix C has nonzero eigenvalue (if some bj(0) becomes �= 0 or some
el(0) �= 0 in some Eij , i > j), or

(ii) the matrix C is nilpotent but its Jordan normal form contains more nonzero
dj ’s than in the matrix A(0) from 2. (here some el(0) �= 0 in Ei,j , i < j).

Next we apply induction with respect to the dimension of the eigenspace and to
the number of nonzero dj ’s. (See also [Vara]). �

Remark. From the proof of Theorem 8.22 it follows that the case when the matrix
D1 (from its thesis) has a pair of coinciding eigenvalues occurs when some row is
identically equal to zero in the block-matrix from 4. This means that the system is
analytically separated into two independent subsystems. Such a phenomenon has
infinite codimension.
So, in what follows we assume that the eigenvalues of D1 are different.

Having solved the problem of formal classification of meromorphic systems with
irregular singularity, we pass to analytic classification. It turns out that formal
solutions of such systems (or higher order equations) can be divergent. The series
from the formal normal forms are only asymptotic in the sense of Definition 5.51.

8.23. Example of Euler ([Eul2]). The series
∑

k!tk formally satisfies the equation
t2ẍ + (3t− 1)ẋ + x = 0, but is divergent.

As we shall see, equations with irregular singular points can be reduced to their
formal normal form (from Theorem 8.20 or Theorem 8.22) by means of analytic
gauge transformation only in some sector in the complex plane of variable t. How-
ever, two such gauge transformations (defined in adjacent sectors) are different in
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the intersections of sectors. This phenomenon is called the Stokes phenomenon.
Stokes discovered it when studying the Airy equation and the Bessel equation
in [Sto1], [Sto2] and [Sto3] (see also [Hea]). A rigorous treatment of the Stokes
phenomenon allows us to construct certain functional invariants of analytic clas-
sification of such systems.
Assume that the system tr ż = B(t)z has an irregular singular point. In the case as
in Theorem 8.22 we apply the change of time t→ t1/b; (and the new time we again
denote by t). We apply a polynomial change z →

∑N
j=0 Hj(t)z, which reduces the

polar part of the matrix A(t) = B/tr to the diagonal form. Thus we get a system
trż = B(t)z, where B(t) = C(t) + O(tr) (we do not change notation of B) and
whose formal normal form is tr ẏ = C(t)y (C(t) diagonal and polynomial). Assume
also that the eigenvalues of B(0) satisfy the condition (see the remark above)

λi �= λj , i �= j.

8.24. Definition. The rays in the complex t-plane defined by

Re[(λi − λj)t1−r] = 0, i �= j,

are called the rays of division corresponding to the pair (λi, λj).

8.25. Sectorial Normalization Theorem. Let S = {|t| < ε, α < arg t < β} be
a sector in the t-plane not containing two rays of division (corresponding to any
pair (λi, λj)). Then there exists a unique matrix function H(t) = I+O(t) analytic
in S and transforming the equation tr ż = B(t)z to the formal normal form system
ttẏ = C(t)y.

Proof. We follow the book of W. Wasow [Was]. The essential fact, which has to
be proved, is the following. �
Proposition. Let the eigenvalues of B(0) be divided into two groups
λ1, . . . , λp and λp+1, . . . , λn such that λi �= λj for i ≤ p < j. Then there is
a matrix H(t), holomorphic in S, which transforms the system to an analogous
system with the matrix C(t) of the block–diagonal form(

C11(t) 0
0 C22(t)

)
.

Moreover, we can assume that the sector S is symmetric with respect to the real
positive semi-axis and with the magnitude < π/(r − 1).

Proof. If z = H(t)y, then y satisfies the equation trHẏ = (BH − trḢ)y and we
have

HC = BH − trḢ.

So we assume that B(0) is in the block–diagonal form B(0) = diag(B11(0), B22(0))
and we seek H(t) in the form(

I H12(t)
H21(t) I

)
.
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In what follows we will deal only with H12. The analysis for H21 is quite analogous.
The matrix X(t) = H12(t) satisfies the nonlinear differential equation

trẊ = B11X −XB22 + B12 −XB21X (3.2)

where Bij(t) are the corresponding block-matrices.
The latter equation is a particular case of the nonlinear equation

tru̇ = Λu + p(t, u) (3.3)

where Λ has nonzero eigenvalues Λk (equal to λi − λj for (3.2)) and the term p is
nonlinear.
The equation (3.3) is equivalent to the integral equation

u(t) = V (t)D +
∫ t

t0

V (t)V −1(s)s−rp(s, u(s))ds (3.4)

where V (t) = eΛ/(r−1)tr−1
and D is some constant vector.

In fact, the constant vector D and the limit t0 of integration are in some way
connected one with another. One can replace the integration in (3.4) by integration
along some contour Γ(t) in the complex s-plane in such a way that it ends at
t. In this case the constant vector can be put equal to zero. Moreover, for each
component of the equation (3.4) we can choose the integration path independently.
The main trick of the proof is to choose the path Γ(t) in such a way that the
expression V (t)V −1(s) is not too big along the path of integration; then we will
be able to apply the principle of contracting maps. In particular, we want that the
expressions

exp
[
Re
(
Λk(t1−r − s1−r)/(1− r)

)]
,

associated with the k-th components, are not big.
We fix for a while the index k and some point t0 ∈ R ∩ S. We shall consider only
such t’s that |t| << t0. Moreover it is useful to pass to the chart ζ = s1−r; then
the sector S is replaced by a sector with vertex at infinity.
Assume that S does not contain any ray of division corresponding to Λk. It means
that Re Λkζ/(1− r) has definite sign in the whole S. Depending on this we choose
either:

– the straight semi-line γ from ζ = ∞ to ζ = t1−r with constant arg ζ, if the
sign is positive, or

– the interval δ joining t1−r
0 with t1−r otherwise (see Figure 2(a)).

In both cases we have Re Λk(t1−r − ζ)/(1− r) < 0.
If S contains a ray of division L (only one by the assumption) then the choice of the
path δ remains unchanged but the path γ passes along a straight half-line parallel
to L (from infinity to t1−r, see Figure 2(b)). Here we have Re Λk(t1−r−ζ)/(1−r) =
0 along γ.
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Figure 2

The further proof uses the standard analytic methods and we describe it only
shortly, without detailed estimates.
We solve the fixed point equation

u = T (u),

where T (u) is the nonlinear integral operator
∫

V (t)V −1(s)s−rp(s, u(s))ds and the
integration runs along the paths described above.
In order to apply the method of contracting maps, we must define some Banach
space of holomorphic functions u and get an estimate for ||T (u1) − T (u2)|| (i.e.
the Lipschitz continuity of p(t, u) with respect to u).
The class of u’s consists of those which satisfy the estimate |u(t)| < c|t|m with
certain fixed m. This m is defined as the order of p(t, 0) = const · tm + . . .. One
shows that, if u satisfies this estimate, then |T (u)(t)| < Kc|t|m with a constant K
not depending on u (see Lemma 14.2 in [Was]).
The Lipshitz estimate |p(t, u1) − p(t, u2)| < µ|u1 − u2|, with µ arbitrarily small,
follows from the fact that p contains only terms of the form O(tm)u0, O(t)u and
O(|u|2).
Next, one chooses the sequence u0 = 0, u1 = T (u0), u2 = T (u1) . . . of successive
approximations. We get |u1| < c|t|m and |un+1 − un| < µ · K · |un − un−1|. If
µ < K−1 then this series converges to a function, holomorphic in some sector S0

of small radius.
Another proof of Theorem 8.25 uses the Gevrey expansions and multi-summability
(see Section 4 in Chapter 9 below) and is given in the paper of B. L. J. Braaksma
[Bra]. �
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8.26. Definition of Stokes operators. Let S1 and S2 be two adjacent sectors (i.e.
with nonempty intersection) satisfying the assumptions of Theorem 8.25. Let HS1

and HS2 be the corresponding operators guaranteed by this theorem. From The-
orem 8.20 it follows that these two matrix-functions have the same Taylor expan-
sions. Because these Taylor expansions are only asymptotic, then HSi are generally
different in the intersection of the two sectors.
One defines the matrix function

GS(t) = HS1H
−1
S2

, t ∈ S = S1 ∩ S2.

It has the property GS(t) = I + O(tN ) as t→ 0 for any N . Moreover it preserves
the normalized system, i.e. tr ẏ = C(t)y with diagonal C(t).
Let LS be the space of solutions of the normalized system. The gauge transfor-
mation induced by GS transforms solutions from LS to solutions from the same
space. Therefore it defines certain automorphism CS : LS → LS , which is called
the Stokes operator.

8.27. Properties of the Stokes operators. We choose a basis of LS in the form

φj = aj(t)ej , aj(t) = exp
[
λjt

1−r/(1− r) + . . .
]
,

where (ej) is the standard basis of Cn. The Stokes operator expressed in this basis
is a constant matrix CS = (cij) and is called the Stokes matrix.
If ψi = GS(t)φi(t) = CSφi =

∑
j cijφj then the matrix GS acts as follows: GSei =

ψi/ai(t). We have

(GS)ij = a−1
i (t) · cij · aj(t) = cij · exp

[
(λj − λi)t1−r/(1− r) + . . .

]
.

Because GS ∼ I then cii = 1, and if Re(λi − λj)t1−r → −∞ then cij = 0. After
suitable ordering of the basis (ei) we obtain the property that:

The Stokes operators CS are unipotent.

8.28. Definition of the Stokes sheaf. The system of Stokes operators can be nat-
urally described using the cohomological language. Take the circle S1, which we
treat as the circle {r = 0} in R+×S1 = {(r, θ)} where r, θ are the polar coordinates
of the t = reiθ ∈ C (the boundary circle in the polar blowing–up).
The Stokes sheaf St is defined by the presheaf of groups St(U), where U ⊂ S1 are
open connected arcs. With each such U one associates a germ of sector S = SU in
(C, 0) with base at U (see Figure 3).
St(U) consists of matrix functions S � t→ GS(t) satisfying the following proper-
ties:

(i) GS(t) ∼ I,

(ii) GS(t) preserve the normalized system.
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Figure 3

Note that the Stokes sheaf is associated with some normalized diagonal system.
There are many such functions GS ; for example, if ẋ1 = ȧ1(t)x1, ẋ2 = ȧ2(t)x2

then the changes are of the type (x1, x2)→ (x1, x2 + cea2(t)−a1(t)x1).

8.29. Remark. St is not a standard sheaf with which we are acquainted. The groups
St(U) are (generally) non-abelian groups and the Čech coboundary operator, co-
cycles and cohomologies must take another meaning. Here we recall the definition
of the first cohomology group of sheaves F of non-abelian groups (see Example 2
in 3.27).
The cochains are the same as in the abelian theory. In particular, a 0-cochain
associated with a covering U = {U} is a system (GU )U∈U with GU ∈ F(U). The
1-cochains are the systems (GUV ) with GUV ∈ F(U ∩ V ) such that GV U = G−1

UV .
This 1-cochain is a cocycle iff GUV GV W GWU = e. Two 1-cochains (GUV ) and
(G′

UV ) are equivalent iff there is 0-cochain (KU ) such that

G′
UV = KUGUV K−1

V .

The first cohomology group H1(F ,U) is defined as the set of classes of 1-cocycles
with respect to this equivalence.
Next, one takes the direct limit with respect to the coverings.

Now we pass to the description of moduli of analytic classification of linear systems
with irregular singular point. We fix the normalized system S0 : tr ż = C(t)z and
consider the space M = MC of systems S : trż = B(t) which are formally
equivalent to S0. On the space M we introduce the following equivalence relation:
S ∼ S′ iff there is a matrix function H(t) holomorphic in a (whole) neighborhood
of t = 0 and realizing the equivalence between S and S′.
The following fundamental in this theory result was proved by B. Malgrange [Mal3]
and Y. Sibuya [Sib2]. It is called also the Malgrange–Sibuya Theorem.

8.30. Analytic Classification Theorem. The space of equivalence classes defined
above coincides with the first cohomology group of the circle with coefficients in
the Stokes sheaf.
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In other words, the group H1(S1, St) parameterizes the orbits of the action of the
group of analytic equivalences on the space of germs of meromorphic linear systems
with fixed formal normal form.
This property holds in the non-resonant case as well as in the resonant case with
the normal form the thesis of Theorem 8.22.

Proof. Let M be the above space of the equivalence classes. We define a natural
map from M to H1(S1, St).
Take a system S ∈ M. By the sectorial normalization theorem there exists a cov-
ering of a neighborhood of the point t = 0 by sectors Si such that S is transformed
to S0 by means of holomorphic maps Hi(t) in Si. Let Ui be the bases of the sectors
Si. Then the family of operators HiH

−1
j defines a Čech cocycle associated with

the covering {Ui}.
If two systems S (defining a cocycle HiH

−1
j ) and S′ (defining a cocycle H ′

i(H
′
i)

−1)
are equivalent by means of a holomorphic matrix H(t), then H ′

i = HiH (by the
uniqueness in Theorem 8.25) and the cocycles define the same cohomology class.
This gives the map Φ :M→ H1(S1, St).
The injectivity of the map Φ is simple. If H ′

i(H
′
j)

−1 = G−1
i HiH

−1
j Gj , then

H−1
i GiH

′
i = H−1

j GjH
′
j . The latter matrix is thus univalent and defines the holo-

morphic conjugation between the systems S′ and S.
The surjectivity of the map Φ is the most difficult part of the proof. Here we
follow [BV], but we omit the details. Probably the first proof of this surjectivity
was given by G. D. Birkhoff [Bir1].
Let (Gij) = (GUiUj ) be a cocycle with values in the Stokes sheaf. If we could find
a system Hi = I + O(t) of holomorphic matrices in sectors Si (with bases Ui) and
such that Gij = H−1

j Hi, then this would give us a corresponding meromorphic
linear equation ż = Az.
Indeed, let F0 be a fundamental matrix for the normalized system ż = A0z,
A0 = t−rC(t). The matrices Fi = HiF0 define the fundamental systems with
matrices Ai = ḞiF−1

i in the sectors Si. We have Ai = ḢiH
−1
i + HiA0H

−1
i ,

A0 = Ḟ0F−1
0 . Calculations which use the fact that Gij preserve A0 (as gauge

transformations) show that Ai = Aj at the intersections of sectors. Thus Aj ’s
define one univalent matrix A(t). Because Hi = I + O(t) the matrix A(t) has the
same order of pole as A0, A(t) = t−rB(t) with analytic B.
To prove the existence of such Hj ’s we use the apparatus of sheaf theory. It turns
out that the fact that the Stokes sheaf (and the sheaf E defined below) is not
abelian is not a serious obstacle to apply the results from the abelian theory to
our purposes.
Firstly we solve the system of equations Gij = G−1

j Gi in the class of smooth
(C∞) matrix-valued functions Gi = I + O(t) in sectors Si. To do this one in-
troduces the sheaf E (on S1) of germs of smooth matrix-functions in sectors,
E(U) = C∞(SU , GL(n)). It is a flabby sheaf, admitting the partition of unity,
and therefore has trivial higher cohomology groups, Hi(S1, E) = 0, i > 0. In the
abelian case it is proved in 3.27, in the non-abelian case it is proved in [BV].
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Assume that we have such Gi’s. Because ∂̄Gij = 0, we have ∂̄Gi ·G−1
i = ∂̄Gj ·G−1

j .
The latter expression defines a univalent in a punctured neighborhood of t = 0
smooth function F .
Now, applying a variant of the Poincaré ∂̄-lemma, we find a matrix function G =
I + O(t) such that ∂̄G ·G−1 = F .
The functions Hi = G−1Gi are holomorphic and satisfy the relation H−1

j Hi =
Gij . �
Remark. The Stokes cochain can be interpreted as a cocycle of Stokes operators.
If F0 is the fundamental matrix of the normalized system, then

Cij = F0GijF−1
0

is a cocycle of constant matrices. Two Stokes cocycles (Cij) and (C′
ij) are called

equivalent iff there exists a system (Ci) of constant matrices such that C′
ij =

C−1
i CijCj .

If we calculate the cohomology group of the Stokes sheaf using Cij , then we see
that it is finite-dimensional.
Moreover, for a generic system with irregular singular point the formal normalizing
transformation is not convergent.

Theorem 8.30, together with Theorems 8.20 and 8.22, gives a complete solution
of the problem of analytic classification of systems with irregular singularity. The
formal normal form is determined in an analytic way (using a finite number of
polynomial transformations). This formal normal form gives the moduli space. A
separate problem constitutes the task of computations of the Malgrange–Sibuya
moduli, i.e. how to calculate the elements from H1(S1, St) from data of the initial
analytic system. In the below examples we show how it is done in special cases.

8.31. Examples. (a) The first example comes from the work [Zo7].
(i) Consider the function

F (t) =
∫ t

0+
sae−1/sk

ϕ(s)ds =
∫

f(s)ds.

We ask when this function is of the local Darboux type

F (t) = ta+k+1e−1/tk

ψ(t), (3.5)

with analytic ψ.
To get the answer we introduce the loops σj as in Figure 4(a). The punctured
neighborhood of t = 0 is divided into sectors of fall and of jump of e−1/sk

as
|t| → 0, arg t = const. Each path starts and ends at successive sectors of fall (at
t = 0) and ‘surrounds’ one sector of jump.
We define the quantities

Aj =
∫

σj

f(s)ds.
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Figure 4

We have the following property:

The function F has the form (3.5) iff all Aj = 0.

The values of F (t) in neighboring sectors (from Figure 4(b)) differ by the constants
Aj .
(ii) Consider the linear system

tk+1ż =
(
−k tk+1ϕ(t)
0 atk

)
z. (3.6)

Its general solution is z1(t) = De1/tk

+Ce1/tk ∫ t
f(s), z2(t) = Cta. Because the sin-

gular part of the matrix A(t) is in the diagonal form A0(t) = diag (−kt−k−1, at−1),
then such is also the normalized system.
We choose the system of fundamental solutions of the normalized system in the
form w1 = e1/tk

, w2 = ta. Therefore z1 = w1 + η(t)w2, z2 = w2 where η(t) =
t−ae1/tk

F (t).
In different sectors Sj (see Figure 4(b)) we have different branches of the function
F (see (i)) and different branches ηj of η. We have ηj+1 = ηj + Ajt

−ae1/tk

.

Therefore the normalizing matrices take the form Hj =
(

1 ηj

0 1

)
and the Stokes

cocycle Cj,j+1 is given by the matrices
(

1 Aj

0 1

)
.

We have H1(S1, St) � Ck and the Stokes cocycle associated with the system (3.6)

is equal to Gj,j+1 =
(

1 Ajt
−a exp(1/tk)

0 1

)
.
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(b) The Bessel equation. We follow [BV] and [Hea]. Recall the Bessel equation
t2ẍ + tẋ + (t2 − ν2)x = 0.
We see that the point t = 0 is regular (see Definition 8.6 and Theorem 8.8). The
point t = ∞ turns out irregular.
We introduce the notations τ = 1/t, u(τ ) = (x(1/τ ), ẋ(1/τ))� and below by the
dot we denote the derivative with respect to τ . Then we get the system τ2u̇ =
B(τ )u, where

B =
(

0 −1
1 0

)
+
(

0 0
0 1

)
τ +
(

0 0
−ν2 0

)
τ2.

In order to get the formal normal form, we have to transform only the first two
terms of B(τ ) to diagonal form. The matrix B0 has distinct eigenvalues ±i, i.e.
we have the non-resonant case. The transformation matrix is chosen in the form
H(t) ∼ H0(I + H1τ + . . .), where only the first two terms are important.

We have H0 =
(
−1 −i
−i −1

)
and H0B0H

−1
0 = C0 = diag (i,−i). Next C1 =

H0(B1 + [H1, B0])H−1
0 = H0B1H

−1
0 + [H̃1, C0], H̃1 = H0H1H

−1
0 . The commuta-

tor in the latter expression acts on the non-diagonal entries (because C0 is diag-
onal) and, choosing suitable H̃1, we can obtain C1 in the diagonal form. Because

H0B1H
−1
0 = 1

2

(
1 ∗
∗ 1

)
, then C1 = 1

2I.

Thus the basis of solutions of the normalized system is u1,2 = τ1/2e±i/τe1,2 =
t−1/2e±ite1,2.
Recall that the Stokes sheaf consists of such matrix functions G(t) that G ∼ I
and GCG−1 + τ2ĠG−1 = C (preservation of the normalized system). In view of
the fact that 2C1 = I this is equivalent to the following condition. Let χ(τ ) =(

e−i/τ 0
0 ei/τ

)
. Then d

dt (χ
−1Gχ) = 0.

Therefore the map G → G = χ−1Gχ defines an isomorphism of the sheaf St
with some sheaf of subgroups of GL(2, C). The first condition for the Stokes sheaf
χFχ−1 ∼ I implies that the matrix elements of F fulfill the conditions F11 =
F22 = 1, F21e

−2i/τ ∼ 0, F12e
2i/τ ∼ 0. Therefore, depending on which part of the

τ -plane we are, the matrix F takes one of the two forms(
1 f+

0 1

)
, Im t > 0;

(
1 0

f− 1

)
, Im t < 0. (3.7)

The parameters f± parameterize the space H1(S1, St) and form the moduli of
analytic classification of equations which are formally equivalent to the Bessel
equation.
In the above description of the moduli space we followed the book of D. G. Babbitt
and V. S. Varadarajan [BV]. Unfortunately, the authors of [BV] do not give any
hint how to compute the moduli f± for the most interesting case of the Bessel
equation.
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These constants were in fact computed by Stokes himself in [Sto2]. We present
these calculations following the book of J. M. A. Heading [Hea].
One uses the basis of solutions of the Bessel equation consisting of the Bessel
functions

J±ν(t) =
∞∑

j=0

(−1)j(t/2)2j±ν

j!Γ(±ν + j + 1)
= t±νP±(t2). (3.8)

Here the function P± is integer. Assume that a solution AJν(t) + BJ−ν(t) has
the asymptotic expansion ∼ t−1/2eit for arg t = 0 and t → ∞. After analytic
prolongation of this solution to the rays arg t = π and arg t = 2π, with use of the
formulas (3.7) and (3.8), we obtain

AeiπνJν(t) + Be−iπνJ−ν(t) ∼ e−iπ/2t−1/2e−it,

Ae2iπνJν(t) + Be−2iπνJ−ν(t) ∼ e−iπt−1/2e−it + f−e−iπt−1/2e−it,

as t→ +∞. Together with AJν(t) + BJ−ν(t) ∼ t−1/2eit this gives the value

f− = 2i cos(πν).

Similar calculations give f+ = −2i cos(πν).
We encourage the reader to find the moduli space and the Stokes operators in the
cases of the Airy equation and the Weber equation.

Remark. We see that the Stokes constants are nontrivial for some classical equa-
tions. The problem of explanation of the non-uniqueness of representation of solu-
tions in a given (asymptotic) basis constituted a great challenge and mystery for
the nineteenth century mathematicians.
In March 19, 1857 Stokes was writing to his future wife: “. . . I have been doing
what I guess you won’t let me when we are married, sitting up till 3 o’clock in the
morning fighting against a mathematical difficulty. Some years ago I attacked an
integral of Airy’s, and after a severe trial reduced it to a readily calculable form.
But there was one difficulty about it which, though I tried till I almost made
myself ill, I could not get over, and at last I had to give it up and profess myself
unable to master it. I took it up again a few days ago and after two or three days’
fight, the last of which I sat up till 3, I at last mastered it. . . . ” (The citation
comes from [Hea] and [StoH]).

8.32. Note about the algebraic approach. Above we presented the theory of local
meromorphic linear equations in analytic and geometrical terms. Some specialists,
usually from algebraic geometry, reformulate this theory in purely algebraic terms.
This theory is now called the theory of D-moduli.
In particular the books of P. Deligne [Del2] and of Babbitt and Varadarajan [BV]
or the articles [Man2], [Vara], [Ber] are written in the algebraic language. We
present here one result of N. Katz obtained in the algebraic way.
Let O be the local ring of germs of holomorphic functions in (C, 0) and let K be
its field of quotients, i.e. the field of germs of meromorphic functions.
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Let V be a finite-dimensional space over K, V = Kn; it corresponds to the space
of germs of meromorphic vector-valued functions.
The linear non-autonomous differential system takes the form ∇d/dtY = 0, where
∇d/dt = d

dt −A(t) is a connection in V = Kn; here A is a matrix with coefficients
in K.
Next one fixes a certain lattice L0 ⊂ V which is a free O-module of rank n. In our
situation it can be On, the space of germs of holomorphic vector functions.
The ring O is a ring of discrete valuation. The valuation v : O → Z is defined
as v(g) = r iff g(t) = trh(t), h(0) �= 0. If L ⊂ V is any lattice, then one defines
v(L) = max{ν : L ⊂ tνL0}.
Let Li

td/dt = L+∇td/dtL+ . . .+∇i
td/dtL. Katz [Kat1], [Del2] proved the following

result.

There exists a rational negative r such that for any lattice L the series of numbers∣∣∣−ri − v(Li
td/dt)

∣∣∣ , i = 1, 2, . . . , is bounded.

The number r is called the Katz rank. The principal level (or the Katz invariant)
r1 from Theorem 8.22 is expressed by means of the Katz rank. The case r = 0
corresponds to the case of regular connection. Therefore the irregularity can be
detected asymptotically; in that case the application of the connection∇td/dt many
times to holomorphic vector-functions gives meromorphic functions with linearly
growing order of the pole.

One says that a module V is Fuchsian iff there exists a lattice L such that
∇td/dtL ⊂ L (see [Man2]). In our (analytic) case it means that tż = D(t)z (D -
holomorphic), after some change of coordinates (depending meromorphically on
t). Thus the definition of the ‘module Fuchsiani’ is an algebraic reformulation of
Theorem 8.12.
All this is generalized to the situations, where the objects O, V , ∇, L, L0 are
replaced by abstract algebraic objects. We will not develop this subject.

§4 Global Theory of Linear Equations
In this section we consider the differential systems

ż = A(t)z

and the differential equations

x(n) + a1(t)x(n−1) + . . . + an(t)x = 0

where the ‘time’ t belongs to the Riemann sphere CP 1 and A(t), aj(t) are mero-
morphic.

Remark. The above situation has a natural generalization to the case when the
‘time’ t takes values in a general Riemann surface S. In that case the operator
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d/dt − A(t) is treated as a connection in a certain vector bundle over S. In dif-
ferent charts we have different operators A(t) and in intersections of two such
charts the corresponding operators are related by means of gauge transforma-
tions. The space of horizontal sections of this connection defines a local system
on S \ (singularities). This leads to some general theory developed in [Kat3] (for
example).
We shall not study this general subject.

8.33. Lemma.

(a) The equation ż = Az has singular points t1, . . . , tm of only Fuchs type iff

A(t) =
∑ Aj

t− tj
.

(b) The equation x(n)+b1(t)x(n−1)+. . .+bn(t)x = 0 has singular points t1, . . . , tm
of only Fuchs type iff

bj(t) =
Pj(t)
Qj(t)

,

where Q(t) = (t−t1) . . . (t−tm) and Pj are polynomials of degree ≤ (m−1)j.

Proof. This proof includes the definition of the Fuchs singularity at the point
t = ∞. One has to introduce the change τ = 1/t and the transformed system
dz/dτ = −τ−2A(1/τ)z should have a Fuchs type singularity at τ = 0. Thus
dz/dτ = (A∞/τ + . . .)z, which means that A(t) ∼ −A∞/t as t→∞.
If Aj are the residues of A(t) at the points tj, then the above shows that A(t) =∑

Aj/(t− tj) and
A∞ = −

∑
Aj .

The case of a differential equation is treated analogously. �
8.34. Definition. The systems and equations satisfying the conditions of Lemma
8.33 are called systems of the Fuchs class and equations of the Fuchs class.

Consider a meromorphic system or a meromorphic equation in CP 1 with singular
points t1, . . . , tm,∞. (Usually the point at infinity is singular; if not, then we
underline it.) Thus we have an analytic equation in Ω = C�{t1, . . . , tm}. By the
theorem on analytic dependence of solutions of differential equations on initial
conditions, the solutions z = φ(t) (or x = φ(t)) are locally analytic functions in Ω.
They can be prolonged to multivalued functions in Ω or to single-valued functions
φ(t̂) in the universal covering Ω̂ of Ω. Here t̂ ∈ Ω̂ is projected to t ∈ Ω.
If t0 ∈ Ω and we choose some basis of the space of solutions of the equation in
a neighborhood of t0, then we can define the monodromy group of the equation
as a subgroup of GL(n, C) (see Definition 8.3 above). Let γj be simple loops
in Ω starting at t0 and surrounding just one point tj (in the counterclockwise
direction). In the basis of solutions the monodromy operators associated to γj are
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matrices Mj ∈ GL(n, C). They generate the monodromy group, a subgroup Mon
of GL(n, C).
Thus the differential equation gives rise to a monodromy group of multivalued
functions as solutions of this equation. It turns out that this situation can be
reversed in some sense. The corresponding result belongs to B. Riemann [Rie] (see
also [AI]). Recall that a multivalued function φ in Ω is regular iff it has at most
polynomial growth in sectors near singular points.

8.35. Theorem of Riemann about multivalued functions. ([Rie]) Let φ1(t), . . . , φn(t)
be a system of multivalued and regular holomorphic functions on Ω such that its
Wronskian det(φ(j)

i ) �= 0 and such that the prolongations of φj’s along the loops
γj define automorphisms of the space of functions spanned by φk’s. Then there
exists an n-th order differential equation of the Fuchs type such that the system
φ1, . . . , φn of functions is its fundamental system.

Proof. For each t ∈ Ω consider n + 1 vectors φ(0)(t), φ(1)(t), . . . , φ(n)(t), where
φ(j) has components djφi/dtj , i = 0, . . . , n. They are linearly dependent. By as-
sumption the vectors φ(0)(t), . . . , φ(n−1)(t), t ∈ Ω, are linearly independent. So
φ(n) =

∑
bj(t)φ(j) and this representation is unique. Because the vector func-

tions φ(j)(t) have the same monodromies, the functions bj(t) are single-valued.
Because bj have representations as quotients of determinants (Cramer’s formula)
of matrices with entries φ(k)(t) and φi are regular, also bj are regular and hence
meromorphic. �

Figure 5

Corollaries.

(a) Algebraic functions satisfy differential equations of the Fuchs class.
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(b) Abelian integrals satisfy differential equations of the Fuchs type.

Proof. (a) Recall that algebraic functions y(x) are solutions of equations of the
type F (x, y) = 0, where F is a polynomial. This equation has several local branches
of solutions y = ψ1, . . . , ψp. They are multivalued with branching at the finite set
F = F ′

y = 0 (see Figure 5). It is possible that the branches are linearly dependent,
e.g. for the equation ym − x = 0. We choose the maximal system φ1, . . . , φn of
independent branches. We restrict them to the set Ω = C \ ( branching points ) \
{W = 0}, where W is the Wronskian. It is clear that the assumptions of the
theorem of Riemann (i.e. regularity, W �= 0 and monodromy) are satisfied.
(b) It was proved in Theorem 5.29(a). �

§5 Riemann–Hilbert Problem
The fundamental problem in the theory of meromorphic differential equations
on the Riemann sphere is the Riemann–Hilbert problem. It was first formulated
explicitly by D. Hilbert, as the XXI-th of his famous list of problems [Hil]. Later
people working upon it (H. Röhrl and others) realized that questions of the same
kind were earlier investigated by B. Riemann (see [Rie]) and began to call it the
Riemann–Hilbert problem.
It is striking that this problem has turned out to be very productive in math-
ematics, especially in algebraic geometry. Such tools as Grothendieck’s étale co-
homology theory, Deligne’s mixed Hodge structures and his proof of the Weil
conjectures, D-moduli and perverse sheaves owe their existence to investigations
on this problem.
The formulation of the Riemann–Hilbert problem, which we present below, belongs
to Yu. S. Il’yashenko and was first formulated in the survey article [AI]. We follow
this survey.

8.36. The Riemann–Hilbert problem. Find:

(A) an equation x(n) + . . . = 0 of the Fuchs class,

(B) a system ż = Az with regular singularities,

(C) a system ż = Az from the Fuchs class,

such that its singular points and monodromy operators are given.

Remarks. 1. The original Hilbert’s formulation of his problem is the following.
“Prove that there always exists a Fuchsian system with given singularities and
a given monodromy” . It caused some misunderstandings among mathematicians
studying it. For example, H. Röhrl [Roh] and J. Plemelj [Ple] proved the version
B of this problem and many authors treated the Riemann–Hilbert problem as
finished. However, the version C of the problem, which can be formulated as to
find the residue matrices Aj (of the Fuchs system) as functions of the positions
of singular points tj and monodromy matrices Mj, may have no solutions. A. A.
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Bolibruch [AB] constructed such an example. (Below we present the proof of the
Plemelj–Röhrl theorem and Bolibruch’s example).
2. In view of Theorem 8.8 above the solution of the problem B implies the solution
of the problem A. Indeed, having regular differential system we can easily associate
with it a differential equation of higher order; (for example, for the first component
z1(t)). Regularity of this equation is equivalent to the fact that it belongs to the
Fuchs class (Theorem 8.8).

8.37. Theorem of Plemelj and Röhrl. The problem B always has a solution.

Below we present Röhrl’s proof [Roh] of this result. Plemelj’s proof of this theorem
is given in [Ple] and is different. It relies on a theory of integral operators developed
by him especially for this purpose.

Proof. 1. We use the following covering of the Riemann sphere CP 1. The point ∞
is covered by the disc

K∞ = {|t| > r} ∪ {∞}

and the disc
K0 = {|t| < R}, r < R,

is covered by domains Ui, each homeomorphic to a disc, each containing exactly
one singular point ti and with only non-empty intersections Ui ∩ Ui+1 which are
simply connected. Moreover, the sets U1 ∪ U2 ∪ . . . Uj are also simply connected
(see Figure 6). The basic point t0 and the loops γi ⊂ Ui are also presented in this
picture.

Figure 6
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2. Firstly we solve the Riemann–Hilbert problem for the disc K0. Instead of looking
for the matrix function A(t) (in the equation ż = Az) we try to find a fundamental
matrix F(t).
In fact this matrix is a multivalued function; so we write it as F(t̂). Here t̂ belongs
to the universal covering of K0�{t1, . . . , tm}. When some functions are univalent,
then we use the usual argument t.
We look for F such that above each Uj \ tj we have

F(t̂) = Φj(t)(t̂− tj)Cj , Cj = lnMj/2πi, (5.1)

where Φj are holomorphic in Uj matrix functions.
Thus in the intersection Uj ∩ Uj+1 we have the equality

Φ−1
j (t)Φj+1(t) = (t̂− tj)Cj (t̂− tj+1)−Cj+1 df

= Fj,j+1.

On the right-hand side of this equality is the known function Fj,j+1, (which now
can be treated as function of t). The collection {Fi,i+1} can be treated as a Čech
1-cocycle associated with the covering of K0 by Uj ’s (with values in the sheaf
of invertible matrix functions). The existence of the above Φj ’s means that this
cocycle represents zero cohomology class. In [For], [GrRe] and [GuRo] it is shown
that the first cohomology group of any open Riemann surface (or Stein manifold)
with coefficients in this sheaf is zero. Because the open disc K0 is such a manifold
then the system of equations (5.1) has a solution.
The proof of vanishing of the cohomology groups uses the Lemma B of Cartan.
Therefore we present this lemma (with the proof) and, applying it to our situation,
we give a direct solution of the Riemann–Hilbert problem for a disc.

8.38. Cartan Lemma B. Let U1, U2 be simply connected domains in C with piece-
wise smooth boundaries and such that U1 ∩ U2 is simply connected. Let F ∈
Hol (U1 ∩ U2, GL(n, C)), i.e. F is holomorphic in a neighborhood of the closure
of U1 ∩ U2. Then there exist F1,2 ∈ Hol (U1,2, GL(n, C)) such that

F (t) = F1(t)F2(t)

in U1 ∩ U2.

We apply Lemma 8.38 to the domains U1 and U2. We find Φ1 = F−1
1 and Φ2 = F2

satisfying the relation (5.1). Thus we have defined a fundamental system F2 in
U1 ∪ U2; (more precisely, in the suitable universal covering).
In U3 we have the fundamental system (t̂ − t3)C3 . We glue together these two
fundamental systems to one system in U1 ∪ U2 ∪ U3 by means of the formula

Ψ2(t)F2(t̂) = Φ3(t)(t̂ − t3)C3 ,

where Ψ2 and Φ3 are holomorphic in U1∪U2 and in U3 respectively (here we again
use Cartan Lemma B).
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Repeating this procedure we obtain a fundamental matrix defined in the whole K0

and such that near each singularity we have F = Φj(t̂− aj)Cj . Because Ḟ = AF ,
then we get the following formula for the matrix A(t):

A(t) = ḞF−1 = Φ̇jΦ−1
j + ΦjCjΦ−1

j /(t− aj).

We see that it has only a first order pole at tj . From this proof we get the following
corollary.

8.39. Corollary. The Riemann–Hilbert problem in version C has a positive solution
in a disc.

3. The case of the Riemann sphere. Let F0 be a fundamental matrix in K0 with
only Fuchsian singularities; (its existence was proved above). In K∞ we have the
fundamental matrix F∞ = t−C∞ . If one could find matrix functions Φ± holomor-
phic in K± and such that Φ0F0 = Φ∞F∞ in K0 ∩ K∞, then we would have a
solution of our problem with all singularities of the Fuchsian type. That property
is equivalent to the solution of the equation F0F∞ = F for given holomorphic F
in K0 ∩K∞.
The latter equation usually does not have a solution. Instead we have the following
result belonging to G. D. Birkhoff [Bir1] and A. Grothendieck [Gro1]. (In the
algebraic version it first appeared in the works of R. J. W. Dedekind and W. E.
Weber [DW], see also [OSS].)

8.40. Theorem of Grothendieck and Birkhoff. For any holomorphic function F in
K0∩K∞ with values in GL(n, C), there exist holomorphic matrix-valued functions
F0,∞ : K0,∞ → GL(n, C) and a unique (modulo permutation of entries) diagonal
integer matrix J = diag (j1, . . . , jn) such that

F = F0t
JF∞

in K0 ∩K∞.

Having this result we can finish the proof of the Röhrl–Plemelj theorem. The
matrix function

F = F−1
0 F0 = tJF∞F∞

defines a regular fundamental matrix in Ω̂. It satisfies the differential equation
Ḟ = AF , where A(t) is a meromorphic matrix function. A has simple poles in
tj (in K0) and pole in ∞ (maybe non-simple). This is because near ∞ we have
A = J/t + tJ Ḟ∞F−1

∞ t−J − tJF∞C∞F−1
∞ t−J and the action AdtJ may lead to a

non-simple pole at infinity.
Theorem 8.37 is complete modulo the proofs of Lemma 8.38 and Theorem 8.40. �
8.41. Proof of the Lemma B of Cartan. We will follow the proof from the book of
R. Gunning and H. Rossi [GuRo]. Another proof is given in [GrRe].

1. Firstly we consider the abelian case



300 Chapter 8. Linear Differential Systems

Lemma. Let U1 and U2 be as in the assumptions of Lemma 8.38, simply connected
with simply connected intersection. Let f ∈ Hol (U1 ∩ U2, Ck). Then there exist
two functions f1,2 ∈ Hol (U1,2, Ck) such that

f = f1 + f2

(in the intersection) and we have an estimate

||f1,2|| < K ||f ||,

where the norms are the supremum norms in suitable domains and the constant
K depends only on the domains.

Proof. Let V be a neighborhood of U1 ∩ U2, where f is defined. Let γ be a loop
in V \ U1 ∩ U2. Then we have f(z) = 1

2πi

∫
γ f(ζ)dζ/(ζ − z) for z ∈ U1 ∩ U2.

Figure 7

We divide γ into two parts γ1 and γ2 (as in Figure 7). Thus γ1 does not pass
through U1 \ U2 and γ2 has the analogous property. Then the functions

f1,2(z) =
1

2πi

∫
γ1,2

f(ζ)
ζ − z

satisfy the thesis of the lemma. �
2. Consider now the case when F is a matrix function in a domain larger than
U1 ∩ U2 and is close to the identity matrix, F (t) = I + F1(t).
Using the arguments from the abelian case we can represent F1 as the sum G1+H1,
where G1 is holomorphic in U1 and H1 is holomorphic in U2. Moreover ||G1|| ∼
O(||F1||), ||H1| ∼ O(||F1||). We can write

I + F1 = (I + G1)(I + F2)(I + H1)
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where one has the estimate ||F2|| ∼ O(||F1||2).
Now we repeat this procedure with F2. We represent it as G2 + H2, where G2

and H2 are of the second order with respect to ||F1||. One obtains F3 of order
O(||F1||4), and so on. Finally we get

F = (I + G1)(I + G2) . . . . . . (I + H2)(I + H1)

where the two infinite products converge uniformly in the domains Ui.

3. The general case is reduced to the case 2 by a polynomial approximation K(t)
of F (t). If ||K − F || is small, then F1 = K−1(F −K) is also small and we have

F = K(I + F1). �

8.42. A few words about vector bundles. Before presenting the proof of the Gro-
thendieck–Birkhoff Theorem we make some comments about algebro–geometrical
interpretation of this result.
In the language of holomorphic vector bundles this theorem states that:

Every holomorphic vector bundle over CP 1is isomorphic to a Whitney sum of line
bundles.

The above needs some explanations. A vector bundle E → X is holomorphic iff
its transition maps (Ui ∩ Uj) × Cn � (x, z) → (x, hij(x)z) are holomorphic. E is
a Whitney sum (or direct sum) of E1 and E2, E = E1 ⊕ E2, iff hij = fij ⊕ gij ,
where fij , gij are the cocycles defining the bundles E1, E2. A vector bundle is a
line bundle iff its fiber is one-dimensional, n = 1.
If X = CP 1, then it has a covering by two open discs K0, K∞, where the restric-
tions of the bundles to each of them is trivial. (This is because the corresponding
first cohomology group vanishes, which follows from the Lemma B of Cartan.)
In algebraic geometry the roles of K0,∞ are played by the Zariski open subsets
U1 = C (= CP 1 \∞) and U2 = C∗ ∪∞ with U1 ∩ U2 = C∗ = C \ 0. If the bundle
is a line bundle, then the cocycle h12 is a scalar nonzero function on C∗. We can
multiply it by nonzero (in C∗) functions which are analytic in U1 or in U2, i.e. we
can add to it a coboundary. The only invariant of such an equivalence relation is
the topological degree of h12 : C∗ → C∗. This means that:

Any line bundle over CP 1 is isomorphic to O(j) with the cocycle h12(t) = tj.

The bundles O(j) are usually interpreted in terms of sheaves. The sheaf of local
sections of such a bundle is also denoted by O(j). In particular, O(0) is the same
as the sheaf OX of germs of holomorphic functions on X = CP 1.
If t0 is some distinguished point (divisor), e.g. t0 = 0, then we can consider the
sheaf J (t0) of ideals consisting of germs vanishing at t0. Because in the affine part
U1 = C, J (0) is generated by s1(t) = t and in U2 by s2(t) = 1, then the transition
map h12 = t−1, (s1 ◦ h12 = s2), and this sheaf is isomorphic to O(−1).
If we take the bundle associated with the divisor D = t0 with the transition map
h12 = f1/f2, where fi = 0 are the equations for the divisor in Ui, then we obtain
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the bundle O(1). If the divisor is more general D =
∑

niti, ni ∈ Z, ti ∈ CP 1,
then the bundle O(D) associated with it has the transition maps

∏
(fi,1/fi/2)ni

and the bundle is isomorphic to O(
∑

ni). Here fi,j = 0 are the equations for the
divisors ti in Uj.
The canonical bundle KX = ΩX of holomorphic 1-forms on X = CP 1 is isomorphic
to O(−2).
The bundles O(j) have natural generalizations for higher dimensional projective
spaces CP d. We have the natural covering of the projective space, with the homo-
geneous coordinates (t0 : t1 : . . . : td), by the sets Uj = {tj �= 0} and parameterized
by x

(j)
0 = t0/tj , . . . , x

(j)
n = tn/tj . The cocycle functions defining O(j) are equal to

hkl = (xk/xl)j . Here, as in the one-dimensional space, the sheaf of ideals of germs
of functions vanishing at a hyperplane is equal to O(−1) and the sheaf associated
with the hyperplane divisor is equal to O(1). The space of global sections of the
bundle O(j), j ≥ 0 is isomorphic to the space of homogeneous polynomials of
t0, . . . , tn of degree j. Every line bundle on CP d is isomorphic to one of O(j). The
canonical bundle KX = Ωd

X on X = CP d is isomorphic to O(−d− 1).
The theory of bundles of higher rank, i.e. n > 1, on projective spaces is an advanced
and rather non-trivial theory. We refer the reader to the book of G. Okonek, H.
Schneider and H. Spindler [OSS].

8.43. Proof of the Grothendieck–Birkhoff Theorem. 1. Recall that having a holo-
morphic function F : K0 ∩ K∞ → GL(n, C), we have to find matrix-valued
holomorphic functions F± on K± and a diagonal integer matrix J such that
F = F0t

JF∞. Here K0 is a disc containing t = 0 and K∞ contains ∞.
If we treat F as a cocycle defining a holomorphic bundle in CP 1, then the state-
ment of this theorem says that this cocycle is equivalent to the diagonal cocycle
tJ = tj1⊕. . .⊕tjn . This means that the bundle is isomorphic to O(j1)⊕. . .⊕O(jn).
Let us pass to the proof, which belongs to Birkhoff and which we have taken from
the book of D. V. Anosov and A. A. Bolibruch [AB]. We divide it into some steps.

2. The case F = I + F1, where F1 is small. We define the operators

Π± : Hol (K0 ∩K∞, GL)→ Hol (K±, GL),

where GL = GL(n, C), as follows. If G(t) has the Laurent expansion G =∑∞
−∞ Gjt

j , then

Π0G =
∞∑
0

Gjt
j , Π∞G =

−1∑
−∞

Gjt
j .

We seek the solution in the form

F0 = F (I + X), J = I, F∞ = (I + X)−1,

with X small and holomorphic in K∞. The condition F0 ∈ Hol (K0) means that
Π∞(F (I + X)) = 0. It leads to

TX = −Π∞F1 (5.2)
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where T is the linear operator (in the space of matrix functions) defined as TX =
X + Π∞(F1X). Because F1 is small the operator T is close to the identity. Thus
T is invertible and the equation (5.2) has a solution.

3. Reduction to the case with rational F and such that its only pole in K0 is t = 0.
Using a sufficiently long finite Laurent expansion of F we approximate F by a
matrix G(t) with only poles at 0 and ∞. Thus FG−1 is close to the identity and
using the previous point we get the representation Φ0Φ∞ = FG−1, where Φ0,∞
are holomorphic in K0,∞. Thus we have

F = Φ0(Φ∞G). (5.3)

Now we apply the same to Φ∞G. We approximate it by a rational H (with poles
at 0,∞) and get the representation H−1Φ∞G = Ψ0Ψ∞ with Ψ0,∞ analytic in
K±. This gives

Ψ0 = H−1Φ∞GΨ−1
∞ .

On the left-hand side of the latter formula we have a function holomorphic in K0

and on the right we have a function meromorphic in K∞. Thus Ψ0 is rational.
Now from (5.3) we get the formula

F = Φ0(HΨ0)Ψ∞,

where F1 = HΨ0 is rational with the only possible pole in K0 at t = 0. We see
that the problem is to represent F1 in the needed form.

4. Determination of J . Recall our equation FF−1
0 = tJF∞, where F is rational

with the only pole in K0 at t = 0. Denote the columns of the matrix F−1
0 by Ck(t)

and of F∞ by Dk(t). Therefore we have to solve the series of vector equations
FCk = tjkDk.
Consider the general equation

F (t)C(t) = tjD(t), (5.4)

with the boundary condition
C(∞) = y. (5.5)

Here C(t) is a rational vector-valued function holomorphic in K0 and D(t) is a
rational vector function holomorphic in K∞.

Definition. A triple (j, C, D) is called an admissible triple for y ∈ Cn \ 0 iff the
equations (5.4)–(5.5) hold.

Below we present some properties of the admissible triples.

(a) The admissible triples exist for any y.

Indeed, let
F (t) = t−βq−1(t)P (t), deg P = α,

where q(t) is a scalar polynomial with zeroes outside K0 and P (t) is a poly-
nomial matrix. Then the triple (−β, y, q−1Py) is admissible for y.
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(b) We have j ≤ α− β for any admissible triple; (α, β are above).

It follows from the equation

P (t)C(t) = tβ+jq(t)D(t),

where P (t) ∼ const · tα, C(t) → y as t→∞.

Definition. An admissible triple (j, C, D) is called maximal iff the integer j
is maximal possible.

(c) If the triple (j, C, D) is maximal, then C �= 0 in K0 and D �= 0 in K∞.

If C(a) = 0 (or D(a) = 0) for a ∈ K0∩K∞, then D(a) = 0 (respectively C(a) = 0).
Thus C(t) = (t − a)C1(t), D(t) = (t − a)D1(t) and, replacing C by t

t−aC and D

by D
t−a , we get

F · t

t− a
· C = tj+1 · D

t− a
; (5.6)

which means that (j + 1, tC
t−a , D

t−a ) is admissible for y.
The formula (5.6) remains true when D(a) = 0, a ∈ K∞�K0 and when C(a) = 0,
a ∈ K0�K∞.

Definition. The function y → v(y) = max{j : (j, C, D) is admissible for y} (with
v(0) = ∞) defines a valuation on Cn, which we call the Levelt valuation. It has
the usual properties of valuation:

v(λy) = v(y), λ �= 0 (obvious) and
v(y1 + y2) ≥ min(v(y1), v(y2)).

Indeed, if (j1, C1, D1) and (j2, C2, D2) are admissible for y1 and y2 and j1 ≤ j2,
then (j1, C1 + C2, D1 + tj2−j1D2) is admissible for y1 + y2.
The valuation v(·) defines the filtration

0 = E0 ⊂ E1 ⊂ . . . ⊂ Eh = Cn,

such that v|Ei\Ei−1 = const.
The integers jk in the matrix diag (j1, . . . , jn), j1 ≥ j2 . . . ≥ jn are the values of
the valuation function v(·), where the i-th value is taken dimEi−dimEi−1 times.

5. Construction of the matrices F0,∞. We choose a basis y1, . . . , yn in Cn associated
with the above filtration. It means that each yk has a maximal triple (jk, Ck, Dk).
We define

F−1
0 = (C1, . . . , Cn),
F∞ = (D1, . . . , Dn).

It remains only to show that these matrices are invertible.
Assume that detF−1

+ (a) = 0 (the proof in the case detF∞(a) = 0 is analogous).
Then there exists a nontrivial combination C(t) =

∑
λiCi(t) which vanishes at
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t = a. Let y =
∑

λiyi and let y ∈ Ek \ Ek−1. The valuation v(y) is equal to
v|Ek\Ek−1 = min{ji : λi �= 0}. Let D(t) =

∑
λit

ji−v(y)Di(t). It is clear that the
triple (v(y), C, D) is a maximal admissible triple for y �= 0.
By the property (c) of maximal triples (see above) C(t) �= 0 in K0. This gives a
contradiction.
From the above analysis it follows that the integers j1, . . . , jn are defined uniquely.
The proof of Theorem 8.40 is complete. �
Now we pass to the version C of the Riemann–Hilbert problem. One asks whether
it is possible to improve the result of Röhrl and Plemelj and to get a Fuchsian
system with prescribed singularities and monodromy. As we shall see later, it is
not possible in general. However, when one adds some restriction (on dimension of
the system or on the monodromy), then one gets the positive result in the problem
C. One of them is presented in the next theorem belonging to J. Plemelj [Ple] (see
also [AI]).

8.44 Theorem. If one of the monodromy matrices Mj is diagonalizable, then the
problem C has a positive solution.

Proof. We can assume that the matrix M∞ = (Mm . . .M1)−1, associated with the
loop around ∞, is diagonalizable. We assume that M∞ and C∞ = 1

2πi lnM∞ are
diagonal.
From the proof of the Plemelj–Röhrl theorem we can find a fundamental matrix
F such that F = Φ0F0 = Φ∞t−C∞ , where Φ0 is analytic in the disc K0, F0 is a
fundamental matrix in K0 with Fuchsian singularities and Φ∞ is meromorphic in
the disc K∞ with the pole at ∞.

8.45. Sauvage Lemma ([Sau]). There exist matrix-valued functions P (t), Ψ(t), D
such that P (t) is polynomial with detP = 1, Ψ(t) is analytic and invertible in
K∞, D = const is integer and diagonal and the identity

Φ∞ = P (t) ·Ψ(t) · tD

holds.

Using this lemma we easily finish the proof of Theorem 8.44. We put G = P−1F . It
is a fundamental matrix with Fuchsian singularities in K0 (because P−1 is analytic
and invertible there). In K∞ we have G = ΨtD−C∞ (here we use the fact that D
and C∞ commute). This matrix also gives Fuchsian singularity (with the residuum
Ψ(∞)(C∞ −D)Ψ−1(∞)). �
Remark. The commutativity property of D and C∞ is essential in the proof. For

example, if X = tDtC , C =
(

0 1
0 0

)
, D =

(
0 0
0 1

)
, then ẊX−1 has a second

order pole.

Proof of the Sauvage Lemma. 1. We borrowed the name of this lemma from [AI],
where the reference to the book of P. Hartman [HaP] is given. In fact, in [HaP]
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another result is proved. It is shown that any holomorphic matrix function F (t)
in the disc K∞ has a representation in the form F = P (t)tDG(t), where P (t) is
polynomial with det P = 1, D is an integer diagonal matrix and G(t) is invertible.
The proof of Lemma 8.45 is much more complicated than the proof from [HaP]. In
the book of Plemelj [Ple] the proof of Theorem 8.44 is based on other properties
of fundamental systems than the ones used in our above proof.
We shall not present the complete proof of the Sauvage lemma. We limit ourselves
to the case n = 2.
2. Firstly, by applying the change t → 1/t we can assume that we are in the disc
K0 around 0. Thus, given a meromorphic F with pole at 0, we look for the repre-
sentation F = P (1/t)Ψ(t)tD with polynomial P , detP = 1, analytic Ψ, detΨ �= 0
and diagonal integer D. Of course, it is enough to obtain this representation with
detP (1/t) = const �= 0.
3. The action of a diagonal matrix diag (λ1, . . . , λn) onto a given matrix from the
right means multiplying its columns by the numbers λi.
Note also that diagonal matrices commute and the automorphism Z → QZQ−1,
with Q a matrix of permutation of coordinates, sends diagonal matrices to diagonal
matrices with permuted columns. Therefore we apply from the right: diagonal
matrices tA, constant diagonal matrices and permutations of columns.
Action of some matrix onto a given matrix A from the left means some action
on the rows of A. We apply the following three types of action onto the rows of
meromorphic matrices.
(i) Transpositions of rows. (ii) Multiplication of rows by constants (it is the action
of a diagonal matrix). (iii) Adding to a row another row multiplied by a polynomial
of 1/t (this means action of a triangular matrix with 1 at the diagonal and a
polynomial above or below the diagonal).
We see that in all the cases we multiply from the left by a matrix with constant
determinant.
4. Let F = (ta1f1, t

a2f2) = (f1, f2)tA, where fi are holomorphic columns, fi(0) �=
0, and A is diagonal. If det(f1, f2) �= 0 then we have the result.
5. Assume that this determinant vanishes. Using eventual transposition of rows
and multiplications of rows and columns by constant numbers, we can assume
that the components of the first row start from 1. After extracting a multiple
of the first row from the second row and eventual permutation of columns, we

arrive at the matrix
(

1 + . . . 1 + . . .
atα + . . . btβ + . . .

)
, ab �= 0, α ≥ β. We multiply

the second column by t−β and, after little modification, we obtain the matrix(
1 ct−β + . . .

atα + . . . 1

)
.

6. Now we multiply this matrix from the left by an upper-triangular polynomial

matrix
(

1 p(1/t)
0 1

)
of the type (iii). The polynomial p(t) is chosen in such a way

that after multiplication the upper-right corner of the resulting matrix becomes
analytic.
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7. If α > β, or α = β but ac �= 1, then we obtain the matrix(
d + . . . O(1)

atα + . . . 1

)
, d �= 0, which is invertible and the lemma is proved.

8. If α = β and ac = 1, then we get the matrix
(

dtγ + . . . O(1)
atα + . . . 1

)
= F1 ·(

tδ 0
0 1

)
where detF1 has lower order than the determinant of the matrix from

4.
We apply the above (5., 6. and 7.) to the matrix F1. After a finite number of such
steps we obtain a matrix which is holomorphic and invertible. �

§6 The Bolibruch Example

The negative answer to the Riemann–Hilbert problem in version C (i.e. existence
of a Fuchsian system with given monodromy) is given in the below result of A. A.
Bolibruch from [AB]. The proof of Bolibruch’s theorem is relatively long. But the
reader can learn from it a lot of methods and tricks. For this reason we included
it in the book.

8.46. Theorem (The counter-example of Bolibruch). Consider the system ż =
A(t)z with

A =

1
t2

⎛⎝ 0 1 0
0 t 0
0 0 −t

⎞⎠+
1

6(t + 1)

⎛⎝ 0 6 0
0 −1 1
0 −1 1

⎞⎠
+

1
2(t− 1)

⎛⎝ 0 0 2
0 −1 −1
0 1 1

⎞⎠+
1

3(t− 1/2)

⎛⎝ 0 −3 −3
0 −1 1
0 −1 1

⎞⎠ .

This system has only regular singular points and there does not exist any system
from the Fuchs class whose singular points and monodromy group are the same as
for the above system.

Proof. 1. Firstly we investigate the singular points of the system ż = Az. Of
course, the points t1 = 0, t2 = 1, t3 = −1, t4 = 1

2 are singular. As t → ∞ we
have A(t) ∼ 1

t

∑
restiA(t) and, because

∑
resti A(t) = 0, the point t = ∞ is not

singular.
A(t) has simple poles at t2,3,4; so these points are Fuchsian and hence regular. At
t1, A(t) has a second order pole. The regularity of t1 is obtained in the following
way. Let z =

(
x
y

)
, where x ∈ C, y = (y1, y2)� ∈ C2. The system for z is equivalent

to the system
ẋ = a(t)y1 + b(t)y2,
ẏ = B(t)y,
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where
B(t) =

∑
Bi/(t− ti).

Because the system for y is Fuchsian its solutions yj(t) are regular, of polynomial
growth at singular points (in particular, at t = 0). Because a(t) and b(t) are ratio-
nal then, integrating the equation for x, we obtain the regularity of the solutions
x(t).

2. Note that the matrices Bj = restj B(t), j = 2, 3, 4 are nilpotent. Indeed,
Tr Bj = det Bj = 0 (so the eigenvalues are equal to zero) but Bj �= 0. This means
that we have resonances at tj , λ1 − λ2 ∈ Z (see Definition 8.16). Using Theorem
8.17 and Remark 8.18 we obtain that the normal forms of the system for y at
t2,3,4 are given by triangular matrices: ˙̃y1 = (ei/(t− ti))ỹ2, ˙̃y2 = 0. This leads to
triangular monodromy matrices.
At the point t1 we have the eigenvalues λ1 = 1, λ2 = −1. So here we have
also resonance but the normal form is slightly different: ˙̃y1 = (1/t)ỹ1 + e1tỹ2,
˙̃y2 = (−1/t)ỹ2. This also gives a triangular monodromy matrix.
Because the system for z is block-triangular, all its monodromy matrices are equiv-
alent to triangular matrices. Thus the assumptions of Theorem 8.44 are not satis-
fied and there is a hope that we will obtain a good counter-example.
We will prove the above facts about the normal forms and local monodromies
later.

3. Here we develop a theory which describes the local behaviour of fundamen-
tal systems near regular singular points. In particular, we shall construct certain
invariants which allow us to distinguish fundamental matrices of local Fuchsian
systems.
If a fundamental matrix F(t̂) is regular near the singular point t = 0, then it has
the form F(t̂) = G(t)t̂C , where G is meromorphic (univalent), C = lnM

2πi and M is
the monodromy matrix (in the basis given by the columns of F). It follows from
the proofs of Theorems 8.12 and 8.17.
The logarithm of the monodromy matrix is not chosen uniquely. In order to ensure
this uniqueness we assume

0 ≤ Re µj < 1

where µj are the eigenvalues of the matrix C.
It turns out that the above formula for F can be canonically improved. We shall
show the representation

F(t̂) = U(t)tV t̂C (6.1)

where V = diag (v1, . . . , vn) is an integer matrix such that v1 ≥ v2 ≥ . . . ≥ vn

and U(t) is holomorphic. The integers vj will be defined canonically as values of
a certain ‘valuation’ in the space of solutions of the system ẏ = By, B = ḞF−1.

4. Definition of the Levelt valuation. If y(t) ∼ Ctα(ln t)k in a sector with vertex
at t = 0, then we put

v(y) = [α],



§6. The Bolibruch Example 309

i.e. the integer part of the exponent α, and call it the Levelt valuation on y(t). For
example, v(

√
t) = 0, v(t ln t) = 1.

If X is the space of solutions of ẏ = By, then the function v : X → Z has the
usual properties of valuation:

(i) v(0) =∞ (by definition);

(ii) v(λy) = v(y), λ ∈ C \ 0;

(iii) v(y1 + y2) ≥ min(v(y1), v(y2)), with the equality iff v(y1) �= v(y2).

The valuation defines a natural filtration of X :

0 = X0 ⊂ X1 ⊂ . . . ⊂ Xh = X

such that v|Xj\Xj−1 = const. Moreover, the monodromy operator M preserves the
above filtration, MXj ⊂ Xj . This means that it has a block-triangular form. The
operators Grj M (of the gradation of M) are found on the diagonal, acting on the
graded space GrX =

⊕
Xj/Xj−1.

By choosing Jordan bases in Xj/Xj−1 the operators Grj M can be represented as
triangular matrices. Using this we can choose a basis y1, . . . , yn in X such that
the sequence vj = v(yj) is decreasing and the matrix of a monodromy operator
(written in this basis) is triangular. Such basis is called the Levelt basis.
One can see that, if we take the fundamental matrix F as composed of the vectors
yj(t), then it has the representation (6.1).

5. Lemma. The singular point t = 0 of the regular system ẏ = By is Fuchsian iff
the matrix U(t) from (6.1) is invertible.

Proof. (a) If U(0) is invertible then we have

B = ḞF−1 = U̇U−1 +
1
t
UV U−1 +

1
t
UtV Ct−V U−1 =

1
t
[ULU−1 + O(t)]

where
L = V + tV Ct−V .

Note that the matrix C̃ = tV Ct−V is analytic. Its ij-th matrix element is equal to
cijt

vi−vj where the matrix elements cij of C vanish for i > j. So the block-diagonal
submatrices of C̃ remain the same as in C and the off-diagonal submatrices acquire
positive powers of t; (because vi − vj ≥ 0 for i < j).
Now the Fuchsian property is obvious. Moreover, the residuum of B(t) at 0 is
B0 = U(0)L(0)U(0)−1, L(0) = V + (block-diagonal part of C).
(b) Assume that U is not invertible. In particular, kerU(0) �= 0. Suppose also that
the system is Fuchsian, ẏ = (B0/t + . . .)y. We will get a contradiction.
The formula B0 = U(0)L(0)U(0)−1 from the previous point cannot hold any
longer. However its analogue

B0U(0) = U(0)L(0)
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should be true.
This means that L(0)(kerU(0)) ⊂ kerU(0); (if y ∈ kerU(0) and z = L(0)y then
U(0)z = B0U(0)y = 0). This leads to the inclusion

t̂L(0) kerU(0) ⊂ kerU(0).

Let y0 ∈ kerU(0) \ 0 and let y(t̂) = F(t̂)y0. Let v(y(t)) = vm. We shall show that
v(y) should be greater than vm, which will give us the needed contradiction.
We have

y(t̂) = U(t)tV t̂Cy0,
= U(0)t̂L(0)y0 + (U(t)− U(0))t̂L(0)y0 + U(t)(tV t̂C − t̂L(0))y0.

The first term in the second row of the above formula is equal to zero (see
above). The second term is of the form O(t)t̂L(0)y0 where L(0) is equal to V
(with V y0 = vmy0) plus the block-diagonal part of C (with positive real parts of
the eigenvalues). Thus |t̂L(0)y0| ∼ |t|vm+ε, ε ≥ 0, and the valuation of the second
term is greater than vm.
Finally, the matrix tV t̂C − t̂L(0) contains only off-block-diagonal terms which are
of higher order than the block-diagonal part of tV t̂C . This implies that also the
third term is of order |t|vm+1+ε. �

6. Lemma. Consider a global system ż = A(t)z, t ∈ CP 1 with regular singular
points t1, . . . , tm. Let Lj = Vj + tVj Cjt

−Vj be the matrices associated with the
corresponding local systems and constructed in the previous point. Then∑

trL(tj) ≤ 0

and the equality holds for systems from the Fuchs class.
In particular, if the matrices Cj are nilpotent and the system is Fuchsian then∑

tr Vj =
∑

i,j vi,tj = 0 (where vi,tj are the Levelt valuations, i.e. the eigenvalues
of Vj).

Proof. Consider the 1-form tr A(t)dt = d(ln detF) which is meromorphic in the
Riemann sphere. We have

∑
restj (tr Adt) = 0.

On the other hand,

restj d(ln detF) = trL(tj) + order of zero of detUj(t)

for F = Uj(t)(t − tj)Vj (t̂ − tj)Cj , L(tj) = Vj + diag C̃j . (Here diag C̃j is the
block-diagonal part of Cj .)
The result follows from the fact that Uj are holomorphic. �

7. Now we begin to apply the tools and results obtained in the previous two points
to the Bolibruch’s system. In this point we consider the 2-dimensional Fuchsian
system ẏ = By from 2., i.e. the subsystem of the Bolibruch system.
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Recall that, if at the singular point t = 0 of a system ẏ = (C/t + . . .)y there is a
resonant relation λi = λj + k with non-negative integer k, then the term tk−1yj

cannot be removed from the i-th equation (see Definition 8.16).
Applying this fact to the singular points t2,3,4 (which are resonant λ1 = λ2 + 0)
we can assume that the system is locally equivalent to systems ˙̃y = (Cj/(t− tj))ỹ

with Cj =
(

0 ej

0 0

)
, ej �= 0. The representations (6.1) for the fundamental

matrix take the forms F(t̂) = Uj(t)(t̂ − tj)Cj with invertible Uj . We have Vj = 0,
L(tj) = Cj .

Note that (t̂ − tj)Cj =
(

1 ej ln(t̂− tj)
0 1

)
with the monodromy maps Mj =(

1 2πiej

0 1

)
.

At the point t = t1 = 0 we have B0 = diag (1,−1) and the normal form is the
following: ˙̃y1 = (1/t)ỹ1 + e1tỹ2, ˙̃y2 = (−1/t)ỹ2.
We must calculate e1. For this reason we calculate the first terms of the expansion
of the matrix B(t) near 0. We have

B =
1
t

[
(1 + . . .)

(
1 0
0 −1

)
− (t2 + . . .)

(
0 1
−1 0

)]
.

The diagonal terms are reduced to their normal form using diagonal changes of
y. The off-diagonal terms are reduced using off-diagonal changes, like (y1, y2) →
(y1, y2 + ct2y2) (and higher order changes). It is clear that during such changes
the first term in the upper-right corner of B(t) remains unchanged. Therefore

e1 = −1.

In this case we have U1(t) = (1+. . .)I+O(t2), V = diag (1,−1), C1 =
(

0 −1
0 0

)
.

Thus F equals(
1 + . . . O(t2)
O(t2) 1 + . . .

)(
t 0
0 t−1

)(
1 − ln t̂
0 1

)
=
(

t + . . . −t ln t̂ + . . .
O(t3) t−1 + . . .

)
.

8. Definition. We introduce the following invariant of a 2-dimensional Fuchsian
system ẏ = K(t)y, called the Fuchsian weight of K:

γK =
∑

j

(v1,tj − v2,tj )

where v1,tj ≥ v2,tj are the values of the Levelt valuations at the singular points
tj. We will also denote them by vi,tj (K) in order to underline their dependence
on K.
Of course, we have γB = 2 for the 2-dimensional subsystem of the Bolibruch
system.
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Let Mon = Mon (K) be the monodromy group associated with a 2-dimensional
Fuchsian system ẏ = Ky. The Fuchsian weight of the monodromy group Mon is
the number

γMon = min{γD : Mon (D) = Mon }.

9. Lemma. We have γMon(B) = 2 for the matrix B(t) from the point 1.

In 12. below we will show that the Fuchsian weight of a certain 2-dimensional
Fuchsian system associated with any 3-dimensional Fuchsian system must be equal
to zero. Therefore γMon(B) is the invariant in deciding the Bolibruch counter-
example.

10. Proof of Lemma 9. Suppose that there exists a system ẏ = Dy with γD < 2 and
Mon (D) = Mon (B), where B is the matrix of the 2-dimensional subsystem of the
Bolibruch system. So we have γD =

∑
j v1,tj (D) −

∑
v2,tj (D). But

∑
v1,tj (D) =

−
∑

v2,tj (D) (by Lemma 6 applied to the Fuchsian system defined by the matrix
D with nilpotent Cj). This means that γD is an even number and, because v1,tj ≥
v2,tj , we have

γD = 0, v1,tj = v2,tj .

Denote the latter integers v1,tj by mj and apply the change y = (
∏

(t − tj)mj )u.
If y satisfies the Fuchsian equation defined by the matrix D, then u satisfies the
Fuchsian equation

u̇ = F (t)u, F = D(t)−
∑ mi

t− ti
.

Moreover, we have vi,tj (F ) = 0.
Let G be a fundamental matrix associated with the equation u̇ = Fu. Near the
points ti we have the representations

G(t̂) = Wi(t)(t̂− ti)Ci , detWi �= 0,

with analytic Wi. Let F be the fundamental matrix for ẏ = By with the local
representations

F = Ui(t̂− ti)Ci , i = 2, 3, 4; F = U1t
V1 t̂C1 ,

and with

U1 =
(

1 + . . . O(t2)
O(t2) 1 + . . .

)
.

Because F and G have the same monodromy, the function FG−1 is univalent and
then meromorphic (regularity). Near ti, i = 2, 3, 4, the matrices FG−1 = UiW

−1
i

are analytic and invertible. Near t1 we have

FG−1 = U1 · diag (t, t−1) ·W−1
1 =

(
O(t) O(t)
∗ ∗

)
.
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We see that the first row of the matrix FG−1 is holomorphic in the Riemann
sphere. So it is constant and, because it vanishes at t = 0, it should be identically
zero. But then the matrix FG−1 could not be invertible outside singularities.
This contradiction proves Lemma 9. �

11. Here we study the 3-dimensional Bolibruch system. In the points t2,3,4 the
residua of the matrix A(t) are of the form

Aj =
(

0 a b
0 Bj

)
with nilpotent 2 × 2 matrices Bj . Thus Aj are nilpotent and the 3-dimensional

monodromy maps are unipotent, Mj =
(

1 ∗
0 Nj

)
, where Nj are the monodromy

matrices of a 2-dimensional subsystem.
Consider the point t1. We shall choose a Levelt’s basis in the form φ1(t) =

(1, 0, 0)�, φ2,3(t) =
(

x2,3
ψ2,3

)
, where (ψ2, ψ3) =

(
t + . . . −t ln t̂ + . . .
O(t3) t−1 + . . .

)
is the fun-

damental system from the end of 7. Of course, φ1 is a solution with the valuation
v(φ1) = 0. Note also that φ1 is an invariant vector for any operator from the
monodromy group generated by the Bolibruch system.
In order to find the first components of φ2,3(t) we integrate the equation ẋ =
a(t)y2 + b(t)y3 with a(t) = t−2 + . . ., b(t) = 1 + . . . (see 1.). This gives x2(t̂) =
ln t̂ + . . ., x3(t̂) = − ln2 t̂/2 + . . .. Hence v(φ2) = 0, v(φ3) = −1.
The Levelt filtration of the space of X of solutions consists of the 2-dimensional
subspace X1 (with valuation 0) and of X (with valuation −1).
The monodromy matrix M1 and its ‘logarithm’ C1 in the above basis take the
forms

M1 =

⎛⎝ 1 2πi ∗
0 1 −2πi
0 0 1

⎞⎠ , C1 =

⎛⎝ 0 1 ∗
0 0 −1
0 0 0

⎞⎠ .

12. Let ẇ = E(t)w be a supposed Fuchsian system with the same singularities
and monodromy as the Bolibruch system ż = Az. This means that there is an
isomorphism Θ between fundamental systems of both equations. Thus if χj = Θφj ,
then E(t) = (χ1, χ2, χ3) is a fundamental system for the equation for w. (Here φj

are the solutions from the previous point.)
Consider χ1 = Θφ1. Because φ1 is the unique vector fixed by any monodromy
operator, then χ1 also has this property. This means that χ1(t) is a univalent
function and therefore rational (regularity).
Moreover, χ1 is the first vector in the Levelt basis; (because of triangularity of
Mj). This implies that the valuations vtj (χ1) at the singular points tj take the
maximal values, which we denote by v1,tj .
We have the inequality

∑
vtj (χ1) ≤ 0. (For each component the sum of orders is

zero but vtj (χ1) is the minimum of orders of the components.)
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By Lemma 6 ∑
j

∑
i

vtj (χi) = 0,

because we have the Fuchsian case. But the above double sum is a sum of three
partial sums s1 =

∑
j v1,tj , s2 =

∑
j v2,tj , s3 =

∑
j v3,tj . Because s1 ≥ s2 ≥ s3

all three sums are equal to zero, si = 0 and, moreover, v1,tj = v2,tj = v3,tj ,
j = 1, 2, 3, 4. We denote the latter numbers by nj .
Let u =

(∏
j(t− tj)nj

)
w = f(t)w. It is easy to see that u satisfies a Fuchsian

equation u̇ = Fu. In the latter system we have all valuations equal to zero.
The vector-function η1 = fχ1 is holomorphic in the whole Riemann sphere. So,
it is a constant vector and, after some transformation, we can assume that η1 =

(1, 0, 0)�. This means that u̇ = Fu =
(

0 ∗
0 G

)
u. Here G is a 2 × 2 matrix

defining a 2-dimensional subsystem.

13. Lemma. We have γG = 0.

Proof. Recall that γG is the Fuchsian weight of the 2-dimensional system defined
by G(t) and is equal to

∑
j [v1,tj (G)− v2,tj (G)]. We have proved that vi,tj (F ) = 0.

Because v1,tj (F ) = vtj (u1), then v2,tj (F ) and v3,tj (F ) are the Levelt valuations of
the system defined by G. Hence γG = 0. �

14. Lemma 13 provides a contradiction with Lemma 8. This completes the proof
of the Bolibruch theorem. �

Before ending this subsection we present some results about positive solutions of
the Riemann–Hilbert problem (version C). We do not present the proofs.

8.47. Theorem of Lappo–Danilevskij. ([Lap]) If the monodromy operators Mi are
sufficiently close to identity, then the answer to problem C is positive.

In his proof in [Lap] P. S. Lappo–Danilevskij finds the expressions of the mon-
odromy matrices Mj as series expansions of the residue matrices Ai (for fixed
loops γi surrounding the singular points). If Ai are small then the series are con-
vergent and can be reversed, Aj are given by series in I −Mi.

8.48. Theorem of Dekkers. ([Dek]) If n = 2 (dimension of the system) then the
answer to the problem C is positive.

The idea of the proof is the following. If all monodromy operators Mj are non-
diagonalizable then they turn out to be simultaneously transformed to upper-
triangular Jordan cells. Such cells commute one with another. Then one can choose
the matrices Aj also in such upper-triangular forms.

8.49. Theorem of Kostov and Bolibruch. ([Kos], [AB]) If the monodromy group is
irreducible (i.e. without proper invariant subspaces), then the answer to problem
C is positive.
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§7 Isomonodromic Deformations
As in other theories, also in the theory of Fuchsian systems it is natural to consider
families of Fuchsian systems and to investigate the variation of their invariants.
One of such invariants is the monodromy group. One can ask which deforma-
tions are isomonodromic, i.e. when the monodromy group of a family of Fuchsian
systems remains constant. (This notion will be defined.)
The natural parameters of Fuchs systems are the positions of their singular points.
When we assume that the matrices-residues at these singular points also depend
on these positions, then we obtain a simplest natural family. It can be written in
the form

ż =

(
m∑

i=1

Ai(a)
t− ai

)
z, z ∈ Cn, (7.1)

where Ai(a) = Ai depend on a = (a1, . . . , am). We assume also that the point
t =∞ is singular with the residuum A∞ = −

∑
Ai.

We study this system under the following fundamental assumption.

8.50. Assumption. The local systems near the singular points ai are non-resonant.
This means that the eigenvalues of any of the matrices A1, . . . , A∞ do not satisfy
any resonant relation of the type λi − λj ∈ Z.
(By Theorem 8.17 this means that the local systems are analytically equivalent to
ż = (Ai/(t− ai))z.)

Therefore, all the matrices Aj are diagonalizable and we can find invertible ma-
trices Gj = Gj(a) (depending on a) such that the matrices

A0
j = G−1

j AjGj

are diagonal. Because we consider the case with constant monodromies the matri-
ces A0

j do not depend on a.
We choose the fundamental matrix F(t̂) such that

F = Φ∞(t)t̂−A0
∞ , Φ∞(∞) = I,

in a neighborhood of t =∞ (here Φ∞ is holomorphic and invertible near infinity).
It is clear that this condition defines the fundamental matrix uniquely.
By the theory developed in the previous sections, the behaviour of F near other
singular points is

F = GjΦj(t)(t̂− aj)A0
j Hj , Φj(aj) = I,

where Φj(t) are holomorphic and invertible and Hj = Hj(a) are constant invertible
matrices. (One can check that A(t, a) = ḞF−1 = GjA

0
jG

−1/(t− aj) + . . ..)
The monodromy matrices are now well defined and are of the form

Mj = H−1
j e2πiA0

j Hj .
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8.51. Definition. The deformation (7.1) is called isomonodromic if the matrices Mj

do not depend on a. Equivalently: if the matrices Hj can be chosen not depending
on a.

Remark. We have here two kinds of data associated with the equation (7.1): the
singularity data

{aj , A0
j , Gj(a)}

and the monodromy data

{aj , A0
j , Hj(a), j = 1, . . . ,∞},

where G∞ = I, H∞ = I and the relations A1 + . . . + A∞ = 0, M1 . . .M∞ = I
hold.
The following theorem of Schlesinger [Sch2] answers the question of conditions
needed to ensure the isomonodromicity of the deformation (7.1).

8.52. Theorem of Schlesinger. Let assumption 8.50 hold. The deformation (7.1) is
isomonodromic iff one of the two equivalent conditions holds:

(a) The fundamental matrix F(t, a) constructed above satisfies the system of
equations

∂F
∂aj

=
−Aj

t− aj
F , j = 1, . . . , m.

(b) The matrices Aj satisfy the system of equations, called the Schlesinger equa-
tions

∂Ai

∂aj
= [Aj,Ai]

aj−ai
, i �= j,

∂Aj

∂aj
= −

∑
i�=j

[Aj ,Ai]
aj−ai

.

8.53. Remark (Connections and curvatures). Before proving this theorem we must
comment on its formulation. The condition (a) is a condition formulated in terms
of the fundamental matrix, whereas the condition (b) concerns only the matri-
ces Aj . The explanation of their equivalence goes through connections and their
curvatures.
Introduce the operators of external derivative

d′ =
∑

daj
∂

∂aj
, d = dt

∂

∂t
+ d′,

and the 1-forms with values in the space of matrices

Ω′ = −
∑ Aj(a)

t− aj
daj , Ω =

∑
Ajd ln(t− aj).

Then the condition (a) of the Schlesinger theorem says that d′F = Ω′F . This
equation together with the equation Ḟ = A(t, a)F can be written in the form

(d− Ω)F = 0.
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Consider the trivial (principal) fiber bundle E : U × gl(n, C) → U , where U ⊂
CP 1 × Cm is an open set with variables t and aj . Introduce the operator D =
d − Ω : OU (E) → OU (E) ⊗ Ω1

U = Ω1
U (E) on the sheaf of germs of section of E.

It defines a connection in E. The equation DF = 0 means that F is a horizontal
section of E with respect to this connection.
Not every connection admits horizontal sections. (Usually we can only prolong
sections along curves in the base, but prolongation along a closed curve may lead
to a point (in the initial fiber) which is different than the initial point). The
obstacle to existence of horizontal sections (above open subsets of the base) is the
curvature defined as follows.
We can extend the connection operator D to an operator on Ω1

U (E), with values
in Ω2

U (E). Then we have D ◦D = d ◦ d− d ◦Ω− Ω ◦ d + Ω ∧ Ω = −(dΩ−Ω ∧ Ω)
(because d ◦ Ω = Ω ◦ d− (dΩ) ∧ (·)). The 2-form with values in gl(n, C)

R = dΩ− Ω ∧ Ω

is the curvature tensor of the connection.

Lemma. The Schlesinger equations are equivalent to the condition R = 0.

Proof. We should show that:

(i) if the dt ∧ dai–components of R vanish then the Schlesinger equations hold;

(ii) if the Schlesinger equations hold then R = 0.

The dt∧dai-component of dΩ is equal to −
∑

j
∂Aj/∂ai

t−aj
. The analogous component

of Ω ∧Ω is equal to
(∑ Aj

t−aj

)
·
(

−Ai

t−ai

)
+
(

Ai

t−ai

)
·
(∑ Aj

t−aj

)
. Its residuum at the

point t = aj is equal to [Aj , Ai]/(aj − ai) for j �= i and −
∑

k �=i[Ak, Ai]/(ak − ai)
for j = i. This gives the Schlesinger equations.
We have just proved that the Schlesinger equations are equivalent to vanishing
of the dt ∧ daj -components of R. So it remains to show that in this case the
dai ∧ daj -components of R vanish too.
The dai∧daj-component of dΩ is equal to (∂Ai/∂aj)/(t−ai)−(∂Aj/∂ai)/(t−aj)
which, in view of the Schlesinger equations, is equal to [Ai, Aj ]/(t − ai)(t − aj).
The same is the dai ∧ daj -component of Ω ∧ Ω. �
Proof of Theorem 8.52. Equivalence of the conditions (a) and (b):
If (a) holds then the fibration E has a section F horizontal with respect to the
connection D. So the curvature of the connection vanishes and the Schlesinger
equations hold.
If (b) holds then the curvature of the connection d−Ω vanishes and the distribution
defined by it is integrable. This means that there is a horizontal section F of the
connection.

Isomonodromicity ⇒ the condition (a): We have to show that the matrix function
d′FF−1 is equal to the meromorphic form Ω′.
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Firstly, from the isomonodromicity it follows that the operation of prolongation of
F(t̂, a) along a closed loop (in the t–plane) commutes with the operation of external
derivation d′ (with respect to a). Thus the prolongation along loops around ai

leads to the transformations F → FMi, d′F → d′FMi. This implies that the
form d′FF−1 is univalent and hence meromorphic.
In order to find the formula for Ω′ we investigate its behaviour near the singular
points ai and∞. We shall look only for the polar parts of Ω′ at these points. Using
the asymptotic formulas for F (before Definition 8.51) it is easy to check that near
ai, ∂

∂aj
FF−1 = −Aj/(t−ai)+ . . . , if j = i, and that ∂

∂aj
FF−1 is analytic if j �= i.

Moreover, d′FF−1 = O(1/t) as t→∞. This implies that Ω′ has only simple poles
with definite residues and the formula Ω′ = −

∑
daiAi/(t− ai) follows.

Univalency of Ω ⇒ isomonodromicity: We have to show that d′Mj = 0.
Univalency of Ω implies F → FMj, d′F = Ω′F → Ω′F ·Mj = d′F ·Mj . But d′F
is transformed to d′(FMj) = d′F ·Mj + F · d′Mj. So, d′Mj = 0. �
The problem of isomonodromic deformations is trivial when the number of singular
points is two or three. In both cases we can move these singular points to fixed
ones, using a Möbius transformation. So we can assume that these points are either
0 and ∞, or 0, 1 and ∞, and there are no parameters of deformation. Also the
case when the dimension n of the Fuchsian system is 1 is elementary.
The first nontrivial case is when m = 3, n = 2.

8.54. Isomonodromic deformation in the case m = 3, n = 2 and Painlevé 6. It
turns out that this problem leads to the equation of Painlevé 6,

y′′ =
1
2

(
1
y

+
1

y − 1
+

1
y − x

)
(y′)2 −

(
1
x

+
1

x− 1
+

1
y − x

)
y′

+
y(y − 1)(y − x)

x2(x− 1)2

[
α + β

x

y2
+ γ

x− 1
(y − 1)2

+ δ
x(x − 1)
(y − x)2

]
.

Let us pass to formulation of the problem. We have the system

ż =
[
A0(x)

t
+

A1(x)
t− 1

+
A2(x)
t− x

]
z

and we must write down the equations for Ai(x) which imply the isomonodromic-
ity.
Firstly, using the change z → w = (

∏
(t− ai)µi) z we can reduce the problem to

the analogous problem with traceless matrices Ai.
Assume that the numbers

±θ0/2,±θ1/2,±θ2/2, ±θ∞/2

are the eigenvalues of A0, A1, A2, A∞, where A0 + A1 + A2 + A∞ = 0 and A∞ is
diagonal. The numbers θi are constant parameters of the problem.
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So we have to determine the matrices A0 and A1. We choose them in the form

A0 =
1
2

(
z0(x) u0(x)
v0(x) −z0(x)

)
, A1 =

1
2

(
z1(x) u1(x)
v1(x) −z1(x)

)
.

Thus
A2 =

1
2

(
−(θ∞ + z0 + z1) −u0 − u1

−v0 − v1 θ∞ + z0 + z1

)
.

The six functions z0,1(x), u0,1(x), v0,1(x) are dependent. The conditions for eigen-
values imply that

z2
0 + u0v0 = θ2

0, z2
1 + u1v1 = θ2

1, (7.2)

(θ∞ + z0 + z1)2 + (u0 + u1)(v0 + v1) = θ2
2. (7.3)

Therefore there are only three independent functions. We shall choose them as

z1(x), z2(x), y = y(x) =
xu0

xu0 + (x− 1)u1
.

We put also u = u0/u1. We have

u = −y(x− 1)
x(y − 1)

. (7.4)

Let us pass to differentiations, where the ′ will denote the differentiation with
respect to x. The Schlesinger equations are A′

0 = [A2, A0]/x, A′
1 = [A2, A1]/(x−1).

The calculation of the upper-left and upper-right entries gives the four equations:

z′0 = Φ
2x , z′1 = − Φ

2(x−1) ,

Φ = u0v1 − u1v0 = u(θ2
1 − z2

1)− u−1(θ2
0 − z2

0),
(7.5)

and
u′

0 = − θ∞
x u0 + Ψ

x , u′
1 = − θ∞

x−1u1 − Ψ
x−1 ,

Ψ = u1(z0 − uz1).
(7.6)

Above we have expressed vi as (θ2
i − z2

i )/ui from (7.2).
We use (7.6) to calculate the derivative of u = u0/u1 which, after applying (7.4),
gives

u′ =
−1

x(y − 1)

[
θ∞

y

x
+ (z0 − uz1)

]
. (7.7)

The calculation of the same derivative from (7.4) gives

u′ =
1

x(y − 1)

[
x− 1
y − 1

y′ − y

x

]
.

This together with (7.7) gives

z0 − uz1 = (1− θ∞)
y

x
− x− 1

y − 1
y′. (7.8)
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The equation (7.3) can be rewritten in the form

2θ∞(z0 + z1) = −θ2
∞ − (1 + u−1)θ2

0 − (1 + u)θ2
1 + θ2

2 + u−1(z0 − uz1)2. (7.9)

This and (7.8) allow us to express z0 and z1 in terms of u, θi and (z0 − uz1)2.
Namely, we find

θ∞z1 = θ∞
x(x−1)

y−x y′ −
[
θ2
∞ − 2θ∞(1− θ∞) y

x

] x(y−1)
2(y−x)

− θ2
0

2u −
θ2
1
2 + θ2

2x(y−1)
2(y−x) −

x2(y−1)2

y(x−1)(y−x)(z0 − uz1)2.
(7.10)

Of course, z0−uz1 can be expressed by the right-hand side of (7.8) but we do not
do it now.
Finally, we calculate y′′ from (7.8). This gives

y′′ = (y′)2

y−1 +
[
(1− θ∞) y−x

x(x−1) −
1

x−1

]
y′

−(1− θ∞) y(y−1)
x2(x−1) −

y−1
x−1 (z0 − uz1)′.

(7.11)

But from (7.5) we find that

(z0 − uz1)′ =
1

x(y − 1)

[
θ2
0

2u
− θ2

1u

2
− (z0 − uz1)2

2u
− y

x
θ∞z1

]
. (7.12)

Substituting (7.10) to (7.12), next (7.12) to (7.11) and then using (7.8) (for (z0 −
uz1)2), after rather exhaustive calculations, one obtains the equation Painlevé 6.
(If the reader wants to repeat the computations himself then we have one word of
advise for him: calculate separately the expressions before terms like (y′)2, y′, θ2

2,
etc.)
The coefficients of the Painlevé 6 take the forms

α = (1− θ∞)2/2, β = −θ2
0/2, γ = θ2

1/2, δ = (1− θ2
2)/2.

Having a solution y(x) of the Painlevé 6, we can find zi = zi(x) and u(x) = u0/u1.
The differential equation for u0 gives u′

0/u0 = (−θ∞ +u−1z0− z1)/x which allows
us to determine u0(x) (and than also u1(x)). The functions v0,1(x) are calculated
from (7.2).
We have proved the following result.

8.55. Theorem. The problem of solution of the Schlesinger equations for isomon-
odromic deformation of the 2-dimensional Fuchsian system

ż =

(
3∑

i=0

Ai(a)/(t− ai)

)
z

is equivalent to the problem of integration of the equation of Painlevé 6 and usual
quadratures.
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Remark. The above theorem is taken from the lecture notes of G. Mahoux [Mah].
However the first author who associated the Painlevé 6 with isomonodromic defor-
mations was R. Fuchs [Fuch]. He considered the second order differential equations
of the Fuchs type with four singular points t = 0, 1, x, ∞, where the coefficients
are functions of t, x (rational in t). The condition of isomonodromicity also leads
to the Painlevé 6.

8.56. Movable and non-movable critical points. The origins of the Painlevé equa-
tions. Let

F (x, y, y′, . . . , y(n)) = 0

be an analytic differential equation defined by means of a polynomial F . Here
the argument x and the function y take complex values. y can take values in the
complex projective plane CP 1.
If φ(x) is a solution of this equation, then it is usually a multivalued holomorphic
function with some branching points, poles, essential poles, etc. A point x0 is
called critical if it is neither regular nor a pole of the solution φ; after turning
the argument around x0 we arrive at another branch of φ. The critical point is
called movable if its position changes with the change of the solution. Otherwise
the critical point is called non-movable.

Examples. (a) The equation y′ = y2 has the solutions y(x) = C/(1 − Cx). The
solutions have poles which are not critical points in the sense of the above defini-
tion.
(b) The equation 2y′ = y3 has the solutions y(x) = (c− x)−1/2. The points x = c
are movable critical points.
(c) The linear equation a(x)y′ = b(x)y has only non-movable critical points.

The situation with equation of first order F (x, y, y′) = 0, e.g. y′ =
P (x, y)/Q(x, y), is more or less clear (see [Gol] and [AI]). The only critical points
of its solutions are algebraic branching points, like y = (x−x0)p/q + . . . (Painlevé).
The equation y′ = P/Q has no movable critical points iff it is the Riccati equation

y′ = a0(x)y2 + a1(x)y + a2(x).

(The proof relies upon the fact that any holomorphic vector field on CP 1 is
quadratic, the tangent bundle is equal to O(2).)
Painlevé and B. Gambier classified the equations

y′′ = R(x, y, y′)

with rational R without movable critical points. They treated two such equations
as equivalent if one is obtained from the other by means of changes of the variable
x and Möbius type transformations in each fiber x = const.
Firstly Painlevé found 14 such equations (omitting Painlevé 6) and later R. Garnier
[Gar1], [Gar2] had finished this classification. There is a list of 50 equations (see
[Gol]) of which 44 are either integrable in quadratures or are reduced to equations
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of the type F (x, y, y′) = 0. The remaining six are the Painlevé equations. They
are the following:

P1 : y′′ = 6y2 + x,

P2 : y′′ = 2y3 + xy + α,

P3 : y′′ = (y′)2

y − y′

x + αy2+β
x + γy3 + δ

y ,

P4 : y′′ = (y′)2

2y + 3
2y3 + 4xy2 − 2(x2 − α)y + β

y ,

P5 : y′′ =
(

1
2y + 1

y−1

)
(y′)2 − y′

t + (y−1)2

t2

(
αy + β

y

)
+ γ y

t + δ y(y+1)
y−1

and P6.
The solutions of the equations of Painlevé are called the Painlevé transcendents.
They form a new class of special functions, different from elliptic functions, hy-
pergeometric functions, Bessel functions, etc. Their investigation is not finished
(see [GL]). They appear in many branches of mathematics and physics. For ex-
ample, if y(x) is the second transcendent of Painlevé, then the function u(t, x) =
t−2/3[y′(t)+y2(t)] is a solution of the Korteweg–de Vries equation ut = 6uux−uxxx.
Recently K. Okamoto [Oka] has shown that with the Painlevé equations an inter-
esting group action can be associated. For example, on the 4-dimensional space of
Painlevé 6 (parametrized by α, β, γ, δ) the affine Weyl group with the root system
D4 (see 4.28) acts. This is an infinite group generated by reflections with respect
to mirrors. If the parameter belongs to such a mirror, then the corresponding
Painlevé 6 is expressed by means of hypergeometric functions.
A very nice explanation of these symmetries was given recently by Yu. I. Manin
in [Man3], where he used the R. Fuchs’ formulas (from [Fuch]) which connect the
Painlevé 6 with elliptic integrals and he related the Painlevé 6 with the Gromov–
Witten invariants. Manin has rewritten the Painlevé 6 in a form which is much
easier to remember:

d2z

dτ2
=
(

1
2πi

)2 3∑
j=0

αjP ′
z(z + Tj/2, τ),

where P(z, τ) is the Weierstrass function associated with the elliptic curve C/(Z+
τZ) (see 8.10.(viii)), T0 = 0, T1 = 1, T2 = τ and T3 = 1 + τ are periods and the
parameters αj are defined by (α0, . . . , α3) = (α,−β, γ, 1

2 − δ).
In an impressive paper [DM] B. Dubrovin and M. Mazzocco found algebraic solu-
tions to P6; We describe this result in 12.20.

8.57. Other Painlevé equations and isomonodromic deformations. The natural
question is: why we do obtain just Painlevé 6 as an equation for isomonodromic
deformation in the simplest nontrivial case? Do the equations P1–P5 play some
role in the theory of isomonodromic deformations?
It turns out that these questions have positive answers. They imply isomon-
odromicity of deformations with irregular singular points. We explain briefly what
it means. We begin with the Painlevé 5.
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Lemma. The limit transition

(t, y, α, β, γ, δ) → (1 + εt, y, α, β, γ/ε− δ/ε2, δ/ε2)

as ε → 0 in the equation P6 gives the equation P5.

Remark. It turns out that there are more limit relations between the Painlevé
equations; P4 is a limit of P5, P3 is a limit of P4 etc.

When one applies the limit procedure from the above lemma to the Fuchsian
system from 8.54, then he gets the system

ż =
(

A0

t
− A0 + A∞

t− 1
− xA1

(t− 1)2

)
z.

The points t = 1 and t = x tend to t = 1 as ε → 0 and the point t = 1 becomes
non-Fuchsian. It is irregular, because the matrix xA1 standing before (t − 1)−2

has generally non-resonant eigenvalues. Then the system can be locally formally
transformed to a diagonal system (or to two independent equations) with a second
order pole at t = 1. (Recall that resonances correspond to λi = λj .)
Therefore one should extend the Schlesinger theory of isomonodromic deforma-
tions to the case of systems with irregular singularities. Such a theory was initiated
by H. Flaschka and A. Newell in [FN], where they obtained the equation Painlevé
2.
The general theory was constructed by M. Jimbo, T. Miwa and K. Ueno [JMU] (see
also [Mah]). There the role of parameters of deformation are played by the poles
aj and certain coefficients in the formal normal forms near irregular singularities.
If this normal form is equal to

˙̃z =
∑(

Tj,rj

(t− aj)r
+ . . . +

Tj,2

(t− aj)2
+

A0
j

t− aj

)
z̃

with diagonal Tj,i, A0
j , then the additional parameters are the diagonal elements

of the matrices Tj,i.
Into the set of monodromy matrices Mj , associated with a fixed fundamental ma-
trix, one adds the set of Stokes operators Sj,i, corresponding to a suitable covering
of the punctured neighborhoods of the irregular singularities aj by sectors (see Def-
inition 8.26). Like the monodromy operators the operators Sj,i are associated with
a fixed basis of the space of solutions (fundamental matrix); we do not give the
precise definitions.
The deformation is called isomonodromic iff Mj = const and Sj,i = const as func-
tions of aj and Tj,i. The analogue of the Schlesinger theorem, proved by Jimbo,
Miwa and Ueno, states that the deformation is isomonodromic iff the fundamental
matrix F(t, a, T ) satisfies a certain system of linear partial differential equations
(like in the condition (a) of Theorem 8.52). Also analogues of the Schlesinger
equations hold (see [Mah]).
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All the equations of Painlevé play roles of isomonodromic deformation equations
for suitable linear meromorphic systems with irregular singularities.
As an example we present the system leading to the Painlevé 1 y′′ = 6y2 + x:

ż =
[(

−v y2 + x/2
−4y v

)
+ t

(
0 y
4 0

)
+ t2

(
0 1
0 0

)]
z.

It turns out that the property of absence of movable critical points in the equations
of isomonodromicity of deformations, which we observed in the above examples,
is a general rule.

8.58. Theorem of Malgrange and Miwa. ([Mal4], [Miw]) Solutions of the equations
for isomonodromic deformation (in the Fuchsian and irregular cases) do not have
movable critical points.

§8 Relation with Quantum Field Theory
There exists an interesting connection between monodromy theory of Fuchsian
linear meromorphic differential systems and holonomic quantum fields. This theory
was developed by M. Sato, M. Jimbo and T. Miwa in the series of papers [SMJ1]
and [SMJ2].
The theory of holonomic quantum fields is rather technical and does not concen-
trate only on applications to differential equations. Its constructions deal with
fermionic fields with values in Clifford algebra and has applications in such areas
as the 2-dimensional Ising model.
Unfortunately the constructions are highly technical and it is difficult to follow
the proofs. In particular, the authors give explicit formulas for the solution of the
Riemann–Hilbert problem but without stating explicit assumptions. More pre-
cisely, they give a formula for the (regular) fundamental matrix F(t̂); this gives
the solution of the problem B. They claim that they obtain a solution of the prob-
lem C by making references to the Schlesinger equations. Probably the assumption
that the monodromy matrices Mj are close to identity is needed.
Below we present only the general ideas of the construction of the mentioned
solution without pretending to full explanation and without the proofs. We begin
with some basic notions of the quantum field theory.

8.59. The origins of quantum field theory. Quantum field theory was created be-
cause quantum mechanics has turned out not compatible with relativity theory. In
quantum mechanics one can determine the position of a particle by means of the
square of the absolute value of the wave function. It is the density of the probabil-
ity of finding a particle in a fragment of the configuration space. In this approach
one loses information about the momentum of the particle.
It turned out that, when the velocities are limited (as in the case of relativistic
particles), one cannot determine even the position of the particle. The wave func-
tion of an individual particle does not have sense. The only outcome of this trap is
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to allow particles to appear and disappear in reactions with other particles. This
leads to a construction called second quantization.

8.60. Definition of bosonic and fermionic Fock spaces and operators of creation
and annihilation. Let H be a Hilbert space. Define the spaces

Fs(H) = C⊕H ⊕ Ps(H ⊗H)⊕ . . . ,

Fa(H) = C⊕H ⊕ Pa(H ⊗H)⊕ . . . ,

where Ps and Pa are symmetrization and anti-symmetrization operators acting on
H⊗n = H⊗ . . .⊗H (n times). For example, Pa(f1⊗ . . .⊗ fn) = 1

n!

∑
σ ε(σ)fσ(1)⊗

. . .⊗ fσ(n), where the summation runs over permutations of the set of indices and
ε(σ) = ±1 is the sign of the permutation. (Above F#, # = s, a are understood as
closures of the infinite direct sums.)
Fs(H) is called the Bose–Einstein Fock space and Fa(H) is the Fermi–Dirac Fock
space. We denote by Fn = F#,n the n-th component of F#.
If f ∈ H then we define the creation operator a∗(f) as

a∗(f)g =
√

n + 1P#(f ⊗ g), g ∈ F#,n.

The annihilation operator is equal to a(f) = (a∗(f))∗ ; it can be written in the
form

a(f)g1 ⊗ . . .⊗ gn =
√

n(f, gn)g1 ⊗ . . .⊗ gn−1.

The generator of the component C of unit norm is called a vacuum vector and is
denoted by Ω

8.61. Example. If H = L2(Rn) is the Hilbert phase space of a quantum parti-
cle, then F#,n consist of functions f(x1, . . . , xn) (on Rmn) which are symmetric
(or anti-symmetric) with respect to permutations of arguments. The vector Ω
represents a function on the 0-dimensional space (Rn)0 (a point). The function
f1(x1) . . . fn(xn), ||fj || = 1, can be interpreted as a wave function of n inde-
pendent particles, each in the state defined by fi. The creation and annihilation
operators can be interpreted as generalized functions (distributions) with values
in the space of operators on F#:

a(f) =
∫

a(x)f(x)dx, a∗(f) =
∫

a∗(x)f(x)dx,

where f is a test function (smooth with fast decaying at infinity). The latter
operators are called field operators.

8.62. Proposition.

(a) In the Bose–Einstein case the following commutation relations hold:

[a(f), a(g)] = [a∗(f), a∗(g)] = 0, [a(f), a∗(g)] = (f, g)I.
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(b) In the Fermi–Dirac case the following anti-commutation relations hold

{a(f), a(g)} = {a∗(f), a∗(g)} = 0, {a(f), a∗(g)} = (f, g)I

where {A, B} = AB + BA is the anti-commutator.

(c) In both cases a(f)Ω = 0.

From Proposition 8.62 it follows that the vectors of the form a∗(fn) . . . a∗(f1)Ω
form a dense subset of F#.
In the Bose–Einstein case there can be many particles in one state, e.g. the state
a∗(f)a∗(f) . . . a∗(f)Ω corresponds to the situation when several particles are in
the same state defined by the wave function f .
In the Fermi–Dirac case this is impossible because a(f)a(f) = 0 and, if a vector
θ ∈ Fa contains particles in the state f , then a(f)θ does not contain such particles.
Thus θ can contain at most one particle in the state f . This property constitutes
the known Pauli exclusion principle.
In terms of the field operators a(x), a∗(x) the commutation and anti-commutation
relations mean that

[a(x), a(y)] = [a∗(x), a∗(y)] = 0, [a(x), a∗(y)] = δ(x− y)

and
{a(x), a(y)} = {a∗(x), a∗(y)} = 0, {a(x), a∗(y)} = δ(x− y).

Usually in theory of elementary particles the particles have spin and their wave
functions are vector-valued. For example, the field operators associated with elec-
trons have four components (spinors). Associated with them are the field operators
for the positrons (also four components).
The authors in [SMJ1] consider the field operators taking values in Clifford algebra.

8.63. Definition of Clifford algebra, Clifford group and normal ordering. Let W be
a complex vector space equipped with a scalar product 〈·, ·〉. The algebra A(W ),
generated by elements of W with the relations

ww′ + w′w = 〈w, w′〉 ∈ C (8.1)

for w, w′ ∈ W , is called the Clifford algebra.
The group

G(W ) = {g ∈ A(W ) : ∃g−1 and gwg−1 ∈W for w ∈W}

is called the Clifford group. If w1, . . . , wN is a fixed basis of W , then we have

gwig
−1 =

∑
j

tijwj ,

where T = (tij) is an orthogonal matrix. This mapping induces the exact sequence
of Lie groups 1 → C∗ → G(W ) → O(W ) → 1, where O(W ) is the orthogonal
group.
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In [SMJ1] the authors consider the situation when the space W is expanded into
the direct sum V ∗ ⊕ V such that

〈v∗1 , v∗2〉 = 〈v1, v2〉 = 0, v∗1,2 ∈ V ∗, v1,2 ∈ V.

In analogy with the field operators the elements of V ∗ can be called the creation
operators and the elements of V are the annihilation operators. 1 ∈ A(w) can be
treated as the vacuum. The subspaces V ∗, V are the maximal subspaces isotropic
with respect to the scalar product. Such subspaces are sometimes called holonomic.
Here lies the origin of the notion ‘holonomic quantum fields’ ; these are the fields
taking values in a Clifford algebra with holonomic decomposition.
The Clifford algebra, treated as a vector space, is isomorphic to

∧
W , the exterior

algebra over W . The latter consists of vectors v∗1 ∧ . . .∧v∗r ∧v1∧ . . .∧vs and has the
gradation

∧
W = C⊕W ⊕

∧2
W . . .. The isomorphism between the two algebras,

which is called the norm mapping and is denoted by Nr, is constructed as follows.
In any monomial we move the creation operators to the left and the annihilation
operators to the right, using the relations (8.1). For example, Nr 1 = 1, Nr vv∗ =
〈v, v∗〉 − v∗ ∧ v, Nr w(v + v∗)2 = 〈v, v∗〉w.
One defines the so-called normal ordering mapping : · : from

∧
W to A(W ) as the

inverse to Nr. Thus : 1 := 1, : v∗ ∧ v := v∗v, etc.
One denotes by 〈a〉 the component of 0-th degree of Nr a in

∧
W . It is a kind of

vacuum average. For example 〈(v∗ + v)2〉 = 〈v, v∗〉, 〈v〉 = 0.

8.64. Remark. If we replace the field C of coefficients by R, then the group SO(n, R)
has two-fold ‘spinor representation’ in G(Rn) (where Rn has the standard scalar
product). Its image becomes the spinor group Spin(n, R) which forms the two-fold
covering of the special orthogonal group SO(n, R). In the case n = 3 the Clifford
algebra is generated by the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

It is the algebra M(2, C) of 2× 2 matrices. There is a map (x1, x2, x3) → x1σ1 +
x2σ2 + x3σ3, which has the property that any rotation T from SO(3) induces
an automorphism of M(2, C). Any such automorphism is internal, B → gBg−1

where g = gT can be chosen unitary and is defined modulo const·I. We have
SO(3, R) ≈ RP 3 and Spin(3) = SU(2) ≈ S3 is its universal covering (see [DNF]).
We have also SO(4, R) ≈ RP 3 × S3 and Spin(4) = SU(2)× SU(2).
If W is the (real) Minkowski space and SO(W ) = SO(3, 1) is the proper Lorentz
group, then the corresponding Clifford algebra is generated by the Dirac matrices

γ0 =
(

I 0
0 −I

)
, γj =

(
0 σj

−σj 0

)
and there is a ‘spinor representation’

of SO(3, 1) in the Clifford group G(W ). The corresponding two-fold covering of
SO(3, 1) is equal to SL(2, C). It is realized as a certain sub-representation of the
spinor representation (see [DNF]).
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The Clifford algebra A(R2n) and the corresponding Clifford group is used in
Onsager’s solution of the two-dimensional Ising model (see [Hua]). The transfer-
matrix of this model is an operator from the Clifford algebra and, in order to find
its eigenvalues, one applies the automorphisms gT induced by orthogonal trans-
formations of R2n. In this way the free energy of the Ising model is calculated. In
[SMJ1] this method is developed further and the correlation functions of the Ising
model are calculated.

8.65. Theorem (A formula for gT ). Let w1, . . . , wN be some fixed basis of W =
V ∗ ⊕ V . Let K be the matrix with the entries

〈wi · wj〉.

Assume that we have an orthogonal matrix T ∈ O(W ). Define a matrix R = (rij)
as

(T − I)(K + K�T )−1

and an element ρ ∈
∧2

W as ∑
i,j

rijwi ∧ wj .

Then the transformation T is induced by the element

g =: eρ/2 :

from G(W ). In other words, gwg−1 = Tw (or g = gT ).

We will not give the proof of this theorem. We refer the reader to [SMJ2]. Now
we pass to the promised solution of the Riemann–Hilbert problem.

Figure 8

8.66. Reformulation of the Riemann–Hilbert problem. The authors of [SMJ1]
make the restriction that the singular points t1, . . . , tm lie all on the real axis (in
the complex t-plane). Assume that t1 < t2 < . . . < tm (see Figure 8). With them
certain monodromy matrices Mj are associated. The task is to find a fundamental
matrix F(t) which is regular and undergoes the transformations F(t) → F(t)Mj

as t varies along closed loops surrounding just one point tj .
(In order to have Fuchsian singularities one should require that ḞF−1 has only
first order poles. In [SMJ1] and [SMJ2] this issue is not discussed. Therefore, only
the version B of the Riemann–Hilbert problem is solved here.)
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The point at infinity is supposed to be non-singular. Thus one has to find a mul-
tivalued matrix F(t) which has definite behaviour at the upper and lower cuts of
the t-plane along the real axis. We normalize it by putting F(t0) = I for some real
point t0 > tm.
If we denote F±(x) = F(x+i0±), x ∈ R, then we have F∞(x) = F0(x) for x > tm,
F+ = F∞Mm for tm−1 < x < tm etc.
Define Mj(x) = I for x > tj and Mj(x) = Mj for x < tj and

M(x) = M1(x) . . . Mm(x).

Then we should have

F+(x) = F∞(x)M(x), x ∈ R.

8.67. Reformulation in the language of field theory. Let ψj(x), ψj∗(x) be fermionic
fields taking values in the Clifford algebra generated by W = Rn ⊕ Rn with the

scalar product defined by the matrix
(

0 I
I 0

)
. Here n is the dimension of the fun-

damental matrix F. Thus we have the relations {ψi(x), ψj(y)}={ψ∗i(x), ψ∗j(y)}=
0, {ψi(x), ψ∗j(y)} = δijδ(x− y).
Assume that there is a field operator φ(x) satisfying the following relations:

φ(x)ψj(x) =
∑

i ψi(x)φ(x)mij(x),

φ(x)ψ∗j(x) =
∑

i ψ∗i(x)φ(x)m∗
ij(x),

where (mij) = M(x) and (m∗
ij) = (M(x)�)−1. These relations can be written in

short as φ�ψ = �ψφM and φ�ψ
∗

= �ψ
∗
φM∗ , where �ψ is the column vector with

components ψi(x).
We define the matrices

(F−(x))ij = −2πi〈ψ∗i(x0)φ(x)ψj(x)〉/〈φ(x)〉,
(F+(x))ij = −2πi〈ψ∗i(x0)ψj(x)φ(x)〉/〈φ(x)〉.

The following result follows from the above commutation relations.

Proposition. The functions F± can be prolonged to the upper and lower complex
half-planes respectively and they satisfy the relation F+ = F−M .

8.68. The solution. Thus the problem is reduced to the problem of solving the
equations

φ�ψφ−1 = T1
�ψ, φ�ψ

∗
φ−1 = T2

�ψ
∗

(8.2)

with respect to the field operator φ(x). Here T1 = T1(x) and T2 = T2(x) are
matrices such that the block-diagonal matrix T = diag (T1, T2) is orthogonal.
Note also that the argument x is fixed in the equations (8.2).
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However this is the problem of inversion of the map g → gT from the Clifford
group to the orthogonal group. Its solution is given in Theorem 8.65. It remains
only to apply it to our situation. We present the answer without proof.
Let L be a fixed matrix (it will be one of Lj = lnMj) and let a ∈ R (it will be one
of tj). Define the field operator

φ(a, L) =: eρ(a,L)/2 :

where

1
2
ρ(a, L) =

−1
π

∫ a

−∞

∫ a

−∞
dxdy �ψ(x) ∧R�(x− a, y − a)�ψ

∗
(y),

R(x, y) = sin(πL)
(

exp(iπL)
x− y + i0

− exp(−iπL)
x− y − i0

)
.

Theorem. If there is only one singular point t1 with the monodromy matrix M1,
then the operator φ(t1, L1) satisfies equations (8.2).
In the general case the solution to equations (8.2) is given by the field operator

φ =
φ(t1, L1) . . . φ(tm, Lm)
〈φ(t1, L1) . . . φ(tm, Lm)〉 .

8.69. Remark. The notion of normal ordering is used also in the bosonic field
theory. In particular, the canonical commutation relations (from Definition 8.61)
have representation in such large spaces as L2(S′(Rm), µ), where S′ is the space of
tempered distributions on Rm and µ is a certain Gaussian measure. The field oper-
ators have natural interpretations in terms of multiplication operators by Gaussian
random variables and variational derivatives. In particular, the normal ordering
of the product of a Gaussian variable f , : fn : is the value of the n-th Hermite
polynomial on f .
The reader interested in these topics is referred to [GJ].

8.70. Frobenius manifolds in conformal field theory and isomonodromic defor-
mations. B. A. Dubrovin in [Dub] introduced the following notion of Frobenius
manifold.
A Frobenius algebra is a commutative algebra A over C with unity e and equipped
with a C-bilinear symmetric non-degenerate inner product 〈·, ·〉 : A×A→ C being
invariant in the sense that

〈ab, c〉 = 〈a, bc〉.
A manifold M is called Frobenius manifold if each of its tangent planes TtM is
equipped with a structure of Frobenius algebra and (additionally):

(i) the invariant inner product defines a flat metric (i.e. with zero curvature)
and with the Levi–Civita connection ∇;

(ii) ∇e ≡ 0;
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(iii) the 4–tensor ∇z〈uv, w〉 is symmetric;

(iv) (iv) there is an Euler vector field E such that ∇(∇E) = 0 and whose flow
acts on TtM ’s by rescaling these algebras.

An example of a Frobenius manifold appears when we have a function F (t),
t = (t1, . . . , tn) such that its third derivatives cαβγ = ∂3F/∂tα∂tβ∂tγ obey the
following relations:

(a) The matrix ηαβ = c1αβ is non-degenerate with inverse ηαβ ; (we use η to raise
and lower the indices).

(b) The constants cγ
αβ =

∑
ε ηγεcεαβ define an algebra At � TtC n = span [e1, . . . ,

en], eα = ∂/∂tα by the formula eα · eβ =
∑

γ cγ
αβeγ ; At is associative iff so-

called WDVV equations (E. Witten, R. Dijkgraaf, E. Verlinde, H. Verlinde).
hold

(c) F is quasi-homogeneous.

Then the unit of At is e = e1, 〈eα, eβ〉 = ηαβ and the Euler vector field
is E =

∑
dα∂/∂tα, the field associated with the quasi-homogeneous action

of C∗.

The natural situation, when a function F satisfies the WDVV equations, is the
case when F is the generating function for correlations in the conformal field
theory. Such theory arises in the case when the ‘fields’ are holomorphic maps
ψ : CP 1 → X , where X is a Calabi–Yau manifold and the role of the space of
configurations is played by the moduli space of such maps. The generating function
F for correlations turns out to be a function on M =

⊕
H2i(X) and its coefficients

are important invariants of enumerative geometry of X , called the Gromov–Witten
invariants.

Another example of a Frobenius manifold is the space of isomonodromic deforma-
tions of linear differential equations of the form

dz/dt = (U + V/t)z

where U and V are constant complex matrices; U = diag (u1, . . . , un), ui �= uj is
diagonal and V is skew symmetric.
The isomonodromicity condition implies that V = V (u). Thus the space M
is parametrized by u. The Frobenius structure is given by: ∂/∂ui · ∂/∂uj =
δij∂/∂uj, 〈·, ·〉 =

∑
ψ2du2

i , where (ψ1, . . . , ψn)� is an eigenvector of V = V (u),
e =

∑
∂/∂ui, E =

∑
ui∂/∂ui.

The latter Frobenius manifold admits an action of the monodromy group, i.e. the
representation of π1(M, t0), M = Cn�{ui = uj, i �= i} in Tt0M . There appear
Stokes operators and groups generated by reflections. We cannot describe all this
here and we refer the reader to Dubrovin’s article [Dub].



Chapter 9

Holomorphic Foliations. Local Theory

The previous chapter was devoted to linear analytic differential equations. In this
chapter we develop the theory of analytic nonlinear differential equations, i.e.
holomorphic vector fields.

Therefore the time is treated as complex and the phase curves become Riemann
surfaces. The phase portrait of a holomorphic vector field defines a foliation into
phase curves. This foliation may have singularities, e.g. at the singular points of
vector fields. Also in applications one often deals with algebraic manifolds and
the foliations are defined by means of polynomial vector fields (in affine charts).
Such foliations are called holomorphic foliations. Our analysis will be principally
restricted to the case of holomorphic foliations in CP 2.

We study holomorphic foliations in CP 2 from the local and global point of view;
in this chapter we concentrate on the local theory.

The local analysis includes the Bendixson–Seidenberg–Dumortier–van den Essen
theorem on resolution of singular points of a holomorphic planar vector field. We
present the proof of this theorem. It is an analogue of the Hironaka resolution
theorem 4.56 but it is restricted to the dimension 2. After resolution one obtains
only elementary singularities.

An elementary singular point has a separatrix, a leaf diffeomorphic to the punc-
tured disc D∗. A loop in D∗ defines a holonomy map which constitutes a nonlinear
analogue of the monodromy map from the previous chapter.

The analysis of geometry of leaves of a holomorphic foliation near an elementary
singular point leads to the theory of analytic orbital normal forms (for the holon-
omy diffeomorphisms of (C, 0) and for germs of vector fields in (C2, 0)). Due to
investigations by the French (J. Martinet, J.-P. Ramis, J. Ecalle, B. Malgrange,
J.-C. Yoccoz, R. Perez-Marco), Russian (Yu. S. Il’yashenko, A. D. Briuno, S. M.
Voronin, P. M. Elizarov A. A. Shcherbakov) and Brazilian (C. Camacho, A. Lins-
Neto, P. Sad) mathematicians this theory is now practically completed. In the
resonant cases the analytic classification is described by the Ecalle–Voronin func-
tional moduli (for diffeomorphisms) and by the Martinet–Ramis functional moduli
for saddle–nodes and in the non-resonant case there is the so-called Briuno con-
dition (with its dynamical interpretation by Yoccoz). We present this theory with
details.

We begin with an auxiliary section containing the main notions of foliations and
almost complex structures.
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§1 Foliations and Complex Structures
Recall the definition of a foliation of codimension k in an n-dimensional manifold
M . Here K = R if the manifold is real and K = C if it is complex.

9.1. Definition. Such a foliation F is defined by means of an atlas φα : Uα →
Kn−k ×Kk such that the transition maps φα,β have the form

(x, y) → (f(x, y), g(y)).

The leaves of the foliation F are locally defined as φ−1
α ({y = const }).

If K = C, i.e. M is an analytic manifold, and the transition maps are holomorphic,
then F is a holomorphic foliation without singularities.
Another definition of a foliation involves the notion of distribution in the tangent
bundle. It is a system Vx ⊂ TxM of codimension k subspaces of the tangent
space. Such distribution is called integrable iff it arises from a certain foliation, i.e.
Vx = TxL where L is a leaf of the foliation passing through x.
The subspaces Vx can be defined as kernels of 1-forms Vx = {ω1(x) = . . . =
ωk(x) = 0}. The Frobenius theorem (see [KN] and below) says that the foliation
is integrable iff dωj vanish at Vx. In other words dωj =

∑
αij ∧ ωi.

When the situation is holomorphic and ωj are holomorphic forms, then it is natural
that ωj(x) can vanish at some points and Vx can change its dimension.
We say that a foliation F which is locally defined by means of zeroes of holomor-
phic 1-forms is the holomorphic foliation iff its set of singular points has complex
codimension ≥ 2.

9.2. Theorem of Frobenius. A distribution {Vx} ⊂ TM is integrable iff it is in-
volutive. The latter means that for any two vector fields X, Y lying in this dis-
tribution, X(x) ∈ Vx, Y (x) ∈ Vx, their commutator [X, Y ] also lies in the dis-
tribution. Equivalent condition: for any 1-form ω vanishing on the distribution,
Vx ⊂ kerω(x), its external derivative also vanishes on the distribution.

Proof. The equivalence of the two definitions of involutivity is a consequence of
E. Cartan’s formula

2dω(X, Y ) = X(〈ω, Y 〉)− Y (〈ω, X〉)− ω([X, Y ]).

If the distribution is integrable and the vector fields X, Y are as in the formulation
of Theorem 9.2, then X, Y are tangent to a leaf of the corresponding foliation. Such
is also the commutator [X, Y ], which shows the involutivity.
If the foliation is involutive, then near x0 ∈ M one defines a system X1, . . . ,
Xn−k of vector fields such that (Xi(x)) define a basis of Vx. Denote gt

Xi
the phase

flows generated by Xi. The map

(t1, . . . , tn−k)→ gt1
X1
◦ . . . ◦ g

tn−k

Xn−k
(x0)

defines a leaf of the needed foliation passing through x0. The involutivity of the
distribution ensures that this definition of leaf does not depend on choice of the
initial point x0. �
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9.3. Example (Holomorphic foliation in CP 2 defined by a polynomial vector field).
Any vector field which is holomorphic in the whole CP 2 is a vector field from the
Lie algebra of the Lie group of projective transformations.
(Recall that any vector field holomorphic in the whole Riemann sphere CP 1 is
quadratic. The vector field z∂z generates the group of hyperbolic transforma-
tions etz, the field (z2 + 1)∂z generates the elliptic transformations (z cos t +
sin t)/(−z sin t + cos t) and the field ∂z generates translations z + t (parabolic
transformation) These three 1-parameter groups generate PSL(2, C). An analogue
holds in the two-dimensional case.)
If V (x, y) = P (x, y)∂x + Q(x, y)∂y is a polynomial vector field on C2 of degree n,
then it defines a field of directions in CP 2. In the chart (z, u) = (1/x, y/x) the
field V takes the form −z2P (1/z, u/z)∂z + z[Q(1/z, u/z)− uP (1/z, u/z)]∂z and
has a pole along the line z = 0 (provided n > 2). After multiplying it by a suitable
power of z we get a holomorphic vector field in the affine (z, u)-plane. This power
is either n − 2 or n − 1 depending on whether the leading terms of Q and uP in
Q−uP cancel themselves or not. However, multiplying a vector field by a function
does not change its phase portrait; only the velocities along phase curves undergo
changes.
One speaks of the field of directions which is a well-defined object. This field of
directions defines a holomorphic foliation with singularities. The leaves of this
foliation are either singular points of the field of directions or Riemann surfaces
(complex phase curves of V ).
The fields of directions (or the holomorphic foliations) are well-defined objects in
algebraic compact projective surfaces S ⊂ CPN . In affine charts they are given by
means of polynomial vector fields tangent to the surface.
The above statement can be reversed. If a field of directions in CP 2 is locally
defined by means of local holomorphic vector fields outside a subset of (complex)
codimension 2, then this vector field must be polynomial in the affine charts.
With the field of directions, defined locally by means of the vector field P∂x+Q∂y,
one associates the holomorphic 1-form

Qdx− Pdy.

Its kernels are exactly the directions defined by the field of directions.
One can also describe the above picture in terms of the homogeneous coordinates
(x : y : z) in CP 2. With the homogeneous vector field X∂x + Y ∂y + Z∂z one
associates the homogeneous 1-form Pdx + Qdy + Rdz, where⎛⎝ P

Q
R

⎞⎠ =

⎛⎝ X
Y
Z

⎞⎠ ∧
⎛⎝ x

y
z

⎞⎠ =

⎛⎝ Y z − Zy
Zx−Xz
Xy − Y x

⎞⎠
(see [Jou]).

We pass to the presentation of some facts from complex geometry which will be
needed in the sequel.
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9.4. Definition. Consider the following situation. Let Mn be an n-dimensional
complex manifold. Let us treat it as a 2n-dimensional real manifold RM2n. Assume
now that the complex atlas on M is replaced by a C1-smooth atlas on RM2n. An
analogous situation occurs when there is a C1-diffeomorphism φ from a complex
manifold CNn to a real manifold RM2n. It turns out that the complex structure
from M is not completely lost on RM2n. There remains its trace called the almost
complex structure. Also such an almost complex structure appears on M (in the
second example).
An almost complex structure on a real manifold M is a field J = {Jx} of endo-
morphisms of the tangent spaces TxM satisfying the identity

J2
x + I = 0.

In other words, it is a field of splittings of the complexifications of tangent spaces
into eigenspaces of Jx with eigenvalues i =

√
−1 and −i,

CTxM = TxM ⊗ C = T 1,0
x ⊕ T 0,1

x

of equal (complex) dimension n.

9.5. Example. The standard complex structure on a complex manifold N , with
local complex coordinates zj = xj + iyj, induces an almost complex structure by
the formulas J∂xj = ∂yj , J∂yj = −∂xj .

9.6. Definition. An almost complex structure J is called integrable if locally it is
an image of a complex structure by means of a C1-mapping. It means that in a
neighborhood of any point on M there exists a local system of C1-coordinates
xj , yj such that the formulas from Example 9.5 hold.

If M is a real analytic 2n-dimensional manifold and CM is its local complexifi-
cation (a complex 2n-dimensional manifold containing M as its real part), then
the integrability of the almost complex structure means simultaneous integrabil-
ity of the two distributions T 1,0 =

⋃
T 1,0

x (CM) and T 0,1. The local leaves of the
corresponding foliations are {x1 + iy1 = c1, . . . , xn + iyn = cn} and {x1 − iy1 =
d1, . . . , xn − iyn = dn}, xj , yj, cj , dj ∈ C.
The splitting of the complexifications of the tangent spaces induces analogous
splitting of the complexifications of the cotangent spaces into forms of the type
(1, 0) and of the type (0, 1),

CT ∗M =C E1 = E1,0 ⊕ E0,1;

ω is of the type (1, 0) iff it vanishes at T 0,1. This induces splitting of all differential
k-forms (with complex coefficients) into forms of the type (p, q).
As we know from the Frobenius theorem 9.2, the distributions T 1,0 and T 0,1 (of
vectors of the type (1, 0) and (0, 1) respectively) are integrable iff they are in-
volutive. This means that the commutator of any two vector fields from T 1,0
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(respectively from T 0,1) is a vector field from T 1,0 (respectively from T 0,1). This
condition can be written in the following compact form.

9.7. Definition. The torsion (or the Nijenhuis tensor) of the almost complex struc-
ture J is the following bilinear form on the space of vector fields on M :

N(X, Y ) = 2{[JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ]}.

This tensor, written in the language of differential forms, is

ω → dω ◦ (J ∧ J)− d(ω)− d(ω ◦ J) ◦ (J ∧ id + id ∧ J).

Vanishing of the torsion is equivalent to the fact that the derivative of a form ω
of the type (1, 0) does not have a component of the type (0, 2).

9.8. Theorem of Newlander and Nirenberg. ([NN]) An almost complex structure
is integrable iff its torsion vanishes.

In the case of real analytic manifold M this result follows from the above remarks
and the Frobenius theorem. Newlander and Nirenberg have proved it in the finitely
smooth case.

Now we pass to the 1-dimensional case. Here the problem of integrability of almost
complex structures is treated differently. Assume that we are in a 2-dimensional
plane (local chart), which we identify with the complex plane C. Here the splitting
of CT ∗C can be defined by means of one 1-form

ω = dz + µdz̄

where µ = µ(z, z̄) is a function. We have E1,0 = C ω and the other space E0,1 is
its conjugate.
The function µ is not defined invariantly. Notice that when we replace the complex
variable z by w = φ(z) (φ holomorphic), then the analogous 1-form ω̃ = dw+ µ̃dw̄
takes the form

φ′
zdz + µ̃φ′

zdz̄ = φ′
z[dz + µ̃ · (φ′

z/φ′
z) · dz]. (1.1)

This rule of transformation of µ suggests the following definition.

9.9. Definition. The quantity
µ · (dz̄/dz)

is called the Beltrami differential defining the almost complex structure. In par-
ticular, |µ| is a well-defined function.

The integrability of the almost complex structure, defined by the Beltrami dif-
ferential, means existence of a differentiable complex function φ = φ(z, z̄) which
is a homeomorphism and such that the almost complex structure is defined by
φ∗du = dφ = φzdz + φz̄dz̄, i.e. the Beltrami equation

φz̄ = µφz
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holds. The Beltrami equation is a partial differential equation and is solved in a
suitable Sobolev space.
(Note that the torsion of any almost complex structure in C vanishes. It is be-
cause

∧2 E1 ⊗C = E1,0 ∧ E0,1 is one dimensional and contains only 2-forms of the
type (1, 1). Therefore here we have a different kind of problems than in the multi-
dimensional case. In particular, one condition of integrability would be preserva-
tion of orientation by the map φ; it is equivalent to the property |µ| < 1.)
The next theorem has many authors (L. V. Ahlfors, B. Bojarski, L. Bers, A.
Newlander, L. Nirenberg).

9.10. Theorem. ([Ahl]) If µ is continuous and satisfies the estimate

|µ(x)| ≤ k < 1,

then the Beltrami equation has a solution and the almost complex structure defined
by µdz̄/dz is integrable.

9.11. Remarks. (i) In the proof of this theorem one uses the fact that if ||µ||∞ =
k < 1, then the operator ∂z̄ − µ∂z is invertible in a suitable Sobolev space. Here
it is enough to assume that µ is only essentially bounded, µ ∈ L∞, and then φ is
a homeomorphism. This proof can be found in [Ahl].
The φ’s satisfying the Beltrami equation are called quasi-conformal maps and
µ = µφ is called the modulus of φ.
(ii) If g is a conformal (i.e. analytic) mapping, then φ ◦ g is quasi-conformal with
modulus µφ◦g = µφ ◦ g · (g′/g′) (see (1.1)).
(iii) If g is conformal, then g ◦ φ is quasi-conformal with µg◦φ = µφ. This means
that the Beltrami equation has many solutions.
(iv) If ||µφ||∞ = k < 1 then, the map φ transforms an infinitesimally small sphere
around any z0 to an infinitesimally small ellipse with the ratio of lengths of the
semi-axes (longer to shorter) K(z0). We have K = sup K(z0) = (1 + k)/(1− k).
(v) If µφ = µψ , then the map φ ◦ ψ−1 is conformal. (ψ−1 maps circles to ellipses
which are sent again to circles by φ.)
(vi) If ||µφ||∞ = k < 1, then the map φ is Hölder continuous with the exponent
(1− k)/(1 + k) (A. Mori). The proof can be found in [Ahl].

9.12. Example. Let f : C∗ → S be a smooth map to a Riemann surface S. Define
µ = f ′̄

z/f ′
z. We say that f is regular if µ(z) can be continuously prolonged to C

with µ(0) = µ(∞) = 0.

9.13. Proposition. If f is regular, then there is a conformal mapping g : C∗ → S.
This means that S has the conformal type of C∗ (not of an annulus or of a
punctured disc).

Proof. We prolong µ to C and integrate the corresponding Beltrami equation in the
Riemann sphere. Using an eventual composition with a Möbius automorphism we
can assume that the solution u : C → C is a homeomorphism such that u(0) = 0,
u(∞) =∞.
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We have µu = µf in C∗ and the map u ◦ f−1 : S → C∗ is conformal (see 9.11(v)).
�

9.14. Moduli of quadrangles and annuli. If Q ⊂ C is a (curved) quadrangle, con-
sidered together with a pair of arcs on its boundary (b-arcs), then it can be trans-
formed conformally onto a rectangle (with sides a, b) such that the b-arcs are sent
to the vertical sides. The ratio of the lengths of sides is called the modulus of Q
(see [Ahl])

m(Q) = a/b.

m(Q) is an invariant of conformal transformations; (by applying the Schwarz
lemma one easily shows that two rectangles are conformally equivalent iff their
moduli are the same).
The condition of quasi-conformality (for a map φ) says that m(Q′) < Km(Q) for
any quadrangle Q transformed to a quadrangle Q′. Here K = (1+k)/1−k) is the
constant from the point (iv) of 9.11. It means that K measures the distortion of
small squares.
There is another definition of the modulus of quadrangle which does not make use
of conformal mapping to a rectangle (see [Ahl]):

m = sup
ρ

L2(ρ)/A(ρ), (1.2)

where ρ are square integrable non-negative functions, A(ρ) =
∫ ∫

Q ρ2dxdy and
L(ρ) = inf

∫
γ ρ|dz| and γ are paths joining the b-arcs.

If P ⊂ C is a domain, which can be conformally transformed to an annulus {r <
|z| < R}, then we define its modulus as

m(P ) = ln(R/r).

Note that the map ln z transforms the standard annulus, cut along a radius, into
the rectangle with the sides lnR−ln r and 2π. Thus, up to a constant, the modulus
of a ring is the same as the modulus of the corresponding quadrangle.
The formula (1.2) holds also in the case when the quadrangle is replaced by the
ring.

§2 Resolution for Vector Fields
9.15. Definition. A singular point of a germ of a holomorphic planar vector field is
called elementary (or reduced) iff at least one of its eigenvalues is nonzero.
Thus we can assume that we have

ẋ = λ1x + . . . , ẏ = λ2y + . . . , λ1 �= 0.

An important invariant of the singular point is the ratio of eigenvalues

λ = λ2/λ1.
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If λ ∈ C \ R then we say that the singular point is a focus; if λ > 0 then it is a
node; if λ < 0 then it is a saddle; if λ = 0 then it is a saddle–node.
The singular point is called resonant if λ is a rational number. The resonant node
is called dicritical if it is formally equivalent to its linear part.
(Recall that, by Poincaré–Dulac Theorem 8.14 and Example 8.15, the resonant
node can be formally reduced to the form ẋ = λ1x, ẏ = λ2y + axλ, if λ = p/q ≥ 1.
In Remark 9.25 below it is proved that this change can be made analytic. The
dicriticality means that a = 0. In that case a whole family of invariant analytic
curves xq = const · yp pass through the singular point.)

The definition of resolution of singularity of a hypersurface in Cn, or of a function,
is given in the point 4.55 (in Chapter 4). Below we repeat it in the 2-dimensional
case and in applications to vector fields.

9.16. Definition. The elementary blowing-up map (or the σ-process) is the map

π : (M, E) → (C2, 0),

where M is a 2-dimensional complex manifold equal (as a set) to (C2\0)∪E, where
E � CP 1 is the set of lines passing through the origin. E is called exceptional
divisor. If (u1 : u2) are homogeneous coordinates in CP 1, then the blowing-up
map is locally given by the formulas

(x, u)→ (x, xu), u = u2/u1, (u1 �= 0),

(y, z)→ (yv, y), v = u1/u2, (u2 �= 0).

If V : (C2, 0) → (C2, 0) is a germ of a holomorphic vector field, then after the
elementary blowing-up we obtain usually not a vector field in M but rather a
field of directions Ṽ near the distinguished divisor E. In the local (x, u)-charts (or
(y, v)-charts) in M this field of directions is defined by means of an analytic vector
field.
Let V : (C2, 0) → (C2, 0) be a germ of a holomorphic vector field. We say that
it admits a good resolution if after a finite number of elementary blowing-ups
we obtain a field of directions in a 2-dimensional complex manifold with only
elementary and non-dicritical singular points.

9.17. Examples. (a) A general homogeneous vector field of degree n

ẋ = Pn(x, y), ẏ = Qn(x, y)

has n + 1 invariant lines.

Indeed, in the blowing-up coordinates x, u=y/x we get the system ẋ=xnPn(1, u),
u̇ = xn−1[Qn(1, u)−uPn(1, u)] = xn−1Hn−1(u), where the polynomial Hn+1(u) in
the square brackets is (generally) nonzero. In order to obtain a field of directions
one has to divide the latter system by xn−1. The zeroes ui of Hn+1(u) define the
invariant lines y = uix.



§2. Resolution for Vector Fields 341

Figure 1

In order to draw real pictures one uses the polar blowing-up, which relies on
rewriting the vector field in polar coordinates x = r cos θ, y = r sin θ and dividing
it by a suitable power of r. In the above example we get

ṙ = r[cos θPn(cos θ, sin θ) + sin θQn(cos θ, sin θ)],
θ̇ = cos θQn(cos θ, sin θ)− sin θPn(cos θ, sin θ).

The corresponding pictures in the case n = 2 are given in Figure 1
If the zeroes ui are isolated, then we can perturb this vector field by adding terms
of degree > n and the above blowing-up gives the resolution of the perturbed
vector field; the singular points (ui, 0) remain elementary.
If Pn = xRn−1, Qn = yRn−1, then Hn+1 ≡ 0 and the foliation in the (x, u)-
coordinates is the flow-box foliation. If additionally we consider perturbation, with
terms of higher degree of general type, then in the resolution we must divide
the blown-up vector field by xn. The blowing-up defines the resolution of the
singularity but the exceptional divisor x = 0 is not invariant for the corresponding
foliation. In such a case we say that the divisor E is dicritical.

(b) Consider the Bogdanov–Takens singularity

ẋ = y, ẏ = ax2 + bxy + cy2 + . . . ,

where we assume that a �= 0. This system can be treated as a small perturbation
of the Hamiltonian system XH with the Hamilton function H = 1

2y2 − a
3x3 with

a cusp singularity. Indeed, in the quasi-homogeneous filtration with exponents
α1 = d(x) = 2, α2 = d(y) = 3, the Hamiltonian part has degree 1 and the
remaining terms have greater degrees.
The blowing-up of the cusp curve is presented in Figure 32 in Chapter 4. It is easy
to see that the same elementary blowing-up maps can be applied to the Bogdanov–
Takens singularity. The resolved field of directions has the same singularities as
XH which are also hyperbolic saddles. The curve Γ is an invariant curve of the
vector field (separatrix) and has a cusp singularity. The real picture with polar
blowing-ups is given in Figure 2.
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Figure 2

We shall return to this singularity in the next chapter.

9.18. Theorem of Bendixson–Seidenberg–Dumortier–van den Essen. Any germ of
an analytic planar vector field with isolated singularity admits a good resolution.

Remark. I. Bendixson [Ben] announced this theorem under the assumption that
the vector field is real and analytic. In the thesis (of his theorem) there was only
the statement that the resolved field of directions has only elementary singularities
(they can be dicritical).
F. Dumortier [Dum] also considered the real case with only elementary singularities
at the end. Moreover, he assumed only that the initial vector field is smooth.
The assumption that the singular point is isolated is replaced by the Łojasiewicz
condition

|V (x)| > C|x|α.

Our version of the desingularization theorem was first formulated by A. Seidenberg
[Sei]. However its final proof, which is the best proof, was given by A. van den
Essen [Ess] and can be found in the paper of J. F. Mattei and R. Moussu [MM].
We note that there is an analogous theorem (about desingularization) for germs of
holomorphic foliations of codimension 1 in (C3, 0) (see [Can]). But no analogous
result about the codimension-1 foliations is known in dimensions > 3. Also there
is no desingularization theorem for holomorphic vector fields in dimensions > 2.

Theorem 9.18 has important consequences. One of them is the proof of Hironaka’s
resolution theorem 4.56 in the 2-dimensional case.

9.19. Corollary. Let f : (C2, 0)→ (C, 0) be a germ of a holomorphic function with
isolated singularity at 0. Then the resolution of the Hamiltonian vector field Xf

defines also the resolution of the germ f and of the hypersurface f−1(0).

9.20. Corollary. The resolution of a singular point of a real vector field allows us
to determine its topological type modulo the solution of the center–focus problem.
This means that after polar blowing-ups the phase portrait near the distinguished
divisors can be composed from the finite collection of standard portraits (presented
in Figure 3). If there is a characteristic trajectory of the resolved field (tending to
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a point in the distinguished divisors) then the topological type of the vector field is
completely determined; if there is no characteristic trajectory, then we say that the
singular point is monodromic and the topological type is determined by the stability
type of the singularity.

Figure 3

Proof of Theorem 9.18. (We follow the article [MM].)
1. Resolution of dicritical singular points. If we have a p : q resonant node

ẋ = px + . . . , ẏ = qy + . . . , p < q,

then the resolved vector field has two singular points in the divisor E = {(u1 : u2)}:
the p : (q − p) resonant node (1 : 0) (i.e. ẋ ≈ px, u̇ ≈ (q − p)u) and p : (p − q)
resonant saddle (0 : 1). If the node x = y = 0 is dicritical, then the node (1 : 0) is
also dicritical.
Repeating this several times, we arrive at a 1 : 1 resonant node which after ele-
mentary blowing-up is transformed to the flow-box (see Example 9.17(a)).

2. Two invariants: index and rank. We work with the vector fields

V = b(x, y)∂x − a(x, y)∂y

and with their equivalent 1-forms

ω = adx + bdy.

The index of the vector field (or of the 1-form) i0(V ) = i0(ω) = i(a, b; 0) is the
same as defined in Chapter 2. Here we use definition 2.25(d). We recall it.
Let b(x, y) = 0 be an irreducible (analytic) curve passing through the origin. It
can be locally parametrized by an analytic map (C, 0) � t → γ(t) ∈ (C2, 0) such
that b◦γ ≡ 0. There is the so-called primitive parametrization such that any other
parametization of the same curve is induced from the primitive parametrization
by a change of parameters. (Example: the primitive parametrization of the cusp
y2 = x3 is x = t2, y = t3.) Then we have a ◦ γ(t) = αtd + . . ., α �= 0. We get
i(a, b; 0) = d.
If the function b has the representation b = bl1

1 . . . blr
r with irreducible bj ’s, then

i(a, b; 0) =
∑

lj · i(a, bj ; 0).
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Note that i0(V ) = 1 iff 0 is a non-degenerate elementary singular point, i.e. not a
saddle-node.
The rank of the vector field (or of the 1-form) ν(V ) = ν(ω) = ν0(ω) equals the
order of the first nonzero term in the Taylor expansion of V at 0. Analogously one
defines the rank of a function.

3. Lemma. Let π : (x, u) → (x, xu) be the blowing-up map with the distinguished
divisor E = π−1(0). We define the functions ã, b̃ by the formulas

a ◦ π = xν(a)ã, b ◦ π = xν(b)b̃.

Then we have
i(a, b; 0) = ν(a)ν(b) +

∑
c∈E

i(ã, b̃; c).

Proof. When the polynomial b̃(0, u) has only simple zeroes c ∈ E (there is ν(b) of
them), then each such zero contributes ν(a) + i(ã, b̃; c) to the index i(a, b; 0). The
general case is a consequence of the additivity of the index. �
4. Proposition. There exists a sequence of elementary blowing-ups such that at the
end we obtain only singularities with rank ≤ 1.

Proof. Let ων = aνdx + bνdy be the homogeneous part of ω of order ν = ν(ω) =
min(ν(a), ν(b)). We put

Pν+1 = xaν + ybν .

Then we have

π∗ω = a(x, ux)dx + b(x, ux)d(ux)
= (a + ub)dx + xbdu
= xν{[Pν+1(1, u) + . . .]dx + x[bν(1, u) + . . .]du}.

Here the case with Pν+1 ≡ 0 is dicritical.
For any c ∈ E we define the germ ω̃ = ω̃c as the germ of π∗ω at c, divided by
the greatest common multiplier of the components of the germ. Thus if π∗ω =
a1dx + b1du, then ω̃ = π∗ω/ gcd(a1, b1). The Pfaff equation ω̃ = 0 defines the
blown-up foliation near c.
Proposition 4 follows from the following result. �
5. Lemma. If ν > 1, then for any c ∈ E we have

ic(ω̃) < i0(ω).

Proof. Consider first the dicritical case, i.e. Pν+1 ≡ 0. We shall show the identity

i0(ω) = ν2 + ν − 1 +
∑

ic(ω̃).

We can choose a local system of coordinates (x, y) → (x + . . . , y + . . .) such that
the following conditions hold:
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(i) P (x, y) = xa + yb has rank exactly ν + 2;

(ii) b(0, y) = yν+1 (then P (0, y) = yν+2).

We have
i(P, b; 0) = i(x, b; 0) + i(a, b; 0)

where (by Lemma 3)

i(P, b; 0) = ν(ν + 2) +
∑

i(P̃ , b̃; c)

and i(x, b; 0) = ν + 1 (by (ii)). Now one must only notice that ω̃ = P̃ dx + b̃du and
thus i(P̃ , b̃; c) = ic(ω̃).
Consider now the non-dicritical case Pν+1 �≡ 0. We shall prove that

i0(ω) = ν2 − ν − 1 +
∑

ic(ω̃).

We have (by Lemma 3)

i(a, b; 0) = ν2 +
∑

i(ã, b̃; c). (2.1)

Next
ic(ω̃) = i(ã + ub̃, xb̃; c) = i(ã + ub̃, x; c) + i(ã, b̃; c)

where i(ã + ub̃, x; c) is the multiplicity of c as zero of the polynomial Pν+1; the
sum of these multiplicities is ν + 1.
Summing up the latter equality over c’s and taking into account (2.1) we get the
result. �

6. The case ν = 1. The only case with a non-elementary singular point of rank 1 is
the case with nilpotent linear part ẋ = y + . . . , ẏ = . . .. The corresponding 1-form
is

ω = [y + A1(x, y)]dy + B1(x, y)dx,

with ν(A1), ν(B1) ≥ 2.
After blowing-up in the x-direction, i.e. with y = xu, we get ω̃ = x(u + xA2)du +
(u2 + xB2)dx where A2, B2 are analytic functions (without restrictions on ranks).
The latter form can be included in the series of forms

η = x(y + xA)dy + (ny2 + xB)dx (2.2)

where n is a natural number. In what follows we deal with (2.2).
Note also that ν(η) = 2.

7. The case B(0) = b0 �= 0. Here we blow up η in the y-direction by putting x = vy.
We obtain

η̃ = v[(n + 1)y + b0v + A′]dy + y[ny + b0v + B′]dv.
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This form has a good quadratic part. Notice that the polynomial

P3(η̃) = vy[(2n + 1)y + 2b0v]

has distinct factors. After the next blowing-up we obtain three elementary singular
points (see Example 9.17(a)).

8. The case B(0) = 0. From (2.2) we get

P3(η) = x[(n + 1)y2 + αxy + βy2] = (n + 1)x(y − c1x)(y − c2x).

If c1 �= c2, then the next blowing-up solves the problem (as in 7.).
Let c1 = c2. Eventually applying the change y → y − cx we can assume that
c1 = c2 = 0, i.e. P3(η) = (n+1)xy2. The singular point (0 : 1) ∈ E, corresponding
to the line x = 0 in P3 = 0, is elementary; the point (1 : 0) is non-elementary.
Then the calculations of the blowing-up with y = ux give

η̃ = x(u + A′)du + [(n + 1)u2 + xB′]dx,

where A′ = A(x, ux), B′ = B(x, ux)/x + uA(x, ux).
Here if A(0) �= 0, then the point x = u = 0 is elementary.

9. Let A(0) = 0. Then A′ = xA′′ and η̃ has the same form as η in (2.2) but
with n replaced by n + 1. So we can repeat the analysis from 7. and 8. We have
two possibilities: either after finitely many steps we obtain an elementary singular
point or infinitely many times we obtain the form (2.2).
However the second possibility contradicts Proposition 4, because we would get
infinitely many times ν > 1. This contradiction proves Theorem 9.18. �

§3 One-Dimensional Analytic Diffeomorphisms
After the resolution theorem our next task is to describe the analytic classifi-
cations of planar holomorphic foliations near elementary singular points. As we
have said this theory is practically completed. However before classifying the
two-dimensional vector fields we shall present the classification of analogous one-
dimensional objects.
These objects are the germs of analytic diffeomorphisms f : (C, 0)→ (C, 0):

z → f(z) = µz + a2z
2 + . . . .

9.21. Definition. Two germs f, f̃ of conformal diffeomorphisms of (C, 0) are ana-
lytically equivalent (respectively formally equivalent, topologically equivalent) if
there is a germ h(z) of an analytic diffeomorphism (respectively a formal power
series h(z) ∼ h1z + h2z

2 + . . ., a homeomorphism h(z)) conjugating f with f̃ . It
means that

f̃ = h−1 ◦ f ◦ h.
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An analogous definition applies in the case of multi-dimensional diffeomorphisms
of (Cn, 0).

The diffeomorphism h transforms the orbits of f̃ , i.e. the sets {. . . , (f̃)−1(z),
z, f̃(z), (f̃)2(z) = f̃ ◦ f̃(z), . . .}, to the orbits of f . Thus f and f̃ have diffeomorphic
sets of fixed points and of periodic points of given period.

9.22. Definition. Let f(x) = Bx + . . . be a local diffeomorphism of (Cn, 0) and let
µ1, . . . , µn be the eigenvalues of the matrix B. The system (µ1, . . . , µn) satisfies
the resonant relation for diffeomorphism of the type (i; k), i = 1, . . . , n, k =
(k1, . . . , kn) ∈ Zn, kj ≥ 0, if

µi = µk1
1 . . . µkn

n .

9.23. The Poincaré–Dulac theorem for diffeomorphisms. Let f(x) = Bx+ . . . be a
local diffeomorphism of (Cn, 0). There is a formal change x→ y = x + . . . which
formally conjugates f with the map

y → By +
∑

ai;kykei

where the sum runs over the set of resonant relations for a diffeomorphism satisfied
by the system of eigenvalues of B.

This theorem is proved in the same way as Theorem 8.14. Here the map f can be
treated as the phase flow map associated with the vector field ẋ = Ax + . . . with
B = eA.
Applying Theorem 9.23 to the one-dimensional case we find the following result.

9.24. Theorem.

(a) If µ is not a root of unity, then the map f is formally linearizable, i.e. it is
formally equivalent to the linear map µz.

(b) If |µ| �= 1, then f is analytically linearizable.

Proof. Only the statement (b) needs some comments. The reduction to the linear
form is obtained by means of infinite composition of conjugating maps of the form
z → z + gkzk applied to the maps µz +akzk + . . .. The homological equation gives
gk = ak/(µ−µk), where |µ−µk| are bounded from zero by a positive constant. If
the coefficients ak grow at most exponentially then the coefficients gk behave in
the same way. From this it is easy to obtain a rigorous proof. �
9.25. Remark. The point (b) of Theorem 9.24 has the following analogue in the
case of vector fields.
We say that a germ of vector field V : ẋ = Ax + . . . is in the Poincaré domain
iff the convex hull (in C) of the set of its eigenvalues λ1, . . . , λn is separated from
0. Then also the phase flow diffeomorphism g1

V (x) = eAx + . . . is in the Poincaré
domain.
If V is in the Poincaré domain, then there is only finitely many resonant relations
between the eigenvalues. Thus the homological operator LA, from the proof of
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Theorem 9.14, has few eigenvalues λi −
∑

j kjλj equal to zero and all its other
eigenvalues are estimated as follows: |λi −

∑
j kjλj | > δ · |k| where δ > 0 is a

constant not depending on (i; k). If the coefficients of the Taylor expansion of V
grow at most exponentially with |k|, then the coefficients of the Taylor expansion
of the conjugating diffeomorphism also grow at most exponentially. This gives the
following statement (see also [Arn5]):

If an analytic vector field ẋ = Ax+ . . . is in the Poincaré domain then the change
y = x + . . ., reducing it to the Poincaré–Dulac normal form, is convergent.

The problem of analytic classification of diffeomorphisms with |µ| = 1 but µN �= 1
for any N will be considered later (see §7 below).
Now we focus our attention on germs of analytic diffeomorphisms tangent to iden-
tity

f(z) = z + azp+1 + . . . , a �= 0.

Note that, after suitable normalization, we can assume that a = 1. Following
Il’yashenko in [Il5] we denote the space of such germs by Ap.

9.26. Theorem (Formal classification). Any germ from Ap is formally equivalent
to the germ

fp,λ = g1
w,

where gt
w is the phase flow map after time t of the vector field

w = wp,λ =
zp+1

1 + λzp

∂

∂z

and λ ∈ C is the invariant of the formal classification.

Proof. We cancel the suitable terms in f by means of the conjugating maps z →
z + blz

l. Simple calculations show that the leading contribution from this change
is the term

(l − p− 1)blz
l+p.

If l �= p+1 then the corresponding power of z in f can be cancelled. There remains
only the power z2p+1.
Thus the formal normal form is z + zp+1 + νz2p+1. Expanding fp,λ into powers of
z we see that the latter form is formally equivalent to fp,λ for λ = p + 1− ν. �

The space of germs f which are formally equivalent to fp,λ is denoted by Ap,λ.

9.27. Theorem (Topological classification). ([CS1], [Shc1]) Any germ from Ap is
topologically equivalent to g = fp,0 = z(1− zp)−1/p.

Proof. We present the proof in the case p = 1. Assume that f(z) = z + z2 + . . .;
it is close to g(z) = z/(1− z) = z + z2 + z3 + . . ..
The phase portrait of the vector field ż = z2 (with real time) is presented in Figure
4(a).
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Consider the partition of the punctured neighborhood of the origin by sectors
bounded by the curves l1, l2 and k1, k2 as in Figure 4(b). Here l1, l2, k1, k2 are
transversal to the integral curves of the field z2∂z , (l1, l2 are straight segments).
The same partition is associated with the map f ∈ A2 where we denote the curves
by primes, l′1 = l1 etc. We need that the images and preimages of l′1, l

′
2 under f lie

completely inside the corresponding sectors. Also f(k′
1) does not intersect k′

1 and
f−1(k′

2) does not intersect k′
2. This construction is possible due to the fact that f

and g are close one to the other.
We construct the conjugating homeomorphism using the above two partitions.
First, one defines the homeomorphisms between l1 and l′1, between l2 and l′2 and be-
tween k1 and k′

1; it is equal to identity. Then the conjugation condition h = f−1hg
implies that we have also a homeomorphism between the curves l3 = g−1(l1),
l4 = g−1(l2), k3 = g−1(k1) and the corresponding curves l′3, l′4, k′

3. We prolong
this homeomorphism (arbitrarily) to a homeomorphism between the thin domain
bounded by the six curves l1, l2, k1, l3, l4, k3, and the analogous domain in Figure
4(c).

Figure 4

This homeomorphism is extended to a homeomorphism of the sector bounded by
l1, l2, k1, (here we use the conjugation condition).
After defining the identity homeomorphism between k2 and k′

2, we extend it to
the sector bounded by l1, l2, k2 in the same way as before.
In the case of general p > 2 the phase portrait of zp+1∂z contains 2p elliptic sectors
(see Figure 4(d)) and the construction of the conjugating homeomorphism needs
more refined partition of the neighborhood of z = 0. However the proof remains
the same. �

The functional moduli of the analytical classification of germs of conformal map-
pings are connected with the structure of the space of orbits of the action of such a
mapping on a neighborhood of the fixed point. It means that we look at the space
U∗/f , where U∗ = U \ 0 is a punctured neighborhood of z = 0 and points z and
f(z) are treated as equivalent. (The space U∗/f is Hausdorff, but the analogous
space U/f space is not Hausdorff.)
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The structure of the orbit space can be better seen in the t-chart where

t = t(z) = −1/pzp + λ ln z

is the time in the vector field wp,λ. Because the solution of the equation ż = wp,λ

is t = t(z)+ const the map fp,λ = g1
w takes the simple form

t→ t + 1.

Assume for a while that λ = 0 (then t(z) is single-valued) and that p = 1. Then the
neighborhood U∗ = {|z| < r} replaced by W = {|t| > R}. The set W is divided
into the vertical strips of width 1. Identifying two sides of such strip we get a
cylinder which can be identified with the doubly punctured sphere C∗: −i∞→ 0,
+i∞→∞. The space W/(id + 1) consists of two copies of C with identifications
near 0 and ∞, as in Figure 5. The vertical strips from the t-chart correspond to
the crescents in the z-chart.

Figure 5

In the general case (λ and p arbitrary and f close to fp,λ) the chart t(z) is a
well-defined diffeomorphism in sectors

Sj =
{

j

p
π − α < arg z <

j

p
π + α

}
,

j = 1, . . . , 2p, where α > 0 is small.

The function t(z) sends Sj to S̃j. In S̃j we denote tj = t(z)|Sj the local charts,
where the branches of ln z are such that they are real in S1 ∩ R, tj = tj+1 in the
intersections Sj ∩ Sj+1 for j < 2p and t2p = t1 + 2πiλ.
The maps fp,λ and f are replaced by the mappings

f̃p,λ : tj → tj + 1,

f̃ : tj → tj + 1 + Rj(tj),

in S̃j . Here we can assume that

Rj(t) = O(t−M )
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for some large M . The vertical strips from Figure 5 and orbit spaces will be only
slightly perturbed. The vertical lines are replaced by the iterations of one line,
fn(l0) where, due to the fact that R(t) is small, there are no intersections between
them.
Therefore, U∗/f is topologically equivalent to 2p copies of C with suitable iden-
tifications of the neighborhoods of 0 and ∞. More precisely, we have the spheres
C× {j}, j = 1, . . . , 2p and identifying maps of the form:

φj : (C, 0)× {j} → (C, 0)× {j + 1}, j even,
φj : (C,∞)× {j} → (C,∞)× {j + 1}, j odd.

The functional invariants of the classification of germs of maps are the invariants
of the holomorphic structure on the space U∗/f .

9.28. Proposition. The quotient spaces S̃j/f̃ are conformally equivalent to C∗.

Proof. This quotient space, which we denote by T , is obtained from the (non-
straight) strip between the lines l0 = {Re t = c} and f̃(l0) by identifying its sides.
Here f̃(c + iτ) = c + iτ + 1 + Rj(c + iτ) where R(t) is small.
We treat C∗ as the straight strip c ≤ Re t ≤ c + 1 with identified sides. It is
parametrized by θ ∈ [0, 1] and τ ∈ R: t = c + θ + iτ .
We construct a map from C∗ to T ,

F (c + θ + iτ) = c + θ + iτ + θRj(t).

Because F ′
t = 1 + R(t)/2 + θR′

j(t), F ′̄
t = Rj(t)/2, the map F is quasi-conformal

and satisfies the condition of regularity from Example 9.12. The modulus of quasi-
conformality µF = F ′̄

t/F ′
t is small and tends to zero at the ends of the strip

{c < Re t < c + 1}; (they correspond to 0 and ∞ in C).
Applying Proposition 9.13 from the previous section we get the assertion of Propo-
sition 9.28. �

In the spheres one uses conformal coordinates ϑj . (If f = fp,λ, then one can take
ϑj = e2πitj .)
ϑj are defined uniquely modulo multiplication by a constant. If we have chosen ϑ1

then ϑ2 can be taken in such a way that ϑ2 = φ1(ϑ1) = ϑ1 + o(ϑ1) as ϑ1 → ∞,
ϑ3 = φ2(ϑ2) = ϑ2 + o(ϑ2) is such that φ′

2(0) = 1, etc. However the charts ϑ2p and
ϑ1 near∞ cannot be correlated in this way. We have ϑ2p = e2πit2p = e2πit1−4π2λ =
νϑ1. Thus φ2p(ϑ2p) = νϑ2p + o(ϑ2p), ν = exp(−4π2λ).
Changing the chart ϑ1 → Cϑ1 induces the same changes in the spheres Cj and
the maps φj become conjugated by means of C. The above suggests the following
definition.

9.29. Definition of the moduli space M∗
p,λ. Consider the space of collections φ =

(φ1, . . . , φ2p) of germs of maps φj : (C, 0(∞)) × {j} → (C, 0(∞)) × {j + 1} with
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Figure 6

the linear part equal identity for j < 2p and φ′
2p(∞) = ν. Two such collections

φ, φ′ are called equivalent φ ∼ φ′ iff there exists C ∈ C∗ such that

φi ◦ C = Cφ′
i.

The set of equivalence classes of such φ’s is denoted by M∗
p,λ.

If f ∈ Ap,λ, then the construction (with the strips in S̃j ’s and identifications of
U∗/f with a collection of glued together Riemann spheres) defines a collection
φ. Thus we have a mapping from Ap,λ to M∗

p,λ. It is the first statement of the
following theorem.

9.30. Ecalle–Voronin Classification Theorem. There is a map f → µ∗
f from Ap,λ

to M∗
p,λ with the following properties:

(a) If f and f̃ are holomorphically equivalent, then µ∗
f = µ∗

f̃
(invariance).

(b) If µ∗
f = µ∗

f̃
, then f and f̃ are holomorphically equivalent (equimodality).

(c) For any class [φ] ∈ M∗
p,λ there exists f ∈ Ap,λ such that [φ] = µ∗

f (realiza-
tion).

Remark. J. Ecalle [Ec1] proved a variant of this result in 1975. It was a starting
point of his theory of resurgent functions [Ec2]. That theory relies on exploit-
ing the Borel transform. It has applications in other fields (linear meromorphic
systems with irregular singularities, the problem of limit cycles, relaxational oscil-
lations, quantum field theory). It stimulated development of the Gevrey analysis
and summability theories.
S. M. Voronin’s proof appeared in 1981 [Vor] and it relies on application of analytic
methods (almost complex structures and quasi-conformal mappings). Below we
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present Voronin’s proof (following Il’yashenko’s paper [Il5]). In the next section
we present the main ideas lying behind Ecalle’s approach.
However it must be said that the Ecalle–Voronin moduli were already described by
G. D. Birkhoff in 1939 in [Bir2] and the sectorial normalization (i.e. conjugation
with translation) was constructed about a century ago by L. Leau [Lea]. Thus the
theory is not as new and as extraordinary as it was publicized. Only some old
works fell into oblivion.
Among other mathematicians who contributed to this field we mention N. Abel, P.
Fatou, G. Szekers, P. Erdös, E. Jabotinsky, J. Hadamard, J. N. Baker, T. Kimura,
J. Rey, L. S. O. Liverpool, and M. Kuczma [Kuc]. A very interesting review of the
history of the problem of analytic classification is presented in the lectures of F.
Loray [Lor2].

The essential part of the proof of the Ecalle–Voronin theorem is the fact that the
dynamics defined by the map f and by the model map are conjugated holomor-
phically in sectors.

9.31. Sectorial Normalization Theorem. In every sector Sj there is a unique ana-
lytic diffeomorphism of the form

Hj(z) = z + hj(z), hj = o(zp+1),

conjugating f with fp,λ.

Proof. It is enough to construct the conjugating diffeomorphisms in the t-charts,
i.e. H̃j(t) = t + h̃j(t), t ∈ S̃j . Then Hi = t−1 ◦ H̃j ◦ t.
The conjugation condition H̃j ◦ f̃ = f̃p,λ ◦ H̃j , i.e. t + 1 + Rj + h̃j ◦ f̃ = t + h̃j + 1,
means that

h̃j = h̃j ◦ f̃ + Rj .

Iterating this equation (with respect to h̃j) infinitely many times, we find the
solution

h(t) =
∞∑
0

Rj ◦ f̃n(t).

The condition |Rj | < |t|−M and the property f̃n(t) ∼ O(n) ensures that this series
is convergent and represents an analytic function of t. �
Proof of Theorem 9.30. 1. The normalizing cochain and its coboundary. Take the
system Hj of germs of diffeomorphisms from Theorem 9.30. It can be interpreted
as a certain Čech cochain. Namely we consider the (non-Abelian) sheaf on S1 of
germs of analytic diffeomorphisms strongly tangent to identity. If U is an open
arc in S1, then the group of sections of this sheaf at U consists of diffeomorphism
HS(U) = id + hS(U), hS(U)(z) = O(zp+1) defined on a sector S(U) with base at U

(in the polar coordinates S(U) = {z = reiθ , θ ∈ U}, see [MR1]).
The system

H = (H1, . . . , H2p)
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defines the Čech cochain associated with the covering of S1 induced by the sectors
Si.
We consider the coboundary of this cochain, i.e. δH = (Φ1, . . . ,Φ2p),

Φj = Hj+1 ◦H−1
j

in Sj∩Sj+1. (The system (Φj) will correspond to the functional modulus φ ∈ M∗
p,λ

from definition 9.29.)

2. Remark. If we skip the assumption hj = o(zp+1) in the sectorial normalization
theorem, then the normalizing maps Hj cease to be unique. We can replace Hj by
gθ

w ◦Hj for some θ ∈ C. (Here gθ
w is the phase flow generated by the vector field

w = [zp+1/(1 + λzp)]∂z.)

In the t-charts this non-uniqueness means that the coordinates tj are defined
uniquely up to a translation; note that g̃θ

w = id+θ. It is the whole non-uniqueness
in the definition of H̃j .
Indeed, if G̃j is another normalizing diffeomorphism then the map G̃j ◦ H̃−1

j is
defined on a right half-plane Re t > c, commutes with translation id+1 and tends
to id+const at infinity. Therefore it can be prolonged to the whole complex t-plane
with the same properties. But any such map is a translation (apply the Liouville
theorem to G̃j ◦ H̃−1

j − id).

3. Lemma.

(a) The maps Φj commute with the standard map fp,λ.

(b) They are exponentially close to identity

|Φj(z)− z| < e−c/|z|p ;

(equivalently, Hj −Hj+1 are exponentially small).

(c) They are defined uniquely up to conjugation with the map gθ
w for some θ ∈ C.

Proof. (a) The first statement follows from the identity Hj ◦ f = fp,λ ◦Hj .
(b) The second property follows from the first one. Indeed, in the t-chart the
commutativity of the induced map

Φ̃j(t) = t + φ̃j(t)

with the standard map t → t + 1 means that the functions φ̃j(t) are periodic,
φ̃j(t + 1) = φ̃j(t). Thus φ̃j are expanded into the Fourier series

∑
cjle

2πilt.
The function Φj is analytic in Sj ∩ Sj+1 which corresponds to the domain Im t >

t0 > 0 in the t = tj-chart in S̃j , if j is odd, and to the domain Im t < −t0, if j is
even. Moreover, Φ̃j(t) = t + o(t) as t→∞ (because H̃j have this property).



§3. One-Dimensional Analytic Diffeomorphisms 355

This implies that

Φ̃j(tj) = tj +
∑

l>0 cjle
2πiltj , j odd,

Φ̃j(tj) = tj +
∑

l<0 cjle
2πiltj , j even,

Φ̃2p(t2p) = −2πiλ + t2p +
∑

l<0 cjle
2πiltj .

(3.1)

The constant in the latter formula follows from the difference between the local
charts t2p = t1 + 2πiλ and t1.
Now we have Φj = t−1

j+1 ◦ Φ̃j ◦ tj with tj = −1/(pzp) + λ ln z. If j is odd then we
see that Φj(z) = z + O(|cj1z

αe−2πi/(pzp)|). Analogous estimates hold in the case
of even j.
(c) This point follows from Remark 2. �
4. Remark. The coboundary 1-cochain δH takes values in a sheaf analogous to the
Stokes sheaf defined in Definition 8.28.

5. Definition of the spaceM+
p,λ of functional moduli. Consider the space of systems

Φ̃ = (Φ̃1, . . . , Φ̃2p) of the form (3.1). Two systems are called equivalent, Φ̃ ∼ Φ̃′ iff
Φ̃′

j = (id− θ) ◦ Φ̃j ◦ (id + θ)). The space of equivalence classes of the systems Φ̃ is
denoted by M+

p,λ.
The construction of the functional coboundary Φ̃ defines a map

f → µ+
f ∈ M

+
p,λ.

6. Lemma. The moduli space M+
p,λ is diffeomorphic with the moduli space M∗

p,λ

from Definition 9.29.

Proof. Recall that the moduli space M∗
p,λ is the space of conformal structures

on the orbit space U∗/f . Thus we should associate with any system Φ̃ a system
of conformal charts on the spaces Sj/f (or S̃j/f̃) and a system of gluing maps
between them.
We introduce new charts τ j := H̃j(tj) = tj + . . . in S̃j having the property that
they conjugate f with the translation id + 1. They are defined by the formulas

τ j = tj ◦Hj .

One easily checks that τ j ◦ f ◦ τ−1
j = id + 1. It is also clear that the space S̃j/f̃

is conformally equivalent to the τ j-plane divided by the action of the translation
id + 1.
The identification of S̃j/f̃ with C∗ = C∗ × {j} is given by the formula

τ j → ϑj = e2πiτ j .

The gluing maps ϑj → ϑj+1 = φj(ϑj) (see Definition 9.29) arise from the differ-
ences between τ j and τ j+1 in S̃j ∩ S̃j+1. We have φj = [exp 2πi(·)] ◦ (τ j+1 ◦ τ−1

j ) ◦
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[(1/2πi) ln(·)]. Therefore we should find an expression for τ j+1 ◦ τ−1
j . We have

τ j+1 ◦ τ−1
j = tj+1 ◦Hj+1 ◦H−1

j ◦ t−1
j = Φ̃j .

If Φ̃j are defined by the formulas (3.1), then φj(ϑj) = exp{2πi[τ j +
∑

cjlϑ
l
j ]}, or

φj = ϑj +
∑

dj,lϑ
l
j ,

φ2p = νϑ2p +
∑

djlϑ
l
2p.

(Above the sums run either over positive or over negative l’s.)
Like tj , the variables τ j are defined uniquely modulo translation by a constant θ.
This means that the charts ϑj in C∗ × {j} are defined uniquely modulo multipli-
cation by the constant C = e2πiθ. �

7. Invariance of the class µ+
f . Let f, g be two analytically equivalent germs from

the class Ap,λ, h being the conjugating holomorphism: h ◦ f = g ◦ h. Let H, G be
the cochains normalizing f, g respectively. Then the cochain G ◦ h normalizes f .
From Remark 2 we find that g ◦ h = gθ

w ◦H (as H and G ◦ h conjugate the same
f with fpλ). So

Gj+1 ◦G−1
j = gθ

w ◦ (Hj+1 ◦H−1
j ) ◦ g−θ

w .

This means that, if Φ̃, Ψ̃ are the coboundaries associated with f, g (expressed in
the t-charts), then they are equivalent by means of the map id + θ (in the sense
of Definition 6.).

8. Equimodality. Let Φ̃, Ψ̃ be two collections associated with maps f, g respectively.
Assume that they are equivalent in the sense of Definition 6. Therefore choosing
another normalizing cochain we can obtain the coincidence of the cochains Φ̃ and
Ψ̃.
But the identity Gj+1 ◦G−1

j = Hj+1 ◦H−1
j is equivalent to

H−1
j ◦Gj = H−1

j+1 ◦Gj+1.

This means that the maps H−1
j ◦Gj are prolonged to a punctured neighborhood

of z = 0 as a single-valued mapping. By the Riemann removability of singularities
theorem we prolong it to an analytic map h in a whole neighborhood of 0.
Moreover, because Gj conjugates g with fp,λ and H−1

j conjugates fp,λ with f ,
then h conjugates g with f .

9. Realization. Let µ+ ∈ M+
p,λ be an element of the moduli space. We have to

show that µ+ = µ+
f for some map f .

We choose a representative Φ̃ of µ+ and associated with it the 1-cocycle Φ = (Φj)
of germs of holomorphic maps in the sectors Sj ∩ Sj+1, strongly tangent to the
identity.
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Consider the disjoint collection of the sectors, i.e. Sj×{j}. Denote by zj the charts
induced by (z, j). We glue these sectors using the mappings Φj : zj+1 ∼ Φj(zj) as
in Figure 7. We obtain a certain topological space S homeomorphic to a punctured
disc. This space has a conformal structure arising from the coordinates zj . The
space S (and its closure S) admits a homeomorphism f0 induced from fp,λ at each
Sj × {j}. f0 is analytic with respect to the conformal structure. Our task is to
show that the conformal structure of S coincides with the conformal structure of
the punctured disc and that f0 belongs to Ap,λ.
Let χj(z) be an infinitely smooth partition of unity associated with the covering
Sj. We need that the functions χj and their gradients have at worst power type
singularities as z → 0.
We construct the map

H0 =
∑

χj(zj)zj

from S to a punctured disc D∗ ⊂ C. The mapping H0 is quasi-conformal (see §1).
Indeed, in Sj∩Sj+1 we have H0 = χjzj +χj+1zj+1 = zj +(Φj(zj)−zj)χj+1 which
implies

∂H0/∂zj = 1 + o(1), ∂H0/∂z̄j = (Φj − zj)∂χj/∂z̄j = o(1).

This means that the almost complex structure, induced on D∗ by H0, is defined
by the Beltrami differential µ(dz̄/dz), where µ = µ(H−1

0 ) is exponentially small
together with its derivatives.
Let us prolong µ to the whole disc D. By Theorem 9.10 the almost complex
structure on D is integrable and there exists a diffeomorphic mapping G : D → C
such that µG = µ. This means that the composition H = G ◦ H0 : S → C is
conformal and S is conformally equivalent to D∗.
The mapping f0 in S, induced from fp,λ, is prolonged to a mapping of D. We
denote it by f . Of course, it is analytic.
Because the functions µ, G, H are smooth and f is conjugated by means of H with
fp,λ at the sectors Sj , then their linear parts are also conjugated. So f ′(0) = 1
and f ∈ Al for some l.
But the index l is a topological invariant (see Theorem 9.27), it is the number of
‘elliptic sectors’ (divided by 2). So l = p.
Finally, the formal classification invariant λ is included into the functional modulus
Φ̃2p = −2πiλ + t2p + . . ..
Note that the maps Hj = zj ◦H−1 form the normalizing maps for f (the normal-
izing cochain). Its coboundary maps are zj+1 ◦ zj

−1 = Φj . This means that the
collection Φ̃ is the functional modulus for f .

Theorem 9.30 is complete. �
Using the Ecalle–Voronin Theorem we can obtain other results about analytic clas-
sification of germs of 1-dimensional diffeomorphisms. These results tell us about
extraction of roots from such maps, about their embeddings into flows and about
analytic classification of germs with resonant eigenvalue.
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Figure 7

9.32. Theorem (Extraction of roots and embedding). Let a germ f ∈ Ap,λ have
the Ecalle–Voronin modulus µ∗

f = [(φ1, . . . , φ2p)] ∈M∗
p,λ.

(a) f admits extraction of the n-th root tangent to identity,

∃g : gn = f, g′(0) = 1,

iff the modulus µ∗
f commutes with the multiplication by e2πi/n; i.e. the gluing

maps take the form φj(ϑ) = ϑψj(ϑ
n).

(b) f can be imbedded in a certain flow gt
v ( 1-parameter family of diffeomor-

phisms generated by a vector field v) iff f has trivial Ecalle–Voronin modu-
lus, µ∗

f = (id, . . . , id, ν); i.e. f is analytically equivalent to fp,λ = g1
w.

Proof. (a) If f = gn, then g commutes with f and maps orbits of f to orbits of
g. The latter induces the mapping π∗g : U∗/f → U∗/f . Recall that U∗/f is a
collection of doubly punctured Riemann spheres C∗ × {j}, glued into a chain by
means of the diffeomorphisms φj .
The map π∗g, restricted to each sphere, is holomorphic and its n-th iterate is
identity. Thus π∗g(ϑj) = e2πi/nϑj . This action of π∗g is compatible with the
gluing maps φj , which means the commutativity of φj with e2πi/n.
(b) If f is embeddable into flow, then the gluing maps commute with multiplication
by any root of unity. So they commute with multiplication by any number ζ with
absolute value 1: if φj(z) =

∑
akzk, then ζ

∑
akzk =

∑
akzkζk. Only linear maps

satisfy this condition. This implies the triviality of µ∗
f .

On the other hand, any map holomorphically equivalent to the fp,λ is embeddable.
�

Now we consider conformal maps of the form

f(z) = e2πim/nz + . . . ,

i.e. f ′(0) is a primitive root of unity of order n.
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9.33. Proposition. Any germ of this form is formally equivalent to

e2πim/ng1
w, w =

znk+1

1 + λznk

∂

∂z
.

Proof. The Poincaré–Dulac theorem for diffeomorphisms allows us to reduce f to
the form e2πim/nz(1+

∑
alz

nl). Let k be the first index l with nonzero al. We can
assume that the coefficient ak = 1.
Next, repeating the proof of Theorem 9.26, we successively cancel the terms alz

nl+1

using the changes z → z+blz
n(l−k). It is possible to do it in all cases but l = 2k. �

One denotes by Am,n,k,λ the space of germs with the formal normal form having
the indicated indices.
Let us pass to analytic classification of the germs from Am,n,k,λ. Notice firstly that
fn is tangent to identity, it belongs to Ap,β , p = nk with some β (defined by λ).
Consider the orbit space U∗/fn, consisting of 2nk Riemann spheres C∗ × {j}.
The map f transforms the orbits of fn to orbits of fn and induces the map
π∗f : U∗/fn → U∗/fn. We describe the action of this map on Riemann spheres.
Note that the sphere C∗ × {j} is the quotient of the sector Sj with bisectrix
arg z = π(j− 1)/(2kn) and the transformation f is approximately rotation by the
angle 2πm/n. Therefore f(Sj) ≈ Sj+2km and π∗f : C∗ × {j} → C∗ × {j + 2km}.
Moreover, π∗f is a holomorphic diffeomorphism and takes the form π∗f(ϑj) =
Cjϑj+2km. It means also that ϑj+2kn ◦ f = Cjϑj . One can see that Cj = e2πi/n.
Indeed, because φj = ϑl+1 ◦ ϑ−1

l are close to identity (or to multiplication by the
constant ν for l = 2p = 2kn) then ϑj+2kn+1◦ϑ−1

j+2kn = ϑj+2kn+1◦f◦f−1◦ϑ−1
j+2kn =

Cj+1ϑj+1◦ϑ−1
j ◦C−1

j = Cj+1φj ◦C−1
j = id+ . . .. So Cj = Cj+1 = . . . = C. Because

π∗fn = id, Cn = 1.
From the above it follows that only 2k first gluing maps are needed to determine
the functional modulus µ∗

fn . Indeed, we have φj+2kn = e2πi/nφj ◦ e−2πi/n. For the
last gluing map we get φ2kn = νe2πi/nφ2(k−1)n ◦ e−2πi/n, where ν = φ′

2kn(∞) is
the constant expressed by the formal modulus λ.
All this leads to the following result.

9.34. Theorem (Analytic classification of germs of resonant 1-dimensional diffeo-
morphisms). The space Am,n,k,λ of germs of a conformal diffeomorphism modulo
analytic equivalence is in one-to-one correspondence with the space M∗

m,n,k,λ of
systems

φ = (φ1, . . . , φ2k)

(of germs of analytic diffeomorphisms φj(C, 0)→ (C, 0) ( j odd) or φj(C,∞) →
(C,∞) ( j even) with identity as linear part) modulo the equivalence φ ∼ Dφ ◦
D−1.
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§4 The Ecalle Approach
J. Ecalle proved an analogue of the Ecalle–Voronin Theorem in 1975 in [Ec1]. On
this occasion he created a new branch of complex analysis, the theory of resurgent
functions (see [Ec2]). Unfortunately, for a long time his results were unknown to
the wider mathematical community; probably due to unconventional language and
notions. Later French mathematicians (B. Malgrange, F. Pham, J.-C. Tougeron, J.-
P. Ramis, J. Martinet and others) detected the leading ideas in Ecalle’s theory and
presented them in standard mathematical language. They also developed Ecalle’s
ideas further.
Below we present Ecalle’s approach based on the article of Malgrange [Mal5].

9.35. The Borel transform of the formal series conjugating a map from A2 to its
formal normal form. We consider germs of the form f(z) = z + z2 + z3 + O(z4),
i.e. f = g1

z2 +O(z3) ∈ A2,0. It is more convenient to work in the variable t = −1/z
where we have

t→ g(t) = t + 1 + a(t), a(t) =
∑
n≥2

ant−n.

Theorem 9.26 asserts that there exists a formal power series

h(t) = t + b(t) = t +
∑
n≥1

bnt−n

which formally conjugates g with g0 = id + 1,

h ◦ g � g0 ◦ h.

We know that (usually) the series b(t) diverges. However this divergence can be
controlled. It turns out that the coefficients bn grow no faster than n!.
One associates with b its Borel transform Bb(ξ) =

∑ bn

(n−1)!ξ
n−1 which has good

properties. It is analytic near ξ = 0 and prolongs to a multivalued holomorphic
function in (C \ 2πiZ) ∪ {0} with exponential growth at infinity.
The ‘inverse’ to the Borel transform is the Laplace transform: if Φ(ξ) is defined in
(C�2πiZ) ∪ {0} and grows at most exponentially at infinity |Φ(ξ)| < eR|ξ|, then
the Laplace transform of Φ equals φ(t) = LΦ(t) =

∫∞
0

Φ(ξ)e−tξdξ.
Note that this integral is convergent for Re t > R and represents there an analytic
function φ(t). In the case Φ = Bb the function φ can be prolonged analytically to
a larger domain. Namely, we can vary the path of integration in LΦ: instead of the
ray arg ξ = 0 we take the rays arg ξ = θ, θ ∈ (−π/2+ε, π/2−ε) (see Figure 8). The
result is a prolongation of φ to the sector S̃1 = {|t| > R, arg t ∈ (−π + ε, π − ε);
(it is the same as the sector S̃1 from the previous section). Denote the function
obtained by b1.
If we apply the integration along the rays arg t = θ, θ ∈ (π/2 + ε, 3π/2− ε) to the
formula for the Laplace transform, then we obtain an analytic function b2 in the
analogous sector S̃2.
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Figure 8

It tuns out that:

(i) b1,2(t) have the same asymptotic power series expansions as the series b(t)
and the maps h1,2 = t + b1,2 represent analytic diffeomorphisms from the
Sectorial Normalization Theorem.

(ii) The Ecalle–Voronin moduli can be expressed by means of the singularities of
the function Bb at its singular points ξ = ±2πi,±4πi, . . ..

This approach is in the spirit of Gevrey expansions and summability. We shall
return to it later, but first we will get acquainted with the strictly Ecalle approach.

9.36. Definition. The space of resurgent functions. Let D = D(r) = {|ξ| < r} be
a disc in the complex ξ-plane (of relatively small radius) and let D∗ = D \ 0. Let
ξ0 > 0 be some base point of D∗.
We denote O = O(r) the space of holomorphic functions on D. Let Õ = Õ(r)
be the space of multivalued holomorphic functions on D∗; they are obtained by
prolongation of analytic germs at ξ0 along paths in D∗; (they are holomorphic in
the universal covering D̂∗). Finally we put

C = C(r) = Õ(r)/O(r).

There is a natural monodromy operator T : Õ → Õ which associates to a germ
of a function at ξ0 its prolongation along the loop in D∗ surrounding 0. The map
T − id defines the variation operator var : C → Õ.
If Ω ⊂ C is a discrete set with one-point intersection with D, Ω∩D = 0, then one
defines the space of resurgent functions as

C(Ω) = {F ∈ C : var(F ) is holomorphic in Ĉ \ Ω}.

Equivalently: F ∈ C(Ω) iff there exists F̃ holomorphic in C \ Ω and such that
F̃ |D = F + holom. function.
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9.37. Convolution and its properties. For two elements F, G of C with representa-
tives F̃ , G̃ ∈ Õ(r) we define the function

H(ξ) =
∫

γ

F̃ (ξ − ζ)G̃(ζ)dζ, ζ ∈ C�R,

where the integral runs along the loop γ = γξ0,ε, 0 < ε << ξ0, starting at ξ0 > 0,
and running first along the upper ridge of the cut along the interval [0, r], next
making the counterclockwise turn along the circle |ζ| = ε and then going back along
the lower ridge of the cut along [0, r]. H prolongs itself to a holomorphic multi-
valued function, H ∈ Õ, and its class in C does not depend on the representatives
of F and of G and on the point ξ0. We denote this class by

F ∗G = [H ]

and call it the convolution of F and G.
(Up to a constant this convolution is the same as the convolution of two distribu-
tions defined by functions f(x) and g(x) with support in R+: f ∗ g(x) =

∫ x

0 f(x−
y)g(y)dy. It turns out that the functions f(x), defined for x > 0 and locally
integrable, can be included in C in the following way: let F (ξ) = (1/2πi)

∫ a

0 f(x)
dx/(x−ξ) define a holomorphic function outside real axis, then one defines Pf(f) =
[F ]. For example, Pf(xα) = [ξα/(e2πiα − 1)].)
The convolution operator has the following properties:

(i) associativity and commutativity;

(ii) δ =
[

−1
2πiξ

]
is the convolution unity (it follows from the Cauchy formula);

(iii) d
dξ (F ∗G) = dF

dξ ∗G;

(iv) ξ(F ∗G) = (ξF ) ∗G + F ∗ (ξG).

The latter formula means that the multiplication operator by −ξ is a derivation
of the convolution algebra. It is denoted by

∂ = −ξ.

It turns out that C(Ω) is a convolution subalgebra of C (see [Mal5]).

9.38. The Laplace transform and its properties. If F ∈ C with a representative
F̃ ∈ Õ, then we define its Laplace transform as

LF (t) =
∫

γ

F̃ (ξ)e−tξdξ

where γ = γξ0,ε is the same loop as in the definition of convolution (in the previous
point). One shows that the Laplace transform does not depend on the representa-
tive F̃ and on ξ0.
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(Usually this definition is applied to functions of the form ξα(ln ξ)pG(ξ) with
analytic G. This class of functions is sometimes called the Nilsson class.)
For example, L([ξα]) = (e2πiα − 1)Γ(α + 1)/tα+1 and

Lδ(n) = L (dnδ/dξn) = tn.

We see that, up to some normalization, this definition of Laplace transform agrees
with definition 9.35.
The inverse to the Laplace transform is called the Borel transform, B = L−1.
The Laplace transform has the following properties:

(i) L(F ∗G) = LF · LG,

(ii) L(∂F ) = d
dt(LF ),

(iii) L(dF
dξ ) = t(LF ).

9.39. The Ecalle composition. Let F ∈ C(2πiZ) and H = δ′ + E, E ∈ C(2πiZ).
Then one defines the series

F ⊗e H =
∑
n≥0

1
n!

(∂F ) ∗ E∗n.

It turns out that, under assumption of local integrability of F and E, this se-
ries is convergent and represents an element of C(2πiZ), which we call the Ecalle
composition of F and H .
The Ecalle composition is the Borel transform of the usual composition of series
f = LF ∼

∑
fkt−k and h = LH ∼ t +

∑
bkt−k = t + b(t). It follows from the

Taylor expansion f ◦ (t + b) =
∑

n(dnf/dtn)b(t)n.

9.40. Application to conformal germs tangent to identity. Recall that in the point
9.35 we had two maps g(t) = t + 1 + a(t), g0(t) = t + 1, which are formally
conjugated by the series h ∼ t + b(t). We shall show the following.

Proposition. The Borel transform of b(t) belongs to the resurgent space C(2πiZ)
and the Borel transform of h belongs to δ′+C(2πiZ). It means that Bh is analytic
in C \ (2πiZ \ 0).

Proof. The conjugation condition h◦g = g0◦h means that t+1+a(t)+b(t+1+a) =
t + b(t) + 1 or, after replacing t by t− 1,

b(t− 1)− b(t + ã(t)) = ã(t). (4.1)

It is an equation for b.
We introduce two linear operators Kψ(t) = ψ(t+ã)−ψ(t), Lψ(t) = ψ(t−1)−ψ(t)
and the equation (4.1) takes the operator form [L−K]b = ã. Note that the operator
L is dominating here; if ψ = t−n then Lψ ∼ nt−n−1 and Kψ ∼ O(t−n−3). Thus
the solution of (4.1) takes the form

b =
∑

[L−1K]nL−1ã, (4.2)
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where the series is well defined.
Now we rewrite the formula (4.2) in the Borel chart. There the operator I + L is
replaced by multiplication by the function eξ: ψ(t− 1) =

∑
(−d/dt)nψ/n!, where

−d/dt is replaced by ξ (see the (ii) in 9.38). The operator I +K is calculated using
the formula from 9.39: B(I + K)B−1Ψ = Ψ⊗e A =

∑
((ξ)mΨ) ∗A∗m, A = Bã.

Because (eξ − 1)−1 has poles in 2πiZ and A(ξ) is an integer function, the Borel
transform of b, i.e. B = Bb, is meromorphic in C \ 2πiZ.
One can also show that |B(ξ)| < const·econst |ξ|. �
9.41. The alien derivations and the Ecalle invariants of holomorphic classification
of germs tangent to identity. J. Ecalle has introduced the following operators
acting on the space of resurgent functions C(2πiZ).
Denote by Γ2πin the set of 2n−1 paths in C \ 2πiZ with the beginning at ξ0 and
end at ξ0+2πin; the paths differ in the way they omit the points 2πij, j = 1, . . . n.
If γ ∈ Γ2πin and f ∈ C(2πiZ) then

∆γf

is the germ of prolongation of f along γ with argument translated by −2πin, i.e.
to neighborhoods of ξ0. If n > 0, then such a path γ can avoid the singularities
2πij, 0 < j < n from the right or from the left. Let γ2πin,+ be the path running
on the right. We define the formal operator

∆+[[λ]] = id +
∑
n≥1

∆γ2πin,+
λn.

It turns out that ∆+[[λ]] is a homomorphism of the algebras C(2πiZ) and
C(2πiZ)[[λ]] (with natural extension of the convolution).
Moreover, if one defines the operators ∆2πin by the formula

ln(∆+[[λ]]) =
∑

∆2πinλn

then:

(i) ∆2πin are derivations of C(2πiZ) (called the alien derivations by Ecalle) and

(ii) ∆2πin(F ⊗e H) = (∂F ⊗e H) ∗∆2πinH + (
∑

(−nH)∗m) ∗ ((∆2πinF )⊗e H).

Analogously one defines the alien derivations for n < 0. (The alien derivations can
be expressed by means of the maps ∆γ , γ ∈ Γ2πin (see [Mal5]).)

Applying the alien derivations to the both sides of the equation G⊗e H = H⊗eG0

(G = δ′ + δ + A, G0 = δ′ + δ - Borel transforms of g, g0) one obtains the equation
(∂G ⊗e H) ∗ ∆ωH = ∆ωH ⊗e G0. This implies that the functions ψ = ψ(t) =
L(∆ωH , ω = 2πin satisfy the linear formal functional equation (g′ ◦ h)ψ = ψ ◦
(id + 1), the same as the derivative h′(t). By uniqueness there exists a constant
Aω ∈ C such that ψ = Aωh′, or

∆ωH = Aω∂H ;



§4. The Ecalle Approach 365

(Ecalle calls the latter equation the bridge equation.)
Namely these constants Aω, ω ∈ Ω \ 0, Ω = 2πiZ form the complete infinite set of
invariants of analytic conjugation of germs f = z + z2 + z3 + . . . from A2,0:

Two germs f, f ′ ∈ A2,0 are analytically equivalent iff Aω = A′
ω, ω ∈ Ω. More-

over, the coefficients Aω can be expressed in terms of the functional coboundary
operators: H̃2H̃

−1
1 (t) = t +

∑
c1le

2πilt, Im t >> 0 and the analogous operator for
Im t << 0 (see the proof of Theorem 9.31).

In [Mal5] there is a formula expressing the coefficients cjl in terms of Aω.
Ecalle’s theory has a natural generalization to a theory which can be applied to
the germs from the classes Ap for any p. We present it in the next point.

9.42. The Gevrey series and expansions. Let h(t) be a germ of a function holo-
morphic in a sector S with vertex at ∞, h ∈ O(S) with the asymptotic expansion
h ∼

∑
ant−n. We say that h is of Gevrey type of order s if∣∣∣∣∣h(t)−

k−1∑
0

ajt
−j

∣∣∣∣∣ · |t|k < C(k!)s−1Ak

where the constants C, A depend on f and on the sector S.
A formal series ĥ =

∑
ant−n ∈ C[[1/t]] is of Gevrey type of order s iff

|an| < C(n!)s−1An.

The following result is a generalization of the Borel–Ritt theorem (see Theorem
5.52 in Chapter 5).

Theorem ([MR1], [Gev]). Let a series ĥ ∈ C[[1/t]] be of Gevrey type of order s > 1
and let S be a sector with angle < (s−1)π. Then there exists a function h ∈ O(S)
of Gevrey type of order s and such that its Taylor expansion at infinity coincides
with ĥ.

Proof. One can reduce the problem to the case when S is a sector with bisectrix
along the positive real axis. Then h is given by the explicit formula

h(t) = ptp
∫ r

0

Φ(ξ) exp (−ξptp) ξp−1dξ

where p = 1/(s− 1) and Φ(ξ) =
∑ an

Γ(1+n/p)ξ
n is an analytic function near ξ = 0

with radius of convergence > r.
Note that when s = 2 the function Φ(ξ) equals the derivative of the Borel transform
of ĥ. Also the integral defining h recalls the Laplace transform. �
As in the case p = 1 the functions h from this theorem depend on the sector and
the representatives corresponding to different sectors do not need to coincide.
The series ĥ (of Gevrey type of order s = 1 + 1/p) is p-summable in the direction
θ if ĥ forms a asymptotic expansion of some function hS ∈ O(S), where S is a
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sector with bisectrix arg t = θ and with angle > π/p = π/(s− 1). Note that this
inequality is reverse to the inequality from the Borel–Ritt–Gevrey theorem.
The series ĥ is p-summable if it is summable for all but a finite number of directions
θ.

Example. The formal series h(t), conjugating the diffeomorphisms g and g0 = t+1
in 9.35, is 1-summable. It is summable in all directions but θ = ±π/2.

If ĥ is p-summable then we can associate with it a certain functional cochain.
Namely, we take a covering of a neighborhood of infinity by sectors Sj with angles
> π/p such that in Sj there is a function hj (of Gevrey class of order s) with ĥ
as the Taylor expansion. The system (hj) is a functional Čech cochain associated
with the covering (Sj). The coboundary of this cochain is the cocycle hj+1 ◦ h−1

j

with values in a sheaf resembling the Stokes sheaf.
All this is applied to holomorphic classification of germs of analytic diffeomor-
phisms (see the next point).

9.43. Germs of the type z+zp+1+ . . .. Let f ∈ Ap,λ = fp,λ+ . . ., fp,λ = g1
zp/(1+λzp)

be two germs of holomorphic diffeomorphisms (from Section 3). In the t-chart
t = −1/(pzp) + λ ln z we have the maps g = t + 1 + . . . and g0 = t + 1.
There is a formal power series ĥ = t +

∑
bjt

−j conjugating g with g0.

Theorem. ([MR1]) The series ĥ is of Gevrey type of order s = 1 + 1/p and is
p-summable. Associated with it the functional cocycle hj+1 ◦ h−1

j is the Ecalle–
Voronin modulus of the analytic classification of germs f .

§5 Martinet–Ramis Moduli
The saddle–node singularity of an analytic planar vector field is such that one
of its eigenvalues vanishes and the other eigenvalue is nonzero. First we present
a formal classification of saddle–nodes and next we describe the moduli of their
analytic classification.

9.44. Definition. Two germs of vector fields V, W (in Rn, Cn, smooth or analytic)
are called (topologically, formally, analytically) orbitally equivalent if there exists
a (Ck, formal, analytic) diffeomorphism H transforming the phase curves of V
to phase curves of V . It means that the corresponding foliations, defined by the
phase portraits of V and of W , are transformed one to the other by means of H .
In the smooth and analytic cases we have

H∗V = F ·W

where F �= 0 is some function (of definite class).

9.45. Theorem (Formal normal form of saddle-nodes). Any complex analytic
saddle-node is formally orbitally equivalent to

ẋ = xp+1, ẏ = −y(1 + λxp).
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Proof. The Poincaré–Dulac theorem 9.14 and Example 9.15(b) give the following
(non-orbital) normal form ẋ = ap+1x

p+1 + ap+2x
p+2 + . . ., ẏ = λ2y(1 + b1x +

b2x
2 + . . .), where ap+1 �= 0; if all aj = 0 then the singular point would have

infinity multiplicity (non-isolated in the complex analytic case). By linear changes
of variables and time we can assume that ap+1 = 1, λ2 = −1.
Now we divide the field by 1 + b1x + . . . which gives ẏ = −y and

ẋ = xp+1(1 + c1x + . . .). (5.1)

Therefore the problem is reduced to formal non-orbital classification of 1-dimensi-
onal saddle-nodes (5.1).
The latter problem is solved in the same way as in the proof of Theorem 9.26
(about formal classification of diffeomorphisms z + zp+1 + . . .). Using the changes
x→ x + dlx

l, we obtain the (leading) term (l− p− 1)dlx
l+p∂x in the transformed

vector field. If l �= p + 1, then the corresponding monomial vector field can be
cancelled. There remains only the field wp,ν = xp+1(1 + νxp)∂x, where ν is the
formal invariant.
Of course, one can fix also other terms in ∂x, like xp+1(1− λxp + (λxp)2 − . . .) =
xp+1(1+λxp)−1, λ = −ν. Multiplying this vector field by 1+λxp gives the vector
field from the thesis of Theorem 9.45. �
The integer p is called the codimension of a saddle-node and λ ∈ C is the modulus
of formal classification.The space of germs with the formal normal form as in
Theorem 9.45 will be denoted by Ep,λ.

9.46. Problem. Show that if (5.1) is analytic, then the change reducing it to ẋ =
xp+1 + νx2p+1 is analytic.
This means that in the one-dimensional case the (non-orbital) formal and analytic
classifications of saddle-nodes coincide.
Hint: under the assumption that (2p + 1)-th jet of (5.1) is as in the normal form,
solve a functional equation for the change x → x + x2p+2φ(x) in some space of
analytic functions (of φ’s).

As we shall see, the normal form from Theorem 9.45 is not analytic. However some
of its statements have analytic equivalents. Note that it has two formal invariant
curves: the strong manifold x = 0 and the formal center manifold y = 0. It turns
out that the strong manifold is always analytic (see the next result) but usually
the center manifold is not analytic. The next theorem, which concerns the cases
of saddle-node and of saddle, was first proved by C. A. Briot and J. C. Bouquet
[BB].

9.47. The analytic Hadamard–Perron theorem. Consider an analytic planar sys-
tem

ẋ = λ1x + . . . , ẏ = λ2y + . . .

such that λ2 �= 0 and λ1/λ2 ≤ 0. Then there exists an invariant analytic curve
tangent to x = 0 at the origin.
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Proof. In the case of a saddle-node we can assume that dx
dy = f(x,y)

λ2y+g(x,y) with
f, g ∈ m2 (square of the maximal ideal) and f(0, y) = O(y3), and in the case of a
saddle we can assume that dx

dy = λ1x+f(x,y)
λ2y+g(x,y) with f, g ∈ m3 (because the resonant

terms in the Poincaré–Dulac normal form start from cubic monomials).
We put the equation of the invariant curve in the form x = y2φ(y). In the case of
a saddle-node we get the equation y2φ′ +2yφ = f(y2φ, y)/(λ2y + g(y2φ, y)). After
division by y2 it takes the form φ′ + 2φ/y = F (y, φ) (F – analytic) which can be
written in the integral form

φ(y) = y−2

∫ y

0

s2F (s, φ(s))ds.

The latter equation is solved using the contraction principle in some ball in the
Banach space of analytic functions φ defined in a disc |y| < ε with the sup-norm.
In the saddle case we arrive at the equation φ′ = (λ−2)φ/y+F (y, φ), λ = λ1/λ2 <
0, or at the integral equation φ = yλ−2

∫ y

0
s2−λF (s, φ(s))ds. �

9.48. Remark. The reader can observe that the above proof can fail when the ratio
of eigenvalues λ is a positive integer (the resonant node); one can get the integral∫

ds/s. Here the phase curves are of the form x = Cyλ + σyλ ln y, C = const and
are not analytic if σ �= 0. However in this case the normal form is polynomial
ẋ = λx + σyλ, ẏ = y and is analytic; (we are in the Poincaré domain and we can
use Remark 9.25).
Also the proof of Theorem 9.47 does not work in the case of center manifold of
a saddle-node. Already L. Euler noticed that the center manifold can be non-
analytic.

9.49. Euler’s example. ([Eul1]) The equation

dy/dx = (y − x)/x2

has the following unique formal solution y =
∑∞

1 (n− 1)!xn passing through 0.

Now we can assume that the vector field has the form (in some analytic coor-
dinates) ẋ = xf(x, y), ẏ = −y + g(x, y). This preliminary form is not satisfac-
tory to our purposes. We want to get the factor xp+1 in the first component.
This is done using a series of analytic changes x → x + xjψj(y), j = 1, . . . , p: if
ẋ = xj [φj(y) + . . .] then we get the equation ψ′

j(−y + . . .) + φj(y) = 0, solvable
provided φj(0) = 0.
Thus we can put ẋ = xp+1. Moreover, cancelling some initial terms from ẏ and
applying the result from Problem 9.46 we can assume that g has good properties.
More precisely, we have the following.

9.50. Lemma. The initial analytic form is

ẋ = xp+1, ẏ = −y(1 + λxp) + g0(x) + y2g2(x, y)
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where g0, y
2g2 ∈ mp+2.

We define the extended sectors

Tj =
{
|x| < ε, |y| < ε,

(2j − 1)π
2p

− α < argx <
(2j − 1)π

2p
+ α

}
where α is some angle between π/2p and π/p (see Figure 9). Note that the pro-
jections of these sectors onto the x-plane are different than the sectors Sj (from
Section 3); they have the same angle but different bisectrices.

Figure 9

9.51. Theorem (Sectorial normalization). (Hukuhara, Kimura and Matuda [HKM])
In each extended sector Tj there exists a unique analytic diffeomorphism

Hj(x, y) = (x, y + hj(x, y)), hj = O(xp+1),

conjugating the system from Lemma 9.50 with its formal normal form from The-
orem 9.45.

We will present the main ideas in the proof of this theorem later. Now we pass to
the description of the Martinet–Ramis moduli of analytical orbital equivalence of
germs from Ep,λ.
The reader can guess that these moduli are constructed using the differences be-
tween the normalizing diffeomorphisms,

Φj = Hj+1 ◦H−1
j in Tj ∩ Tj+1.

However, the description of the Φj ’s can be simplified.
Notice that the diffeomorphisms Φj keep the first coordinate fixed and preserve
the formal normal form ω0 = xp+1dy + y(1 + λxp)dx = 0 (of the corresponding
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Pfaff equation). The latter fact gives a series of restrictions on possible forms of
Φj’s.
Let us look at the behaviour of the leaves of the foliation defined by ω0 = 0 in the
sectors Tj ∩ Tj+1. These leaves are given by

y = Ce−t(x), t(x) = tj(x) = −1/(pxp) + λ lnx, C ∈ C,

and the first integral takes the form

u(x, y) = uj(x, y) = yet(x) = yetj(x).

(Because of lnx in the definition of t(x) we index the ‘times’ and first integrals in
different sectors. Thus t2p = t1 + 2πiλ, u2p = e2πiλu1.)
The neighborhood of x = y = 0 is divided into sectors of two types:

– the sectors of jump where Re x−p →∞,

– the sectors of fall where Re x−p → −∞.

In the sectors of jump only one leaf approaches the singularity, it is the local center
manifold. Other leaves diverge as x → 0.
In the sectors of fall all the leaves are indistinguishable. All approach the singu-
larity.
We have presented this schematic behaviour of the complex phase portrait in
Figure 10. We see also that the extended sectors Tj+1 ∩ Tj lie wholly either in the
sectors of jump or in the sectors of fall.

Figure 10

9.52. Proposition. The transition diffeomorphisms Φj take the forms

Φj(x, y) = (x, φj(uj)e−tj+1),
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where
φj(u) = aj + u, aj ∈ C,

if Tj+1 ∩ Tj lies in a sector of fall,

φj(u) = u + αj,2u
2 + . . . ,

if Tj+1 ∩ Tj lies in a sector of jump and j �= 2p, and

φ2p(u) = e−2πiλu + α2p,2u
2 + . . . .

Moreover Φj tend to id exponentially fast as x→ 0.

Proof. The first statement follows from the fact that Φj preserve the formal normal
form. So if uj+1 is the first integral in Tj+1 then the function uj+1 ◦Φj is the first
integral in Tj ∩ Tj+1. But also uj is a first integral. Thus the first first integral is
a function of the second first integral, uj+1 ◦ Φj = φj ◦ uj .
In the coordinates (x, u) the map Φj is equal to (x, φj(u)). Passing to the (x, y)
coordinates we get the formula for Φj .
The proof of the next statements relies on the fact that Φj − id = O(xp+1).
Let Tj ∩ Tj+1 be a sector of fall. We have tj = tj+1 (because j �= 2p) and t(x) →
+∞. Let the Taylor expansion of φj be

∑∞
n=0 αj,nun. Then

Φj =
(
x, αj,0e

−t(x) + αj,1y +
∑

αj,nyne(n−1)t(x)
)

.

The condition Φj → id implies that αj,1 = 1 and αj,2 = αj,3 = . . . = 0. This
means that φj is a translation. Note also that in this case Φj − id = (0, O(e−t(x)))
is exponentially small.
Let Tj ∩ Tj+1 be a sector of jump and j �= 2p. Then acting exactly in the same
manner as in the previous case we get αj,0 = 0, αj,1 = 1. It means that φj is a
germ of a diffeomorphism of (C, 0) with φ′(0) = 1. Also in this case Φj − id is
exponentially small.
Let j = 2p. We are in the sector of jump with et2p = e2πiλet1 . We have Φ2p =
(x, φ2p(u2p)e−t1) = (x, e2πiλφ2p(u2p)e−t2p). Analogously as in the previous case
we get the formula for φj and the exponential closeness to the identity. �
The fact that the diffeomorphisms Φj have different forms can be explained ge-
ometrically. In the sector of jump the values of the first integral are bounded,
u ∈ (C, 0). In the sectors of fall the first integral takes values in the Riemann
sphere C and u = ∞ along the strong manifold x = 0; the corresponding map φj

is an automorphism of this sphere satisfying φj(∞) = ∞.
The collection of φj ’s satisfying the properties of Proposition 9.52 do not yet form
a complete set of invariants. The reader can notice that the coordinates in the
normalized Pfaff equation ω0 = 0 are not unique. Its non-uniqueness lies in the
possibility of multiplication of y by a constant. This gives the non-uniqueness of
the choice of the local first integral: uj → Cuj, where C is the same in each sector.
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9.53. Definition. Two collections φ = (φ1, . . . , φ2p) and φ̃ = (φ̃1, . . . , φ̃2p), satisfying
the conditions from Proposition 9.52, are called equivalent iff they are conjugated
by a linear transformation: φj ◦ C = Cφ̃j .
The equivalence class [φ] of such a collection is called the Martinet–Ramis modu-
lus. The space of Martinet–Ramis moduli is denoted by Np,λ.
The above construction of the Martinet–Ramis modulus, associated to a saddle-
node, defines a map from Ep,λ → Np,λ,

V → εV .

9.54. Martinet–Ramis classification theorem for saddle-nodes. The map εV has
the following properties:

(a) It sends orbitally analytically equivalent germs of vector fields to the same
point (invariance).

(b) If εV = εV ′ , then V and V ′ are orbitally analytically equivalent (equimodal-
ity).

(c) For any ε ∈ Np,λ there exists V ∈ Ep,λ such that ε = εV (realization).

Proof. The points (a), (b) and (d) are proved in the same way as the analogous
points of the Ecalle–Voronin theorem 9.30. Only the realization property needs
separate arguments.
Assume that we have an element fromNp,λ which is an equivalence class with some
representative φ = (φj). These φj define the diffeomorphisms Φj in the extended
sectors Tj ∩ Tj+1 (see Proposition 9.52).
Take disjoint union of the extended sectors

⊔
Tj×{j} and glue them using the Φj

as the gluing maps. We obtain a certain (real) 4-dimensional manifold S. In each
Tj × {j} we have the ‘coordinates’ zj = (x, yj) and zj+1 = Φj(zj) at the glued
part.
Note also that S is equipped with a foliation F0 such that in each Tj it is the
foliation of the vector field in the formal normal form. We have to define a certain
complex structure on S such that the foliation F0 arises from a holomorphic vector
field with saddle-node singularity.
First one defines the map H0 : S →W ⊂ C2�{x = 0} as

H0 =
∑

χjzj,

where {χj} is a partition of unity of S associated with the covering (Tj) with
regular properties as x→ 0.
H0 defines an almost complex structure on W , the image of the complex structures
on Tj . By definition this almost complex structure is integrable (see Definition
9.6). By Theorem of Newlander–Nirenberg 9.8 the torsion of this almost complex
structure vanishes identically.
It turns out that the almost complex structure from W can be prolonged smoothly
to an almost complex structure on a full neighborhood of 0 in C2. Indeed, the
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almost complex structure is defined by (1, 0)-forms dx and dy, where dx is good
(with zero derivative). Since y =

∑
χjyj , in Tj ∩ Tj+1, we have y = χjyj +

χj+1yj+1 = yj + hj(x, yj)χj (see the sectorial normalization theorem 9.51). Thus
dy = dyj + o(1), where the term o(1) is exponentially small as x → 0.
The Nijenhuis tensor (torsion) of the latter almost complex structure is also equal
to zero. Applying again the Newlander–Nirenberg theorem, we show that this
almost complex structure is integrable. It means that it is equal to the trans-
portation of the standard complex structure by means of some differentiable map
G : (C2, 0)→ (C2, 0)
The composition H = G−1 ◦ H0 : S → C2 is holomorphic on S and prolongs to
the closure of S. It transforms the foliation F0 to a foliation F in (C2, 0).
The foliation F is a saddle-node foliation with the Martinet–Ramis invariant equal
to [φ]. �

The Theorem of Martinet and Ramis allows us to solve the problem of analyticity
of the center manifold and to explain the reason of non-analyticity of Euler’s
solution. Note that at each sector of jump the local center manifold is defined
uniquely, using topological criteria. It is the only leaf of the holomorphic foliation
containing the singular point in its closure. This local center manifold prolongs
itself (uniquely) to the adjacent sectors of fall. The gluing map Φj in the sectors
of jump leave this local center manifold invariant, φj(0) = 0.
The problem is whether the local center manifolds from different sectors of jump
lie in one leaf of the foliation. It means, whether the gluing maps in the sectors of
fall preserve the two prolongations of the local center manifolds (from the adjacent
sectors of jump). This condition reads as φj(0) = 0, where φj(u) = u + aj .
We have proved the following result.

9.55. Corollary. A saddle–node singularity has analytic center manifold iff all
aj = 0 in its Martinet–Ramis modulus. In other words this modulus has the form
(id, φ2, id, φ4, . . . , φ2p).

Problem. Unlike the Ecalle–Voronin moduli the Martinet–Ramis moduli can be
sometimes calculated explicitly. Show that the Martinet–Ramis modulus of the
singularity

ẋ = −kxk+1, ẏ = y(1 + akxk) + kxk+1ϕ(x)

(with an analytic function ϕ) is

(id + A1, id, id + A2, id, ..., id + Ak, e−2πiaid),

where the constants Aj = ∫σj
sae−1/sk

ϕ(s)ds are the same as in Example 8.31(a)
in Chapter 8 (see also [Zo7]).
Especially successful in calculations of the Martinet–Ramis moduli is P. M. Eli-
zarov. Recently he succeed to associate the Martinet–Ramis moduli with some
special perturbations of the formal normal form. He localized the Newton supports
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of this perturbations. Some of these results are described in [Eli2] and others will
be published.
Also L. Teyssier [Tey] has calculated explicitly some Martinet–Ramis moduli.

There is a certain relation between the Martinet–Ramis moduli and the Ecalle–
Voronin moduli. This connection goes through the monodromy transformation
associated with the smooth analytic separatrix, e.g. the strong manifold.

9.56. Definition of the monodromy transformation for holomorphic foliation. Let
F be a holomorphic foliation in a 2-dimensional complex manifold, L be a non-
singular leaf of F and γ ⊂ L be a closed loop with beginning at a point x0. Take a
small holomorphic disc D transversal to L at x0 and parameterized by z ∈ (C, 0),
z(x0) = 0. We can cover the loop γ by open sets Ui, where the foliation is the
flow-box foliation: F|Ui = {dy = 0}.

Figure 11

Let z ∈ D. Take a leaf L(z) passing through z. In each Ui we can lift the path
γ ∩ Ui to the leaf L(z) ∩ Ui. After returning of γ to the point x0, the lifted curve
intersects the disc D again. However, the intersection point can differ from z (see
Figure 11). We denote it by ∆γ(z).We define the monodromy transformation (or
the holonomy transformation) associated with the loop γ as the map

z → ∆γ(z).

∆γ is a local holomorphic diffeomorphism (by analytic dependence of solutions on
initial conditions). It does not depend on the homotopy class of the loop γ (for fixed
D); it is a consequence of the theorem about monodromy 1.2 (in Chapter 1). The
change of the section D and of the initial point x0 results in internal conjugations
of ∆γ in the group Diff (C, 0) of germs of holomorphic diffeomorphisms of (C, 0).
Of course, one can generalize this definition to more general foliations. We do not
do it here.
The strong invariant manifold of a saddle-node singularity V consists of two leaves
of the holomorphic foliation defined by V : the singular point and the leaf L dif-
feomorphic to a punctured disc. Take a loop γ ⊂ L generating its fundamental
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group. Using Definition 9.56, we associate with γ the monodromy transformation
∆ = ∆γ .
Recall that Ap,α is the space of germs from Diff(C, 0) formally equivalent to the
time 1 flow map generated by the vector field w = [zp+1/(1+αzp)]∂z (see Theorem
9.26).

9.57. Theorem.

(a) If V ∈ Ep,λ, then ∆ ∈ Ap,α, α = 2πiλ.

(b) The Martinet–Ramis modulus of V coincides with the Ecalle–Voronin mod-
ulus of ∆. It means that two vector fields are orbitally analytically equivalent
iff their monodromy maps are analytically conjugate. In particular we have
an embedding of the set of equivalence classes of vector fields Ep,λ/(anal) into
the set of equivalence classes of diffeomorphisms Ap,α/(anal) (i.e. embedding
of the moduli space Np,λ into the moduli space M∗

p,α).

Proof. The first statement can be checked for the vector field in its formal normal
form. Then we have L = {x = 0 �= y}, γ = {(0, eit)} and the foliation is given by
dx
dt = dx

d ln y = xp+1/y(1 + λxp) = wp,λ. The monodromy map ∆ is given by the
time 2πi flow map ∆ = exp [2πiwp λ] = exp [wp,α].
To prove the second statement let us keep ∆ formally equivalent to g2πi

w . Then
the sectors Sj (from the sectorial normalization theorem 9.31) are turned by the
angle π/2p; we denote them still by Sj . The extended sectors Tj are of the form
Sj × {|y| < ε}. We fix also the disc D = {y = y0} transversal to the axis {x = 0}.
The extended sectors contain complete lifts (to the leaves of the foliation) of the
loop in the strong manifold appearing in the definition of the holonomy map.
The normalization diffeomorphisms Hj(x, y) in Tj (from Theorem 9.51) define
altogether the normalization diffeomorphisms for the monodromy map ∆ in Sj ×
{y0} ⊂ D. They define the local parametrizations of Sj by means of the first
integral uj(x) = u ◦Hj |Sj×{y0}. In the charts uj the map ∆ is equal to the formal
normal form.
The transition diffeomorphisms Hj+1 ◦ H−1

j are expressed by means of the one-
dimensional transition maps uj+1 ◦ u−1

j . The latter define the Martinet–Ramis
moduli as well as the Ecalle–Voronin moduli. �

The image of the embedding from the point (b) of the last theorem forms a proper
subset of the set M∗

p,λ. It is because the diffeomorphisms φj are subject to the
restrictions from Proposition 9.52, φj = u + aj : (C,∞) → (C,∞) (j odd).
It turns out that the correspondence V → ∆ is not one-to-one even at the level
of topological equivalences; i.e. the sets Ep,λ/top and Ap,λ/top are really different.
(At the level of formal equivalences it is one-to-one.)
As the first example we consider the case with the Martinet–Ramis modulus equal
to (id + a1, id, id + a2, id, . . . , id) with some aj �= 0. The monodromy map ∆ is
topologically equivalent to its formal normal form (see Theorem 9.27) but the
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vector field is not equivalent to its formal normal form because it does not have
analytic center manifold.
Another example concerns the case with λ = 0 and with all aj = 0, i.e. with
analytic center manifold. We consider the monodromy map ∆c associated with the
leaf Lc containing the center manifold. The topology of the foliation determines
the topological type of ∆c, which is determined by the order of tangency of ∆c to
identity (see Theorem 9.27). So the class [∆]top is fixed, but there can be infinitely
many classes [∆c]top.
The problem of topological classification of saddle–nodes was solved (almost com-
pletely) by P. M. Elizarov.

9.58. Theorem of Elizarov. ([Eli1])

(a) If there is no analytic center manifold, then the class of the sequence of 0’s
and 1’s

(sign |a1|, sign |a3|, . . . , sign |a2p−1|),

modulo cyclic permutations, constitutes an invariant of the topological clas-
sification.

(b) If there is analytic center manifold, then we have the following possibilities:

(i) If λ ∈ C\R or λ ∈ R\Q is a Diophantine number (weakly approximated
by rationals), then the topological type of the foliation is determined by
the topological type of the map ∆c. (The invariants are sign ( Im λ) and
λ for λ ∈ R.)

(ii) If λ = m/n is rational, then the vector field is topologically equivalent
either to the formal normal form or to the system

ẋ = xp+1, ẏ = y(1 + λxp) + xlykn+1,

with the conditions p + 1 < l ≤ 2p + 1, 2p + 1 − l = km (mod p) (i.e.
indexed by the discrete invariant k).

9.59. Proof of the Hukuhara–Kimura–Matuda theorem. (We follow the book
[HKM]). We shall present the proof only in the case p = 1. Therefore we assume
that x2dy/dx = g0(x) + y(1 + λx) + y2g2(x, y).
Let T1 = {−π/2 + α < arg x < 3π/2− α, |x| < ε} be a sector in the x-plane (see
Figure 12(a)). We seek a change (x, y) → (x, z) such that x2dz/dx = z(1 + λz2)
in T1.
The proof is divided into two parts: existence of analytic central manifold in T1

and analyticity of z(x, y).

1. Existence of the center manifold. We seek it in the form of a graphic

y = v(x)e−1/x, x ∈ T1,
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where v(x)e−1/x = O(x). We obtain the following equation onto v,

x2v′ = G(x, v) (5.2)

where G = g0e
1/x + λxv + v2e−1/xg2(x, ve1/x). We seek the solution to (5.2) in

the class of functions satisfying the estimate

|v| < K|x|eRe(1/x) (5.3)

for some constant K.
The right-hand side of (5.2) satisfies the estimates: |G(x, v1)−G(x, v2)| < δ|v1−v2|
and |G| < (K0+δK)|x|eRe(1/x) for some small δ and fixed K0. The first (Lipschitz)
condition will guarantee the uniqueness of the solution.
The equation (5.2) is replaced by the integral equation

v(x) =
∫ x

0

G(s, v(s))s−2ds,

which is a fixed point equation v = T (v) for a nonlinear operator.
Usually one proves existence of a fixed point of T using the contraction princi-
ple. Here we can use a stronger result, the Leray–Schauder–Tikhonov fixed point
theorem (see [RS]):

Any continuous map of a compact and convex subset of a locally convex space into
itself contains a fixed point.

In our case the set of v’s satisfying (5.3) is convex and compact in the topology of
almost uniform convergence; (it is a normal family). It remains to show that the
operator T maps (5.3) into itself.
The latter statement is proved by appropriate choice of the path ∆ of integration
in the formula defining T . This path is presented at Figure 12(b).
Let s = reiθ. We have the straight segment ∆1 joining 0 with x0 = r0e

iπ/2+2γ ,
where γ > 0 is a small constant and r0 will be defined later. In the second part ∆2

we have either r(θ) = r0

√
sin(θ − π/2− γ) or r0

√
sin(π/2 + 3γ − θ), depending

on whether arg x > π/2 + 2γ or not. If the angle α (defining the sector T1, see
above) is greater than 4γ, then r0 < r(θ) < Mr0 (where M = M(γ)). Now we
choose r0 such that Mr0 < ε.
One can show that for large K, the quantity |Gs−2| is bounded by the abso-
lute values of the derivatives of K|s|eRe(1/s) along ∆1,2 (see [HKM]). This gives
|T (v)| = |

∫
Gs−2| ≤ K|x|eRe(1/x).

2. Now we can assume that x2dy/dx = y(1 + λx + yg2) in S. We have to find the
change y → z giving the normal form x2z′ = z(1 + λx).
We represent y as a function of z, y = z + φ(x, z). The φ satisfies the following
partial differential equation x2φx + (1 + λx)zφz = F (x, z, φ).
We solve it using the method of characteristics: φ(x, z) = ψ(t), where ẋ = x2,
ż = z(1 + λx), ψ̇ = F (x, z, ψ). Here t can be replaced by x which gives x2ψ′

x =
F (x, z, ψ), z = Cxλe−1/x. This is a family of equations depending on C.
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Figure 12

Now we proceed as in the previous point. We put ψ = we−1/x where w = w(x, C)
satisfies the equation

x2w′ = G(x, z, w), z = Cxλe−1/x,

analogous to (5.2). We replace it by the integral equation

w(x, C) =
∫ x

0

G(s, Csλe−1/s, w(s, C))s−2ds,

which we solve in the space of v’s satisfying the estimate |v| < K|z|2.
Using the same estimates as in the previous point (with the same choice of path of
integration) one shows that this integral operator satisfies the assumption of the
Leray–Schauder–Tikhonov theorem.
We refer the reader to [HKM] for more details. �
9.60. Remark. There is an alternative proof of the theorem about sectorial nor-
malization. It is based on the theory of Gevrey expansions. It turns out that:

(i) The series φ(x), appearing in the definition of the center manifold y ∼ φ(x),
admits Gevrey expansion of order s = 1 + 1/p and is p-summable.

(ii) The series h(x, y) =
∑

hn(y)xn, appearing in the formal change H(x, y)
= (x, y + h(x, y)) reducing the saddle node to its normal form, is of Gevrey
type of order s and is p-summable.

The proof of this is sketched in [MR1] for p = 1. As in the case of Ecalle–Voronin
moduli this proof relies on application of the Borel transform to φ and to h(x, y),
solving the corresponding equations in the Laplace image and then returning to
the phase space by means of the Laplace transform.

§6 Normal Forms for Resonant Saddles
Here we finish the description of analytic normal forms for germs of planar vector
fields with elementary singular points. In the previous section we classified the
saddle-nodes.
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The singular points from the Poincaré domain, i.e. when the convex hull of the
eigenvalues (in C) does not contain the origin (which means that the ratio of
eigenvalues is not a negative number), have analytic Poincaré–Dulac normal form.
This means that the normalizing transformation can be chosen analytic. The proof
of this fact is given in [Arn5] (see also Remark 9.25).
Therefore, it remains to investigate the saddles, i.e. singularities with negative
ratio of eigenvalues −λ < 0. The saddles are of two kinds: resonant (i.e. with
rational λ = m/n) and non-resonant. The nonresonant saddles are considered in
the next section.
The description of moduli of resonant saddles relies on the classification of germs
of resonant 1-dimensional diffeomorphisms and was completed first by J. Martinet
and J.-P. Ramis [MR2]; (although Yu. S. Il’yashenko, P. M. Elizarov and S. M.
Voronin arrived independently at the same results, see [Il5]). We describe these
results in this section.
The problem of analytic conjugation of non-resonant saddles is analogous to the
problem of analytic linearization of germs of non-resonant 1-dimensional diffeo-
morphisms and was solved by J.-C. Yoccoz[Yoc]. Those results will be described
in the next section.

9.61. The monodromy transformation. The connection between saddles and one-
dimensional maps lies in the holonomy transformation associated with any of its
separatrices. (Recall that, by the analytic Hadamard–Perron theorem 9.47, the
saddle has both separatrices analytic.) We can assume that

ẋ = λx(1 + . . .), ẏ = −y(1 + . . .).

Consider the monodromy transformation ∆(x) corresponding to a loop in x = 0.
One can easily check that

∆(x) = e−2πiλx + . . .

The next result was first proved by J. F. Mattei and R. Moussu [MM].

9.62. Theorem. Two germs with saddle singularity with the same ratio −λ are
analytically orbitally equivalent iff the corresponding germs of monodromy maps
are analytically equivalent.

Proof. If two germs of vector fields are orbitally equivalent, then restriction of the
conjugating map H to a disc D transversal to {x = 0} defines a conjugation of
monodromies (in D and in H(D)).
Let the monodromies be conjugated. Consider two copies of (C2, 0) with foliations
F and F ′ (by the phase curves L, L′ of the two vector fields V and V ′). In each
copy we consider the fibration π : (x, y) → y. Their fibers outside y = 0 are
transversal to the leaves of the foliations F and F ′. We denote by F0 the foliation
by the fibers y = const.
Take two discs D = {y = ε, |x| < ε} and D′ = {y = ε, |x| < 2ε}. Let h : D → D′

be the map conjugating the monodromies.
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We extend the map h to a map H0 : A → A′, where A = {|x| < ε, ε/2 < |y| < ε},
A′ = {|x| < 2ε, ε/2 < |y| < ε} are ring-like domains. H0 preserves the foliation
F0, i.e. H0(x, y) = (F (x, y), y) and sends leaves L of the foliation F to leaves L′ of
the foliation F ′. Because of the transversality of the fibers y = const to the leaves
L, L′ in the domains A and A′ the prolongation H0 is locally analytic and unique.
H0 is single-valued in the whole domain A. Indeed, the change of H0, as the argu-
ment turns around the axis y = 0, is equal to the composition of the monodromy
map (defined by F) and of H0. Because h = H0|D conjugates the monodromies
H0 is univalent.
Therefore we have the Laurent expansion

H0(x, y) =
∞∑

j=−∞
hj(x)yj , (6.1)

with analytic coefficients hj(x) = (2πi)−1
∫
|y|=ε H0(x, y)y−j−1dy. If we knew that

the sum in (6.1) contains only positive powers of y, then we would obtain the
prolongation of H0 to the whole neighborhood of 0. We could use the Cauchy
formula H(x, y) = (2πi)−1

∫
|ζ|=ε H0(x, ζ)(ζ − y)−1dζ.

To show that the sum (6.1) runs over positive powers of y, we use the assumption
λ = λ′ (equality of the ratios of eigenvalues). Contrary to [MM] and [MR1], we
apply topological arguments (taken from [Str]). It is enough to show that any
circle Cr = {x = r, y = εeiθ, 0 ≤ θ ≤ 2π} (with the linking number with the axis
y = 0 equal to 1) is sent to a circle with the linking number with the axis y = 0
also equal to 1. But the assumption λ = λ′ means that the vector fields V and V ′

are close to the origin. A point x = r, y = εeiθ from Cr belongs to a leaf L starting
at the point x = x0(θ), y = ε in D, where x0(θ) ≈ reiλθ (because dx/dy ≈ −λx/y
and x ≈ const y−λ). We have

H0(r, εeiθ) ≈ (h(x0)r−iλθ, εeiθ) ≈ (ar, εeiθ),

provided h(x) ≈ ax. This shows that H0(Cr) is close to Car. �
Consider first the case when λ = −m/n, gcd(m, n) = 1, is a rational number.
Then the monodromy map ∆ = e2πim/nx+ . . . is a resonant one-dimensional map
considered in Section 3. Its formal normal form is of one of the following types
e2πim/ng1

w, w = [znk+1/(1 + λznk)] ∂
∂z (see Proposition 9.33). The class of such

maps was denoted by Am,n,k,λ.
The above form for diffeomorphism corresponds to the following formal orbital
normal form for vector fields

ẋ = x, ẏ = y(−m/n + uk(1 + αuk)−1), u = xmyn,

where α = 2πinλ. (The proof relies on passing to the variables x, u in the Poincaré–
Dulac normal form and further applying the reduction as in the case of saddle-
node.) We denote the class of analytic saddles with such formal orbital normal
form by Bm,n,k,λ.
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9.63. Theorem (Analytic classification of resonant saddles). ([MR2]) The space of
classes of analytical orbital equivalence of vector fields from the class Bm,n,k,λ is
the same as the space of classes of analytical equivalence of diffeomorphisms from
the class Am,n,k,λ described in Theorem 9.34.

Remarks about the proof. In view of Theorem 9.62 the proof of this theorem is
reduced to demonstration of the surjectivity of the map V → ∆ from Bm,n,k,λ

to Am,n,k,λ. One has to show that any resonant map arises from some resonant
saddle as its holonomy. The construction of V is analogous to the construction
of the realization parts of the Ecalle–Voronin and Martinet–Ramis classification
theorems. We shall not do it here and refer the reader to [Il5]. �

§7 Theorems of Briuno and Yoccoz

Now we pass to the non-resonant saddles. Their one-dimensional equivalents are
the germs of non-resonant analytic diffeomorphisms f of (C, 0) of the form

z → e2πiαz + O(z2),

where α �∈ Q, 0 < α < 1. The Poincaré–Dulac theorem for diffeomorphisms says
that any such f is formally linearizable (see 9.23 and 9.24); there exists a formal
power series h(z) ∼ z + h2z

2 + . . . such that h−1 ◦ f ◦ h ∼ λz, λ = e2πiα. The
problem is:

Under which assumptions is f analytically linearizable, i.e. when is the series
defining h convergent?

The positive or negative answer to this question depends on how quickly the
number α can be approximated by rational numbers. If α is slowly approximated
by rationals, then any such diffeomorphism is analytically linearizable. If α is
quickly approximated by rationals, then there should exist diffeomorphisms f for
which the series h is divergent. Let us make these results precise.

9.64. Theorem of Siegel. ([Sie]) If there exist two constants C, µ such that for any
integer p, q,

|α− p/q| > C|q|−µ, (7.1)

then any f = e2πiαz + . . . is analytically linearizable.

The short proof of this result, based on the Newton method, can be found in
[Arn5].

Remark. If µ > 2, then the set of those α, for which there exists C such that the
inequalities (7.1) hold (for any p, q), is a set of full Lebesque measure. (The reader
can prove this by himself.)
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9.65. Theorem of Briuno. ([Briu]) Let qn be the numerators of the n-th reducts in
expansion of α into continued fractions. If the Briuno condition∑ ln qn+1

qn
<∞ (7.2)

holds, then any analytic diffeomorphism f is analytically linearizable.

The proof of Briuno’s theorem is an example of a complete exploration of Newton’s
method. We shall present its main idea below.
Already A. D. Briuno and H. Cremer had noticed that the Briuno condition is
close to an optimal condition for convergence.

9.66. Theorem. ([Briu], [Cre]) If

lim sup
ln qn+1

qn
= ∞,

then there exists an analytic diffeomorphism f which is not analytically lineariz-
able.

The proofs of this result are based on estimations. V. I. Arnold has commented
on them in the following way (see [Arn5]):
“The proofs of divergence (Poincaré, Siegel, Briuno), preceding Pyartli’s work,
are based on calculation of the growth of the coefficients and do not explain the
reason of divergence in the same sense as the calculation of the coefficients of the
series arctan z shows its divergence for |z| > 1, but do not reveal the reason – the
singularities at z = ±i” .
These words were written about the proofs of divergence of normalizing series for
non-resonant singular points of vector fields. In the work of A. S. Pyartli [Pya]
finite parameter perturbations of such vector fields are considered. When we pass
through resonance an invariant analytic manifold is born. If the resonances ap-
proach quickly the unperturbed non-resonant case, then these invariant manifolds
cannot be destroyed and form obstacles to the linearization.
Of course Arnold’s words are relevant also in the existing proofs of convergence.
The main achievement of J.-C. Yoccoz was to give a geometrical proof of the
theorem of Briuno and to show that the Briuno condition (7.2) is also necessary
for convergence in the following sense.

9.67. Theorem of Yoccoz. ([Yoc]) If the irrational α does not satisfy the condition
(7.2), then there exists an analytic diffeomorphism f = e2πiαz + . . . which is not
analytically linearizable.

Before passing to the proofs we say a few words about expansions of real numbers
into continued fractions and present conditions equivalent to (7.2).

9.68. The continued fractions. In books on the theory of numbers the continued
fractions are introduced using a lot of formulas. We prefer the geometrical defini-
tion such as in [Arn5] (but we cannot avoid formulas).
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Figure 13

Let 0 < α < 1 be an irrational. Consider the real plane with coordinates x, y
(see Figure 13). We draw the line y = αx. We distinguish the points with integer
coordinates (q, p) in the first quadrant. They all, except (0, 0), do not belong to
our line. We consider the convex hulls of the sets of integer points of the quadrant,
which lie at one side of our line (below and above respectively). (One can imagine
the integer points as nails and our line as a thread with one end fixed at infinity;
next one stretches the thread in the down direction and in the up direction). The
vertices (q, p) of the broken lines just constructed define the best approximations
of the number α by rationals p/q. It turns out that |α− p/q| < 1/q2.
We describe the construction of our broken lines in another way. Denote the basic
vectors e−1 = (0, 1), e0 = (1, 0). They lie on different sides of the line y = αx. We
shall construct the sequence of vectors e1, e2, . . . as follows. Let en−1 and en be
already constructed and lie on different sides of the line. We shall add the vector
en to en−1 as many times an as it is possible with the condition that the sum lies
on the same side of the line as en−1.
In this way we obtain the sequence of natural numbers an and the sequence of
integer vectors

e1 = e−1 + a1e0, . . . , en+1 = en−1 + an+1en. (7.3)

(Note that a1 = [1/α], the integer part of 1/α.) The endpoints of the vectors
en = (qn, pn) are the vertices of the above two convex hulls.
We denote by βn the ‘distance’ of the point en to the line y = αx,

βn = (−1)n(qnα− pn). (7.4)

From Figure 13 it is seen that β−1 = 1, β0 = α, the fractional part of α, and

βn+1 = βn−1 − an+1βn (7.5)
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which implies that the ratios pn/qn form the best approximations to α, in the
sense that |α− pn/qn| < |α − p/q| for any p and any q < qn. In fact, we have the
stronger statement βn < |qα− p| < βn−1 for qn−1 < q < qn.
We define also the numbers

αn = βn/βn−1. (7.6)

Thus α0 = α. They lie between 0 and 1.
Dividing (7.5) by βn, we obtain

α−1
n−1 = an + αn. (7.7)

This means that α0 = {α}, . . . , αn+1 = {α−1
n } where {·} denotes the fractional

part. Moreover, iterating (7.7) we recognize the continued fraction

α = a0 + α0 = a0 +
1

a1 + α1
= a0 +

1
a1 + 1

a2+α2

= . . . .

We have also other properties of the introduced quantities.

Lemma.

(a) The (oriented) area of the parallelogram with sides en, en−1 is equal to (−1)n.

(b) We have
qn+1βn + qnβn+1 = 1. (7.8)

Proof. (a) For the initial parallelogram (e0, e−1) it is obvious. In the general case
this area equals

en+1 × en = qn+1pn − qnpn+1

and is proved by induction using (7.3).
(b) We have q0 = 0, q1 = 1, β0 = 1 which gives the formula (7.8) for n = 1.
The general case is proved by induction, using the formulas (7.5) and qn+1 =
qn−1 + anqn. �
Corollary. We have |α− pn/qn| < 1/q2

n.

This property follows from (a) of the Lemma; (because pn/qn − pn+1/qn+1 =
(−1)n/(qnqn+1) and α lies between these two rationals).
(b) of the Lemma (i.e. (7.8)) is equivalent to

βn(qn+1 + qnαn+1) = 1. (7.9)

9.69. Proposition. The following conditions are equivalent:

(i)
∑

q−1
n ln qn+1 < ∞;

(ii) Φ(α)
df
= −

∑
βn lnαn+1 < ∞;

(iii) −
∑

2−k lnωk < ∞, where ωk = minq<2k |qα− p|.
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Proof. Because qn < qn+1, an ≥ 1, from (7.3) we get 2qn < qn+2. Similarly
we show that βn+1 < βn, βn+2 < βn/2. This means that the series qn grows
exponentially and the series βn decreases exponentially. The latter implies that
the condition Φ(α) <∞ is equivalent to the condition −

∑
βn lnβn+1 < ∞.

We estimate the expression∣∣∣∑ q−1
n ln qn+1 +

∑
βn−1 lnβn

∣∣∣ . (7.10)

Using the formula q−1
n+1 = βn + (qn/qn+1)βn+1 = βn(1 + (qn/qn+1)αn) (following

from (7.9)), we have | lnβn|− ln 2 < ln qn+1 < | lnβn|. Thus (7.10) is estimated by

ln 2
∑

q−1
n +

∑
(qn−1/qn)βn| lnβn| < ∞.

This gives the equivalence of the conditions (i) and (ii).
We see also that (i) is equivalent to convergence of the series

∑
q−1
n lnβn. We shall

show the equivalence of the latter condition with (iii).
It follows from the estimates∑

2k−1≤qn<2k

q−1
n lnβn < 2 · (2k−1)−1 · lnωk

(because the sum contains at most two terms) and∑
qn≤2k<qn+1

2−k lnωk ≤ lnβn

∑
qn≤2k

2−k < const · q−1
n · lnβn. �

Remark. In his formulation of Theorem 9.60 in [Briu] A. D. Briuno writes down the
assumption in the form lim sup 2−k lnωk = ∞ and H. Cremer in [Cre] formulates
it in the form sup q−1

n ln qn+1 =∞.

9.70. Briuno’s proof of the Briuno theorem. Here we present the main ideas lying
behind the proof of Theorem 9.65.
Let f(z) = λz + a2z

2 + . . ., λ = e2πiα. Instead of applying the infinite series of
changes z → z + bjz

j , we shall apply an infinite series of changes of the form

hk = z + bmzm + bm+1z
m+1 + . . . + b2m−2z

2m−1, m = 2k + 1.

It means that we group the terms in series of lengths about 2k.
If fk = h−1

k−1 ◦ . . .◦h−1
1 ◦h−1

0 ◦f ◦h0 ◦ . . .◦hk−1 = λz +amzm + . . ., m = 2k +1, was
obtained in the previous steps, then fk+1 = h−1

k fkhk = λz +O(z2m−1). Moreover,

bj = aj/(λj − λ),

where |λj − λ| > const· inf{|qα− p| : q = j − 1} > const·ωk+1.
Let the series defining fk be convergent in a disc with radius ρk, i.e. |aj | < const ·
ρ−j

k . Then |bj | < const · (ρj
kωk+1)−1 for 2k < j ≤ 2k+1. Taking the j-th root
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of |bj |’s and neglecting the higher terms we obtain the following rough rule of
decreasing of the radii of convergence:

ρk ∼ ρk−1 · ω
1/2k

k = ρk−1 · exp[2−k lnωk].

If the Briuno condition holds, then the product of the diminishing factors is con-
vergent to a positive constant.
The rigorous proof needs more estimates and is done using Newton’s method. �

9.71. Yoccoz’ proof of the Briuno theorem. We follow [P-M].
1. After rescaling the variable z we can assume that we are dealing with functions
which are analytic diffeomorphisms of the unit disc D = {|z| < 1} into C with the
fixed first term e2πiαz. We denote the space of such functions by S(α). Of course,
we can (and shall) assume that 0 < α < 1.
The space S(α) has nice properties based on the following Theorem of Koebé:

If f : (D, 0)→ (C, 0) is an univalent holomorphic function with |f ′(0)| = 1, then

|f(z)| < |z|(1− |z|)−2, |f ′(z)| < (1 + |z|)(1− |z|)−3.

(The proof of this theorem can be found in [PoSz]. One passes to the chart near
infinity. There the univalency gives a restriction on the growth of the coefficients
of the Laurent expansion. The estimates for coefficients give estimates for the
function and its derivative. Note here that, according to the Bieberbach conjecture
(proved by L. de Branges), one has the estimates |an| < n for the coefficients of
the Taylor expansion of f .)
An important corollary of the Koebé estimates is the following.

2. Lemma. The spaces S(α) are compact in the topology of almost uniform con-
vergence. In other words, the family S(α) is normal.

The next lemma gives a nice criterion of analytic linearizability.

3. Lemma. f is linearizable iff it is stable, i.e. iff for any neighborhood U of 0
there is a neighborhood V such that fn(V ) ⊂ U for all n ≥ 0.

Proof. If f is linearizable then it is stable because the linear map is stable.
Assume that f is stable and let V be such that fn(V ) ⊂ U = D, n ≥ 0. Then the
family fn|V is normal. Define hn = 1

n

∑n−1
i=0 λ−if i. It is also a normal family. We

have hn ◦ f = λhn + 1
nλ(λ−nfn − 1).

Now it is enough to choose a convergent subsequence from {hn} and the limit
conjugates f with λz. �

The authorship of the next lemma belongs to A. Douady and E. Ghys.

4. Lemma. The set of those α, for which any f ∈ S(α) is linearizable, is invariant
with respect to the action of the group SL(2, Z) : α→ aα+b

cα+d .



§7. Theorems of Briuno and Yoccoz 387

Proof. The group SL(2, Z) is generated by transformations of the form α → α+a
and α→ −1/α. The invariance with respect to the first transformations is obvious.
Let 0 < α < 1. We shall associate with any f ∈ S(α) a map g ∈ S(β), β = −1/α.
This construction is presented in Figure 14(a). If l is a ray and f(l) is its image,
then we add a curve l′ closing-up a triangle-like region ∆. We glue l with f(l) by
means of f and obtain a surface, which admits a holomorphic structure of the disc
D (see Section 1 above). This equivalence is of the form z → z1 = z1/α + . . ..
Denote by g the map of first return to ∆. It turns out to be holomorphic with
respect to the complex structure on ∆/ ∼. Expressed in the chart z1 = ρeiθ on
∆/∼ it takes the form

e2πi(jα−1)/αρ + . . . = e2πiβz1 + . . . ,

where j = j(z1) is the moment of the first return. �

It is useful to pass to the chart where the punctured disc D∗ is replaced by its
infinite covering; the upper half-plane H = {Im ζ > 0} with the covering map
ζ → z = e2πiζ .
The lift of the map f to H has the form

F (ζ) = ζ + α +
∑

ane2πinζ ,

i.e. it commutes with the translation id + 1. Using the compactness of the space
S(α) (or estimates for the coefficients an) it is possible to get the following uniform
bound for the difference of F from pure translation.

Figure 14

5. Lemma. There exists a constant C, not depending on α and F , such that the
inequality

|F (ζ)− ζ − α| < α/4

holds for

Im ζ > t(α)
df
= (2π)−1 · lnα−1 + C.
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The construction from the proof of Lemma 4 can be implemented for maps on
H. It is presented in Figure 14(b). The line L = {ζ = it, t > t(α)} is identified
with F (L). The domain ∆̃ between L, F (L) and the straight segment (joining
it(α) with F (it(α)) is replaced by the domain {0 ≤ Re ζ1 ≤ 1, Im ζ1 ≥ 0} ⊂ H:
ζ1 ≈ α−1(ζ − it(α)). The map G ∈ S(β), β = −1/α is induced by the return map
to ∆̃ with the chart ζ1.
Because we use the expansions of α into continuous fractions we prefer to get
some map from S(1/α). This is done by conjugation of the map G with the map
ζ = s + it→ −s + it, reversing the orientation. The new map will be denoted also
by G.
Therefore we have the transformation from S(α) to S(1/α): F → G = G(F ).
Note that if F is unstable, i.e. iterations of some points escape from the upper
half-plane, then G is also unstable and the escape is quicker than for F .

6. Lemma. If a point ζ with Im ζ > t(α) escapes from H after m iterations of
F , i.e. Fm(ζ) �∈ H and F i(ζ) ∈ H, i < m, then there exists a point ζ1 with
Im ζ1 > α−1[Im ζ − t(α) − C1] which escapes from H after m1 < m iterations of
G. Here C1 is a universal constant such that G is well defined for Im ζ > t(α)+C1.

7. Let us start to iterate the property of Lemma 6. Let the formulas

α0 = α, α−1
n = an+1 + αn+1

define the sequence of natural numbers an and αn ∈ (0, 1). We put F0 = F ,
F1 = G(F0)− a1 ∈ S(α1), . . . , Fn+1 = G(Fn)− an.
If the point ζ1 (from Lemma 6) satisfies the inequality Im ζ1 > t(α1), which is
equivalent to

Im ζ > t(α0) + α0t(α1) + C1, (7.11)

then Fm1
1 (ζ1) �∈ H, Fm2

2 (ζ2) �∈ H for some ζ1, ζ2 and 0 < m2 < m1 < m.
At the n-th repeating of this procedure the inequality (7.11) should be replaced
by Im ζ > t(α0) + α0t(α1) + α0α1t(α2) + . . . + α0 . . . αnt(αn+1) + C1. Because
t(α) = − lnα/(2π) + C, βn = α0 . . . αn (see the formula (7.6) above), the latter
finite series equals (up to constants) the partial sum defining the series Φ(α) =
−
∑

βn lnαn+1 (defined in Proposition 9.69). By the Briuno condition this series
is convergent.
We claim that the region Im ζ >

∑
βnt(αn+1) + C1 is the region of stability of

the map F . Assuming the contrary, it should contain a point ζ0 escaping from H
after n0 iterations of F = F0. This would imply existence of an infinite sequence of
points ζj escaping after nj iterations of Fj . Moreover one should have an infinite
sequence of inequalities

0 < . . . < n2 < n1 < n0.

Of course, it is not possible. �
9.72. Remark. The above proof allows us to estimate the radius R(α) of conver-
gence of any map from S(α). Namely we have |Φ(α) + lnR(α)| < const.
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9.73. Proof of the theorem of Yoccoz. 1. The idea of the proof of Theorem 9.67 is
to construct a map from S(α) with a sequence of periodic orbits approaching the
fixed point 0. By reversing and modifying the construction of Douady and Ghys
one successively inserts fixed points near 0. In the next modification this fixed
point becomes periodic and a new fixed point is inserted.
The reversing of the construction F → G(F ), i.e. the transformation G → F (G),
is presented in Figure 15.
Let G ∈ S(β), 0 < β < 1, and let a be a positive integer. We put α = (β + a)−1

and let G̃ = G + a.

Figure 15

We have the half-line l1 = {ζ = it, t > t0}, its image l2 = G̃(l1), the half-line
l3 = {it, t < t0} and the half-line l4 = l3 + [G̃(it0) − it0]. These curves bound a
domain Λ, close to a vertical strip. Identifying the sides of this non-straight strip,
we would obtain a surface Λ/∼ with a holomorphic structure of C∗. Because we
want to have a disc, we delete from Λ/∼ a disc Z around it0 of size O(1), as in
Figures 15(a) and 15(b). Thus (Λ/∼) \Z is the same as a doubly punctured disc
D \ {0, A}: i∞ is sent to 0 and −i∞ is sent to a point A. The set Z is sent to the
outside of D. (Of course, (Λ/∼) \ Z can be next covered by H.)
Let us define the dynamics on (Λ/∼) \ Z, as induced by the translation id + 1.
Because G commutes with id + 1 and l4 is a translation of l3, we obtain a well-
defined map of the quotient (Λ/ ∼) \ Z. We denote it by F = F (G). It is easy
to see that F ∈ S(α) and that F has two fixed points in D: 0 and A (see Figure
15(c)). Therefore we have inserted a new fixed point.
Before exploring this construction we have to perform some estimates. We want
to insert the fixed point A as close to 0 as possible. However there are some
restrictions implied by the geometry of the closure of (Λ/∼) \ Z. When we delete
from it a disc containing 0 and A, then we obtain a domain Λ1 in form of an
annulus.
There is a conformal invariant of an annulus, the modulus equal to m = ln(R/r)
(see 9.14 above).



390 Chapter 9. Holomorphic Foliations. Local Theory

The modulus of the ring Λ1 is of order − ln |A|. On the other hand this modulus
can be estimated from Figures 15(a) and 15(b). The domain Z is of order O(1) and
the domain Λ is of order O(a) = O(α−1); (it is the width of Λ). This implies that
the modulus of Λ1 is of order lnα. The rigorous proof uses the estimate from 9.14:
m ≥ L2/S, where S =

∫ ∫
Λ−Λ1

ρ, L = inf
∫

γ
ρ, where ρ(ζ) > 0 is some function

and γ’s are paths joining the two components of the boundary of Λ1. Yoccoz [Yoc]
uses ρ(ζ) = 1/|ζ − ζj | (in the ζ-plane).
This allows us to get the estimate |A| < const·α. This estimate, expressed in terms
of coordinates at the upper half-plane, says that we have the fixed point ζ0 of F
and satisfying

Im ζ0 > t(α)− C2

where t(β) = −(lnβ)/(2π)+C is the same as in the previous proof and C2 is some
universal constant.
Notice also that if G has some periodic orbit, then F also has a periodic orbit.

2. Lemma Let 0 < β < 1, a be a positive integer, α = (β + a)−1 and G ∈ S(β).
There exists F ∈ S(α) such that:

(i) F has fixed point ζ0 with Im ζ0 > t(α)− C2.

(ii) If G has a periodic orbit with the rotation number p/q (i.e. Gq(ζ) = ζ + p),
then F has a periodic orbit with the rotation number (a + p/q)−1 and such
that

min Im F j(ζ ′) > α ·min ImGi(ζ) + t(α)− const.

3. Let αn and an be the sequences defining the continued fraction expansion. For
any natural m we construct series of maps Fm,m+1, Fm,m, . . . , Fm,0 as follows.
Fm,m+1 = ζ + αm+1 ∈ S(αm+1), Fm,m = F (Fm,m+1) (with a = am+1) and other
maps are constructed in the same way: Fm,l = F (Fm,l+1). Thus Fm,0 ∈ S(α).
Moreover, each Fm,0 has periodic orbits with rotation numbers equal to the reduct
pn/qn of the continuous fraction. The imaginary parts of such orbits are estimated
from below by ∼

∑n
i=1 βi−1| lnαi|. Because the Briuno condition fails the latter

series tend to infinity.
Now we choose a convergent subsequence from the sequence Fm,0. Its limit is just
the F we are looking for. It has infinite series of periodic orbits with arbitrary
large imaginary part. These periodic orbits form obstacle to the linearizability of
F . �
We shall apply the theorems of Briuno and of Yoccoz to germs of analytic planar
vector fields with singular points of saddle type without resonance

ẋ = αx(1 + . . .), ẏ = −y(1 + . . .), (7.12)

where α is irrational.
As in the resonant case (see Section 6) one associates with the analytic separatrix
x = 0 the monodromy map ∆ : (C, 0) → (C, 0), ∆(x) = e−2πiαx + . . . . Theorems
9.62 and 9.65 imply the following.
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9.74. Theorem. If α satisfies the Briuno condition, then any germ (7.12) is ana-
lytically orbitally linearizable.

If α does not satisfy the Briuno condition, then we cannot simply apply the The-
orem of Yoccoz, Theorem 9.67. We should have the realization theorem; any germ
of a non-resonant one-dimensional map is realized as a holonomy map of a certain
holomorphic foliation with saddle singularity. Such a theorem was proved by R.
Perez-Marco and Yoccoz [P-MY] (see also [EISV]).

9.75. Theorem. Let α be irrational. The correspondence:

germ of vector field (7.12) → the germ ∆ of its monodromy

is surjective. This implies that if α does not satisfy the Briuno condition (7.2), then
there exists a germ (7.12) of a vector field which is not analytically linearizable.

As in the case of resonant nodes we do not present the proof of this result. It relies
on gluing together certain domains with standard foliations and application of the
theory of almost complex structures to get a holomorphic foliation.



Chapter 10

Holomorphic Foliations. Global Aspects

§1 Algebraic Leaves

We study holomorphic foliations in CP 2 (and in other general projective alge-
braic surfaces). Any such foliation F in CP 2 is defined as the phase portrait of a
polynomial vector field in each affine chart

V = P∂x + Q∂y,

or of a Pfaff equation, ω = 0,

ω = Qdx− Pdy

(P (x, y), Q(x, y) – polynomials). The leaves (i.e. the phase curves with complex
‘time’ ) are either Riemann surfaces or singular points.

10.1. Definition. The degree of the foliation F in CP 2 is the number of tangency
points of the leaves of the foliations with a typical projective line. It is denoted by
degF .
An equivalent definition relies on the following alternative:

(i) either deg V = n and the highest degree homogeneous part of V is not of the
form KE, where

E = x∂x + y∂y

is the Euler vector field and K is a homogeneous polynomial of degree n− 1;

(ii) or V = KE + ( lower order terms ).

In the case (i) we have degF = n and in the case (ii) we have degF = n− 1.
The space of foliations of given degree can be identified with some Zariski open
subset of a projective space CPN ; we take the space of polynomial vector fields
of given form and identify two vector fields which differ by multiplication by a
constant.

Problem. Prove equivalence of the two definitions.

10.2. Proposition. Any holomorphic foliation of degree n has n2 + n + 1 singular
points (multiplicity counting).
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Proof. It is enough to prove this proposition separately in the cases (i) and (ii)
with generic P, Q.
In the case (i) there are n2 finite critical points. At the line at infinity, denoted by

L∞ = {(x : y : 0)} � CP 1,

there are n +1 critical points; in the projective coordinates z = 1/x, y = y/x near
L∞ = {z = 0} the foliation is given by

ż = zP̃ , u̇ = Q̃n − uP̃n + z(. . .),

where the polynomial Q̃n − uP̃n is of degree n + 1. (Here P̃ = znP (1/z, u/z) =
P̃n + z(. . .)).
In the case (ii) the intersection number (in CP 2) of the algebraic curves, defined
(locally) by P = 0 and by Q = 0, is equal to n2 (by the Bezout theorem). However,
because F is non-singular at L∞, we must delete from this intersection number
the intersections at infinity. These intersections are given by

P̃n = Q̃n = 0,

where P̃n = K̃, Q̃n = uK̃. Thus we have n2 − (n − 1) = (degF)2 + degF + 1
singular points. �

10.3. Definition. An algebraic curve S is called invariant for the foliation F if it
forms a union of leaves of F .
A (complex) 1-dimensional leaf L is called algebraic if its topological closure forms
an invariant algebraic curve.
If the invariant irreducible curve is given (in an affine chart) as a zero of a poly-
nomial S = {f = 0} (f – irreducible), then we have

ḟ = g · f

where the dot means derivative with respect to the vector field, fxP + fyQ, and g
is a polynomial of degree n− 1.
Note that when two curves f1,2 = 0 are invariant, then we have d

dt (f1f2) = (g1 +
g2)f1f2 and hence f1f2 = 0 is also invariant. One can take also powers f j and
extend the definition of invariant algebraic curves to non-reduced curves (with
nilpotent elements in their local rings.)

10.4. Examples.

(a) The vector fields with invariant line y = 0 are of the form ẋ = P , ẏ = yQ1.
The corresponding Pfaff forms are yQ1 − Pdy.

(b) The line at infinity is invariant in the case (i) and is not invariant in the case
(ii) (see Definition 10.1).
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(c) The level curves H(x, y) =const are invariant for the Hamiltonian vector field
XH = Hy∂x −Hx∂y (or for the Pfaff equation dH = 0).

These curves are also invariant for M−1XH (and M−1dH = 0) where
M is the integrating multiplier and H is the first integral.

(d) The Pfaff equation gdf + fα = 0, with polynomial g and polynomial 1-form
α, has invariant curve f = 0.

10.5. Theorem of Darboux. ([Dar]) If a polynomial vector field of degree n has
r ≥ n(n+1)/2 different affine invariant algebraic curves fi = 0, then it has a first
integral of the form

fa1
1 . . . far

r (1.1)

where aj ∈ C.

Proof. We have ḟi = gifi where gi belong to the n(n + 1)/2-dimensional linear
space of polynomials of degree ≤ n−1. Thus they are dependent,

∑
aigi = 0. But

this means that
∑

ai(ḟi/fi) = d
dt(ln

∏
fai

i ) = 0. �

10.6. Definition. The functions of the form (1.1) are called the Darboux functions.
The functions of the form

eg
∏

fai

i ,

with rational g and polynomial fi, are called the generalized Darboux functions.
They can be obtained as limits of Darboux functions.
If H is a Darboux function, then the vector field

VH = M−1XH =
∑

i

aiXfi

∏
j �=i

fj,

where M =
∏

fai−1
i , has first integral H and invariant algebraic curves fi = 0. If

H is a generalized Darboux function, then also XH is of the form M−1 times a
polynomial vector field, with H as first integral and the curves fi = 0 as invariant
algebraic curves. Also the polar curves of g (i.e. g = ∞) are invariant.

One can generalize the Darboux theorem to a smaller number of curves but of
rather general type. In order to do it we begin with a demonstration that Example
10.4(d) is rather typical.

10.7. Proposition.

(a) If an affine algebraic curve f = 0 is smooth and invariant with respect to
the Pfaff equation ω = 0, then there exist a polynomial g and a polynomial
1-form α such that

ω = gdf + fα.
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(b) If the curve f = 0 is not smooth, then we have

hω = gdf + fα

for some polynomial h.

(c) If f = 0 has only double points (i.e. transversal self-intersections) as singu-
larities, then we can choose the function h in (b) as any polynomial vanishing
at the double points.

Proof. (a) The 1-forms ω|f=0 and df |f=0 have the same kernels and hence are
proportional. Moreover, by the smoothness assumption, df |f=0 is nonzero. Thus
(ω/df)|f=0 is a regular function on f = 0 with polynomial growth at infinity. It is a
polynomial function on an affine algebraic curve. The ring of such functions is the
quotient C[x, y]/(f); (note that due to smoothness the curve f = 0 is irreducible).
This means that (ω/df)|f=0 is a restriction of some polynomial g to the curve.
The 1-form ω − gfd (defined in C2) vanishes at f = 0 and must be of the form
fα.
(c) If f = 0 has a double singular point p with two local branches, then the function
(ω/df)|f=0 is regular at any of the branches separately. However their values at
p may disagree. In order to avoid this difficulty one multiplies ω by a function
vanishing at p.
(b) We choose affine coordinates such that fy �≡ 0. Let ω = Qdx − Pdy. From
the formula df = fxdx + fydy we calculate dy = (df − fxdx)/fy and substitute
it to ω. We find fyω = −Pdf + (Pfx + Qfy)dx where Pfx + Qfy = ḟ = kf
(the invariance of f = 0). This gives the formula from the point (b) with h = fy,
g = −P , α = kdx. �
The above proposition has generalization to the case of many invariant affine
algebraic curves f1 = 0, . . . , fr = 0 of degrees k1, . . . , kr. We put here the following
restrictions on their relative positions:

(i) they are smooth (in CP 2), or

(i)′ they have only double points as singularities;

(ii) they intersect each other transversally in C2 and there are no triple intersec-
tions;

(iii) they intersect the line at infinity transversally and at different points.

10.8. Proposition.

(a) Under the assumptions (i) and (ii) we have

hω = α
∏

fi +
∑

i

gi

⎛⎝∏
j �=i

fj

⎞⎠ dfi, (1.2)

where h ≡ 1, α is a polynomial 1-form and gi are polynomials.
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(b) Under assumptions (i)′ and (ii) the representation (1.2) holds for any poly-
nomial h vanishing at the double singular points.

(c) Let n = deg hω and k =
∑

ki. If additionally condition (iii) holds, then α
and gi in (1.2) can be chosen such that

deg α ≤ n− k, deg gi ≤ n− k + 1.

In particular, if n = k − 1, then there is a Darboux first integral and if
n < k − 1, then ω ≡ 0.

Proof. (a) We repeat the proof of Proposition 10.7.(a) and we obtain a holomorphic
function (ω/dif)|fi=0 on any curve fi = 0. The intersection points fi = fj = 0
are singular points of the foliation; ω vanishes there and also (ω/dfi)|fi=0 vanishes
there. Thus (ω/df)|fi=0 = gi(

∏
j �=i fj)|fi=0 where gi is holomorphic on the curve

fi = 0. As before we extend gi to a polynomial in C2 (denoted still by gi). The
1-form ω −

∑
i gi

(∏
j �=i fj

)
dfi vanishes at each fj = 0 and is divisible by the

product of fj’s.
(b) As in the proof of Proposition 10.7.(c) we show that (hω/dfi)|fi=0 are holo-
morphic at fi = 0. The further proof is as in (a).
(c) Of course, the representation (1.2) is not unique; one can replace gi by gi−fiei

with simultaneous replacing of α by α + eidfi.
The transversality condition at infinity means that the highest order homogeneous
parts fi,ki of the polynomials fi have only simple linear factors αjx − βjy (cor-
responding to the points (βj : αj : 0) ∈ L∞). Moreover, the set of intersection
points for different curves do not intersect each other. This implies the following.
Along any branch of fi = 0 going to infinity we have

dfi|fi=0 ∼ |x|ki−1, fj |fi=0 ∼ |x|kj

(here x is a point on {fi = 0} ⊂ C2 tending to infinity).
We have (hω)|fi=0 = gi

(∏
j �=i fj

)
dfi|fi=0. This implies gi|fi=0 = O(|x|n−k+1). If

deg gj > n−k+1, then its highest order homogeneous part is divisible by the part
fi,ki of fi. We can represent gi as g′fi + g′′ with deg g′′ < deg g. Next we apply
the same to g′′, etc.; until we obtain the degree ≤ n− k + 1.
If deg gi ≤ n− k + 1, then the form ω −

∑
gi

(∏
j �=i fj

)
dfi is of degree ≤ n. This

means that α (from (1.2)) has degree ≤ n− k.
If n = k + 1, then α = 0 and gi are constants. The function

∏
fgi

i is the first
integral. If n < k + 1, then α = 0, gi = 0. �
Now we are prepared to prove the result of Jouanolou about absence of algebraic
invariant curves for certain foliations in CP 2. Namely, J. P. Jouanolou considered
the following system (written in homogeneous coordinates):

ẋ1 = xn
2 , ẋ2 = xn

1 , ẋ3 = xn
2 .
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In the affine coordinates x = x1/x3, y = x2/x3 we have

ẋ = 1− xyn, ẏ = xn − yn+1. (1.3)

We see that the degree of the corresponding foliation is equal to n.

Note that if n = 1, then the line x1 + x2 + x3 = 0 is invariant. Generally, any
foliation of degree 1 has invariant algebraic curve. Indeed, with a singular point
at x = (x1, x2) = (0, 0) we have ẋ = Ax + l(x)x, where A is a matrix and l(x) is a
linear functional. Transforming A to the Jordan form we obtain an invariant line.

10.9. Theorem of Jouanolou. ([Jou]) If n ≥ 2, then the vector field (1.3) does not
have algebraic invariant curves in CP 2.

Proof. We follow the work [Zo5].
1. Lemma. The vector field (1.3) admits actions of the three groups Z2, Z3 and
Zn2+n+1.

Proof. The generator of Z2 is the usual conjugation ρ : (x, y)→ (x̄, ȳ). The gener-
ator of Z3 is obtained from the cyclic permutation (in reverse order) of the homo-
geneous coordinates and reads as (x, y) → (y/x, 1/x). (After this transformation
we get a rational vector field and we have to multiply it by some polynomial, but
such operation does not change the phase portrait.) The generator of Zn2+n+1 is
given by

σ : (x, y)→ (ζ−nx, ζy), ζ = e2πi/(n2+n+1). �

2. Lemma.

(a) The vector field (1.3) has n2 + n + 1 singular points p0 = (1, 1), pj = σjp0,
j = 1, . . . , n2 + n.

(b) The eigenvalues of the linear parts of the vector field (1.3) at the points pj

are equal to λ1,2 = 1
2 (−n− 2± in

√
3)ζnj , i =

√
−1.

(c) For any pj there are only two locally analytic curves tangent to the vector
field (1.3) and passing through pj; they intersect one another transversally.

(d) The line at infinity l∞ is not invariant for the vector field (1.3). The trajec-
tories of (1.3) cross L∞ transversally, except the trajectory γ going through
the point (1 : 0 : 0). The γ has its real part γR, part of which lies in the first
quadrant ∆ = {x, y, z > 0}.

(e) The only singular point of the vector field (1.3) in R2, p0, is a stable focus
and all trajectories starting at the first quadrant tend to p0. None of these
trajectories is algebraic. If n is even, then none of the real 1-dimensional
trajectories is algebraic.
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Proof. (a), (b) and (c) are standard.
(d) In the (x, z)-chart we have ż|L∞ = 1 > 0. In the (y, z)-chart we have ż|L∞ = yn

and near the point z = y = 0 we have dz
dy = yn + . . .. So the equation of the

trajectory γ is z = 1
n+1yn+1 + . . . and γR ∩ {y > 0} is in ∆.

(e) The type of p0 follows from the point (b). To prove that p0 is contracting all
points of ∆ we notice that at the boundary of ∆ the vector field (1.3) is directed
into inside of ∆. Next, the divergence of this vector field is equal to −(n+2)yn < 0
and, by the Dulac criterion (Theorem 6.8), ∆ does not contain limit cycles and
the point p0 is contracting at any point of ∆. Therefore the trajectories in ∆ are
spirals and cannot be algebraic.
If n is even, then all this holds for any trajectory starting at RP 2 \ (1 : 1 : 1). �

3. Corollary. Any irreducible invariant algebraic curve fi = 0 of the vector field
(1.3) satisfies properties (i)′, (ii) and (iii) preceding Proposition 10.8.

4. Suppose that S0 is an invariant irreducible algebraic curve of the vector field
(1.3). Of course, the curves σi(S0) = σiS0 and ρσiS0 are also invariant. (It may
happen that σiS0 = S0 or ρσiS0 = σiS0.)
Let us estimate the total number of intersections of these curves with L∞. If
a0 ∈ S0 ∩ L∞, then we get the points σia0 and ρσia0, i = 1, . . . , n2 + n.
We have a0 = (x0 : y0 : 0), x0y0 �= 0, because otherwise a0 would be one of the
corners of ∆ and its phase curve would be a spiral. Thus a0 = (1 : y0 : 0) and
σa0 = (1 : ζn+1y0 : 0).
Next, it is possible that the set {ρσia0}i=0,1,... intersects the set {σia0}. But then
it includes a real point, which cannot occur for n even, (see Lemma 2(e)).
Let S0, S1, . . . be all irreducible invariant algebraic curves for the vector field (1.3),⋃

σiS0∪
⋃

ρσiS0 ⊂
⋃

Si. The sum of their degrees is equal to the number of their
intersections with the line at infinity.
Therefore k =

∑
deg Si ≥ n2 + n + 1 for n odd and k ≥ 2n2 + 2n + 2 for n even.

By Corollary 4 the assumptions of Proposition 10.8 hold. We apply it with h =
(1 − xyn) (the first components of the vector field (1.3)) and with ω = (xn −
yn+1)dx− (1−xyn)dy. We get deg hω = 2n+2. It is smaller than k− 1 for n ≥ 2.
Therefore ω ≡ 0 (see Proposition 10.8.(c)).
This contradiction completes the proof of Theorem 10.9. �

Before formulating and proving the next result (genericity of foliations without
algebraic leaves) we present some information about line complex bundles, their
Chern classes and divisors on complex algebraic manifolds. These are the standard
tools for studying algebraic manifolds. We shall treat them shortly; for more details
we refer the reader to the book of P. Griffiths and J. Harris [GH].

10.10. Line and vector bundles, Chern classes and divisors.
1. The first Chern class of a line bundle. A line bundle L on a complex manifold
M is a complex holomorphic vector bundle with 1-dimensional fiber. Locally (over
Uα ⊂ M) it is isomorphic to Uα × C with the transition diffeomorphisms of the
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form (x, ζ) → (x, ξα,β(x)ζ) over Uα ∩ Uβ . Here ξα,β(x) are nonzero holomorphic
functions, sections of the sheaf O∗. The line bundle L has its inverse (or dual)
L−1 = L∨ = L∗ with the transition functions ξ−1

α,β . The line bundle L ⊗ L′ has
transition functions ξα,β · ξ′α,β .
The system ξ = (ξα,β) defines a 1-cochain with values in O∗. It is a cocycle,
ξα,βξβ,γξγ,α = 1 and defines an element of the first Čech cohomology group
[ξ] ∈ H1(M,O∗). Note also that if ξ is a coboundary, i.e. ξα,β = ζα/ζβ , then
the mappings (x, z) → (x, ζα(x)z) in Uα × C define a diffeomorphism of L with
trivial bundle M × C. Thus the space of line bundles modulo isomorphism is the
same as the above cohomology group.
We have the exact sequence of sheaves

0 → Z → O exp→ O∗ → 0

where exp = exp(2πi·) and Z is the locally constant sheaf. By Lemma 3.29 (in
Chapter 3) it induces a long exact sequence of cohomology groups. In particular,
we get the homomorphism

H1(M,O) δ→ H2(M, Z).

By definition, the first Chern class of the bundle L is c1(L) = δ[ξ].
We describe this class in terms of the transition cocycle ξα,β. This cocycle is
an image of some cocycle with values in O, i.e. hα,β = (2πi)−1 ln ξα,β . We take
its Čech coboundary kα,β,γ = hα,β + hβ,γ + hγ,α. We have exp k = 0 (it equals
δ1 ◦ exph = δ1ξ = 0) which means that kα,β,γ takes integer values and defines a
2-cocycle with values in Z. We have c1(L) = [kα,β,γ ].

2. Expression of c1 in terms of the connection and the higher Chern classes for
vector bundles. By the de Rham Theorem 3.24 the group H2(M, Z) is included
in the group H2

dR(M, C) of de Rham cohomologies. It turns out that the 2-form
representing c1(L) is the curvature form of any holomorphic connection of the
bundle.
A connection in L tells us how to lift vectors from TxM to T(x,ζ)L and is locally
(over Uα) given by the formula v → (v, 〈θ, v〉ζ), where θ = θα =

∑
θidxi (without

dx̄i’s) is a smooth 1-form called the connection form. Such a connection is com-
patible with the complex structure of M . The connection says how to differentiate
local sections s(x) of L: ∇s = ds + θs. This differentiation extends to differen-
tiations of k-forms on M with values in L. If L is equipped with a hermitian
metric (we shall assume this) then the connection is compatible with the metric
iff d(s, s′) = (∇s, s′) + (s,∇s′). The operator ∇2 = dθ − θ ∧ θ is the 2-form of
the curvature Θ of the connection. Because θ is of type (1, 0) its compatibility
with the metric implies that Θ is a hermitian matrix of (1, 1)-forms. In one di-
mension Θ = dθ is a (1, 1)-form with real coefficients (its (0, 2)-part is zero and
Θ + Θ

�
= 0).
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In the case of vector bundles (many dimensional fiber), the 1-form θ takes values
in the Lie algebra gl(m, C) (or in the Lie algebra of the structural group of the
bundle). In such a case Θ is a (1, 1)-form with values in this Lie algebra.
The connection forms, written in different trivializations, are related by the gauge
transformations: θα = ξα,βθβξ−1

α,β + dξα,β · ξ−1
α,β (or θα = θβ + d ln ξα,β after identi-

fications). This implies that the differences between connection forms in different
trivializations are equal to θα − θβ = d ln ξα,β = hα,β and that Θ is well defined,
dθα = dθβ .
To show that c1(L) = Θ, we must repeat the proof of the de Rham theorem.
We have two exact sequences of sheaves 0 → Z1 → E1 → Z2 → 0 and 0 →
R → E0 → Z1 → 0, where Ej are sheaves of smooth forms (with zero positive
cohomology groups) and Zj are closed forms. The long exact sequences give the
isomorphisms H0(Z2)/dH0(E1) δ1→ H1(Z1) and H1(Z1) δ2→ H2(R). One checks
that δ1(Θ) = (θβ − θα) = −(hα,β) and δ2(h) = (kα,β,γ) (see the previous point).
Thus we get

c1(L) = (i/2π)[Θ].

In the case of multi-dimensional complex vector bundles one defines the higher
Chern classes cj as the de Rham classes of the (j, j)-forms trΛj(iΘ/2π). It turns
out that these forms are closed and their cohomology classes do not depend on
the choice of the connection.

3. Line bundles associated with divisors. If V ⊂ M is a codimension 1 algebraic
irreducible subvariety of an algebraic variety M , then we can associate with it a
certain line bundle [V ] as follows. If locally V is given by the equations fα = 0,
then we define the cocycle ξα,β = fα/fβ with values in O∗. The cocycle (ξ) defines
the line bundle L = [V ].
The divisor on M is a finite formal sum D =

∑
njVj of hypersurfaces with integer

coefficients. If fj,α = 0 are the local equations of the hypersurfaces Vj , then the
cocycle ξα,β =

∏
(fj,α/fj,β)nj defines the linear bundle [D].

If f ∈ C(M) is a meromorphic function on M , then we associate with it the divisor
(f) =

∑
V ordV f ·V of zeroes and poles; here ordV f is the order of zero of f at V

or minus the order of pole of f at V . The (f) is called the principal divisor. Two
divisors whose difference is a principal divisor are called linearly equivalent.
It is easy to see that the line bundle associated with a principal divisor is trivial.
Thus we have a homomorphism from the group of classes of divisors Div (M) to
the group (with respect to ⊗) of line bundles, called also the Picard group Pic (M).
There is a reverse homomorphism defined as follows. Let s(x) be a meromorphic
section of a line bundle L. Then we associate with L the divisor (s) of zeroes and
poles of the section s. We have [(s)] = L.

4. Theorem. The Chern class of the line bundle associated with a hypersurface [V ]
is the coorientation class of V .

We prove this theorem only in the case when M is 1-dimensional. Then V = p is
a point and the thesis of Theorem 4 means that (i/2π)

∫
M Θ = 1.
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Note that we can choose the covering consisting of two open sets U1 = {|x| < 1}
and U2 = M − {|x| ≤ 1/2}, where x is a local coordinate near p. Then f1 = x,
f2 = 1, ξ1,2 = x and the (local) sections of the bundle L = [p] can be identified
with germs of holomorphic functions vanishing at p. (Note that any global section
of L is identically zero, H0(M,O(L)) = 0.)
Let e = e(x) be a local nonzero section of a line bundle L (defining local trivial-
ization) and let θ be the connection form expressed in the basis defined by e, i.e.
∇(λ · e) = (dλ + θλ) · e. Then we have θ = ∂ ln |e|2 and

Θ = ∂̄∂ ln |e|2 = 2πiddc ln |e|2. (1.4)

It is proven by developing the formula d|λe|2 = (∇(λe), λe) + (λe,∇(λe) for any
section s = λe(x). Above ∂ = dz∂z, ∂̄ = dz̄∂z̄ , d = ∂ + ∂̄, dc = (i/4π)(∂̄ − ∂).
Moreover, the formula (1.4) holds also in the multi-dimensional case. Note that
e(x) �≡ 0 can be chosen arbitrarily.
We choose e(x) = x in U1 and e(x) = 1 in U2. We have

(i/2π)
∫

M

Θ = − lim
ε→0

∫
M\{|x|<ε}

ddc ln |e|2 = lim
∫
|x|=ε

dc ln |x|2 = 1.

The proof in the general case is not much more complicated (see [GH]).

5. Chern classes of line bundles over curves. If L is a line bundle over a Riemann
surface M , then c1(L) can be treated as an integer number, the value of the Chern
class on the fundamental cycle of M (or as the integral of the curvature form over
M). In this case c1(L) is the number of zeroes minus the number of poles (with
multiplicities) of any meromorphic section of the bundle.
Here c1(L) is called also the Euler class of the bundle or the degree of the bundle.
One can see that c1(L) is equal to the self-intersection index of the zero section
M → L, x → (x, 0). Indeed, the self-intersection index (M, M)L is the index of
intersection of M with a typical small continuous section t(M) of L. One can
construct such a section from a meromorphic section s(x).
We have t(x) = s(x) outside small discs around poles of s. In any disc around
a pole we have s(x) = x−m; we replace it by t(x) =const·x̄m. The section t(M)
intersects M in the zeroes of s, with index equal to the multiplicity of the zero,
and in the poles of s, with index equal to minus the multiplicity of the pole.
This topological definition of the Chern class allows us to extend it to topological
fibrations whose fibers are either real planes or circles and with transition maps
taking values in the group SO(2).

6. The Chern class of a normal bundle of a curve in a surface. Let V ⊂ M be
a smooth algebraic hypersurface in an algebraic manifold M . The normal bundle
NV = TV M/TV V on V is a line bundle. It turns out that

NV = [V ]|V
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(the adjunction formula), i.e. the bundle (on M) defined by the divisor V ⊂ M
and restricted to V .
We shall show that N∨

V ⊗ [V ] is a trivial bundle, which is equivalent to the ad-
junction formula. Let V be locally defined by fα = 0. The forms dfα define local
sections of N∗

V . Moreover, dfα = d(ξα,βfβ) = ξα,βdfβ on V . Thus dfα are trans-
formed in the same way as the sections of the bundle [V ], defined by ξα,β = fα/fβ.
This means that they should be treated as sections of [V ]|V with coefficients in
NV , dfα = dfα ⊗ 1. In this way we get a global section s of N∨

V ⊗ [V ]. This sec-
tion nowhere vanishes. The latter fact allows us to construct a trivialization of
N∨

V ⊗ [V ]: V × C � (x, z)→ zs(x).
Let now V be a curve S in an algebraic surface M . By 5., c1(NV ) is the self-
intersection index of S in NS as its zero section; (it follows also from the adjunction
formula). This is the same as the index of self-intersection of S in M ,

c1(NS) = (S, S)M .

7. Examples. If M = CPn and H � CPn−1 is its hypersurface, then the corre-
sponding line bundle [H ] is O(1) (see also 8.42). For example, let H = {x1 +
x2 + x3 = 0} in CP 2 = {(x1 : x2 : x3)}. We take the covering of M by:
U3 = {x3 �= 0} (with the coordinates x = x1/x3, y = x2/x3), U2 = {x2 �= 0} (with
v = x1/x2, w = x3/x2) and U1 = {x1 �= 0} (with u = x2/x1, z = x3/x1). Then the
line H is given by the equations fj = 0, where f3 = x + y + 1, f2 = v + 1 + w,
f1 = 1 + u + z. The line bundle [H ] is given by the cocycle ξij = fi/fj = xj/xi.
All linear homogeneous functions l(x1, x2, x3) can be treated as global sections of
O(1). Indeed, putting li = l(x1/xi, x2/xi, x3/xi) as local sections of O(1) in Ui,
we find that li = ξij lj .
If V is a hypersurface of degree d, then [V ] = O(d) = O(1)⊗d with the transition
cocycle ξij = (xj/xi)d and with a space of global sections isomorphic to the space
of homogeneous polynomials of n + 1 variables of degree d.
If H is as above, then the space tangent to H above U3 is isomorphic to the
space of pairs ((x, y), (η, ρ)) ∈ C2 × C2, such that f3(x, y) = 0 and 〈df3, (η, ρ)〉 =
0, i.e. η + ρ = 0. The normal bundle NH (with the projection NH → H) can
be identified with the space of points ((x, y), θ∇f3) = ((x, y), (θ, θ)) (with the
projection (η, ρ) → 1

2 (η+ρ)(1, 1)). Above U1 we have also NH = {((u, z), λ(1, 1))}
with the same projection.
The transition function (x, y) → (u, z) = Φ31 = (y/x, 1/x) has its derivative

DΦ31 =
(
−uz z
−z2 0

)
as its transition matrix for the tangent bundle. Because u =

−z−1 at H one sees that the action of DΦ31 on NH is θ(1, 1)→ zθ(1, 1) (mod TH);
the vector θ(1, 1) above U1 is identified with −z−1θ(1, 1). Thus the transition map
is of the form ξ31 = z−1 = x1/x3, the same as for [H ]. This explains the adjunction
formula.
The bundle KM = Ωn

M = ΛnT ∗
hol, n = dim M is called the canonical bundle. We

have K = O(−n−1) for M = CPn. In the case n = 2 we have du∧dz = z3dx∧dy
in U1 ∩ U3 and the transition map for K is ξij = (xj/xi)−3
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We look also a little bit at the tangent bundle to CP 2, TholCP 2. Its transition
operators are the matrices DΦij defined above. This bundle has global sections.
For example, the constant vector field a∂x + b∂y in U3 is identified with z(b −
au)∂u − az2∂z in U1 ∩ U3. The latter vector field is divisible by z.
If we want to represent foliations of CP 2 as sections of a certain holomorphic
vector bundle over CP 2, then the bundle T = Thol is not a good choice. However,
when we take the tensor product T ⊗ O−1, then the tensor field (a∂x + b∂y) ⊗ 1
in U3, (b − au)∂u − az∂z) ⊗ 1 in U1 (and analogously in U2) represents a global
section of the bundle T ⊗O(−1). On the other hand, this system of vector fields
represents a holomorphic foliation of degree 0. One can see that, instead of the
constant initial vector field, we could use the general vector field giving a foliation
of degree 0: (a + cx)∂x + (b + cy)∂y, transformed to (b − au)∂u − (c + az)∂z.
Generally a foliation of degree d is a global holomorphic section of the vector
bundle

TholCP 2 ⊗O(d− 1).

Now we pass to holomorphic foliations on algebraic surfaces and their invariant
algebraic curves.
Let F be a holomorphic foliation defined in a smooth algebraic surface M by a
Pfaff equation ω = 0. Assume that S ⊂ M is an algebraic curve invariant with
respect to F .

10.11. Definition. Let p ∈ S be a singular point of the foliation. The point p can
be a singular point of the curve S or not. In any case S can be decomposed near
S into certain irreducible local components Bj , j = 1, . . . , s, each homeomorphic
to a disc; there is a parameterization D → Bj (homeomorphism analytic outside
0).
Let Bj = {fj = 0}. By Proposition 10.7(b) we have hω = gdfj + fjα, where g, h
are analytic functions and α is an analytic 1-form.
We define the Camacho–Sad index of the branch Bj with respect to F as

i(Bj ,F) =
−1
2πi

∫
γ

α

g

where γ is a positively oriented loop in Bj , generating the fundamental group of
Bj\p. One can see that this definition does not depend on the above representation
of the Pfaff form, i.e. on the change g → g − kfj, α→ α + kdfj .
We define the Camacho–Sad index of the curve S with respect to F as

C(S,F) =
∑

p

∑
Bj

i(Bj ,F)

(the sum over singular points of F and local branches of S).

10.12. Examples. If S is smooth near p, i.e. S = B = {y = 0}, then we have
ω = y(Q0(x)+. . .)dx−(P0(x)+. . .)dy or h ≡ 1, g = −P0+O(y), α = (Q0+O(y))dx.
Thus i(B,F) = Resp(Q0/P0), the residuum at p.
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Assume that p = (0, 0) and that P0 = λ1x + . . ., Q0 = λ2 + . . .. λ1,2 are the
eigenvalues of the linearization of the corresponding vector field at the critical
point. In this case we have

i(B,F) = λ2/λ1.

Therefore for smooth S we have C(S,F) =
∑

p(λ2/λ1)(p).

10.13. Theorem.

(a) (C. Camacho, P. Sad [CS2]) If S is smooth, then

C(S,F) = c1(NS).

(b) (A. Lins-Neto [L-N1]) If S is arbitrary and M = CP 2, then

C(S,F) = 3 deg S − χ(S) +
∑

p

∑
Bj

µ(Bj)

where χ(S) = 2− 2g(S) is the intristic Euler characteristic of S and µ(Bj)
is the Milnor number of the germ of hypersurface Bj. In particular, C(S, F )
is always positive.

10.14. Remark. The intristic Euler characteristic and the intristic genus g(S) of
an irreducible algebraic curve can be defined as the Euler characteristic and the
genus of its smooth normalization. In the process of desingularization we take only
the proper preimages of the blown-up curve (we delete the pasted divisors) and
we blow up also double points. For example, the generic elliptic curve y2 = P3(x)
has genus 1 but the singular elliptic curve y2 = x2(x− 1) is parameterized by the
rational curve CP 1, t→ (1 + t2, t(1 + t2)2) and has genus 0.
If S ⊂ CP 2 is smooth of degree d, then we have the formula for genus g(S) =
(d−1)(d−2)/2. Putting it into the Lins–Neto formula we get C(S,F) = d2, which
is equal to the index of self-intersection of S (see above).

Proof of Theorem 10.13. (a) Locally, in a chart Uα (which we assume contains all
critical points) in M , the foliation is given in the form of the equation

dy

dx
=

P (x, y)
Q(x, y)

= y
P0(x)
Q0(x)

+ . . .

where S = {y = 0}. Here P0/Q0 depends on the chart, i.e. on α. The linear part
of this equation is the equation for sections y(x) = yα(x) of the normal bundle to
S. We have yα(x) = C exp

(∫ x
ηα

)
, where ηα = (Q0/P0)dx. Thus yα = ξα,βyβ ,

with ξα,β = exp
(∫

ηα − ηβ

)
. Therefore

ηα − ηβ = d ln ξα,β .

This formula allows us to calculate the 2-form representing the Chern class of
the normal bundle to S. Recall that, by 10.10.2, we should represent d ln ξα,β as
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θα − θβ where θα are smooth (1, 0)-forms; next we take Θ = dθα and the Chern
form is iΘ/2π.
We have ηα =

∑
aid ln(x − xi) + dψ + τα where ai = Resxi(P0/Q0), xi and the

meromorphic function ψ are the same as for other ηβ (the same polar parts) and
τα is a smooth (1, 0)-form. We can choose θα = τα. Thus Θ = dτα = dηα.
We have ∫

M

Θ = lim
ε→0

∫
M−∪B(xi,ε)

Θ = − lim
∑∫

∂B(xi,ε)

ηα

where B(xi, ε) are ε-balls with centers at xi. The integrals of dψ are zero, the
integrals of τα’s tend to zero and the integrals of aid ln(x− xi) give 2πiai.
This gives the point (a), i.e. the theorem of Camacho and Sad.

(b) We do not present all the details, only the general outline of the proof.
The idea is to resolve all the singularities of S ⊂ CP 2. Then we obtain some
smooth curve S̃ in an algebraic variety M , the latter equipped with a foliation F̃ .
We apply the Camacho–Sad theorem to S̃, which gives the index of the normalized
curve. This index is an integer number. We shall show that, during the resolution
process, the index of the curve changes by integers and does not depend on the
foliation (with the only condition that the curve is invariant). Next we calculate
the index of the initial curve with respect to some special foliation defined by a
Hamiltonian vector field.

Lemma. Let (x, u) π→ (x, y) = (x, ux) be the blowing-up of the singular point of a
local irreducible component B = {f = 0} of S, let B̃ = π−1(B�0) be the proper
preimage of B and let F̃ = π∗F be the pull-back of the foliation F defined by
ω = 0 (tangent to B). Then

i(B,F) = i(B̃, F̃) + m,

where m is a positive integer.

Proof. We have π∗f = xl · f̃(x, u). Let hω = gdf + fα be the decomposition from
Definition 10.11. Then we have the analogous decomposition for π∗ω: π∗(hω) =
π∗h · π∗ω = (π∗g · xl)df̃ + [lπ∗g · xl−1dx + π∗α · xl]f̃ = g1df̃ + f̃α1. We see that
i(B,F) = i(B̃, F̃) + (l/2πi)

∫
dx/x, where the integral runs along a loop in B̃�0.

If B projects regularly onto the x-plane, then the integral is 2πi; otherwise, it is
equal to the ramification index of this projection (times 2πi). �
Proposition 1. Let the curve S = {f = 0} be transversal to the line at infinity and
let F0 be the Hamiltonian foliation, defined by the polynomial Pfaff form ω = df
(in the affine part). Then the index of S with respect to F0 is equal to the number
from the thesis of Theorem 10.13.(b).

We shall not prove this result in its full generality; the reader can find it in the A.
Lins-Neto’s paper [L-N1]. We prove the weaker version of this proposition.

Proposition 2. If the curve S of degree d is transversal to L∞ and has only δ finite
double points as its singularities, then:
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(i) C(S,F0) = d2 − 2δ and

(ii) χ(S) = 3d− d2 + 2δ.

In this case Theorem 10.13.(b) follows because µ(Bj) = 0. �

Proof of Proposition 2. (i) The singular points of the foliation F0 are finite and
infinite.
The finite singular points in S are the critical points of the function f at f = 0;
they are the double points of the curve S. Each such singularity is non-degenerate
with two local smooth branches of S. The ratios of eigenvalues of the Hamiltonian
vector field are equal to −1 (both). This means that the contribution to C(S,F0)
from finite singularities is equal to −2δ.
Any infinite singularity of the vector field Xf is a d : 1 resonant node, where the
greater eigenvalue is in the direction of the line at infinity. Indeed, if (1 : 0 : 0) ∈
S ∩L∞ is such a point, then f(x, y) = y

∏d−1
1 (x− viy) + ( lower order terms ). In

the projective coordinates we get f = z−d(u + . . .) = const for the phase curves,
as in the resonant node.
This means that each infinite singularity gives the contribution d to the index and
all infinite singularities give d2.
Summing up these two numbers, we obtain the result.

(ii) We use the Poincaré–Hopf theorem (Theorem 1.14 in Chapter 1) saying that
χ(S̃) is equal to the sum of indices of any vector field on S̃. Here S̃ is a normal-
ization of S (the double points are unglued) and is treated as a real surface.
As a candidate for the vector field we choose

X = ρXf ,

where ρ : S → R is a smooth function, positive on the finite part of S and having
sufficiently high order zero at S ∩ L∞. This vector field is defined on the singular
curve S but it is lifted without obstacles to S̃.
The index of X at a local branch of a finite singularity is equal to 1. Indeed,
if the branch is parameterized by u and dx/du �= 0, then u̇ = (dx/du)−1ẋ =
(dx/du)−1ρf ′

y = Au + . . . with the complex number A �= 0. This means that the
contribution to χ(S) from finite singularities is 2δ.
Near a point at infinity, e.g. (1 : 0 : 0), the local parameter is z = 1/x. We have
ż = −z2ẋ = −ρz2f ′

y = −ρz3−d(1 + . . .) = −ρ|z|6−2d(1 + . . .)z̄d−3. Here ρ is so
flat that the non-negative factor ρ|z|6−2d is smooth and does not affect the index.
Thus the index of an individual singular point is 3 − d and the contribution to
χ(S) from all infinite singularities of X equals 3d− d2. �

10.15. Remark. If S had a cusp type singularity, e.g. y2 − x3 + . . . = 0 (parame-
terized by τ : x = τ2 + . . ., y = τ3 + . . .), then the index of Xf at such singularity
would be equal to 2: τ̇ ≈ (2τ)−1(2y + . . .) = τ2 + . . ..
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This gives the first Plücker formula for planar projective curves with only singu-
larities of double point and cusp types

g(S) =
1
2
(d− 1)(d− 2)− δ − κ,

where κ is the number of cusps.

10.16. Examples. (a) Let ẋ = P0(x) + O(y), ẏ = yQ0(x) + O(y2) be a polynomial
vector field in C2 of degree n with the invariant line S : y = 0. We shall compactify
C2 in two different ways: to CP 1 × CP 1 and to CP 2 (with prolongation of the
holomorphic foliations to F0 and to F1 respectively).
In CP 1×CP 1 we choose the local coordinates near x = ∞, y = 0 as z = 1/x, y. The
index of the line S with respect to F0 is the sum of finite residues of Q0(x)/P0(x)
plus the index of singularity at infinity. We have ż = −z2−n(P̃0(z) + O(y)),
ẏ = z−n(Q̃(z) + O(y)) and the index at z = y = 0 is equal to the residuum
of Q0/P0 at x = ∞. The sum of residues of a meromorphic function on CP 1 is
zero. Thus C(S,F0) = 0. Because S can be translated in the y-direction also its
self-intersection index is 0.
In CP 2, near infinity, we have the coordinates z = 1/x, u = y/x and the equation
du/dz = (−z−2Q̃0/P̃0 + z−1)u + . . .. We see that C(S,F1) = 1. The same is the
self-intersection index.

(b) Let ẋ = Pd(x, y) + . . ., ẏ = Qd(x, y) + . . . be a holomorphic system with first
terms of degree d. In the blow- up coordinates u = y/x, x we have dx/du = R(u)x+
. . .. Here R = Pd(1, u)/(Qd(1, u)− uPd(1, u)) can be written as

∑d+1
1 ai/(u− ui)

with
∑

ai = −1 (because R ∼ −1/u as u → ∞). Thus the Camacho–Sad index
of the exceptional divisor E = CP 1 = {x = 0} is equal to

∑
ai = −1. Also

(E, E) = −1.

10.17. Theorem of Lins-Neto. ([L-N1]) The space of foliations of degree n > 1 of
CP 2 without algebraic leaves constitutes an open and dense subset of the space of
all foliations of degree n.

(The topology of the space of foliations is induced from the usual topology of
projective space of suitable vector fields, see Definition 10.1.)

Proof. 1. Let Fn be the space of all foliations of degree n. Let AN n consist of
foliations with singular points which are elementary and not of the node type
(anti-nodes). It means that the ratio of eigenvalues of the vector field is not a
non-negative number, λ2/λ1 �≥ 0. Using the Thom Transversality Theorem one
easily shows that:

ANn is open and dense in Fn.

2. From the local theory, developed in the previous section, we get that if p is a
singular point of a foliation F fromAN n then it has only two analytic separatrices,
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i.e. local analytic invariant curves passing through p. We denote these separatrices
by B(p, 1) and B(p, 2) and we put

i(p, 1) = i(B(p, 1),F) = λ2/λ1, i(p, 2) = i(B(p, 1),F) = λ1/λ2.

Denote by Z the set of local separatrices B(p, j) (i.e. pairs (p, j)).
Thus we have 2(n2 + n + 1) indices i(p, j). If there is an invariant algebraic curve
S, then we have the subset Z(S) of separatrices belonging to S. The index of
S is the sum of indices in Z(S) and should be integer. One would like to take
foliations such that for any Z1 ⊂ Z the sum of i(p, j)’s over Z1 is not an integer.
That would imply that there are no a-priori relations between i(p, j)’s. However
one such relation exists.

3. Proposition. We have ∑
p,j

i(p, j) = −n2 + 2n + 2.

Proof. First we check this formula for the Jouanolou example. We have i(p, 1) +
i(p, 2)+2 = (trDV )2/ detDV . By Lemma 2 from the proof of the Jouanolou theo-
rem, we have trDV (p0) = −(n+2), detDV (p0) = n2+n+1 and i(pj, 1)+i(pj, 2) =
(n + 2)2/(n2 + n + 1) for all singular points pj = σj(p0). Thus

∑
p,j i(p, j) =

(n2 + n + 1)[(n + 2)2/(n2 + n + 1)− 2] = −n2 + 2n + 2.
The proof of this formula for a general foliation needs application of the Baum–
Bott formula which allows us to express characteristic classes of certain holomor-
phic vector bundles by means of local invariants of its global sections. It is an
analogue of the formula, expressing the Chern class of a line bundle on a Riemann
surface by the degree of divisor of zeroes and poles of any of its meromorphic
sections.
The Baum–Bott formula is applied to bundles of the form E = L⊗ TholM , where
L is a line bundle over an m-dimensional manifold M . Let P (A) be a polynomial
function on GL(m, C) of degree m which is invariant with respect to the changes
A → CAC−1; for example, detA. Let also Θ be the curvature tensor of some
connection on E compatible with the holomorphic structure.

Theorem of Baum–Bott. ([BauB]) For any generic global holomorphic section X
of the bundle E we have∑

X(p)=0

P (DV (p))/ detDV (p) =
∫

M

P (iΘ/2π).

The proof of this formula can be found in the book of Griffiths and Harris [GH].
We apply this formula to the bundle TholCP 2⊗O(n−1), whose sections represent
holomorphic foliations of degree n (see the examples in the point 10.10). The
Baum–Bott formula says that the sum

∑
i(p, j) does not depend on the foliation.

�
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4. It turns out that there are no other relations between the quantities i(p, j)
besides the Baum–Bott formula.

The set of foliations from ANn, such that for any proper subset Z1 of Z the sum
I(Z1) =

∑
Z1

i(p, j) is not a positive integer, is open and dense in Fn.

This property follows from the transversality arguments, provided that we know
that the mentioned set is non-empty.
Consider the Jouanolou example. We have either i(p, j) = λ or i(p, j) = λ̄, where
λ = λ2/λ1 ∈ C \ R. The considered sum equals to kλ + lλ̄. If it is integer then
k = l and the sum I(Z1) is equal to (k/(n2 +n+1)) · (−n2+2n+2). If n ≥ 3, then
this number is negative. If n = 2 then n2 + n + 1 = 7, k < 7 and I(Z1) = 2k/7
cannot be integer.

5. Let F be a foliation satisfying the condition from the previous point of the
proof.
Assume that some invariant algebraic curve S of degree d exists. By 4., Z(S)
cannot be a proper subset of Z and, by Proposition 3, we have C(S,F) = I(Z) =
−n2 + 2n + 2. If n > 2, then this number becomes negative which contradicts the
positivity of C(S,F).
If n = 2, then C(S,F) = d2 − 2δ = 2 (see Proposition 2 in the proof of Theorem
10.13(b)). Because the number of double points of S is the same as the number of
all singular points of F , i.e. δ = 7, then we obtain d = 4. To complete the proof
it is enough to delete from the set of foliations, defined in 4., foliations of degree
2 with invariant algebraic curves of degree 4. �
Remarks. 1. Note that, by the way, we obtained another proof of Jouanolou’s
theorem for n > 2. To get Jouanolou’s theorem for n = 2 it is enough to check
that the Jouanolou foliation does not have invariant curves of degree 4; it can be
done by direct calculations.

2. Some works were devoted to the multi-dimensional Jouanolou system

ẋ0 = xs
n, ẋ1 = xs

0, . . . , ẋn = xs
0.

It admits the symmetry groups: Z/2Z, Z/(n + 1)Z and Z/NZ for N = (sn+1 −
1)/(s − 1). Here one looks for invariant algebraic surfaces, especially curves and
hypersurfaces.
If n is odd, then there are (sn+1 − 1)/(s2 − 1) invariant lines, obtained from
l0 : x0 = x2 = . . . = xn−1, x1 = x3 = . . . = xn by application of symmetries
from Z/NZ; they are the only invariant algebraic curves. But when one adds
a perturbation −µxs

n∂xn , 0 < |µ| << 1, then there are no invariant algebraic
curves at all (see [So] and [L-NS]). In [L-NS] openness and density of 1-dimensional
foliations without algebraic leaves is proven.
In [Zo13] it is shown that the multi-dimensional Jouanolou system does not have
any invariant algebraic hypersurface. Partial results in this direction were earlier
obtained in [So] (for n = 3) and in [MMNS] (for prime n + 1).
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Theorem 10.13(a) was used by Camacho and Sad in [CS2] to obtain the following
result whose proof will not be included here. It relies on controlling of the indices
of exceptional divisors appearing in the process of desingularization of a vector
field, with use of the property that any such divisor has self-intersection index −k
where k is the depth of desingularization of its singularities.

10.18. Theorem. ([CS2]) A singular point of a germ of a planar holomorphic vector
field has an analytic separatrix.

§2 Monodromy of the Leaf at Infinity
10.19. Introduction. If L is a leaf of a holomorphic foliation F in a complex surface
M , then one can associate with it its monodromy group (or the holonomy group)
as the group of germs of holomorphic diffeomorphisms of a holomorphic disc D
(transversal to L) at a point p and generated by the monodromy maps ∆γ , γ ∈
π1(L, p) (see Definition 9.56)
It is a subgroup of the group Diff(C, 0) of germs of conformal diffeomorphisms of
(C, 0). Changing the disc D we replace the monodromy group by a group internally
conjugated in Diff(C, 0).
Two examples are important:

(i) when M = CP 2 with the line at infinity L∞ invariant and L = L∗
∞ =

L∞�(singular points);

(ii) when M is a resolution of a singularity of a foliation in (C2, 0) with some
non-dicritical divisor E and L = E∗ = E \ (singular points).

In the cases when L is a projective line deprived of singular points its holonomy
group is also called the projective holonomy group.
Most results concern these two situations. Foliations with other algebraic leaves
and their monodromies are less investigated.
The analysis of the monodromy group in the case (i) gives some global results
about qualitative properties of the foliation: density of leaves in CP 2 and an infinite
number of limit cycles for generic foliation (see Theorems 10.22 and 10.24 below).
The problem of studying the projective monodromy groups associated with divi-
sors of resolution of a germ of holomorphic foliations in (C2, 0) was stated by R.
Thom. Another natural problem is the problem of realization of a given holonomy
group (of an algebraic curve) by a foliation.

10.20. The problems of R. Thom.

(a) Assume that the singular point has only finitely many separatrices (e.g. ana-
lytic invariant hypersurfaces through singularity) and all its other leaves are
analytic. Does there exist a local analytic first integral?

(b) Assume that all leaves are analytic and their closures each contain a singu-
larity. Does there exist a meromorphic first integral?
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(c) Assume that there are only finitely many separatrices and all other leaves
contain a singularity in their accumulations. Do the separatrices and their
holonomies describe the analytic type of the foliation?

(d) Describe the complete set of invariants of holomorphic orbital classification
of such planar germs.

(Recall that a subset Z ⊂ M is analytic iff near any point x ∈ M it is given as a
zero set of a system of functions analytic near x. Thus a spiral near a planar focus
is not an analytic curve.)
The problem (a) was solved positively by J. F. Mattei and R. Moussu in [MM].
The problem (b) has a negative answer: M. Suzuki [Suz] has found the example
ẋ = x(y − x + 2y2), ẏ = y(y − x + y2) with dicritical singularity at 0 but with
non-rational first integral (x/y)ey(y+1)/x (see also [CeMa]). The question (c) has
negative answer (see [CeMo] and 3. in Examples 10.34 below).

10.21. The nonlinear Riemann–Hilbert problem. Given a Riemann sphere C, with
a finite number of points t1, . . . , tm deleted, and a couple of germs of holomorphic
maps ∆i : (Cn, 0)→ (Cn, 0), with the restriction ∆m ◦ . . . ◦∆1 = id, find:

(A) a foliation in a neighborhood of C × (Cn, 0) into analytic curves such that
the monodromy maps of the leaf C�{t1, . . . , tm} are equal to ∆i;

(B) a nonlinear Fuchsian foliation with this property.

Here by the nonlinear holomorphic Fuchsian foliation we mean a foliation defined
locally by means of a vector field with the singularities

ṫ = t− ti, ẋ = v(t, x),

where v is holomorphic near t = ti, x = 0.
The problem A was stated in the article [EISV] by P. M. Elizarov, Yu. S. Il’yashen-
ko, A. A. Shcherbakov and S. M. Voronin and the problem B was stated in the
article [Il6] by Il’yashenko.
The problem B does not always have a solution. Below we present a suitable
example from [Il6]:
Assume that n = 1 and that the germs ∆j = e2πiαj x + . . ., αj ∈ R\Q are analyti-
cally non-linearizable. Then the nonlinear Riemann–Hilbert problem B with these
data does not have any solution.
Indeed, near the singular points (tj , 0) we have dx/dt = (λjx+ . . .)/(t− tj), where
the Camacho–Sad indices λj satisfy the relations: e2πiλj = ∆′

j(0) and∑
λj = 0.

Thus there should exist positive λj ’s. The corresponding singular points of the
foliation are nodes and are analytically linearizable (in the Poincaré domain). So
the corresponding monodromy maps should be analytically linearizable too.
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In the case n = 1, Il’yashenko gave necessary and sufficient conditions to solve the
problem B: either (i) one of ∆j is linearizable or (ii) ∆1, . . . ,∆k, k < m are the
monodromy maps of resonant non-linearizable nodes and k +

∑k
1 λj ≥ 0 (where

Reλj ∈ [−1, 0)).
In the case n > 1, the solution of the problem B is given in [Il6] under the fol-
lowing assumption: ∆1 is analytically linearizable and the linear Riemann–Hilbert
problem with the data D∆j(0) has a solution in the class of linear foliations of
Fuchs type.
Before Il’yashenko’s work A. Lins-Neto [L-N2] gave a construction of a holomorphic
foliation near an exceptional divisor E ⊂ M (where M is a surface and E � CP 1,
(E, E) = −1) using the following data: (i) the classes [Fj ], j = 1, . . . , m, of local
analytic equivalence of foliations near singularities tj ∈ E (with the sum of indices
equal to −1); (ii) the holonomy maps ∆j (compatible with [Fj ]). In this way
he constructed a foliation with non-elementary singular point which needs only
one blowing-up. In fact, he proves a more general theorem about construction
of a foliation with a more general resolution process (with many divisors Ej with
transversal intersections and with local models of foliations near the corner points).
Later J. F. Mattei and E. Salem [MS] proved that the versal deformation of a foli-
ation, with fixed Lins-Neto’s data (during the deformation), is finite dimensional.
They calculated also the number of parameters of the versal deformation.

Now we pass to presentation and proofs of the most interesting (in the author’s
opinion) results.

10.22. Theorem of Hudai-Verenov. ([HV]) A generic polynomial planar vector field
of degree n ≥ 2 with the line at infinity invariant has all its non-singular solutions
dense in C2.

Proof. We follow [Il2]. 1. Denote by Vn the space of polynomial vector fields of
degree n with the line at infinity invariant. It means that the highest degree
homogeneous part is not proportional to the Euler vector field.
We choose a subset V ′ of Vn such that each V ∈ V ′ satisfies the following condi-
tions:

(i) There exist n + 1 non-degenerate singular points pi at L∞ with ratios of
eigenvalues λi ∈ C \ R. Thus the monodromy maps ∆i (associated with
simple loops around pi) take the forms z → νiz + . . ., |νi| �= 1.

(ii) The νi’s generate a dense subgroup in C∗.

(iii) There are no algebraic invariant curves besides L∞.

2. Lemma. The conditions (i), (ii) and (iii) hold for general V ∈ Vn.

Proof. If ẋ = Pn(x, y) + . . ., ẏ = Qn(x, y) + . . ., where Pn, Qn are homogeneous of
degree n, then in the projective coordinates z = 1/x, u = y/x we get

dz/du = A1(u)z + . . .



414 Chapter 10. Holomorphic Foliations. Global Aspects

where A1 = Pn(1, u)/ (uPn(1, u)−Qn(1, u)). It is clear that for general Pn, Qn

the polynomial R(u) = uPn(1, u)−Qn(1, u) has n+1 isolated zeroes u1, . . . , un+1

and
A1 =

∑
λi/(u− ui)

with the restriction
∑

λi = 1 (see the Theorem of Camacho–Sad). The 2n + 1
numbers ui, λj , i = 1, . . . , n + 1, j = 1, . . . , n can vary independently with the
variation of 2n + 2 coefficients in Pn, Qn. Because νj = e2πiλj the condition (i) is
generic.
The density in C∗ of the multiplicative group generated by ν1, . . . , νn is equivalent
to the density in C of the additive group generated by λ1, . . . , λn and by 1. If n ≥ 2
and λ1, . . . , λn are generic, then the density property holds.
If Re λi �= 0, then the singular points pi are complex foci. Thus they are analytically
linearizable and have only two analytic separatrices. One of the separatrices is the
line at infinity; the other is transversal to L∞.

If the vector field has an invariant algebraic curve S, then it can meet L∞ only
along the separatrices of the singular points. It should intersect L∞ transversally
and its degree should be bounded by n + 1. So if we delete from Vn the proper
algebraic subset of fields with invariant algebraic curves of degree ≤ n + 1, then
also condition (iii) will be satisfied. �

Below we fix the chart ζ linearizing ∆1, ∆1(ζ) = ν1ζ, and we assume that |ν1| < 1.
Denote by G the group generated by ∆i (in the chart ζ).

3. Lemma. For any ν ∈ C∗ there exists a sequence gm ∈ G such that gm → νζ.
This means that the orbits of G are dense in a neighborhood of ζ = 0.

Proof. Because the closure of the set of exponents f ′(0) for f ∈ G is dense in
C∗, it is enough to prove the first point of the lemma for ν such that some f =
νζ +

∑
ajζ

j ∈ G. We put gm = ∆−m
1 ◦ f ◦∆m

1 = νζ +
∑

ajν
m(j−1)
1 ζj → νζ.

Note that the domains of definition of the maps gm remain fixed; a point from a
fixed disc D is first sent by means of ∆m

1 to a point very close to 0, where f is
almost linear, and then is sent away from 0.
Let ζ1, ζ2 ∈ D and ν = ζ2/ζ1. Then we have gm(ζ1)→ νζ1 = ζ2. This means that
ζ2 is an accumulation point of the orbit of ζ1. �

Lemma 3 implies that the leaves of the foliation defined by V , which pass near
the infinite leaf L∗∞, are dense in this neighborhood. Indeed, the element gm(ζ1)
represents a very long path in a leaf L(ζ1) (passing through ζ1 ∈ D) and the leaf
L(ζ2) lies in the closure of L(ζ1).

4. Lemma on extension. Any 1-dimensional phase curve L of a polynomial vector
field can be extended to any neighborhood of L∞.
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Proof. We represent this phase curve as a graph of a multivalued function y = y(x).
The function y(x) is defined outside the projections of the finite singular points
onto the x-plane and has ramification points, where L meets the curve Q = 0 (i.e.
ẋ = 0). There are at most countably many ramification points.
Take a line l in the x-plane, avoiding the above singularities. We prolong the
function y(x) along this line. Either the solution escapes after finite ‘time’ to
infinity or can be prolonged to the whole l.
In both cases the curve L approaches the line at infinity. �

From this lemma it follows that the leaves L̃ which pass near the (punctured)
leaf L∗

∞ are dense in the whole CP 2. Indeed, if a point p ∈ CP 2 belongs to a leaf
accumulating at L∗∞ then it lies in the closure of such L̃’s. On the other hand, only
finitely many leaves accumulate at L∞ − L∗

∞ (i.e. at the infinite singular points).
So there are leaves near p accumulating at L∗

∞ (and then at L̃’s).
Let L be a phase curve of a vector field from V ′. It approaches L∞ either at L∗

∞ or
at some of the singular points pi. In the first case L is dense in a neighborhood of
L∞ and then L is dense in CP 2. The next lemma completes the proof of Theorem
10.12.

5. Lemma. If the closure L ∩ L∗
∞ = ∅, then L is an algebraic curve.

Proof. Let Ω = CP 2 \ (singular points). We shall show that L is closed in Ω.
Because the complement of Ω is of complex codimension 2, that would imply that
L is analytic and then algebraic (the Chow theorem).
Let q ∈ Ω be a point near which L is not given as a zero of a local analytic function.
Then q must be an accumulation point of L. We can assume also that q �∈ L. Of
course, the phase curve L(q) (passing through q) also consists of accumulation
points for L.
Let us look at the behaviour of L(q) near infinity. If L(q) accumulates at L∗

∞,
then L should also accumulate there. If L(q) tends to infinity along a separatrix of
some singular point pj, then L, as a complex spiral, also should accumulate along
L∗
∞. �

6. Remark. B. Mjuller [Mju] proved the following improvement of the Hudai–
Verenov theorem.

In the class of holomorphic foliations on CP 2 of fixed degree the foliations without
algebraic leaves are typical.

We refer the reader to the paper [LR] by F. Loray and J. Rebelo for its proof in
the case of 1-dimensional foliations in CPn. �

10.23. Definition. Let L0 be a leaf of a holomorphic foliation F in a complex surface
and let γ ⊂ (L0, p0) be a closed loop. Consider the holonomy map ∆γ acting on a
holomorphic disc transversal to L0 at the point p0. We have ∆γ = νz + . . .. It is
possible that some iterate of ∆γ is identity, or not.
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In the first case, i.e. ∆q
γ = id, the cycle γL0

= q · γ belongs to a family of cycles
γL at the adjacent leaves L of the foliation. We agree to treat two cycles, which
are homologous one to another at one leaf, as the same. We call such a family of
cycles the center.
In the second case we say that γ is a limit cycle of the foliation.

10.24. Theorem of Il’yashenko. ([Il2]) A generic vector field from Vn, n ≥ 2, has
infinitely many homologically independent limit cycles.

Proof. 1. We put the following conditions on the foliations from Vn for which we
prove the existence of infinitely many limit cycles.

(i) There exist n + 1 non-degenerate singular points pi at L∞ with ratios of
eigenvalues λi ∈ C \ R.

(ii) ν1 = e2iπλ1 and ν2 generate a dense subgroup in C∗.

(iii) The commutator [∆1, ∆2] = ∆1 ◦∆2 ◦∆−1
1 ◦∆−1

2 �= id.

(iv) Let Z1(u) be a solution of the variation equation dZ1/du = A1(u)Z1 for the
vector field near infinity (with the coordinate z = 1/x, u = y/x) and let γj

be simple loops in (L∗
∞, p) surrounding just one point pj . Then I1 �= I2 where

Ij = (ν−2
j − 1)−1

∫
γj

Z−2
1 du.

The conditions (i) and (ii) are generic. The genericity of the condition (iii), i.e.
of the non-commutativity of ∆1,2, follows from their non-commutativity at the
level of 2-jets: if ∆j = νj(z + ajz

2 + . . .), then [∆1, ∆2] = z + [(ν2 − 1)a1 − (ν1 −
1)a2]z2 + . . .. Here the coefficients a1,2 are calculated from the equation for the
second variation

dz/du = A1(u)z + A2(u)z2,

with the solution z = Z1(u)
[
z−1
0 −

∫ u

u0
Z1(s)A2(s)ds

]−1

. The expression Z1 =∏
(u − ui)λi is the first variation. After rewriting A2(u) in the form of a fraction

we get the formula for the second variation (with the Schwarz–Christoffel integral)

Z2(u) = Z1(u)
∫ u

u0

∏
(s− ui)λi−miB(s)ds

(mi – integers, B – polynomial).

The monodromy of the functions of the Darboux form, like Z1, and of the Schwarz–
Christoffel form (like the integral in Z2), will be subject to analysis in the next
chapter. Here we note that the coefficients a1,2 in the expansions of ∆1,2 are
expressed by means of the increment of Z2(u) as u varies along the loops γ1,2. It
depends (non-trivially) on the coefficients of A2(u). The latter are controlled by
means of the (n−1)-th homogeneous part of the vector field (in affine coordinates).
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The condition (iv) is a condition on the parameters ui, λi in the formula for Z1.
It is an open and generic condition.

2. Let us pass to the construction of limit cycles. Let ζ be the chart in the disc D,
linear for ∆1, ∆1(ζ) = ν1ζ, and we assume that |ν1| < 1.
Repeating the proof of Lemma 3 in the proof of the Hudai-Verenov theorem, for
any ζ0 we can approximate ν = ∆2(ζ0)/ζ0 by the ratios νk

1/νm
2 . The maps Fk,m,l =

∆−l
1 ∆−m

2 ∆k
1∆l

1 approach the map νζ. By condition (iii) (non-commutativity of ∆1

and ∆2) the map ∆2 is nonlinear.
Thus the equation Fk,m,l(ζ) = ∆2(ζ) is a small perturbation (near ζ0) of the
nonlinear equation νζ = ∆2(ζ).
The solution ζ̃ is an isolated fixed point of a map F from the monodromy group
G. Moreover, one can assume that F ′(ζ̃) is not a root of unity. Now it is clear that
ζ̃ generates a loop δN in the leaf L(ζ̃). The loop δN is a limit cycle in the sense
of Definition 10.23. Here N will denote the sequence of quadruples (ζ0, k, m, l),
where ζ0 → 0 and the other terms are integers tending to infinity.

3. Here we show that the cycles δN are homologically independent. Note that they
do not intersect one another and do not have self-intersections. If some of them,
say δ̃1 = δN1 , . . . , δ̃r = δNr , are dependent on a leaf L, then we have

∑
cj δ̃j = 0

in H1(L, Z). Using the specificity of the topology of Riemann surfaces we can
conclude from the above that the coefficients ci = 0,±1. (We cut the leaf L along
δ̃j ’s and we obtain several connected components whose boundaries consist of δ̃j ’s
with multiplicity ±1.)
Thus, for independence, it would be enough to show that |

∫
δ̃r

ω| >
∑
|
∫

δ̃j
ω| for

some polynomial holomorphic 1-form ω.
The 1-form is chosen as ω = xdy − ydx = −du/z2. We approximate the z by its
first variation z(u) ≈ ζ0Z1(u). Thus the integral of ω along δN is approximated
by ζ−2

0 times the integral of Z−2
1 (u) along the projection γN of the loop δN onto

the L∗
∞. The loop γN runs several times along the loops γ1,2, but each time we

choose a different branch of Z1; these branches are multiplied by powers of ν1 and
of ν2. After summing-up independently the contributions above γ1 and above γ2

we obtain ∫
γN

ω ∼ ζ−2
0 (ν−2

1 )k+l(I1 − I2),

where Ij are the quantities defined in condition (iv). We see that the above integrals
tend to infinity exponentially fast.
This completes the proof of Theorem 10.24. �

Remarks. (a) In the recent paper [SRO], A. A. Shcherbakov, E. Rosales-González
and L. Ortis-Bobadilla proved an analogous theorem (about existence of infinitely
many limit cycles), but with a limited number of conditions. They skip the assump-
tion (ii) in 1. of the Il’yashenko proof and obtain only finitely many conditions
(finite number of algebraic inequalities in Vn).
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(b) E. Landis and I. G. Petrovski [LP] tried to solve the XVI-th Hilbert problem,
about real limit cycles of polynomial vector fields in R2 (see 6.11), by investigating
the limit cycles of the corresponding holomorphic foliation in CP 2. As Theorem
10.24 shows one cannot estimate the number of the latter. The estimates from
[LP] have turned out to be wrong.

§3 Groups of Analytic Diffeomorphisms

Now we pass to analytic and formal classification of finitely generated subgroups
of the group Diff (C, 0), of germs of conformal diffeomorphisms of the complex
line.
The object Diff(C, 0) is a group, when treated abstractly; the composition is
the composition of germs (without fixed domains of definitions). Any subgroup
of Diff(C, 0) is treated analogously. When one looks at the dynamics of G, as
acting on a neighborhood of 0, then G should be treated as a pseudo-group of
transformations of (C, 0) (see [Lor3]).
We shall follow mainly the article [EISV] by P. M. Elizarov, Yu. S. Il’yashenko,
A. A. Shcherbakov and S. M. Voronin, the paper [CeMo] by D. Cerveau and R.
Moussu and the lectures [Lor3] of F. Loray.

10.25. Definition. Two subgroups G, G′ of Diff (C, 0) are called analytically equiv-
alent if they are internally conjugate. It means that there exists an analytic germ
h and a homomorphism G→ G′, f → f ′ such that h ◦ f ◦ h−1 = f ′.
Two subgroups G, G′ of Diff (C, 0) are called formally equivalent if they are
conjugate inside the group D̂iff(C, 0) of formal power series f̂ ∼ νz +

∑
ajz

j ∈
C [[z]], ν �= 0. It means that there exists a formal power series conjugating the
Taylor series of elements from G with the Taylor series of elements from G′.
Recall that a group G is abelian if any two of its elements commute. G is solvable
if the central derivative sequence G ⊃ G(1) ⊃ . . . G(k) ⊃ . . ., where G(k+1) =
[G(k), G(k)] is the commutator, is finite. We shall agree to call a group solvable if
it is solvable and non-abelian.
We denote Ap = {f = z + azp+1 + . . ., a �= 0}, and

A = {id}
⋃
p

Ap = {f = z + . . .},

the group of germs tangent to identity. We also denote Â = {f̂ ∈ C[[z]] : f̂ ∼
z + . . .}.
Let the multiplicative group

ΛG = {f ′(0) : f ∈ G}

be the group of multipliers of G. It is a subgroup of C∗.
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The group G can be abelian, solvable or non-solvable. The classification of abelian
and solvable groups is practically finished. The classification of non-solvable groups
has only began. We begin with the abelian case.

10.26. Examples of abelian groups. (a) One example is a subgroup of the group
GL(1, C) = C∗ consisting of linear maps z → λz.
(b) The next example is not that trivial. It is a subgroup of the group

Ga(p, µ) = {λgt
w : λp = 1, t ∈ C},

where gt
w is the phase flow map generated by the vector field w = wp,µ = [zp+1/(1+

µzp)]∂z . Here the subscript a stands for ‘abelian’ and the vector field w is fixed
for the whole group. The reader can easily check that λgt

w ◦ λ−1 = gt
w if λp = 1.

If an abelian group G is formally equivalent to a subgroup of Ga(p, µ), then we
denote

TG = {t : gt
w ∈ G}.

It is a subgroup of the additive group C.

If an abelian group G is formally equivalent to a group of the type (a), then we
call it formally linearizable. If G is formally linearizable and ΛG is finite, then we
say that G is finite; (it is finite in fact).
If G is formally equivalent to a group of the type (b) and the additive group TG is
cyclic (isomorphic to Z), then we call it abelian exceptional; otherwise G is abelian
typical. Note that for an abelian exceptional group we have

Λp
G = {1}, TG � Z.

This division is motivated by the following result.

10.27. Theorem (Formal classification of abelian groups). Let G ⊂ Diff(C, 0) be
a finitely generated abelian group.

(a) If G ∩ Ap �= {id}, then G is formally conjugated to a subgroup of Ga(p, µ),
w = wp,µ for some µ ∈ C; (we write Ĝ ⊂ Ga(p, µ)).

(b) If G ∩ A = {id}, then G is formally linearizable.

(c) If G∩A = {id} and ΛG is finite, then G is analytically equivalent to a finite
linear group.

Proof. 1. Assume that G ∩ A �= {id} and contains a germ h. By Theorem 9.26,
h is formally equivalent to g1

w, w = wp,µ. We fix the formal chart with ĥ = g1
w =

z + zp+1 +
∑

hjz
pj+1. In this chart other elements of Ĝ are series f̂ commuting

with ĥ.
Let such an element have the form f̂ = λz + . . .. One can see that

f̂−1 ◦ ĥ ◦ f̂ = z + λpzp+1 + . . .
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Therefore the abelianess of G implies that Λp
G = {1}.

The next lemma gives (a) of Theorem 10.27.

2. Lemma. If f̂ = λz + . . ., λp = 1, commutes with ĥ = g1
w ∈ Ap, then it equals

λgt
w for some t ∈ C.

Proof. Let f̂ = λ · (z +
∑

ajz
j). We have

f̂ ◦ ĥ = λ[ĥ +
∑

aj(zj + jzp+j + . . .)],

ĥ ◦ f̂ = λ(z +
∑

ajz
j) + λp+1(z +

∑
ajz

j)p+1 +
∑

hj(λz)pj+1 + . . .

= λ[ĥ +
∑

ajz
j +
∑

(p + 1)ajz
p+j + . . .]

and
f̂ ◦ ĥ− ĥ ◦ f̂ =

∑
j

bjz
p+j ,

where bj = λ(j − p− 1)aj + (terms depending on ai, i < j). It means that we can
determine all the coefficients aj for j �= p + 1 in a unique way. The choice of ap+1,
which we put in the form λt, is arbitrary.
On the other hand, the series λgt

w commutes with ĥ. Because it has the same
coefficient before zp+1 as f̂ , the two series coincide. �
3. Let G ∩ A = {id} and let ΛG contain a non-resonant element λ0. Then we can
assume that one of the maps from Ĝ is linear λ0z. For any other f̂ = z +

∑
ajz

j

we get λ−1
0 f̂ ◦ λ0 = z +

∑
λj−1

0 ajz
j and the abelianess implies all aj = 0. This

gives the point (b) of the theorem in the case of infinite ΛG.

4. Let G ∩ A = {id} and let all the elements of ΛG be resonant. Then ΛG is a
cyclic group. Let f = λz + . . . be such that λ = e2πip/q generates ΛG.
The formal normal form for f is λz; (generally we have f ∼ λz +

∑
bjz

qj+1 but
id = f q = z +

∑
qbjz

qj+1 + . . .). Note that here the chart z is analytic.
We assume that f = λz. Because other maps from g commute with λz they are
of the form g = λkz +

∑
cjz

qj+1. Because gq = id we get g = λkz = fk.
Therefore the group is cyclic and analytically equivalent to a finite group of rota-
tions (i.e. (c) of the theorem). �
Before describing the analytic classification of abelian groups we must say a little
bit about connection of the Ecalle–Voronin moduli with the centralizer of a germ
tangent to identity (see Section 3 in Chapter 9). Recall that the centralizer Z(f)
of an element f ∈ G is the set of g’s from G commuting with f .
Let f ∈ Ap,µ, i.e. f is formally equivalent to g1

w, w = wp,µ. We look for Z(f) in
A.
If g commutes with f , then it sends whole orbits of the action of f onto such
orbits: if y = f(x), then g(y) = f(g(x)). Thus g defines the action π∗g on the
space U∗/f of orbits of f in a punctured neighborhood U∗ of 0. The space U∗/f
is the collection of 2p Riemann spheres C × {j} glued successively (one with the
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next) by means of local diffeomorphisms φj (near 0 or ∞). Because the linear part
of g is id each sphere is mapped by π∗g onto itself.
The action of π∗g on each sphere should be linear ϑj → Cjϑj and should be
compatible with the gluing diffeomorphisms, φj ◦ Cj = Cj+1φj+1. Computation
of the linear parts at 0 or at ∞, leads to Cj = Cj+1 = C. (We have met such a
situation in the problem of root extracting gn = f in Theorem 9.32; there we had
C = e2πi/n.)
Note that if |C| �= 1 then the gluing diffeomorphisms φj would be extended from
neighborhoods of 0 (or of ∞) to the whole Riemann spheres C×{j}. As such they
should be linear and represent trivial Ecalle–Voronin modulus. In this case f is
embeddable.
We have three possibilities:

(a) f is a typical map not admitting any nontrivial root extraction;

(b) f admits the root extraction (of maximal order n) but is not embeddable);

(c) f is embeddable.

In the case (a) the identifying maps φj do not commute with any C, |C| �= 1 (see
the above argumentation). Indeed, by assumption they do not commute with any
root of unity. If they would commute with some other C, |C| = 1, then they should
commute with all C with |C| = 1 (also with the roots of unity). We get C = 1.
In the case (b) we have C = e2πik/n.
In the case (c) any C is admitted and the diffeomorphism f is analytically equiv-
alent to its formal normal form (see Theorem 9.32). Assume then that f = gt

w,
w = wp,µ. In the charts tj = −1/(pzp)+µ ln t ∈ S̃j , f acts as the translation id+1
and the spheres C × {j} are obtained as closures of the quotients of this action.
The action of π∗g means also translation id + s. This shows that g = gs

w, s ∈ C.
The above implies the following result.

10.28. Theorem (Centralizer).

(a) If f ∈ A does not admit any root extraction, then its centralizer Z(f) =
{fk; k ∈ Z}.

(b) If f admits the smallest root extraction g = f1/n, then Z(f) = {gk : k ∈ Z}.

(c) If f = g1
w is embeddable, then Z(f) = {gt

w : t ∈ C}.

In particular, Z(f) is an abelian group of rank 1 in the cases (a) and (b), and of
infinite rank in the embeddable case.

10.29. Theorem (Analytic classification of abelian groups). Let G be an abelian
finitely generated subgroup of Diff(C, 0).

(a) If G is abelian typical (i.e. (G ∩ A is infinite and not cyclic), then G is
analytically equivalent to a subgroup of Ga(p, µ).
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(b) If G is abelian exceptional (i.e. TG is infinite and cyclic), then G is generated
by two germs h = z + . . . ∈ Ap and g = e2πi/qz + . . . , such that p = sq and

gq = hk,

for some integers k and s. Moreover, the Ecalle–Voronin modulus of the germ
h defines the modulus of the analytical classification of groups generated by
h, g with the above relations.

(c) (c) If G is formally linearizable (i.e. G ∩ A = {id}) and either ΛG con-
tains a multiplier satisfying the Briuno condition or ΛG consists of resonant
multipliers, then G is analytically linearizable.

Proof. (a) Let the group G ∩ A be not cyclic. Thus the centralizer of some its
element h has rank > 1. This means that h is embeddable (Theorem 10.28). By
Theorem 9.32, h is analytically equivalent to its formal normal form g1

w. The
(analytic) diffeomorphism, reducing h to g1

w, reduces also the other germs from G
to the forms λgt

w.
(b) Let h be a generator of the cyclic group G ∩ A ⊂ Ap.
If G = {hn} is cyclic, then we put g = h, q = k = 1.
Assume that G is non-cyclic, i.e. ΛG �= {1}. Let λ be the generator of ΛG and let
g ∈ G have λ as its multiplier.
Because λp = 1 we have λ = e2πi/q where q divides p, p = sq.
The germ gq belongs to G ∩ A and must be equal to some iterate of h, gq = hk.
Because G/G ∩ A = ΛG the germs g, h generate the whole group G.
One can also see that g and the integers p, q, k are determined uniquely by h. This
means that the analytic classification of G is the same as the analytic classification
of h.
(c) If G is formally equivalent to a linear group and one multiplier is Diophantine
(i.e. satisfies the Briuno condition (7.2) from Theorem 9.65) then the linearizing
transformation for one germ is analytic (theorem of Briuno). This transformation
linearizes also the other germs.
The analyticity of normalization in the case when all multipliers are resonant was
proved in the proof of Theorem 10.27. �

Now we consider solvable groups, i.e. solvable and non-abelian.

10.30. Examples of solvable groups. The standard example of a solvable group is
the group of affine diffeomorphisms of the complex line Aff (C), ξ → aξ + b; it
is the semi-direct product of the group of translations, C, and of the linear group
C∗ = GL(1). By applying the semi-conjugation z → ξ = z−p to Aff (C) we obtain
the group

Gs(p) = {λgt
w : λ ∈ C∗, t ∈ C}

where gt
w = z(1− ptzp)−1/p is the flow map of the vector field w = wp,0 = zp+1∂z .

Here the subscript s stands for ‘solvable’.
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The group Gs(p) can be identified with the semi-direct product C∗×C = {(λ, t)}.
Because gt

w ◦ ν = νz(1− tνpzp)−1/p = νgu
w, u = νpt the multiplication table is

(λ, t) · (ν, s) = (λν, νpt + s). (3.1)

Consider a subgroup G of Gs(p) and its normal subgroup G ∩ A. The latter can
be identified with a subgroup

TG = {t : gt
w ∈ G}

of C. G is identified with the semi-direct product of ΛG (of multipliers) and of TG,
where the action of ΛG on TG is given by (λ, t)→ λpt.
In particular, if TG ≈ Z is cyclic then Λp

G ⊂ Z. Because altogether all λ−p ∈ Z, we
get Λp

G ⊂ {+1,−1}. If Λp
G = {1} then G would be abelian, which contradicts our

agreement that only non-abelian solvable groups are called solvable.

10.31. Definition. A solvable (non-abelian) group G, which is formally isomorphic
to a subgroup of Gs(p) and such that TG = Z, is called solvable exceptional.
Otherwise G is called solvable typical.
For an exceptional solvable group we have

Λp
G = {±1}, TG � Z.

10.32. Theorem Formal classification of solvable groups). A finitely generated
solvable subgroup of Diff (C, 0) is formally equivalent to a subgroup of Gs(p) for
some p.

Proof. 1. Because G is not abelian there exists an h ∈ G ∩ Ap for some p. We
reduce h to its formal normal form ĥ = g1

w, w = [zp+1/(1 + µw)]∂z . Next we fix
the chart in which h is in the normal form. We shall also omit the hats.

2. Lemma. If a subgroup H ⊂ Diff(C, 0) contains two non-commuting elements
from A, then it is non-solvable. This means that the central derivative sequence
of any solvable subgroup of Diff(C, 0) consists of two groups.

Proof. Let f = z + azp+1 + . . ., g = z + bzq+1 + . . ., ab �= 0, be the two non-
commuting elements from H .
If p = q then the commutator [f, g] = fgf−1g−1 = z + czr+1 + . . . with r > p. So,
we assume that p < q.
However f ≈ ga

zp+1 = exp
(
azp+1∂z

)
, g ≈ gb

zq+1 = exp
(
bzq+1∂z

)
and the first term

of the Campbell–Hausdorff formula says that [f, g] ≈ gab
v , v = [zp+1∂z , z

q+1∂z] =
(q − p)zp+q+1∂z. Thus f1 = [f, g] ∈ Ap+q.
Next we define g1 = [f, f1] ∈ A2p+q, f2 = [f1, g1], g2 = [f1, f2], f3 = [f2, g2] etc.
The maps fj are different from id and belong to the derivative subgroups H(j).
The central derivative series is infinite. �
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3. If G ⊂ A then G would be abelian (by Lemma 2). Therefore G∩A is a normal
subgroup with abelian quotient. By Lemma 2 from the proof of Theorem 10.27 all
elements from the latter subgroup belong to the flow generated by the vector field
w, G ∩A = {gt

w, t ∈ TG}.
4. Take an element g = λz + . . . ∈ G�A; (by non-abelianess such g exists).
Because Adgh = ghg−1 ∈ A we have Adgg

1
w = gs

w = g1
sw for some s ∈ C∗.

However Adgg
1
w = g1

v, where v = Adg∗w; this implies g1
v = g1

sw.
The exponents exp(v) = g1

v and exp(sw) of two small vector fields coincide. Be-
cause the exponential map (from the Lie algebra of formal vector fields to the Lie
group of formal diffeomorphisms) is invertible near zero we get

Adg∗w = sw, s ∈ C∗. (3.2)

5. Lemma. If (3.2) holds, then s = λ−p. Moreover, if λp �= 1 then w = zp+1∂z.

Proof. Let y = g(z) = λz + . . .. We have ż = w(z) = zp+1/(1 +µzp), ẏ = sw(y) =
syp+1/(1 + µyp). This implies

dy

dz
· zp+1

1 + µzp
=

syp+1

1 + µyp
.

Comparison of the linear terms gives s = λ−p.
We obtain the following identity of formal meromorphic 1-forms

(y−p−1 + µ/y)dy = λ−p(z−p−1 + µ/z)dz. (3.3)

The residue of such a form does not depend on the choice of the coordinates. This
implies µ = λ−pµ. The assumption λp �= 1 gives µ = 0. �
6. Suppose that Λp

G = {1}. Then we have s = λp = 1 in (3.2). So, Adgg
1
w = g1

w.
This identity would hold for any g = λz + . . . from G and for any h = g1

w ∈ G∩A.
Thus gh = hg for any g ∈ G, h ∈ G∩A. Because G/G∩A � ΛG the latter would
mean that G is abelian (contradiction).

7. We can assume that some λp �= 1 and hence µ = 0. The integration of the
formula (3.3) gives−1/(pyp) = λ−p[−1/(pzp)+t], or g(z) = y = λz(1−ptzp)−1/p =
λgt

w.
Because this holds for any g ∈ G, Theorem 10.32 is complete. �
Remark. The proof of Theorem 10.32 given in [EISV] is not correct. It relies
upon the untrue statement: “The formal root f = νz + . . . of p-th order of a
germ g = z + . . ., f [p] = g has unique solution for any ν such that νp = 1” (see
Proposition 1.2 in [EISV]).
The examples: g(z) = z, f1(z) = −z and g(z) = z and f2(z) = y satisfying the
equation y + z + y2 + z2 = 0, show that the formal root is not unique.
In [EISV] the same false statement was used in the proof of Theorem 10.27.

10.33. Theorem (Analytic classification of solvable groups). Let G be a finitely
generated solvable non-abelian subgroup of Diff(C, 0).
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(a) If G is typical, then it is analytically equivalent to a subgroup of Gs(p).

(b) If G is exceptional, then it is generated by two elements h = z + zp+1 + . . .,
g = νz + . . . satisfying the properties

gh = h−1g,
ν = eπir/p,

gcd(r, 2p) = 1.
(3.4)

The (additive) Ecalle–Voronin moduli Φ̃j , j = 1, . . . , 2p of the germ h (see
Definition 5. in the proof of Theorem 9.30) can be chosen to satisfy the rela-
tions

Φ̃j+r(τ j) = −Φ̃j(−τ j).

The first germ Φ̃1 constitutes the modulus of analytic classification of excep-
tional groups (with fixed p and r).

Proof. (a) In this case the group TG ≈ G ∩ A is not cyclic. This group lies also
in the centralizer of the distinguished germ h. Thus Z(h) has rank greater than 1
and, by Theorem 10.28, h is embeddable and analytically equivalent to its formal
normal form.
The analytic transformation normalizing h normalizes also all the other germs
from G.

(b) Here we have TG = Z and Λp
G = {±1} (see Definition 10.31).

Let h be the generator of G ∩ A. We choose a germ g = νz + . . . such that ν
generates ΛG. Because νp = −1, we have ν = eπir/p where r is relatively prime
with 2p. Because g + G ∩ A generates G/G ∩A and h generates G ∩ A it is clear
that h and g generate G.
Next we have the formal forms ĥ = g1

zp+1 , ĝ = νga
zp+1. Taking the new formal

variable z1 = g
−a/2
zp+1 = exp[(−a/2)zp+1], we reduce ĝ to νz1 without changing ĥ;

(since exp[bzp+1] ◦ ν ◦ exp[bzp+1] = ν ◦ exp[(1 + νp)bzp+1]).
In the representation of Gs(p) as C∗ × C, we have ĥ ∼ (1, 1), ĥ−1 ∼ (1,−1),
ĝ ∼ (ν, 0). The multiplication table (3.1) from Example 10.30 says that ĝĥ ∼ (ν, 1)
and ĥ−1ĝ ∼ (ν,−νp) = (ν, 1), i.e. the formal formula (3.4).
From the first equality in (3.4) at the formal level, we obtain its validity at the
analytic level.
Recall that, in the definition of the Ecalle–Voronin moduli, we divided the punc-
tured neighborhood of z = 0 into sectors Sj parameterized by tj = −1/(pzp) +
λ ln z ∈ S̃j and we reduced h to the shift h̃ = id + 1 by means of diffeomorphisms
H̃j : tj → τ j . The coboundary maps Φ̃j = τ j+1 ◦ τ j

−1 constitute the Ecalle–
Voronin modulus µ+

h ∈ M
+
p,λ (see Definition 5 in the proof of Theorem 9.30). In

our case λ = 0.
Let us describe the action of g̃ in the variables τ j . Because the linear part of g

is the rotation by the angle πr/p the sector S̃j is transformed to the sector S̃j+r :
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τ j → τ j+r = g̃j(τ j). Because h̃(τ j) = τ j + 1, formula (3.4) reads as

g̃j(τ j + 1) = g̃j(τ j)− 1.

The latter formula allows us to extend gj to the whole C, to affine maps gj =
−τ j + aj . From the gluing conditions g̃j+1Φ̃j = Φ̃j+r g̃j and closeness of Φ̃j to id
one gets equality of all constants aj. Choosing properly the first chart τ1 we can
assume that all aj = 0. In this way we obtain the relation Φ̃j+r(−τ j) = −Φ̃(τ j).
It allows us to define the entire collection (Φ̃1, . . . , Φ̃2p) by means of Φ̃1. The latter
constitutes the modulus of analytic classification of G. �

10.34. Examples of solvable monodromy groups appearing in resolution of nilpo-
tent singularities. 1. The application of the theory of finitely generated sub-
groups of Diff(C, 0) to investigation of germs of planar analytic vector fields
with nilpotent linear part was initiated by R. Moussu [Mou] in the case of cusp
2y∂x + 3x2∂y + . . . and by D. Cerveau and Moussu [CeMo] in the case of general-
ized cusp 2y∂x + sxs−1∂y + . . .. They proved that the problem of orbital analytic
classification of germs of vector fields with such singularity is equivalent to analytic
classifications of subgroups of Diff(C, 0) with two generators and some natural
relations; (the spaces of moduli are the same). It was shown that the monodromy
group of such cusp can be: either finite or abelian exceptional or solvable typical or
non-solvable. In the case of odd s, the classification of vector fields with solvable
monodromy was completed in the work of F. Loray and R. Meziani [LM]: here
the abelian exceptional group does not appear. In the papers [SZ1] and [Lor2]
the formal orbital classification of generalized cusps is given and to each formal
normal form the corresponding type of monodromy is attached.
In [Str] E. Stróżyna considered the case of generalized saddle-node (y−xr)∂x + . . .
(see below). There is a theorem about equivalence of orbital analytic classification
of germs of vector fields and of analytic classification of their projective mon-
odromies (no equality of the moduli spaces). There the monodromy group is:
either finite or abelian exceptional or solvable typical or solvable exceptional or
non-solvable. The formal classification is also given.
In [SZ2] the formal orbital classification of nilpotent germs y∂x+. . . was completed;
namely the so-called generalized saddles (y+axr)∂x+by2r−1∂y+. . . were classified.
The papers of Cerveau and Moussu [CeMo] and of Loray [Lor1] contain also topo-
logical classifications of generalized cusps with solvable holonomy.

2. We pass to more precise formulations of the results. By Takens’ theorem [Tak],
any germ of vector field with nilpotent linear part is formally equivalent to

ẋ = y + a(x), ẏ = b(x),

where a(x) = arx
r + . . ., b(x) = bs−1x

s−1 + . . . with arbs−1 �= 0 (or some of the
a(x), b(x) vanishes identically). The reader can prove this result by refining the
proof of the Poincaré–Dulac theorem 8.14.
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In [SZ1] it is proved that the Takens normal form is analytic (see also [Lor4]). But
the final orbital normal form for cusp, i.e.

ẋ = 2(y + xΦ), ẏ = 3(x2 + yΦ), Φ = x +
∑

aj(y2 − x3)j ,

is divergent in general (see [C-DS]).
We say that we have: the generalized cusp case if s < 2r, the generalized saddle–
node case if 2r < s and the generalized saddle case if 2r = s.

3. The cusp case. Here the vector field V is close to the Hamiltonian field XH with
the Hamilton function H = y2−x3 (after some normalizations). The resolution of
singularity of the function H was presented in Figure 32 in Chapter 4. There are
three elementary blowing-ups giving three exceptional divisors E1, E2, E3. They
are topological spheres (i.e. CP 1) with intersections p1,2 = E1,2 ∩ E3. The cusp
y2 = x3 is represented by the disc Γ intersecting E3 at p0. The divisor E3 has the
self-intersection index −1 (in the complex surface M such that π : (M,

⋃
Ej) →

(C2, 0)), (E2, E2) = −2 and (E1, E1) = −3 (because after elementary blowing-up
the index of intersection of two curves decreases by 1).
Introducing the quasi-homogeneous filtration in the space of germs of vector fields
with weights d(x) = 2, d(y) = 3, we see that d(XH) = 1 and the germ with cusp
singularity is a perturbation of XH by means of terms of higher quasi-homogeneous
degree. This implies that the resolution process for H is good also for the perturbed
germ.
The foliation F defined by the vector field V is transformed to a foliation F̃ in
M . Using the Camacho–Sad theorem 10.13(a), applied to the divisors Ej and F̃
with singular points pi, we find the ratios of eigenvalues at pi. Because E1 contains
only p1, the ratio of the eigenvalue in direction of E3 to the eigenvalue in direction
of E1 is equal to −3 = (E1, E1); p1 is 1 : −3 resonant saddle. Analogously p2 is
a 1 : −2 resonant saddle. Next because (E3, E3) = −1 = −1/6 − 1/3 − 1/2, we
get that p0 is a 1 : −6 resonant saddle. The formulas for these ratios can be also
seen from the formulas for the resolution of the cusp in Figure 32 in Chapter 4:
y2−x3 = x2(u2−x) = u3v2(u−v) = r6w3(1−w)2(2w−1), where y = ux, x = uv,
u = rw, v = r(1 − w).
The saddles p1,2 are analytically linearizable. This follows from the fact that the
monodromy maps corresponding to loops in E1,2 are identities (the loops are
contractible). The point p0 can be non-linearizable.
One associates with the punctured divisor (E∗, p) = (E3 \ {p1, p2, p3}, p) and the
foliation F̃ , the monodromy group G (see 10.19): G ⊂ Diff (D, p) = Diff(C, 0)
where D is a holomorphic disc transversal to E∗ at p. It is generated by two maps
f1,2, corresponding to two simple loops in π1(E∗, p) surrounding the points p1,2.
The loop around p0 generates the map f0 = f1 ◦ f2.
The formulas for ratios of eigenvalues imply that

f1(z) = e−2πi/3z + . . . , f2(z) = −z + . . . (3.5)
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and f3(z) = e−πi/3z + . . ..
Moreover, because the points p1,2 are linearizable, the corresponding maps are also
linearizable and we have the relations

f3
1 = f2

2 = id. (3.6)

R. Moussu proved that the classification of cusps is the same as the classification
of groups generated by f1,2 with the restrictions (3.5) and (3.6).

We pass to the analysis of particular examples with the cusp singularity. Firstly
we shall show that:

The Hamiltonian cusp has finite monodromy group.

In order to see it one uses special coordinates, dictated by the quasi-homogeneity:
u = x3/y2 (of degree 0) and z = y/x (of degree 1). (Here u = (1 − w)/w, z = r
in terms of the resolution from Figure 32 in Chapter4). We obtain the differential
equation for the foliation F̃ in the form dz

du = (3u−2)z
6u(1−u) , with the solutions of

Darboux type
z(u) = Cu−1/3(u− 1)−1/6.

We see that the maps z0 = z(u0) → f1(z0) and z0 → f0(z0) which are defined
as analytic prolongations of the multivalued function z(u) along closed loops with
vertex at u0, are linear maps. �

Consider now the perturbation of XH by means of the vector field xr−1EH , pro-
portional to the quasi-homogeneous Euler vector field EH = 2x∂x + 3y∂y. Then
in the variables u, z we obtain the Bernoulli equation for the phase curves

dz

du
=

3u− 2
6u(1− u)

z +
xr−2

6(1− u)
z2r−2.

It has the first integral of the form

F =
[
zu1/3(1− u)1/6

]3−2r

+ ((1− 2r)/6)
∫ u

0

τ r/3−1(τ − 1)−(2r+3)/6dτ .

Note that this function contains the term of the Darboux form and the Schwarz–
Christoffel integral; we call them the Darboux–Schwarz–Christoffel integrals. The
properties of F depend on r.
Let r = 3m. Then the power in τr/3−1 is a positive integer and the Schwarz–
Christoffel integral is elementary. We obtain F = (u−1)1/2−m[z3−6mu1−2m+P (u)]
where P (u) is a polynomial. The integral is of the Darboux type. One can deduce
from it that the monodromy group is abelian linear.
The explanation of this lies in the fact that the perturbed vector field is orbitally
equivalent to the Hamiltonian one. Indeed, in the variables h = y2−x3 and y, one
obtains the system ḣ = 2h(y2− h)m−1, ẏ = 1 + (y2 − h)m−1y. It is a non-singular
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vector field with local analytic first integral h + . . . = y2 − x3 + . . ., i.e. the A2

singularity. After analytic change of coordinates the first integral equals ỹ2 − x̃3.
Let r �= 0 (mod 3). Near u = 0, z = 0 we have F = u1−2r/3× (analytic function ).
This implies that the monodromy map f1, expressed in the chart ζ = F |u=u0 takes
the form ζ → µ1ζ.
Near u = 1 we have F = c1 + (u − 1)(3−2r)/6 × ( analytic function ). Note that
the Schwarz–Christoffel integral diverges at u = 1 and one must use several
times the integration by parts formula:

∫ u(τ − 1)aφ(τ ) = (a + 1)−1(u − 1)a+1−
(a + 1)−1

∫ u(τ − 1)a+1φ′. The value c1 is the ‘principal’ value of the Schwarz–
Christoffel integral from 0 to 1. In order to find this value one uses analytic con-
tinuation of the Euler Beta-function B(a, b) =

∫ 1

0 τa−1(1 − τ)b−1dτ = Γ(a)Γ(b)
Γ(a+b) .

Because the Euler Gamma-function has no zeroes and has poles at non-positive
integers, we get that the constant c1 �= 0. This means that the map f0 takes the
form ζ → µ0ζ + c with µ0 = e(3−2r)πi/3, c = c1(1− µ0) �= 0.
This shows that the monodromy group G, in the chart ζ, forms a subgroup of
the group Aff(C), of affine diffeomorphisms of a complex line. It is solvable and
non-abelian.
The relation between the chart z and ζ is given by the formula ζ = Az3−2r + B.
This means that the maps fj, expressed in the chart z, have the form λjg

tj
w ,

w = zp+1∂z , i.e. solvable subgroups of Gs(p) with p = 2r − 3. Note that here
ΛG consists of roots of unity of order 6 and, as r is not divisible by 3, we have
Λp

G �= {±1}. We can conclude the above in the following statement.

The vector field XH + xr−1EH with the cusp singularity has finite monodromy
group in the case r = 0 (mod 3) and solvable typical monodromy group otherwise.

The example of cusp singularity with solvable non-abelian holonomy was used
by R. Moussu [Mou] in his counter-example to the problem (c) of R. Thom (see
10.20): do the holonomies of the separatrices form a complete system of invariants
of the singularity? Indeed, in the solvable cases with different r’s (�= 0 (mod 3)) the
singular point p0 is linearizable. Thus the holonomy map associated with a loop
in the separatrix Γ (through p0) is trivial in all these cases. On the other hand,
the different projective holonomies form the obstacles to the analytic equivalence
of these cusps.

4. The generalized cusp with abelian exceptional monodromy. Consider the field

XH + xHn(1 + µHn)−1EH , H = y2 − x4. (3.7)

(Here EH = x∂X + 2y∂y is the quasi-homogeneous Euler field.) The resolution of
this singularity is the same as the resolution of the A3 singularity of H and is
presented in Figure 1.
The monodromy group is generated by two maps f1,2 = −iz+. . ., i = eπi/2 =

√
−1

with the relation f2
0 = id, where f0 = f1 ◦ f2.
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Figure 1

In the variables x, u = x2/y we have H = x4(u2−1) and the points p1,2 correspond
to x = 0, u = ±1 and p0 : x = 0, u = ∞.
It turns out that the vector field has the variables u, H separating. Namely, we
have dH/du = Hn+1/[(1 + µHn)(1− u2)]. From this we see that the monodromy
maps, expressed in the chart h = H |u=u0 = const · x4, take the forms h → g

sj
v (h),

where v = hn+1(1 + µh)−1∂h. In the chart x we get fj = λjg
tj
w , which implies the

following statement.

The vector field (3.7) has abelian exceptional monodromy.

5. The generalized saddle-node with exceptional solvable monodromy. Consider
the system

ẋ = y − x2 + xt+1, ẏ = 2xty. (3.8)

Its two-step resolution is presented in Figure 2. We see that the points p0,1 are
1 : −2 resonant saddles. The ratio of eigenvalues of the point p2 equals zero. The
monodromy maps take the form f0,1 = −z + . . ., f2 = z + . . . with the relation
f2
0 = id. We use the variables x, u = y/x2. We get

ẋ = x(u − 1) + xt, u̇ = −2u(u− 1).

Here p0 : x = 0, u = ∞, p1 : x = u = 0, p2 : x = 0, u = 1. We see that p2 is a
saddle-node; this justifies the name of the singularity.
The system has the first integral of the Darboux–Schwarz–Christoffel type

F = (xu1/2)1−t +
1− t

2

∫ u

v−(t+1)/2(v − 1)−1dv.
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Figure 2

If t is odd, then the first integral is of the form F = a ln(u−1)+( rational function ).
It has abelian monodromy and the monodromy group of the vector field is abelian
exceptional.
If t is even, then the monodromy of the first integral is solvable. It is generated
by the maps ζ → −ζ and ζ → ζ + b. Any of its elements is of the form ±ζ + nb
with integer n. The monodromy group G of the resolution is also solvable. It is a
subgroup of Gs(p), p = t − 1. Because ΛG = {±1}, we have Λp

G = {±1}. On the
other hand, the subgroup G∩A (of maps with identity linear part) is cyclic � bZ.
This means that G is solvable and exceptional, i.e.

The vector field (3.8) has solvable exceptional holonomy.

6. Other examples of vector fields with solvable monodromy constitute the fields

V0 + KE

consisting of two homogeneous terms, one of which is proportional to the standard
Euler field E = x∂x + y∂y; the field V0 and the function K are homogeneous. The
elementary blowing-up reduces this field to a Bernoulli system with a Darboux–
Schwarz–Christoffel integral.

10.35. Non-solvable subgroups of Diff(C, 0). Examples. The standard example of
a non-solvable subgroup of Diff(C, 0) is the group generated by two maps (see
Lemma 2 in the proof of Theorem 10.32)

f1 = g1
zp+1, f2 = g1

zq+1 , p < q.

One can say even more.

10.36. Theorem of Cohen. ([Coh]) This group is free, i.e. there are no relations
between f1 and f2.
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We do not prove this result. We note only that in the original paper of Cohen it is
proved that the group generated by the power zr and the translation z + 1 is free.
There is no classification of non-solvable subgroups of Diff(C, 0). However, they
are typical among monodromy groups of algebraic leaves. For example, Yu. S.
Il’yashenko and A. S. Pyartli [IlP] have shown that among vector fields of degree
n with the line at infinity L∞ invariant, fields with free holonomy associated with
the leaf in L∞ are typical. Also in [SZ1] and [Str] it was shown that typical
nilpotent singularity of the generalized cusp type or the generalized saddle-node
type have non-solvable monodromy groups.
Among few results about non-solvable groups we present A. A. Shcherbakov’s
and I. Nakai’s generalization of the Hudai-Verenov Theorem 10.22 and the Ramis
theorem about formal and analytic equivalences of non-solvable groups.

10.37. The density theorem of Shcherbakov and Nakai. ([Shc2], [Nak]) If G ⊂
Diff (C, 0) is a non-solvable subgroup, then there is a partition of (C, 0) into
sector-like domains such that the G-orbit of any point is dense either in a whole
domain of the partition or in a line separating different domains.

The idea of the proof is the following. Take two non-commuting elements of G:
f1 = z+zp+ . . ., f2 = z+zq + . . ., p < q. The sequence f−m

1 f2f
m
1 tends to identity

and a suitable normalization cm(f−m
1 f2f

m
1 − id) tends to a definite vector field

v2. Replacing f2 by f3 = [f1, f2] = z + azr + . . . , q < r, we obtain another vector
field v3 which is independent from v2 at generic points. Moving along these vector
fields is the same as moving along closures of orbits of G.
Additional information about the dynamics of non-solvable pseudo-groups are
given in [BLL].

10.38. Theorem of Ramis (Rigidity of non-solvable groups). ([Ram2]) If two non-
solvable subgroups G, G′ of Diff(C, 0) are formally equivalent, then they are an-
alytically equivalent as well.

Proof. We sketch the proof following [EISV].
Let the germs from G

f = z + azp+1 + . . . , g = z + bzq+1 + . . . , p < q, ab �= 0,

be formally conjugated by means of series ĥ with analogous germs f ′, g′ from G′.
One has to show that the series ĥ is the Taylor series of an analytic conjugating
map h.
Following the proof of the Ecalle–Voronin Theorem we construct sectorial normal-
izations of these four germs. However, instead of using the sectorial coverings, we
shall use sectorial partitions; i.e. partition into closed sectors which are included
in the domains of analyticity of the normalizing maps. It means that we have the
functional cochains Hf = (Hf,1, . . . , Hf,2p), Hf ′ , Hg, Hg′ , defined in sectors of
partitions Ξ1, Ξ2 of (C, 0) (with angles π/p or π/q), close to identity (as o(zp+1)
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or aso(zq+1)) and conjugating germs with their formal normal forms. The cochains

F = H−1
f ′ Hf , F̃ = H−1

g′ Hg

conjugate f with f ′ and g with g′ respectively. The Taylor series of the maps from
F and from F̃ coincide and are equal to ĥ.
Take a partition Ξ of (C, 0) which will serve as a common partition for the cochains
F and F̃ (product of the partitions Ξ1,2). Then G = F − F̃ = (G1, . . . , Gr) is a
functional cochain decreasing faster than any power of z. Its coboundaries decrease
very fast |δGj | = |Gj+1 −Gj | < exp(C/|x|l), where l = p when we are in a line of
partition Ξ1 and l = q when we are in a line of the partition Ξ2.

10.39. Phragmén–Lindelöf Theorem for functional cochains. (See [Il3], [EISV])
If a functional cochain decreases faster than any power of z, then it vanishes
identically.

Therefore, F = F̃ . Now, because the maps Fj from F and F̃j from F̃ are analytic in
sectors of different magnitude, then we prolong them step-by-step to an univalent
function h, representing the conjugating diffeomorphism.
This completes the proof of the Ramis theorem. �

Proof of the Phragmén–Lindelöf theorem. This theorem constitutes an essential
part in Il’yashenko’s proof of finiteness of the number of limit cycles for a polyno-
mial vector field (see Theorem 6.12). We use the arguments presented in [Il3].
Recall that the classical Phragmén–Lindelöf theorem says that, if a holomorphic
function f(ζ), defined in the sector | arg ζ| < α and growing not too fast at in-
finity, |f | < exp(c|z|β), β < π/2α, is bounded by a constant M at the boundary,
then the same bound holds inside the sector. (In the proof one replaces f by
f exp(−ε|z|π/2α) tending to zero at infinity.)
This theorem can be applied to domains which are biholomorphically equivalent
to sectors, e.g. the half-plane Re ζ > A and its image UA under Ψ = ζ +

√
ζ.

Moreover, if f decreases in UA faster than any exponent, then f ≡ 0. Indeed,
applying the Phragmén–Lindelöf theorem to feNz we get that |f | < Me−Nx for
any N along the real axis.
Assume that a cochain G = (G1, . . . , Gr) decreases faster than any power of z.
Take the chart ζ = − ln z. Then we get a domain like Re ζ > A, with the partition Ξ
into horizontal strips with the boundary ∂Ξ consisting of half-lines Im ζ =const. At
the lines from ∂Ξ the cochain has jumps δG. The cochain G decreases faster than
any exponent of ζ. Its coboundaries δGj = Gj+1 −Gj decrease as exp(−Cep·Re ζ)
or as exp(−Ceq·Re ζ), depending on which line of partition Ξ1 or Ξ2 we are. Of
course, the functions Gj from G are prolonged to larger strips than the strips of
the partition Ξ.
Any cochain G′ = G · eP (ζ−Q), P, Q > 0 has the same properties as G.
Take the functional cochain defined by H(ζ) = 1

2πi

∫
∂Ξ

∂G′(ξ)
ξ−ζ dξ. (In order to get

this expression convergent one can restrict himself to a region of the type UA.)
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The cochain H has the same jumps as G′ (the Plemelj theorem). Thus H − G′

is an analytic function in UA. Because it decreases faster than any exponent, it
vanishes identically. Thus G = He−P (ζ−Q).
The cochain H can be estimated (using the estimations for δG). This (with varying
P, Q) allows us to show that |G| < exp(−Cep·Re ζ), i.e. that

|G| < exp(−C/|z|p)

(see [Il3] for details).
Consider now some sector S containing a sector of the partition Ξ1 (e.g. like S1

in Figure 3). By means of the chart u = const·z−p′
, p′ < p it is transformed to the

half-plane Re u > 0. The cochain G, restricted to the latter sector, has the same
properties as the cochain G in the chart ζ: decay properties of the components
and of coboundaries. Repeating the above arguments we obtain that

|G| < exp(−C/|z|q), z ∈ S.

The further repetition of the above arguments with the sector T1 ⊂ S1 and appli-
cation of the Phragmén–Lindelöf theorem shows that G ≡ 0. �

Figure 3

10.40. Remark. Theorems 10.29, 10.33 and 10.38 imply the following property
called the rigidity of some subgroups G ⊂ Diff(C, 0):

Let G, G′ be either finite or abelian typical or solvable typical or non-solvable. If
G and G′ are formally equivalent, then they are analytically equivalent as well.

This implies the following rigidity property of generalized cusps d(y2 + x2k+1) +
. . . = 0.

If two such singularities are formally equivalent then they are also analytically
equivalent.

Indeed, by the result of D. Cerveau and R. Moussu the formal (respectively analyt-
ical) equivalence of foliations is equivalent to the formal (respectively analytical)
equivalence of their monodromy groups. The latter turn out to be rigid.
R. Meziani [Mez] investigated the rigidity property for the cases of a generalized
saddle and of a generalized saddle-node.
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§4 The Ziglin Theory

The Ziglin theory constitutes one of the most beautiful and effective applications of
the monodromy theory. It allowed us to show non-integrability of certain classical
Hamiltonian systems.

10.41. Example (The Euler–Poisson system). This is the system describing motion
of a rigid body with one fixed point in the presence of a constant gravitational
field

Ṁ = M×Ω + µΓ× L, Γ̇ = Γ×Ω. (4.1)

Here the vector quantities are given in the moving coordinate system, associated
with the principal axes of inertia of the body. We denote: M = (M1, M2, M3) –
the kinetic momentum with respect to the fixed point, Ω – the angular velocity,
M = diag (I1, I2, I3)Ω where Ij are the principal inertia moments, Γ – the unit
vertical vector, L = (X0, Y0, Z0) – the unit vector directed from the fixed point to
the center of mass of the body.

Figure 4

The system (4.1) has three independent polynomial first integrals

Γ2, (M,Γ), E = (M,Ω)/2 + µ(Γ,L)

(the length of Γ, the projection of the kinetic momentum onto the vertical axis
and the energy). The complete integrability of the system (4.1) means existence
of a foliation of the phase space into 2-dimensional tori with a periodic or quasi-
periodic motion (the Liouville–Arnold theorem, see [Arn1]). It is equivalent to the
existence of an additional first integral.
Such an integral in the hypersurface {Γ2 = 1} exists in three (classical) cases:

– µ = 0; the Euler case of a free body, with the additional integral M2;

– I1 = I2, X0 = Y0 = 0; the Lagrange case, with the body symmetric with
respect to an axis containing the mass center and with the additional integral
M3;



436 Chapter 10. Holomorphic Foliations. Global Aspects

– I1 = I2 = I3/2, Z0 = 0; the Kowalewska case, with special symmetric body,
whose mass center lies in a plane orthogonal to the symmetry axis at the
fixed point, and with the integral |I1(M1 + iM2) + (Γ1 + iΓ2)(X0 + iY0)|2.

The problem of complete integrability of the system (4.1) remained unsolved for
very long time. There were some partial results, concerning particular situations.
Only application of the monodromy theory allowed a complete solution.

10.42. Theorem of Ziglin (Euler–Poisson system). ([Zig]) The above three cases are
the only cases when the system (4.1) has additional meromorphic first integral.

We present the general method leading to the proof of this theorem. However as
an application of this method we present calculations for a Yang–Mills , which is
simpler than (4.1). For the proof of Ziglin’s theorem we refer the reader to Ziglin’s
work [Zig].

10.43. Normal variation equation and the variation monodromy. If ẋ = X(x),
x ∈ Rm is an autonomous system and x = φ(t) is one of its solutions, then the
system ẏ = [(∂X/∂x)(x)]y, x = φ(t) is the variation equation associated with the
solution φ. Its solutions measure the divergence of solutions (of the initial system)
close to φ.
If the curve Γ is the image of φ and NΓ = TΓRm/TΓ is the normal bundle, then
the variation equation can be factorized by TΓ and defines the normal variation
equation. Its solutions are sections of the normal bundle.
We will consider the case when the system is Hamiltonian

ẋ = XH

in R2n with polynomial Hamilton function H(x) and with an algebraic curve Γ
as the image of the particular solution. We assume x = (q, p) and the standard
symplectic structure dp ∧ dq.
A Hamiltonian system is completely integrable if there exists n functionally inde-
pendent first integrals in involution, i.e. with vanishing Poisson brackets {Hi, Hj}
= XHj (Hi) = 0. In particular, if the vector field XH does not have n − 1 first
integrals functionally independent of H , then this field is not integrable.
Because H and Γ are algebraic it is natural to consider the system ẋ = XH and
the curve Γ in the complex space C2n and with complex time. Then we get a
holomorphic 1-dimensional foliation F with the algebraic leaf Γ∗ = Γ\ (singular
points ).
Using lifts of loops from π1(Γ∗, x0) to the leaves of F we define the holonomy group
of the leaf Γ∗. It is a subgroup of the group of germs of analytic diffeomorphisms
of a 2n− 1-dimensional polydisc transversal to Γ∗ at x0. The linear parts of the
germs from the holonomy group generate the variation monodromy group Mon(Γ).
Mon(Γ) is defined by means of the solutions of the normal variation equation.
Because H(x) is a first integral for the Hamiltonian system the function dH ∈
Γ(N∗Γ) is a first integral of the normal variation system. Note that dH is linear
with respect to the 2n−1 variables in NxΓ and is algebraic with respect to x ∈ Γ.
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The affine subbundles V (h) = {(x, v) ∈ NΓ∗ : 〈dH(x), v〉 = h}, h ∈ C are
invariant manifolds of the normal variation equation and of the variation mon-
odromy group. The restriction of the action of Mon(Γ) to Vx0(h) is denoted by
Mon(Γ, h). The latter consists of affine maps of the form Ah(v) = A0v+hw, where
A0 ∈ Sp(2n− 2, C) is a symplectic operator, i.e. preserves the natural symplectic
structure induced on the fiber Nx0Γ by so-called symplectic reduction. The linear
part A0 ∈ Mon(Γ, 0) is uniquely determined by A.
The eigenvalues of A0 form the system λ1, λ

−1
1 , . . . , λn−1, λ

−1
n−1; (because A�

0 JA0

= I where J =
(

0 −I
I 0

)
). The operator A ∈ Mon(Γ) is called resonant if

λk1
1 . . . λ

kn−1
n−1 = 1 for some integers kj ,

∑
|kj | �= 0.

If A is non-resonant then it is diagonalizable with eigenvalues 1, λi, λ
−1
i .

10.44. Theorem (Variation monodromy group and integrability). ([Zig]) Assume
that Mon(Γ) contains a non-resonant operator A and the Hamiltonian system has
n− 1 meromorphic first integrals functionally independent of H. Then any other
linear operator A′ ∈Mon(Γ) preserves the system of eigenspaces of A. Moreover,
if any subset of the system of eigenvalues of A′

0 does not form a regular polygon
with center at 0, then A′ commutes with A.

10.45. Proof of Theorem 10.44. 1. Assume that the field XH has meromorphic
first integrals H1, . . . , Hr near Γ, functionally independent of H . We claim the
following.

2. Proposition. The variation monodromy group has r rational first integrals Φj(v),
j = 1, . . . , r, which are homogeneous in v.

3. Proof of Proposition 2. Let H0 = H .
If Ψ(x) is a first integral (meromorphic and defined near Γ), then we denote by
Ψ0(x, v) the lowest homogeneous part of Ψ(x+ v), (x ∈ Γ, v ∈ NxΓ), with respect
to v.
We put Φ0 = H0

0 = dH = h. Next as H0, H1 are independent there is a function
Ψ1 which is rational in H0, H1 and such that Φ0, Ψ0

1 are independent. (Take H0
1 ; if

it is dependent of H0
0 then H0

1 = f(x)hk, f rational, k ∈ Z; we take H1− f(x)Hk
0 ,

look at its lowest part, etc.) We put Φ1 = Ψ0
1.

The further proof goes by induction (see [Zig]) and we do not present it.
We obtain first integrals Φj(x, v) of the normal variation system. Their restric-
tions Φj(x0, v) to the generic fiber Nx0Γ are independent first integrals of the
monodromy group Mon(Γ), Φj ◦A = Φj . �
4. Let A ∈ Mon(Γ) be non-resonant, i.e. the symplectic operator A0 is non-
resonant. There is a system of symplectic linear coordinates pi, qi in Vx0(0) such
that qi ◦ A0 = λiqi, pi ◦ A0 = λ−1pi. The functions qi, pi can be extended to
eigenfunctions of A in Nx0Γ such that h, q1, p1, . . . , qm−1, pn−1 forms a coordinate
system in Nx0Γ with h ◦A = h). Let zi = qipi.
Because λj are non-resonant,
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Any homogeneous rational first integral of the monodromy is a rational function
of z1, . . . , zn−1 (with coefficients depending on h).

Indeed, this integral is a ratio of two polynomials. Each monomial in these polyno-
mials is multiplied by the same constant after action of the monodromy operator
A. Thus the ratio of a monomial from the numerator to a monomial from the
denominator is an A-invariant monomial qm1

1 pn1
1 . . . q

mn−1
n−1 p

nn−1
n−1 .

So λm1−n1
1 . . . λ

mn−1−nn−1
n−1 = 1 and hence mj = nj .

5. If Φ(v) is a first integral then dΦ|h=const = dΦh belongs to the (n − 1)-
dimensional subspace L(id) of the (2n − 2)-dimensional space of 1-forms, over
the field of rational functions of h, qj , pj and generated by dz1, . . . , dzn−1. For
B ∈Mon(Γ), we denote by L(B) the space generated by the forms d(z1 ◦B), . . . ,
d(zn−1 ◦B). dΦh belongs to all L(B), B ∈Mon(Γ). This implies the following.

The number of functionally independent first integral of the Hamiltonian system
does not exceed the dimension of the space

⋂
B L(B), B ∈Mon(Γ).

In the assumptions of Theorem 10.44 we have dim
⋂

B L(B) = n− 1. This means
that any differential d(zi ◦B) ∈ L(id).

6. If A′ is another monodromy operator then it acts linearly in the variables h, qj , pj

and affinely in the variables qj , pj . In particular, zj ◦ A′
h are quadratic functions

with linear differentials. Because d(zj ◦A′
h) ∈ L(id) we have d(zj ◦A′

h) =
∑

akdzk,
ak = const and hence zj ◦ A′

h =
∑

akzk + a0(h). On the other hand, zj ◦ A′
h =

(qj ◦A′
h)(pj ◦A′

h) is a product of linear functions, which implies that a0 = 0 and
the above sum contains only one summand. Therefore zj ◦ A′

h = akzk for some k
and either qj ◦A′

h = αqk, pj ◦A′
h = βpk or qj ◦A′

h = αqk, pj ◦A′
h = βqk.

This shows that A′
h are linear in the coordinate system qj , pj (associated with A)

and transform the eigenspaces of Ah to eigenspaces. The operator A′
0 permutes

the eigenspaces of A0.

7. Assume that A′
0 permutes non-trivially some eigenspaces of A0. Because any

permutation is a product of cyclic permutations, A′ permutes cyclically some k ≥ 2
directions. This implies that its characteristic polynomial has a divisor of the form
λk− a, a �= 0. The zeroes of the latter form vertices of a regular k-gon with center
at 0.
Theorem 10.44 is proved. �

10.46. Example (The Yang–Mills system). The Yang–Mills system is the Hamilto-
nian system with two degrees of freedom and with the Hamilton function

H =
1
2
(p2

1 + p2
2) +

1
8
(q2

1 − q2
2)

2,

or q̇1,2 = p1,2, ṗ1,2 = ∓ 1
2q1,2(q2

1 − p2
1). This system is a reduction of a special case

of the Euler–Lagrange equations associated with the variational problem
∫

F 2,
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where F is the curvature of the connection ∇ =
∑

Aµdxµ, Aµ ∈ su(2) of a trivial
2-dimensional bundle over the Minkowski space (see [Zig]).
If we put q2 = p2 = 0, then we obtain the invariant algebraic curve Γ : p2

1 =
2H−q4

1/4. This curve is an elliptic curve. It is the Riemann surface of the function
p1 =

√
2H − q4

1/4 with four ramification points ± 4
√

8H , ±i 4
√

8H. It is a doubly
punctured torus. The closure Γ ⊂ CP 2 is the one point (0 : 1 : 0) at infinity. Γ has
the double point singularity at (0 : 1 : 0). When we resolve this singularity then
we obtain a smooth torus Γ̃.
The generators of the fundamental group π1(Γ̃) can be chosen in the following
way. α is the lift to the Riemann surface of p1(·) of the loop in the q1-plane,
which surrounds the two points − 4

√
8H and 4

√
8H; β is the lift of the loop, which

surrounds 4
√

8H and i 4
√

8H .
The solution φ(t), associated with Γ, is expressed by means of elliptic functions.
We have the formula

t =
∫ q1 [

2H − x4/4
]−1/2

dx

which defines φ(t) and the covering of the curve Γ̃ by means of the complex plane,
Γ̃ = C/Λ.
We replace the doubly punctured torus Γ by a once punctured torus. We use
the symmetry Π : (q1, p1) → (−q1,−p1). The above Hamiltonian system is well
defined on the quotient space C4/Π and the curve Γ is replaced by Γ′ = Γ/Π.
The symmetry extends to a symmetry of Γ̃ and transposes the punctures. The
quotient Γ̃′ = Γ̃/Π is a torus too with the basic cycles α′, β′ such that Π∗α = 2α′,
Π∗β = β′. The commutator [α′, β′] is a loop around the puncture in Γ̃′ − Γ′. We
have also Γ̃ = C/Λ′.
The lattice Λ′ is generated by the periods, the integrals T1 = 1

2

∫
α dq1/p1 and

T2 =
∫

β
dq1/p1. Note also that T1 > 0 and the cycle α′ can be identified with the

segment [0, T1] (in the covering of Γ̃′ by C). Thus the ‘time’ along α is real.
Let A, B be the variation monodromy maps associated with α′, β′ respectively.
Their calculations involve integration of the normal variation system which takes
the form

ẋ2 = y2, ẏ2 = (1/2)q2
1(t)x2, ḣ = 0.

Here x2, y2 are the variations of q2, p2 and h = ∆H is the variation of the Hamilton
function. The symplectic operators A0, B0 (associated with A, B) are the operators
expressed in the variables x2, y2.
One can see that the evolution operators gt

s : (x2, y2)(s) → (x2, y2)(t), s, t ∈ R
(along solutions) are matrices with positive entries. Thus A0 has positive entries.
By the Perron–Frobenius theorem A0 has one simple positive eigenvalue, whose
eigenvector has positive components. (Proof: A0 transforms the first quadrant
x2 > 0, y2 > 0 into its strictly proper subset). Thus A0 has two different eigenvalues
λ, λ−1. This shows that the operator A is non-resonant.
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If the Yang–Mills system had additional meromorphic first integral then by Theo-
rem 10.44 the operator B0 (associated with B) should either preserve the eigendi-
rections of A0, i.e. should commute with A0 or should exchange these eigendi-
rections. Simple calculations in the basis, where A0 is diagonal, show that the
commutator A0B0A

−1
0 B−1

0 = diag (λ2, λ−2) or = diag (1, 1).
On the other hand, A0B0A

−1
0 B−1

0 is a monodromy map corresponding to the loop
surrounding the puncture in Γ′, i.e. the loop around the point at infinity. Putting
z = 1/x we obtain the equation t = −

∫ 1/q1

0 (−1 + 8Hz4)−1/2dz, which gives the
solutions q1(t) = −2i/t + O(1/t2) along Γ′.
The normal variation system takes the form ẍ2 + (2/t2 + . . .)x2 = 0. It is the
equation of the Fuchs class with the Levelt exponents ρ1,2 = (1 ± i

√
7)/2. The

eigenvalues of the monodromy transformation are −e±π
√

7. They are not positive
as it was supposed.
We have proven the following result.

10.47. Theorem. The Yang–Mills system, considered in a domain containing the
origin, does not have any meromorphic first integral functionally independent of
the Hamilton function.

10.48. Remarks. 1. Another example, which is treated equally simply as the Yang–
Mills case, is the Hénon–Heiles system with the Hamilton function

H =
1
2
(p2

1 + p2
2 + q2

1 + q2
2) +

1
3
q3
1 − q1q

2
2 .

We recommend that the reader repeat the proof of Theorem 10.47 in this case.
2. Other methods used in the proof of non-integrability of Hamiltonian systems
are the following (see [AKN]).
For perturbations of integrable systems one finds obstacles to integrability at the
level of formal series expansions; there is no formal first integral. The isolated pe-
riodic solutions determine about non-integrability. Sometimes one shows a chaotic
character of the system. For example, separatrices of some singular point intersect
one another and generate a kind of Smale’s horseshoe (instead of forming a loop).



Chapter 11

The Galois Theory

The differential Galois theory is a generalization of the Galois theory. The fields
are fields of functions and extensions of fields are defined by means of solutions of
linear ordinary differential equations. The differential Galois group is the group of
symmetries of the space of solutions.
The monodromy operators introduced in Chapter 9 belong to the differential Ga-
lois group. In fact, the monodromy group forms a kind of topological Galois group
associated with a linear differential equation. These groups are related one with
another (L. Schlesinger).
We present the basic results from the theory of some special extensions of differen-
tial fields, the theory of Picard–Vessiot extensions. We apply them to the problem
of integration of polynomial vector fields (M. F. Singer’s theorem).
We present the monodromy theory of algebraic functions, with the topological
proof of the Abel–Ruffini theorem. We describe A. G. Khovanski’s generalization
of the monodromy group to large class of functions. Finally, we discuss the mon-
odromy properties of Singer’s first integrals.

§1 Picard–Vessiot Extensions
11.1. Introduction. The theory of differential fields is the differential analogue of
the theory of number fields. Its origins lie in the papers of E. Picard [Pic3] and in
the thesis of E. Vessiot [Ves].
The number fields are the fields generated by solutions of algebraic equations.
Usually the solutions (roots) are indistinguishable, i.e. they are subject to per-
mutations. The latter induce automorphisms of the extension field, called the
Galois group; it is the number theoretical Galois group. The solution of algebraic
equations in radicals (i.e. by successive root extractions) means solvability of the
number theoretical Galois group.
The differential fields, called the Picard–Vessiot extensions, are defined by means
of solutions of systems of differential equations. Multivaluedness of these solutions
leads to action of a certain Lie group, called the differential Galois group. The
analogue of the number theoretical radicals form the operations of adjoining of in-
tegrals and of exponents of integrals to the initial field of rational functions; i.e. the
integration in quadratures. The solvability of a differential system in quadratures
means solvability of its differential Galois group.
In this section we present the main elements of the differential Galois theory. Un-
fortunately, the shortest proofs of the main results (existence of Picard–Vessiot
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extensions, algebraicity of the Galois group, the one-to-one correspondence be-
tween subfield and closed subgroup) are algebraic. Other results (solvability in
quadratures and examples) are more natural.
In our exposition we omit many interesting subjects from differential algebra. For
example, we do not investigate the inverse Galois problem; i.e. whether there exists
a Picard–Vessiot extension with the Galois group equal to a given linear algebraic
group.
In the presentation we follow the books of I. Kaplansky [Kapl] and A. Magid
[Mag].

11.2. Definition of differential fields and their Picard–Vessiot extensions. A differ-
ential field K = (K, ∂) is a (commutative) field (with the operations of sum and
product, with a 0 and a 1) equipped with the derivation ∂ : K → K satisfying the
Leibnitz rule ∂(a+ b) = ∂a+∂b, ∂(ab) = (∂a)b+a(∂b). Sometimes, instead of one
derivation, K is equipped with a system ∆ = {∂1, . . . , ∂r} of derivations. We shall
use also notations ∂a = a′, ∂ka = a(k). Analogously one defines the differential
ring R (over some differential field) and the differential ideal.
It is useful to think about a differential field as about some field of holomorphic
functions of x ∈ C (with singularities) and ∂ = d/dx.
The subfield C = CK consisting of elements annihilated by derivation(s) is called
the field of constants of K.
The homomorphisms of differential fields (or rings) are the homomorphisms of
algebraic fields (rings) commuting with derivation(s).
Let u �∈ K be an element from some large differential field K̃ containing K.
Then one defines the extension of K by adjoining u as K〈u〉 = K(u, u′, u′′, . . .),
K〈u〉 ⊂ K̃. It can be a finite extension (in the algebraic sense) or a transcendental
extension (with finite or infinite transcendental degree).
For extensions of differential fields we use the notation K ⊂M .
Let

D = ∂n + an−1∂
n−1 + . . . + a0, ai ∈ K

be a linear ‘differential operator’ of order n and let y1, . . . , yn be a basis of solutions
of the equation Dy = 0. It is assumed that yj lie in some large differential field K̃.
Consider the extension M = K〈y1, . . . , yn〉. We say that K ⊂ M is the Picard–
Vessiot extension of K associated with the equation Dy = 0 if:

(i) the field M does not contain new constants, CM = CK = C;

(ii) yi are linearly independent over the field of constants.

The latter means that the Wronskian

W = W (y1, . . . , yn) =

∣∣∣∣∣∣∣∣
y1 y2 . . . yn

y′
1 y′

2 . . . y′
n

. . . . . . . . . . . .

y
(n−1)
1 y

(n−1)
2 . . . y

(n−1)
n

∣∣∣∣∣∣∣∣
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is nonzero (in M).
We recall that the Wronskian of any fundamental system of solutions satisfies the
linear equation

W ′ + an−1W = 0.

The equivalent definition of Picard–Vessiot extensions uses, instead of linear ‘dif-
ferential equations of n-th order’ , a system of ‘linear differential equations’ (or
the ‘connection’ ) Dy = (∂ − A)y, where y is an n-dimensional vector and A is
an n × n matrix with coefficients in K. Then M = K(yij), where F = (yij) is a
fundamental matrix of the latter system. Of course, we need also CK = CM .

11.3. Examples. (a) Of course, the number theoretical fields with trivial derivations
(i.e. ∂a = 0) are examples of differential fields.
The principal natural examples of differential fields constitute the fields: of rational
functions of one variable

(C(x), d/dx)

(or (C(x1, . . . , xm), {∂/∂x1, . . . , ∂/∂xm})) and of germs of meromorphic functions
in (C, 0)

(M0(C), d/dx)

(or (M0(Cm), {∂/∂x1, . . . , ∂/∂xm})). (Here the field of germs of meromorphic
functions is the field of quotients Q(O0(Cm))of the local differential ringO0(Cm) =
C{x1, . . . , xm}; for m = 1 one uses also the notation C{x}[x−1]).
The system of independent solutions of a higher order linear differential equation
with rational coefficients (or of a first order differential system with rational coef-
ficients) defines the Picard–Vessiot extension of C(x). Here we have automatically
the existence and uniqueness of these extensions.
(b) We present an example showing why the assumption ‘no new constants’ in the
definition of Picard–Vessiot extensions is necessary.
Let K = (C(ex), ∂/∂x) and let u be a formal variable whose derivative is equal
to u, u′ = u. We define M = K〈u〉. Of course, u is an independent solution of the
linear equation Dy = 0, D = ∂ − 1. However, the element ex/u is a new constant
in M , (ex/u)′ = 0.

11.4. Definition of the differential Galois group. Let K ⊂ M be a Picard–Vessiot
extension. The group of automorphisms of the differential field M which are iden-
tity on K is called the differential Galois group of the extension K ⊂ M and is
denoted by GalKM .
The Galois group is a subgroup of the group GL(V, C) � GL(n, C), where V is the
space of solutions of the equation (or system) Dy = 0. Indeed, let yi, i = 1, . . . , n,
be a basis of solutions and let σ ∈ GalKM . Each element σyj is a solution and
is expressed as a linear combination of yi’s, σyj =

∑
i yidij , where the elements

dij ∈ M are given by Cramer’s formula dij = W1/W2 and W1 and W2 are the
Wronskians of suitable systems of n solutions. Both satisfy the same differential
equation W ′ + an−1W = 0. Thus the derivative of their ratio is equal to zero,
which shows that dij are constants.
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Note also that the matrix (dij) acts on the right on the row vector (y1, . . . , yn). It
acts in the same way on the derivatives (y(l)

1 , . . . , y
(l)
n ).

Agreement. In what follows we assume that all differential fields are extensions of
the field C consisting of constants. We shall have C = C, which is algebraically
closed and of characteristic zero. Any eventual exceptions will be underlined.

11.5. Adjoining of an integral. Let a ∈ K be an element which is not a derivative
of another element from K; (for example: x−1 in C(x)). We want to adjoin to K
an element u such that u′ = a, i.e. we put M = K〈u〉 = K(u). We can here treat
u as a formal variable with its derivation equal to a. We claim that:

K(u) is a transcendental Picard–Vessiot extension of K with the differential Ga-
lois group isomorphic to the additive group C.

Here the notion transcendental means that u cannot satisfy any algebraic equation
with coefficients in K. Indeed, if un + bun−1 + . . . = 0 would be such equation
of minimal degree, then its derivation would give the equation of lower degree
(na + b′)un−1 + . . . = 0. Thus there should be na + b′ = 0 which contradicts the
assumption that a is not derivative.
If M would contain a new constant, represented as a rational function of u,
f(u)/g(u), then we should have (f(u))′g(u) − f(u)(g(u))′ = 0, i.e. an algebraic
equation for u. Thus M satisfies the first condition in the definition of the Picard–
Vessiot extension.
Consider the operator

D = ∂2 − (a′/a)∂.

It is clear that the elements 1, u are solutions of the equation Dy = 0. Their
Wronskian W (1, u) = a �= 0, so they are linearly independent. So M = K〈1, u〉 is
Picard–Vessiot.
We see that M , treated as an algebraic field, is the same as K(u), the field of
rational functions of u. The formula u′ = a provides it with a structure of a
differential field.
If σ ∈ GalKM then σ(1) = 1 and v = σ(u) satisfies v′ = σ(u′) = σ(a) = a. Thus
v − u is a constant c ∈ C and

σ(u) = u + c.

Conversely, any change u → u + c, c ∈ C, defines an automorphism of the differ-
ential ring K[u]: uk → (u + c)k = uk + . . ., u′ → (u + c)′. This automorphism
extends to an automorphism of the field of quotients.

Example. The Galois group of the extension C(x) ⊂ C(x, ln(x − x0)) is equal to
C.

11.6. Adjoining of exponent of an integral. Here M = K〈u〉 = K(u) where u
satisfies the differential equation Dy = 0 with

D = ∂ − a, a ∈ K,
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and with the condition CM = CK .

The extension K ⊂ K(u) is a Picard–Vessiot extension with the differential Galois
group isomorphic to a subgroup of the multiplicative group C∗ = C \ 0.

The Picard–Vessiot property here is obvious (by definition).
For σ ∈ GalKM and v = σ(u) we have v′ = av. This implies (v/u)′ = 0 or v = cu,
c ∈ C, σ : u→ cu. Because σ is an automorphism c �= 0.

Examples. 1. The equation dy/dx = αy/x has solutions Cxα. If α is integer then
the above construction gives a trivial Picard–Vessiot extension over C(x). If α =
p/q is rational then the extension is algebraic with the differential Galois group
equal to a subgroup of the complex torus C∗, of roots of unity of order q. If α is
irrational then GalKM = C∗.
2. The equation dy/dx = −2xy has the solutions Ce−x2

. It is a Picard–Vessiot
extension over C(x) with the differential Galois group equal to C∗.

Now we pass to the presentation of the main general theorems of the differential
Galois theory. Although their proofs are algebraic, they have the advantage that
the results are obtained quickly.

11.7. Theorem (Existence and uniqueness of the Picard–Vessiot extensions). ([Kol])
Let (K, ∂) be a differential field and let D be a linear differential operator with
coefficients in K. Then there exists a Picard–Vessiot extension of K associated
with Dy = 0. Moreover, this extension is unique up to an isomorphism.

Proof. In fact, in our applications to linear differential equations in complex do-
main there is no need to provide the algebraic proof. However it may occur that
the coefficients ai ∈ K, ai = ai(x) have a big set of singular points (e.g. dense
in C); in that case the classical theorems do not apply. Moreover, the algebraic
construction of the Picard–Vessiot extension will be used in proofs of other facts
(e.g. of the algebraicity of the Galois group). So we present this proof. We follow
the book of A. Magid [Mag].

1. Existence. Let us introduce n2 formal variables

u1,1, . . . , un,1, u1,2, . . . , un,2, u1,3, . . . , un,n

and denote u1 = u1,1, . . . , un = un,1. Define the differential ring over K as K[u] =
K[u1,1 . . . , un,n] with the derivation given by u′

i,j = ui,j+1 and u′
i,n defined from

the equation Dui = 0. In other words,

u′ = Au,

where u = (uij) and A ∈ gl(n, K) are matrices.
Let W (u) = W (u1, . . . , un) be the Wronskian. Define the ring

S = K[u][W (u)−1].
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The ring S has the property that ui are solutions of the equation Dy = 0 and they
are independent (in S over the field of constants CK). The latter is a consequence
of the fact that the Wronskian is invertible in S. (In fact the ring S is the same as
the ring K[X ] of regular functions on the algebraic group X = GL(n, K), treated
as an affine algebraic variety over the field K.)
One would like to define a differential field by taking the field of quotients of S.
However some new constants would be created in such a way. It turns out that
one has to divide the ring S by a proper maximal (in the partial order defined by
inclusion) ideal I of S and then define the field M as the field of its quotients

M = Q(S/I) = Q(K[X ]/I). (1.1)

Define also yi = [ui] = ui + I ∈ M , i.e. as the cosets of ui = ui,1. They form a
basis of solutions of the equation Dy = 0 in M . Before proceeding with the further
proof we recall some algebro–geometrical facts and present two examples.

2. Remark. Recall that a divisor of zero of a ring R is such an element a �= 0 that
ab = 0 for some b �= 0. If R does not contain divisors of zero, then it is called the
integral domain. The field of quotients Q(R) is defined only when R is an integral
domain: then (a/b) · (c/d) = (ac)/(bd) with nonzero denominator. An ideal I is
prime if from ab ∈ I it follows that either a ∈ I or b ∈ I (or the quotient ring
does not have divisors of zero). Example: in the ring C[x1, x2] the prime ideals
correspond to irreducible algebraic varieties; the ideal (x1x2) is not prime. The
ideal I ⊂ R is proper if 0 �= I �= R.
When we have a ring of regular functions on an affine algebraic variety (over an
algebraically closed field of characteristic zero) then its maximal prime ideals are
in one-to-one correspondence with the points of the variety; (they define the closed
points in the spectrum of the ring, an affine K-scheme specKR, see [Bor], [HaR]).
We will also need the notion of constructible subsets Y of affine algebraic variety
X (over K) with the Zariski topology. The Zariski topology is generated by the
open subsets of the form {g(x) �= 0}, where g : X → K is a regular function
(polynomial). The constructible sets are finite unions of locally closed subsets Yi,
i.e. such that they are open in their closures Y i (see [Bor], Ch. AG, point 1.3).
In particular, if Y ⊂ K1 is constructible then either it is finite (Zariski closed)
or is Zariski open (Y = K\{finite points}). If α : X → Z is a morphism of
affine algebraic varieties, then the image α(Y ) of a constructible subset Y is a
constructible subset of Z (theorem of Chevalley, see [Bor], Ch. AG, point 10.2).
In the case of a differential ring the situation is not as clear as in the case of alge-
braic ring. Firstly, the underlying fields usually are not algebraically closed (e.g.
C(x)) and the assumption that the ideal is closed with respect to the differentiation
constitutes sometimes a serious restriction.

3. Example. Consider the above construction of M = Q(K[X ]/I) in the case
of the differential operator ∂2 + (1/x)∂, (adjoining lnx). We have the C(x)-
ring S = C(x)[X ] = C(x)[u11, u12, u21, u22, (u11u22 − u12u21)−1]. The ideal I =
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(u11 − 2, u12, u22 − 3/x) is a prime differential ideal, it is also maximal. Any ideal
containing I should be associated with a C(x)-point in the variety GL(2, C(x)),
i.e. with a C(x)-value of u21. Because u′

21 = 3/x and 3/x has no rational primitive
there are no such C(x)-points.
When we forget about the differential nature of the field C(x) and of the ideal I,

then the set of its zeroes is the algebraic variety
{(

2 a(x)
0 3/x

)
: a(x) rational

}
in GL(2, C(x)). Note that we could choose the ideal in another way (e.g. (u11 −
1, u12, u22 − 1/x)); the quotient K[X ]/I remains the same.

4. Example. Consider the extension of K = C(x) by means of the equation 2xy′ =
y. We have X = C∗, K[X ] = C(x)[u, u−1] and the ideal I can be chosen as (u2−x).
Due to the fact that C(x) is not algebraically closed the ideal I is maximal. If K
is the algebraic closure of K (i.e. the field of all algebraic functions of x), then the
ideal K ⊗ I is no longer either prime or maximal in K[X ]. Its zero set consists of
two points {±

√
x} ⊂ C(x) ∗.

The integrality of K[X ]/I and the non-existence of new constants is a consequence
of the following propositions.

5. Proposition. Let S be a finitely generated differential ring without divisors of
zero over a differential field K (i.e. a differential integral domain) and let I ⊂ S
be a maximal ideal ( �= R). Then the ideal I is prime, i.e. the ring R = S/I has
no divisors of zero.

Proof. The ring R has the property that it does not contain proper ideals.
Assume that ab = 0 for a, b ∈ R \ 0. Then the identities (ab)′b = a′b2 + abb′ = a′b2

show that a′b2 = 0. Generally a(k)bk+1 = 0. Take the differential ideal I1 =
(a, a′, . . .) of R. For any e ∈ I1 we have ebm = 0 for some m. If all bm �= 0 then
1 �∈ I1 and I1 would be a proper ideal. This shows that any zero divisor (e.g. b or a)
is nilpotent. In particular, an = 0 for some minimal n and the formula nan−1a′ = 0
shows that a′ is also a zero divisor (and also nilpotent). Repeating this we see that
a(j) are all nilpotent zero divisors. Thus a generates ideal I2 consisting of only
nilpotent elements. Because the latter does not contain 1 it should be proper. �

6. Proposition. Let R be a finitely generated differential integral domain over a
differential field K (with algebraically closed field of constants C of zero charac-
teristic) without proper differential ideals. Then the field of quotients M = Q(R)
does not have new constants, CM = C.

Proof. (a) First we notice that the elements from CM \C cannot be algebraic over
K. It follows from the fact that the differentiation in K extends itself uniquely to
the algebraic closure K of K. If d ∈ K \K satisfies a minimal algebraic equation
p(d) = dr + ar−1d

r−1 + . . . + a0 = 0, p(x) ∈ K[x], then d′ = −p′(d)/ dp
dx (d), where

p′(x) = a′
r−1x

r−1 + . . .+a′
0. Thus d′ = 0 implies p′ = 0 (p is minimal); so p ∈ C[x]

and d ∈ C.
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(b) Next we have CM ⊂ R. Indeed, for any d = f/g ∈ CM , f, g ∈ R, consider the
ideal of denominators of d, J = {h ∈ R : hd ∈ R} ⊂ R. It is a non-zero differential
ideal, because g ∈ J and h′d = (hd)′ ∈ R for h ∈ J .
By assumption R does not contain proper differential ideals. Thus J = R, which
means that d = 1 · d ∈ R.
(c) Here we show that for any d ∈ CM there exists an element c ∈ C such that
d− c is not invertible in R. Then the ideal (d− c) = (d− c)R is different from R
and therefore it is equal to zero. Thus d = c ∈ C.
We use some methods from algebraic geometry. We replace the field K (of coeffi-
cients) by its algebraic closure K and the ring R (over K) by R = R ⊗K (over
K). We want to show that the element d⊗ 1− c⊗ 1 ∈ R is not invertible for some
c ∈ C. Then, of course, also the element d− c will be non-unit in R.
The element d⊗1 (which we still denote by d) can be treated as a regular function
on the space Y = specKR of maximal ideals of the ring R, d : Y → K. Here Y
is an affine algebraic variety (equipped with the Zariski topology) and d(·) is a
morphism of algebraic varieties. Consider the image Z = d(Y ). It is a constructible
subset of K (by the theorem of Chevalley, see 2.). We have two possibilities: either
Z �= K or Z = K.
In the first case Z is finite, which means that the function d(·) takes a finite number
of values. Because Y is irreducible (as R is an integral domain) it is a connected
space and d(·) = const (contradiction with (a)).
In the second case Z is Zariski open, equal to K\{finite set}, and there exists a
point c ∈ C ∩ Z. The variety Yc = d−1(c) is a proper subvariety of Y (i.e. �= ∅, Y )
corresponding to the nonzero ideal (d− c)R = {f ∈ R : f |Yc ≡ 0}. Thus d− c is a
non-unit in R. �

7. Uniqueness of the Picard–Vessiot extension. We have one Picard–Vessiot ex-
tension in the form M1 = Q(S/I). Assume that M2 is another Picard–Vessiot
extension associated with the same equation Dy = 0.
We define the ring

S̃ = (S/I)⊗K M2

over K; (it is a change of the field of coefficients and S̃ can be treated as a finitely
generated algebra over M2 as well). If Ĩ is a maximal ideal in S̃ then it is prime
(Proposition 5) and the field of quotients M = Q(S̃/Ĩ) is an extension of K
with the same field of constants (Proposition 6). We have the homomorphisms
σi : Mi →M , i = 1, 2 induced by s→ s⊗ 1, t→ 1⊗ t.
If Vi, V are the (linear) spaces of solutions of the equation Dy = 0 in Mi, M
respectively, then σi : Vi → V are embeddings. The equality of dimensions of
these spaces over C shows that σi realize isomorphisms of the spaces of solutions
and hence isomorphisms between the fields Mi and the subfield K〈V 〉 ⊂ M .
The homomorphism σ−1

2 σ1 is the isomorphism between M1 and M2. �

The algebraic construction of the Picard–Vessiot extension allows to prove easily
the following two properties of the differential Galois group.
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11.8. Theorem (Normality of Picard–Vessiot extension).

(a) Let K ⊂ M be a Picard–Vessiot extension and let x ∈ M \ K. Then there
exists σ ∈ GalKM such that σ(x) �= x.

(b) Let K ⊂ L ⊂ M be extensions of differential fields, where K ⊂ L and
K ⊂ M are Picard–Vessiot. Then any σ ∈ GalKL can be extended to an
automorphism of M .

Proof. (a) Take the model M = Q(S/I) with S = K[u, W (u)−1], I – maximal
ideal (as in the proof of Theorem 11.7). We have x = a/b, a, b ∈ S/I; so x belongs
to the ring (S/I)[b−1]. We consider the differential algebra R = (S/I)[b−1] ⊗K

(S/I)[b−1] ⊂M ⊗K M . Put

z = x⊗ 1− 1⊗ x ∈ R.

Because x �∈ K we have z′ �= 0 and zj �= 0, j = 1, 2, 3, . . .; (if zn = 0 for a minimal
such n then 0 = nzn−1z′ �= 0). Take the differential ring Rz = {v/zi : v ∈ R,
i ≥ 0}, a maximal prime ideal J and the quotient Rz/J . Note that the element
[z/1] is nonzero in Rz/J .
The fields of quotients Q(R) (containing M) and Q(Rz/J) are two models for the
Picard–Vessiot extension with the same fields of constants. The two maps w →
w⊗1 and w → 1⊗w define two embeddings σ1 and σ2. Moreover, σ1(M) = σ2(M)
(because this equality holds for the vector spaces of solutions of the differential
equation Dy = 0) and σ = σ−1

1 σ2 is an automorphism of M . Because σ1(x) −
σ2(x) = [z/1] �= 0 we have σ(x) �= x.
(b) To show this, one can use the representation M = Q(S1/I1) where S1 = S⊗KL
and I1 a maximal prime ideal. The extension is induced by id⊗ σ. �
11.9. Kolchin’s theorem Algebraic structure of the Galois group). ([Kol]) If K ⊂
M is a Picard–Vessiot extension, then its Galois group GalKM is isomorphic to
an algebraic subgroup of GL(n, C).

Proof. We use the representation of the Picard–Vessiot extension in the form (1.1),
i.e. Q(S/I), S = K[u][W (u)−1]. Because any σ ∈ GalKM preserves the space V
of solutions of the equation Dy = 0 with the basis u1, . . . , un, we obtain the
representation of GalKM in the ring S.
The ring S can be represented as S = K[X ] = K ⊗ C[X ], where C[X ] =
C[uij , W

−1] is the affine coordinate ring of the affine algebraic variety X =
GL(n, C). Because GL(n, C) acts on X by means of right translations we ob-
tain the induced action of GL(n, C) on the ring K ⊗ C[X ]; i.e. GL(n, C) acts
polynomially on this vector space over C (which can be infinite dimensional). The
latter action restricted to the Galois group coincides with the action of GalKM
described before.
If σ ∈ GalKM is represented by a matrix dσ = (dij) ∈ X then the formulas
σ(y(l)

i ) =
∑

y
(l)
j dji and ui,l →

∑
uj,ldji, where y

(l)
j = uj,l (mod I), agree. If

f ∈ K[X ] is treated as a function of u, f = f(u) then σ(f) = f ◦ dσ = f(udσ).
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This means that the Galois group can be defined as

GalKM = {σ ∈ GL(n, C) : σ(I) = I}.

Thus GalKM is a stabilizer of the vector subspace I (of the vector space S). It is
well known that such groups are algebraic (C. Chevalley).
Using C-bases: (f1, f2, . . .) of I and (ϕ1, ϕ2, . . .) of Ann(I) ⊂ S∨ (functionals van-
ishing on I) one can write down the equations for GalKM in GL(n, C): 〈ϕi, σ(fj)〉
= 〈ϕi, fj ◦ dσ〉 = 0.
(Another approach (by P. Deligne [Del5]) to the proof of algebraicity of the dif-
ferential Galois group goes through the Tannakian categories.) �
11.10. Theorem (Subgroups of the Galois group). ([Kol], [Mag]) Assume that we
have extensions of differential fields K ⊂ L ⊂ M where the extension K ⊂ M is
Picard–Vessiot. Then:

(a) The extension L ⊂ M is Picard–Vessiot, too.

(b) The extension K ⊂ L is Picard–Vessiot iff H = GalLM is a normal subgroup
of G = GalKM ; in this case GalKL = G/H.

Proof. (a) The fields of constants are the same and the independent solutions
yj ∈ M of the equation Dy = 0 (with coefficients in K) constitute independent
solutions of the same equations, treated as having coefficients in L. So L ⊂ K is
Picard–Vessiot with differential Galois group H .
Thus the group H forms a subgroup of G, consisting of those σ which are identity
on L. By the previous theorem H is a Zariski closed subgroup of the algebraic
group G.
(b) If, additionally, the extension K ⊂ L is a Picard–Vessiot extension (associated
with an equation D1y = 0) then the elements of G preserve the space of solutions
of D1y = 0. It means that the field L is invariant for G. This implies that H is a
normal subgroup of G. Indeed, if σ ∈ G and τ ∈ H , i.e. τ |L = id, then σ−1τσ|L is
the composition L → L

id→ L → L and is equal to identity. Moreover, we get the
homomorphism from G/H to GalKL, σ → σ|L. It is clear that this homomorphism
is a monomorphism.
On the other hand, by Theorem 11.8(b) any automorphism τ of L (identical on
K) can be prolonged to an automorphism of M .
So we have the homomorphism from GalKL to G/H which, together with the
previous, gives the isomorphism between GalKL and G/H .

Proof of the implication: H is a normal subgroup ⇒ K ⊂ L is Picard–Vessiot. The
proof of the Picard–Vessiot property of the extension K ⊂ L in the case when H is
a normal algebraic subgroup of G is not so elementary. It is omitted in [Kapl] and
in [Kol]; (there is only a statement that the extension K ⊂ L is normal, LH = K).
Below we present a new proof which uses some ideas from [Mag] and [Zo9].
Its main idea relies on the following construction. Assume that we have a finitely
generated K-algebra T ⊂ M (without divisors of zero) consisting of elements t such
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that the linear space (over C) span {σt : σ ∈ G = GalKM} is finite dimensional.
We assume also that T is G-invariant and its field of quotients Q(T ) is equal to
M . The algebra K[X ]/I is a good example.
Take T H = {t ∈ T : Ht = {t}}, the set of invariants of the action of the normal
subgroup H . The normality of H means that for any τ ∈ H , σ ∈ G and s ∈ T H

we have σ−1τσs = s or τ (σs) = (σs). This shows that any σ ∈ G preserves
the subdomain T H , σ(T H) = T H . Thus T H is a finitely generated G-invariant
subalgebra and the restriction of the action of G to T H coincides with the action
of the quotient group G/H on T H . We claim that:

T H is generated (over K) by solutions of a linear differential equation with coef-
ficients in K.

Indeed, take a finite dimensional subspace V1 ⊂ T H over C which generates T H as
a K-algebra and which is G/H-invariant. Let z1, . . . , zm be a basis of V1, its Wron-
skian W (z1, . . . , zm) ∈ K \ 0. Then any element z from V satisfies the equation
D1z = 0 where

D1 = W (∂, z1, . . . , zm)/W (z1, . . . , zm).

The coefficients of this operator are ratios of determinants which behave in the
same way under the action of the group G. By Theorem 11.8(a) the coefficients
of D1 belong to K. Thus T H = K[V1] where V1 is a space of solutions of a linear
differential equation with coefficients in K.

If we knew that L = MH = Q(T H) (i.e. that the field of invariants of H in M
is the field of quotients of the domain of invariants in T ),then we would have the
proof of the Picard–Vessiot property of K ⊂ L.

Lemma 1. If we choose T = K[X ]/I = K ⊗ C[X ], where X = GL(n, C) and I is
a maximal prime ideal, then

MH = Q(T H).

Proof of Lemma 1. Take any f ∈MH \0. We shall strive to represent it as a ratio
of invariants from T . Let J = {t ∈ T : tf ∈ T } ⊂ T be the ideal of denominators of
f . Since f is H-invariant J is H-stable (HJ = J). Let s ∈ J \ 0. The elements τs,
τ ∈ H generate a finite dimensional space Z (over C). Choose a basis s1, . . . , sp

of Z and let w = W (s1, . . . , sp) be the Wronskian. Expansion of this determinant
with respect to the first row shows that w ∈ J .
We have the property τw = det (τ |Z) · w which means that w is a semi-invariant
with the weight χ = det |Z . (The weight is a character of the algebraic group H ,
i.e. an algebraic homomorphism from H to GL(1, C) = C∗.)
Let t = wf . It belongs to T (because w ∈ J) and is a semi-invariant with the same
weight as w. So we have the representation of f as the ratio of semi-invariants,
f = t/w. Assume that we can find a nonzero semi-invariant u with the weight
χ−1. Then we would have the desired representation of f as a ratio of invariants
f = (tu)/wu).
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To show that such u exists we study in detail the representation of the group H
in the space T .
In fact, we consider the group H/H0, where H0 =

⋂
ω kerω is the intersection of

kernels of all characters of H ; H0 is a normal subgroup of H . Because ω|[H,H] = {1}
the group H/H0 is abelian. It is isomorphic to (H/H0)s × (H/H0)u (see [Bor],
Theorem 4.7, Ch.1), where (H/H0)s is a semi-simple group (product of finite
cyclic groups and an (algebraic) torus (C∗)l) and (H/H0)u is a unipotent group
(isomorphic to the additive group Cq). But there are no nontrivial characters on
the unipotent group (H/H0)u (there are only transcendental ones, like a → ea).
This means that H/H0 = (H/H0)s is reductive and any of its representations
in a vector space V is diagonalizable. (The reader can prove himself that any
algebraic homomorphism from the torus C∗, or from the cyclic group Zp, to the
unipotent group of upper triangular matrices is trivial.) The space is split into
weight subspaces V =

⊕
ω Vω.

The natural spaces, where the group H/H0 acts, are C[H/H0] and C[G/H0];
moreover H acts on C[G]. We claim that

C[G]1/χ �= 0.

Indeed, because the homomorphism H/H0 → G/H0 is injective and the homo-
morphism G → G/H0 is surjective, the restriction C[G/H0] → C[H/H0] is sur-
jective and the homomorphism C[G/H0] → C[G] is embedding. But of course
C[H/H0]1/χ �= 0 and hence C[G]1/χ �= 0. �

Recall that we have the K-algebra T = K[X ]/I where I is a maximal prime
differential ideal. Denote also K the algebraic closure of K. We shall use the
following property.

Lemma 2. We have a canonical H-equivariant isomorphism T = K ⊗ (K[X ]/I)
� K ⊗ C[G].

Lemma 2 allows to finish the proof of Theorem 11.10. The group H acts on the
second factors in the above tensor products. Thus the non-zero component C[G]1/χ

gives the nonzero component K ⊗ C[G]1/χ. We have T 1/χ = K ⊗ T1/χ = K ⊗
C[G]1/χ �= 0 and hence T1/χ �= 0. �

Proof of Lemma 2. We shall prove even more. Consider the set (K-algebra) T ⊂
M consisting of such t ∈ M that the vector space (over C) spanCGt has finite
dimension. We shall show that:

T = T and there is an H-equivariant isomorphism K ⊗ T � K ⊗ C[G].

Recall that T = K[X ]. It is clear that T ⊂ T and that T is a K-algebra. Moreover,
repeating arguments before Lemma 1 one easily shows that:

T consists of those t ∈ M which satisfy a linear differential equation with coeffi-
cients in K.
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Now we prove the following important property:

T does not contain proper G-stable ideals.

Indeed, if J were such an ideal with z1, . . . , zm as its generators and V1 =
spanC(z1, . . . , zm) then the Wronskian w = W (z1, . . . , zm) would be a semi-
invariant for G, σw = (detσ|Z1)w.
But for any semi-invariant v ∈ M the ratio v′/v is an invariant, and equals some
a ∈ K (normality); so v satisfies the linear differential equation v′ − av = 0 and
hence v ∈ T . Since w−1 is a semi-invariant, it also belongs to T and 1 = w−1w ∈ J.

The reason to take K (instead of K) is that we want to use the geometrical
action of the group GK ⊂ XK (change of the coefficients field) on the varieties
AK = specKT and AK = specKT . Here T = T ⊗ K, T = T ⊗ K and specKT
equals the variety V (I) ⊂ XK of zeroes of the ideal I = K ⊗ I ⊂ K[X ].
The group GK acts on AK and on AK . On AK it acts by right translations
(in XK = GL(n, K)) and hence is effective (with trivial stabilizers of points). It
means that AK is a disjoint union of GK-orbits, each isomorphic to GK (via an
H-equivariant isomorphism). What we aim is to prove that:

AK � AK and consists of one orbit of GK .

It is enough to show that:

(*) T does not contain proper G-stable ideals.

Then T does not contain GK-stable ideals and hence GK acts transitively on
AK . So AK � GK/(stabilizer of a point) and there is an injection T → IGK

=
{f : f |GK ≡ 0} . Since T ⊂ T and there is a surjection IGK

→ T (associated with
a GK-orbit BK ⊂ AK) it should be T = T � IGK

.

The proof of (*) uses a representation x = a1 ⊗ b1 + . . . + ak ⊗ bk of an element
x �= 0 from a supposed ideal J ⊂ T = T ⊗K; here aj ∈ T , bj ∈ K are independent
over K and k is minimal. For fixed bj ’s the set J1 = {c1 : c1⊗b1 + . . .+ck⊗bk ∈ J
for some c2, . . . , ck} is an ideal in T , thus J1 = T (see above). Therefore there
exists an element y = 1 ⊗ b1 + . . . + ck ⊗ bk �= 0 in J. But σ(y) − y = (σ(c2) −
c2) ⊗ b1 + . . . + (σ(ck) − ck) ⊗ bk, σ ∈ G, belongs to J and contains fewer terms
than x. So σ(y) = y and this holds for all σ ∈ G. Hence y ∈ K and is a unit in J.
It should be J = T . �

Remark. The normality theorem 11.8(a) can be interpreted as absence of fixed
elements in T \K for action of the Galois group G (compare the proof). By the
way of proving Lemma 2 we have shown an even stronger property:

The action of G on T does not fix any proper ideal of T.

Examples. (a) Extension which is not Picard–Vessiot. The example is K = C(x) ⊂
M = K〈ln(1 + ex)〉.



454 Chapter 11. The Galois Theory

Indeed, we have K ⊂ K(ex) ⊂ M , where K ⊂ L = K(ex) is Picard–Vessiot
with the Galois group C∗ and L ⊂ M is Picard–Vessiot with the Galois group
C. If K ⊂ M were Picard–Vessiot then its Galois group should be a semi-direct
product of C∗ ×C. On the other hand, the elements of M , treated as multivalued
functions, should have the set of singularities invariant with respect to the action
of the Galois group. This means that any automorphism of M should satisfy
ln(1 + ex) → ln(1 + ex) + c.

(b) Extension with the Galois group equal to the full linear group. (We follow
[Kapl]). The above algebraic ideas allow us to construct a Picard–Vessiot extension
K ⊂ M with GalKM = GL(n, C).
Let K0 be any differential field with the field of constants C.
Let M = K0〈x1, . . . , xn〉 = K0(x1, x

′
1, . . . , x2, x

′
2, . . . , xn, x′

n . . .), where xi are in-
dependent differential variables (without any relations). Then we have CM = C.
The action of a matrix σ ∈ GL(n, C) onto the vector (x1, . . . , xn) extends nat-
urally to its action onto the derivatives of this vector and then onto M . Let
K = MGL(n,C) be the subfield of invariants of this action (it is generated by
ratios of some Wronskians).
One can see that the differential operator D = W (∂, x1, . . . , xn)
W−1(x1, . . . , xn) has coefficients from K and yi = xi form the basis of solutions
of the equation Dy = 0. Thus M = K〈y1, . . . , yn〉, CM = CK and GalKM =
GL(n, C).

11.11. Fundamental theorem of differential Galois theory. Let K ⊂ M be a Picard–
Vessiot extension with the Galois group G. There is a bijective correspondence
between the subfields L, K ⊂ L ⊂ M, and the Zariski closed subgroups H ⊂ G
given by:

L → GalLM,

H → MH .

Proof. 1. One has to show that the compositions

L → H = GalLM → MH ,

H → L = MH → GalLM

are isomorphisms.

2. The first isomorphism is a consequence of Theorem 11.8(a) applied to the ex-
tension L ⊂ M . Indeed, it says that MH = {a ∈M : τa = a, τ ∈ GalLM} = L.

3. The second isomorphism means that if H ⊂ G is a subgroup (maybe not
algebraic) then the group H ′′ = GalMH M forms the Zariski closure of H .
Assume the contrary, i.e. that there exists a polynomial f on GL(n, C) such that
f |H = 0 �= f |H′′ . If M = K〈y1, . . . , yn〉 and u1,1, . . . , un,1, u1,2, . . . un,n are n2

formal variables, then we define A as the fundamental matrix of the system (yj)
and B as the analogue fundamental matrix for the system (uj). Let also the Galois
group act from the right.
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Define the polynomial F (u) = f(A−1B), f ∈ M [u]. It has the property that
F (yσ) = 0 for σ ∈ H and F (yH ′′) �= {0}.
Consider the set E of polynomials with the latter property. Let E =∑

akpk(u) ∈ E be a polynomial with minimal number of monomials pk and with
one coefficient equal to 1. Denote by Eτ , τ ∈ H , the polynomial obtained from
E by replacing its coefficients by their τ -images. We have Eτ =

∑
(akτ)pk(u) =

(
∑

akpk(uτ−1))τ and Eτ belongs to E . Because the polynomial E −Eτ has fewer
monomials than E we get (E−Eτ )(yH ′′) = {0}. If E �= Eτ then for a suitable el-
ement b ∈ M the polynomial E−b(E−Eτ ) belongs to E and has fewer monomials
than E.
Thus E = Eτ for any τ , which means that the coefficients of E lie in the field
MH . The latter field equals the field MH′′

; so the coefficients are invariant with
respect to H ′′ and E(yσ) = Eσ(yσ) = (E(yσσ−1))σ = 0 for any σ ∈ H ′′. This
contradiction completes the proof. �
11.12. Definition of Liouvillian and elementary functions. We say that a Picard–
Vessiot extension K ⊂ M is Liouvillian if there exists a sequence of differential
fields K = K1 ⊂ K2 ⊂ . . . ⊂ Kr = M such that each Ki+1 is obtained from
Ki by adjoining an integral or exponent of an integral. In the case K = C(x)
the functions from such M are called the Liouvillian functions or the functions
expressed by quadratures.
We say that a Picard–Vessiot extension K ⊂ M is generalized Liouvillian iff there
is an analogous sequence with adjoining of integrals, exponents of integrals and
of algebraic elements. The corresponding functions (for K = C(x)) are called
the generalized Liouvillian functions or the functions expressed by generalized
quadratures.
An extension K ⊂ M (not necessarily Picard–Vessiot) is called elementary if
M = K〈z1, . . . , zs〉, where each zi is either a logarithm over Ki = K(z1, . . . , zi−1),
i.e. z′i = v′i/vi, vi ∈ Ki, or is an exponent over Ki, i.e. z′i/zi = v′i, vi ∈ Ki, or
is algebraic over Ki. In the case K = C(x) the functions from M are called the
elementary functions. (We have taken this definition from [Rit] and [Ros1]).
There is another definition of elementary functions in [Mag]. We shall call them
primitively elementary. They are defined as elements of a Picard–Vessiot extension
M = C(x)(ln(x−x1), . . . , ln(x−xm); z1, . . . , zn), where zj are either algebraic over
Kj = C(x, z1, . . . , zj−1) or are exponents over Kj .

11.13. Theorem (Solution of linear equations in quadratures).

(a) A Picard–Vessiot extension is Liouvillian iff its differential Galois group is
solvable. In this case all matrices from this group can be simultaneously tri-
angularized.

(b) A Picard–Vessiot extension is generalized Liouvillian iff the connected com-
ponent of identity of its differential Galois group is solvable.

Proof. 1. Assume that the extension K ⊂ M is Liouvillian, i.e. we have the
sequence K = K1 ⊂ K2 ⊂ . . . ⊂ Kr = M of differential fields such that
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Kj+1 = Kj〈zj〉 is obtained by means of adjoining an integral (or of an exponent
of an integral) zj to Kj.
If σ ∈ GalKM then σz1 satisfies the same differential equation and belongs to
K2, σ(K2) = K2. This means that the Galois group GalK2M = GK2 is a normal
subgroup of GalKM with the quotient group GalKK1 which is abelian.
Repeating this with respect to the sequence K2 ⊂ . . . ⊂M we obtain the solvabil-
ity of GalKM .
2. The property of simultaneous reduction of matrices from a solvable group to
triangular form is well known in the theory of Lie groups and Lie algebras (see
[Ser], [Kapl]). It is proven by induction, using the fact that commuting matrices
have the same eigenvectors.
3. Consider the case GalKM ⊂ GL(1, C) = C∗. Thus M = K〈u〉. For any σ ∈
GalKM we have σu = au, σu′ = au′ for some a ∈ C∗. We get σ(u′/u) = u′/u. It
means that u′/u = z ∈ K and u = const · e

R
z.

Assume that all the matrices from GalKM ⊂ GL(n, C) are triangular:

σui = ai,iui + ai,i+1ui+1 + . . . + ai,nun, i = 1, . . . , n, (1.2)

with ai,j constant.
Take the last equation σun = an,nun. We have σu′

n = an,nu′
n which implies

u′
n/un ∈ K. Thus un is the exponent of an integral of an element from K. Let

K1 = K〈un〉.
Dividing (1.2) by the equation σun = an,nun and differentiating, we get (with
vi = (ui/un)′)

σvi = (ai,i/an,n)vi + . . . + (ai,n−1/an,n)vn−1, i = 1, . . . , n− 1.

By induction with respect to n we obtain that K1〈v1, . . . , vn−1〉 is a Liouvillian
extension of K1.
Finally, M = K〈u1, . . . , un〉 is obtained from K1〈v1, . . . , vn−1〉 by means of ad-
joining the integrals from vj .
4. Assume that K ⊂ M is a generalized Liouvillian and the corresponding series
of fields begins from K ⊂ K〈z〉 ⊂ . . . with z either: (i) algebraic or (ii) integral or
an exponent of an integral with infinite Galois group.
In the case (i) the extension K ⊂ K1 is finite, the Galois subgroup GalK1M is of
finite index in GalKM and these two groups have the same components of identity.
In the case (ii) the extension K ⊂ K1 is Picard–Vessiot with the continuous abelian
Galois group (equal to C or C∗). It is the quotient group of GalKM by the normal
subgroup GalK1M . The identity component (GalK1M)0 of GalK1M is also normal
subgroup of the identity component (GalKM)0 of GalKM with the same abelian
quotient.
Using induction we can assume that the identity component of GalK1M is solvable.
Thus also the identity component of GalKM is solvable.
5. Assume that the identity component G0 of G = GalKM is solvable. Of course,
G0 is a normal subgroup of G and one associates with it the differential field MG0

.
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The extension K ⊂MG0
is finite Picard–Vessiot with Galois group equal to G/G0.

So MG0 ⊂M is Liouvillian extension.
Completing the resolution sequence (with adjoining of integrals or exponents) for
the extension MG0 ⊂ M by K ⊂ MG0

we obtain the resolution sequence giving
the generalized Liouvillian property of the extension K ⊂M . �

11.14. Remark. Let K⊂M be a Picard–Vessiot extension with GalKM⊂GL(n, C)
and Wronskian W and let K1 = K〈W 1/n〉 be an extension by adjoining an expo-
nent of an integral (n-th order root of the Wronskian). Then GalK1M ⊂ SL(n, C)
(consists of unimodular matrices).

It means that, when solving the problem of integrability of equations in quadra-
tures, we can restrict ourselves to the case when the differential Galois group
consists of matrices with determinant 1.
Indeed, if M is defined by means of solutions of an equation y(n) + a1y

(n−1) +
. . . = 0 with the Wronskian W , then the change z = W 1/ny gives the equation
z(n) + b2z

(n−2) + . . . = 0.

11.15. Theorem (Generalized Liouvillian extensions for n = 2). If G = GalKM ⊂
SL(2, C) is a Galois group corresponding to a generalized Liouvillian extension,
then either:

(i) G is finite (the extension is algebraic), or

(ii) the identity component G0 consists of simultaneously diagonalizable matrices
and has index 2 in G (M is obtained from a quadratic extension L of K by
adjoining an exponent of an integral), or

(iii) G0 consists of simultaneously trangularizable matrices (here K ⊂ K(u1) ⊂
K(u1, u2) = M , where u1 is an exponent of an integral and u2 is an integral).

Proof. 1. If G is finite then the theorem holds. So we can restrict ourselves to the
case with infinite G.
2. Assume that G0 consists of diagonal matrices τ = diag (a, a−1). Sometimes
the a’s should satisfy a certain algebraic equation but here it is not the case (G0

infinite). If v is an eigenvector for G0 (e.g. τv = av) and σ ∈ G then σv is also
an eigenvector for G0 (τσv = σ (Adσ−1τ )v = στ ′v = a′σv). Thus the quotient
group G/G0 acts on the set of eigenvectors and consists of at most two elements
(identity or the transposition).
If G/G0 = Z2 then we are in the case (ii), otherwise we have the case (iii).
3. If G0 consists of triangular matrices then there exists a unique eigenvector v for
G0. It is preserved by the action of the whole group G.
4. The statements about the differential fields can be easily obtained from the
proof of Theorem 11.13. Because the extension K ⊂ M is finite in the case (i) it
is algebraic extension.
In the case (ii) we have K ⊂ L ⊂ M , where L = K(z), z satisfies a quadratic
equation z2 + az + b, a, b ∈ K and the Galois group of the extension L ⊂ M
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consists of diagonal matrices σ = diag (c, c−1), c ∈ C∗ (in some basis u1, u2).
We have σu1,2 = c±1 · u1,2 and σu′

1,2 = c±1 · u′
1,2. This leads to the equations

u′
1,2 = a1,2 · u1,2, a1,2 ∈ K. But σ(u1u2) = u1u2, which implies that u2 = vu−1

1 ,
v ∈ K. Therefore M = L〈u1〉 is obtained by adjoining an exponent of an integral.

If σ =
(

c 0
d 1/c

)
is a general automorphism (in a basis y1, y2) in the case (iii),

then we find that y′
1 = a · y1, a ∈ K and σ(y2/y1) = c−1(y2/y1) + d, σ(y2/y1)′ =

c−1(y2/y1)′. So, (y2/y1)′y1 = v, v ∈ K (it is invariant). If we denote u1 = y1,
u2 =

∫
v/y1 then we get K ⊂ K(u1) ⊂ K(u1, u2) = M . �

11.16. Example. The Airy equation

y′′ = xy

is not solvable in generalized quadratures.

Proof. Assume the contrary. Because the coefficient before y′ vanishes the Galois
group is included in SL(2, C).
The solutions are integer analytic functions u =

∑
anxn (not polynomials because

(n + 2)(n + 3)an+3 = an). They cannot be also algebraic functions (because the
latter have singularities). Thus the corresponding extension K = C(x) ⊂M is not
algebraic.
Applying Theorem 11.15 we see that there should exist a solution u which is also
an exponent of an integral of an element from K or from L, a quadratic extension
of K; u′/u ∈ K or u′/u ∈ L.
Let z = −u′/u. It should be either a rational function P (x)z − Q(x) = 0 or it
should satisfy a quadratic equation P (x)z2 + Q(x)z + R(x) = 0; here P, Q, R are
polynomials.
The function z(x) satisfies the Riccati equation

dz/dx = z2 − x. (1.3)

Thus the Riccati equation (1.3) should have an invariant algebraic curve (rational
or hyperelliptic). �

Lemma. The equation (1.3) does not have any finite invariant algebraic curve.

Proof. First we notice that any solution to (1.3) is a meromorphic function z =
f(x). Indeed, in the variable y = 1/z we have dy/dx|y=0 = −1 − xy2|y=0 �= 0,
what shows that the solutions y(x) have simple zeroes and that the function f(x)
has simple poles. Thus f is single-valued.
If such a function represents an invariant algebraic curve then it is rational, z =
P (x)/Q(x).
However, when we look for the asymptotic z ∼ Cxα of solutions as x → ∞ then
we find α = 1/2, C = ±1. This is impossible for rational z(x). �
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11.17. Example. The Bessel equation x2y′′ + xy′ + (x2 − ν2)y = 0 is integrable in
generalized quadratures iff ν ∈ 1/2 + Z (is a half-integer).

Proof. First, the transformation w =
√

xy transforms the Bessel equation to the
equation w′′ + (1− µ/x2)w = 0, µ = ν2 − 1/4, with the Galois group in SL(2, C).
Note that for ν = ±1/2 we obtain the harmonic oscillator; we assume further that
ν �= ±1/2.
As in the case of the Airy equation the problem is reduced to non-existence of
finite invariant algebraic curves of the Riccati equation

dz/dx = z2 + 1− µ/x2. (1.4)

Second, we look at the asymptotic z ∼ Cxα as x →∞. We find α = 0, C = ±i. We
introduce the coordinate v = 1/x and obtain the system ·

v = v2, ·
z = −1−z2+µv2

with two saddle–nodes v = 0, z = ±i. The eventual branches of an algebraic curve
belong to the center separatrices of these saddle-nodes. As such they are given by
z = f1,2(x) with local single-valued branches f1,2(x), x →∞.
As in the previous example we find that for x �= 0 the solutions to (1.4) have only
simple poles as singularities. So the functions f1,2 are single-valued in C \ 0 and
hence also in C. Therefore any algebraic solution to (1.4) is a rational function
z = fj(x).
The equation (1.4) is invariant with respect to the symmetry (x, z) → (−x,−z).
This and the above implies that there should exist two algebraic curves z = f1,2(x),
f2(x) = −f1(−x), f1 �≡ f2.
As x → 0 we have z ∼const·x−1. In the variables x, u = zx we get

du

dx
=

u2 + u− µ + x2

x
, (1.5)

with two singular points x = 0, u± = (−1 ±
√

1 + 4µ)/2 and the ratios of eigen-
values λ± = 2u± + 1 = ±

√
1 + 4µ = ±2ν. The solutions u = g1,2(x) = xf1,2(x) of

(1.5) are analytic functions such that g2(x) ≡ g1(−x) �≡ g1(x). This means that
these solutions represent two separatrices of a singular point which should be a
node, that is (0, u+). Here the ratio λ = λ+ should be a natural number and we
have u = u+ + dxλ + . . . where the choice of the coefficient d defines the choice of
the solution. So, g1,2 = u+ + d1,2x

λ+ + . . .. By the symmetry d2 = (−1)λ+d1 �= d1,
we find that λ is an odd integer, λ = 2k + 1, which implies that ν = k + 1/2.
It remains to show that for half-integer ν the Bessel equation is solvable in quadra-
tures. We know that it is so for ν = 1/2. In the general case we use the formu-
las
(
− d

xdx

)m
(x−νJν(x)) = x−ν−mJν+m(x),

(
d

xdx

)m
(xνJν(x)) = xν−mJν−m(x),

where J±ν are two independent solutions of the Bessel equations (see Example
8.31(b) and [BE]). We have J1/2 =

√
2/πx sin x, J−1/2 =

√
2/πx cosx.

Using this one can also find recurrent formulas for the rational solutions to the
Riccati equation (1.4). �
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11.18. Remarks. (a) In [Kapl] there is an algebraic proof of non-existence of rational
and hyperelliptic solutions of the Airy equation.
Also there is another proof of non-solvability of the Bessel equation for ν /∈ 1/2+Z.
It relies on taking into account the Stokes operators (see [M-R] and Theorem 11.23
below).
(b) It is not difficult to show that GalKM = SL(2, C) for the Airy equation:
the Lie algebra of GalKM is simple and should be equal to sl(2, C). In [Mag]
one can find association with different algebraic subgroups (the diagonal torus T ,
the unipotent upper triangular subgroup U , the Borel upper-triangular subgroup
B = UT ) the corresponding subfields of M .
(c) The association of the Riccati equation with the Airy equation is a particular
case of the correspondence between second order linear equations ẍ+a(t)ẋ+b(t)x =
0 and the Riccati equations ż = A(t) + B(t)z + C(t)z2. The connection is defined
by

z = c(t)ẋ/x.

The three functions A, B, C are uniquely defined by the three functions a, b, c.
A, B, C are rational iff a, b, c are rational.
The 2-parameter family of linear maps gt

s ∈ GL(2, C), defining the evolution of
the linear equation, are transformed to a 2-parameter family of fractional-linear
maps for the Riccati equation. (Here gt

s(x0, ẋ0) is the value at the moment t of the
solution and its derivative with initial condition (x0, ẋ0) at the moment s).

11.19. Theorem (Primitive elementary extensions). Let K = C(x) ⊂ L ⊂ M
where K ⊂ L is Picard–Vessiot and K ⊂ M is primitively elementary. Then the
identity component of the Galois group GalKL is abelian.

Proof. Recall that, by Definition 11.12 of primitive elementary extension, M =
K(ln(x−x1), . . . , ln(x−xm); z1, . . . , zn), where zj are either algebraic or exponents
over K(z1, . . . , zj−1). Here K ⊂ K ′ = K(ln(x − x1), . . . , ln(x − xm)) is Picard–
Vessiot with the abelian Galois group Cm. We can assume that K ′ ⊂ L; otherwise
we can diminish K ′ by deleting some logarithms.
Consider the series of Picard–Vessiot extensions K ⊂ K ′ ⊂ L. From the proof of
Theorem 11.13 it is easy to deduce that GalK′L has identity component in the
form of an algebraic torus T = (C∗)r. This torus is a normal subgroup of the
identity component G0 of GalKL with the quotient Cm.
Let U ⊂ G0 be the unipotent radical of G0. Because G0 is solvable we can treat it
as a subgroup of the group of upper-triangular matrices in GL(n, C) (or the Borel
subgroup). Its unipotent radical consists of triangular matrices (from G0) with 1’s
on the diagonal. The unipotent radical U is a normal subgroup of G0.
But T ⊂ G0 is also normal and G0/T is isomorphic to U . This means that we have
the direct product G0 = T × U (T and U act on different subspaces of a direct
sum decomposition of Cn). Because U is isomorphic to Cm, G0 is abelian. �
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11.20. Example. The probability function

z(x) = Erf (x) =
∫ x

e−t2dt

is not primitively elementary.

Proof. We follow [Mag]. The function z(x) satisfies the equation y′′ + 2xy′ = 0
with the basis of solutions 1, z(x) and the Wronskian W (x) = e−x2

(satisfying
W ′ = −2xW ). We have the extensions K = C(x) ⊂ L = K(W ) ⊂ M = L(z).
Because

∫ x

−∞ e−t2 and e−x2
decrease faster than any power as x → −∞ the func-

tions z and W are not algebraic over K.
Also z �∈ L. Indeed, assume that z = P (x, W )/Q(x, W ), where P = an(x)Wn+. . .,
Q = Wm + . . . are polynomials in W . Then differentiation gives Q2W = (P ′

x −
2xWP ′

W )Q− P (Q′
x − 2xWQ′

W ), or

W 2m+1 + . . . = [a′
n + 2(m− n)xan]Wm+n + . . . .

Consider three cases:

(i) n < m + 1. Then W 2m+1 has no counterpart.

(ii) n = m + 1. Then we get a′
n − 2xan = 1. This equation has only integer

solutions; so an(x) should be a polynomial, an(x) = brx
r + . . .. We see that

it is impossible.

(iii) n > m + 1. Then a′
n = 2(n−m)xan, or an = const · e2(n−m)x2

.

Now it is clear that the Galois group GalKM consists of the maps (W, z) →
(λW, λz + a). It is isomorphic to the solvable non-abelian group Aff (C). �
The above statement does not constitute the best result about the function Erf .
It is widely known (see [Ros2]) that:

Erf (x) is not an elementary function.

Proof. We use the following Liouville theorem (see Theorem 11.28 below):

If a function F (x) ∈ M , its derivative f = F ′ ∈ L and the extension L ⊂ M is
elementary, then F = g +

∑
ci lnhi where g, hi ∈ L and ci are constants.

Here we put L = C(x, W ), W = e−x2
. Suppose that the function Erf is elemen-

tary. Then we should have

Erf (x) = g(x, W ) +
∑

ci ln hi(x, W )

where g is a rational function and hi are polynomials. Consider singularities of
the components lnhi, i.e. zeroes of hi(x, e−x2

). If x0 is such a zero and we have
hi = (x − x0)mi · h̃i(x), h̃i(x0) �= 0, then we find a logarithmic singularity Erf ∼
(
∑

cimi) ln(x−x0). Because Erf is integer we get
∑

cimi = 0. Thus we can write
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∑
ci lnhi = lnh(x) where h(x) is a non-vanishing function of exponential growth

of the rank 2 at infinity (because hi = O(exp(const · |x|2))). This means that lnh
is a polynomial of degree at most 2. We have reduced the proof to the case when
Erf is a rational function of x and W . We have shown before that it is not the
case. �

There are some connections between differential Galois groups associated with lin-
ear meromorphic non-autonomous differential systems ż = A(t)z on the Riemann
sphere and the monodromy group and the Stokes operators associated with the
system (see Chapter 8). The first result is classical and relatively simple.

11.21. Theorem of Schlesinger (Galois group). ([Sch1]) If the system ż = A(t)z
has only regular singular points, then the algebraic closure of its monodromy group
is equal to the Galois group of the corresponding Picard–Vessiot extension of K =
C(t).

Proof. Let the singular points be t1, . . . , tm. They are regular iff the solutions
grow at most polynomially as t→ tj . If F(t) = (fij(t)) is a fundamental matrix of
the system then the Picard–Vessiot extension is L = K({fij}). The monodromy
operators describe the variation of F as the argument varies along loops in C \
{t1, . . . , tm}, F(t) → F(t)Mj, Mj ∈ GL(n, C).
Because the analytic continuation commutes with differentiation and the rational
functions are monodromy invariant, we get that the monodromy operators belong
to GalKL.
To show that the Zariski closure of the monodromy group Mon is not a proper
subgroup of GalKL, it is enough to show that any function f(t) ∈ L invariant
with respect to the monodromy maps is rational, i.e. that LMon = K (see the
fundamental theorem 11.11).
The function f = f(t) is meromorphic outside the singularities tj . Because it
is invariant with respect to the monodromy maps corresponding to small loops
around tj , it is single-valued in a punctured disc around tj . By the regularity
assumption f(t) is meromorphic near tj . Therefore f has only poles as singularities
in C and must be rational. �

11.22. Differential Galois group in the irregular case. There should exist a gen-
eralization of Schlesinger’s theorem to the case of rational differential equations
(or systems) with irregular singular points. From the theory developed in Sec-
tion 8 we know some natural operators which should belong to the corresponding
differential Galois group, the monodromy and Stokes operators. As we shall see
below, they define automorphisms of the corresponding Picard–Vessiot extension
indeed. But generally the Zariski closure of the group generated by these oper-
ators is not the whole differential Galois group. Indeed, the equation t2ẋ = x
has x = Ce−1/t as solutions, it has trivial monodromy and no Stokes operators,
but GalC(t)C(t, e−1/t) � C∗. It turns out that one should take into account the
so-called exponential torus defined below.
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We restrict ourselves to the local situation (as in most sources in the literature),
i.e. K = C {t} [t−1] = M0(C) and the Picard–Vessiot extension K ⊂ L is defined
by means of a linear system

tr ż = A(t)z, z ∈ Cn.

Assume also that r > 1 (irregularity) and lack of resonances, i.e. λi �= λj for
the eigenvalues of the matrix A(0) (see Definition 8.16). Then the formal normal
form is diagonal (Theorem 8.20): trẏ1 = b1(t)y1, . . . , t

r ẏn = bn(t)yn with the
fundamental matrix

W (t) = diag (tµ1 exp Q1(1/t), . . . , tµn exp Qn(1/t))

where Qj are polynomials of degree r − 1 and without constant terms.
The exponential functions exp Qj(1/t) can be algebraically dependent; for exam-
ple, it may occur that

∏
[expQj]

νj ≡ 1, νj ∈ Z. Anyway they generate some
group G with respect to multiplication; G is isomorphic to Zm where m ≤ n
is determined by the number of independent algebraic relations (as above). The
exponential torus is the group

T = Hom(G, C∗).

T � (C∗)m and is identified with a subgroup of the algebraic torus (C∗)n =
{τ = (τ1, . . . , τn)} defined by relations ντ =

∑
νiτ i = 0 (the same as satisfied by

the exponents expQi).
The exponential torus acts on the fundamental matrix of the normalized system
as follows:

τ · W(t) = diag (τ1t
µ1 exp Q1(1/t), . . . , τntµn expQn(1/t)) ;

it is induced by a constant change of basis in Cn.
The normalizing series leading to the formal normal form is divergent in general.
But in sufficiently thin sectors S we can choose the normalizing changes HS(t)
analytic and with regular growth (see Theorem 8.25). Let us fix one such sector
S0. The matrix FS0(t) = {fij(t)} = H−1

s0
(t)W(t) is a fundamental matrix of the

initial system tr ż = Az; its columns z = φi(t) generate the space LS0 of solutions.
The matrix elements fij(t) generate the differential field L, L = K(fij). The
elements of L have the form F (t, (fij(t))) = F1(t, (fij))/F2(t, (fij)) where F1,2

are polynomials in fij ’s with coefficients being holomorphic functions of t. The
exponential torus acts on LS0 as follows:

τ · φi(t) = H−1
S0

(t) (τ ·HS0(t)φi(t)) ;

we see that τ · φi(t) is a solution.
If S, S′ are adjacent sectors and FS = H−1

S W , FS′ = H−1
S′ W , then we have the

relationFS′ = FSCS′S in S∩S′, where CS′S are the Stokes operators (see Theorem



464 Chapter 11. The Galois Theory

8.25 and Definition 8.26). By prolongation of FS and FS′ from S∩S′ to the sector
S0 the operators CS,S′ are regarded as acting on the space LS0.
Finally, the monodromy operator M : LS0 → LS0 is defined by analytic prolonga-
tion along a loop around t = 0 .
The action of τ, CS′S and M onto functions F (t, {fij}) is rather obvious:
F (t, {fij})→ F (t, {f ′

ij}), where f ′
ij(t) are the matrix elements of the transformed

fundamental matrix.

11.23. Theorem of Ramis (Differential Galois group). The differential Galois group
of the above Picard–Vessiot extension equals the Zariski closure of the group gen-
erated by the exponential torus, the Stokes operators and the monodromy operator.

Proof. There are two statements to demonstrate:

1. the operators indicated in the theorem are automorphisms of the extension
K ⊂ L indeed;

2. any germ from L invariant with respect to these operators is a germ of mero-
morphic function.

Unlike in the proof of Schlesinger’s theorem the point 1 is nontrivial. It reduces to
showing that the field K is invariant with respect to τ ∈ T and to CS,S′ ; moreover,
we can assume that the τ ’s are generic. The point is that the matrix elements fij(t)
may satisfy some algebraic relations of the form

G(t, {fij(t)}) ≡ 0,

where G is a polynomial in fij ’s with coefficients analytic in t.
If {f ′

ij} is obtained by action of a typical element τ ∈ T (i.e. without additional
relations over Z) then we can consider the relation G ≡ 0 over the field MS0 =
OS0 [t−1] (where OS0 is the space of germs of holomorphic functions in S0 with
regular growth as t→ 0). Then we can write G(t, (fij)) = G̃S0(t, (tµi expQi(1/t)))
where G̃S0 depends polynomially on tµi exp Qi with coefficients from OS0 .
By definition of the action of the exponential torus we have G(t, (f ′

ij))
= G̃S0(t, (τ it

µi expQi)). Since there should be G̃S0(t, (τ it
µi expQi)) ≡ 0 for any

typical τ, G̃S0 depends on tµi exp Qi only through the ‘relational’ terms:

G̃S0 =
∑

k

ω
(S0)
k (t)

∏
[tµi exp Qi]

ki , k = (k1, . . . kn) ∈ Zn,

∑
kiτ i =

∑
kiQi = 0 where ω

(S0)
k (t) ∈ OS0 . It means that G̃S0 =

∑
k ω

(S0)
k (t)

t(µ,k), (µ, k) =
∑

µiki. In other sectors S one also writes G(t, (fij)) =
G̃S(t, (tµi exp Qi(1/t))) and G̃S =

∑
k ω

(S)
k (t)

∏
[tµi exp Qi]

ki =
∑

k ω
(S)
k (t)t(µ,k),

where ω
(S)
k (t) ∈ OS .
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In the sector S0 we got the identity G̃S0 ≡ 0. But we cannot claim that the same
identity holds in other sectors. This is because the coefficients ω

(S)
k (t) are differ-

ent from the coefficients ω
(S0)
k (t). The differences arise from differences between

the normalizing matrix functions Hs(t). More precisely, the differences ω
(S)
k (t) −

ω
(S′)
k (t) ‘exist’ only in intersections of adjacent sectors. Moreover, these differ-

ences are smaller than any power of |t| ; since |HS(t)−HS′(t)| < exp(−c |t|−r)
also

∣∣∣ω(S)
k (t)− ω

(S′)
k (t)

∣∣∣ < exp(d |t|−r). Since G̃S0(t) ≡ 0 the other G̃S(t) are ex-
ponentially small.
What we obtain is a functional cochain

(
G̃Sk

(t)
)

k=1,...,p
associated with a covering

of a neighborhood of 0 by sectors Si. The elements of this cochain decrease faster
than any power of |t| .
The action of the Stokes operators F → F ′ = FCS,S′ also leads to the changes
G(t, (fij)) → G(t, (f ′

ij(t))) =: gS′(t). The relation G ≡ 0 gives rise to a functional
cochain (gSk

(t))k=1,...,p, which is exponentially small.
But we know how to deal with functional cochains. We met them in Chapter 10
(Section 3) in the proof of another Ramis theorem about rigidity of non-solvable
groups (Theorem 10.38). Namely, we can use the Phragmen–Lindelöf theorem for
functional cochains (Theorem 10.39), which states that if the elements of such a
cochain decrease faster than any power then this cochain vanishes identically.
Therefore G̃Sk

(t) ≡ 0 and gSk
(t) ≡ 0 which completes the first part of the proof.

The proof of property 2, i.e. that only the germs g(t) from K are invariant with
respect to the exponential torus, the Stokes and monodromy operators is relatively
easy. Using invariance with respect to typical elements τ ∈ T one obtains that g(t)
has a regular singularity at t = 0 (the dependence on exp Qj ’s is trivial). Then
invariance with respect to the monodromy implies that g is meromorphic. �

11.24. Remarks. (a) The Ramis theorem 11.23 is formulated in various sources
([Ram1], [Ram3], [M-R], [Put]), but for the proofs the reader is referred to some
unpublished preprints of Ramis and M. van der Put.
In [Put] a general scheme of the proof is presented. It consists of two steps: a formal
one (where it is proved that the corresponding Picard–Vessiot extension over the
field C[[t]][t−1] is determined by the exponential torus and the monodromy) and
an analytic one. In both steps suitable Tannakian categories are defined. In the
analytic step the multi-summation property for some Gevrey series (an equivalent
version of the Phragmen–Lindelöf theorem for functional cochains) is used.
The proof presented above is inspired by the work [IlKh] of Il’yashenko and Kho-
vanski, where it is proved that the Stokes operators belong to the differential
Galois group (but nothing is said about the exponential torus).

(b) In [IlKh] assumptions like in Theorem 11.23 are imposed (i.e. A(0) non-
resonant). In [Ram1], [Ram3], and [Put] there is no such restriction. According
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to Theorem 8.22, after a change t = sb and some gauge transformation, one gets
a situation with separated formal normal form
Moreover, Theorem 11.23 can be extended to the case K = C(t) = C(CP 1) and
K = C(S), i.e. the field of rational functions on a Riemann surface S. In the
latter case instead of a system of linear equations one considers an equation for
horizontal sections of some vector bundle over S with given connection.

(c) There exist theorems characterizing (closed) algebraic subgroups G of
GL(n, C), for which there exists a linear differential system (local near t = 0,
global in CP 1, or a connection in a bundle over S) with singularities, such that G
is the differential Galois group of the corresponding Picard–Vessiot extension. It
is the so-called inverse problem in differential Galois theory.
In particular, C. Mitschi and M. Singer [MiSi] proved that for K = C(t) any such
group is realized. For other situations the answer was given by Ramis in [Ram3]
and [Put].

11.25. Examples. (a) The Bessel equation for ν /∈ 1/2 + Z. By Example 8.31(b)
in Chapter 8 the Bessel equation t2

··
x + t

·
x + (t2 − ν2)x = 0 has Stokes multipliers

of the form
(

1 −f
0 1

)
,
(

1 0
f 1

)
, f = 2i cosπν (i.e. at the point t = ∞ and

in a suitable basis). If ν is not half-integer then they generate a group which

contains the two unipotent groups
(

1 fZ
0 1

)
and

(
1 0
fZ 1

)
. The exponential

torus acts via the matrices
(

τ a
0 1/τ

)
. These three groups generate the non-

solvable connected group SL(2, C). The same is the differential Galois group of
the extension K = C(t) ⊂ L = K(Jν , J−ν).
An analogous analysis (without formulas for the Stokes operators) is presented in
[M-R].

(b) The Airy equation ẍ = tx (Example 11.16). The reader is recommended to
calculate the formal normal at t =∞. It turns out that here one has to apply the
change t = s−2 (ramification) and one gets Q1(s) = s3 and Q2(s) = −s3 (see the
proof of Theorem 11.23). The exponential torus acts via diagonal matrices (as in

the previous example), the monodromy matrix equals
(

0 −1
1 0

)
and the Stokes

matrices have the form
(

1 a
0 1

)
,
(

1 0
b 1

)
, ab �= 0 (see [Put], [Hea]).

(c) In the case of Example 8.31(a), ż1 = −kt−k−1z1 + ϕ(t)z2, ż2 = −at−1z2, fol-
lowing [Zo7] one can introduce a family of discrete subgroups of GL(2, C), called
the extended monodromy group and having the property that their algebraic clo-
sures are equal to the differential Galois group. Namely, one partially compactifies
the punctured neighborhood of t = 0, U∗ = U \ 0 � S1 × (0, ε), by adding some
pairs of points (θi, 0), (θ′i, 0) and later identifying them. The obtained topological
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space has several holes and the (simple) loops γi around these holes generate the
extended monodromy group. With the loop γi one associates an operator of the

form
(

τ i µi

0 1

)
, where τ i and µi are taken from the exponential torus and the

Stokes matrices respectively. In [Zo7] it is proved that the matrices Mi are equal to
limits of monodromy transformations of a perturbed systems (with several regular
singular points).
Probably that construction can be generalized to other systems with irregular sin-
gularity. In [Gl] A. Glyutsuk proved that the Stokes matrices can be obtained as
limits of the monodromy matrices in a generic deformation, after suitable normal-
izations of the bases. When the bases are not controlled one should obtain also
matrices from the exponential torus.

11.26. First integrals of polynomial planar vector fields. At the end of this section
we concentrate on the problem of integration of differential equations

dy

dx
=

Q(x, y)
P (x, y)

in quadratures. More precisely, we look for the first integral H(x, y) of the corre-
sponding vector field P∂x + Q∂y which satisfies

Ḣ = 0, ∇H = (∂xH, ∂yH) �= 0.

We ask when H can be chosen elementary, Liouvillian, etc. Of course, the first
integral is not chosen uniquely; a function of a first integral is also a first integral.
The condition Ḣ = 0 means existence of an integrating multiplier R(x, y) such
that R(P∂x + Q∂y) = XH (Hamiltonian vector field).
The classical book of E. Kamke [Kam] is full of examples of integrable equations.
These examples can be divided into three groups:

(i) with the first integral of the Darboux type H =
∏

fai

i (i.e. Darboux function)
or of the generalized Darboux type H = eg

∏
fai

i (fi(x, y) – polynomials,
g(x, y) – rational function, ai – constants);

(ii) with the first integral of the Darboux–Schwarz–Christoffel type

H = V eg(U)
∏

(U − ui)ai +
∫ U

S(u)eg(u)
∏

(u − ui)aidu

(U(x, y), V (x, y), g(u) – rational functions, S(u) -polynomial);

(iii) with the first integral expressed by special functions (e.g. hypergeometric)
and not represented by quadratures;

11.27. Examples. (a) The equation with separated variables dy
dx = A(x)

B(y) has the first
integral

∫ x
A(s)ds−

∫ y
B(s)ds which, after expansion of A and B into elementary
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fractions and integration, gives A0(x) +
∑

ai ln(x− xi) + B0(y) +
∑

bj ln(y− yj).
Its exponent is of the generalized Darboux type.
(b) The linear equation dy

dx = A(x)y + B(x) has the general solution

y = exp(
∫ x

A(s)ds)(C +
∫ x

e−
R

AB).

Performing the integration of A and extracting the constant C we find the Dar-
boux–Schwarz–Christoffel first integral yeg(x)

∏
(x− xi)ai −

∫ x
eg(u)

∏
(u− xi)ai

·B(u)du.
For example, the equation dy

dx = −xy/(1 − x2) + 1 has the first integral H =
y/
√

1− x2−sin−1 x=y/
√

1− x2−i ln(x+i
√

1− x2)=y/
√

1− x2−
∫ x

du/
√

1− u2

(see also [PS]).
(c) Also the Bernoulli equation dy

dx = A(x)y + B(x)yn has Darboux–Schwarz-
Christoffel first integral.
(d) Using the relation between Riccati equations and second order linear equations
presented in Remark 11.18(c) we can present a formula for a first integral of the
Riccati equation dy

dx = A(x) + B(x)y + C(x)y2. It equals

H =
c(x)u′

2(x)− yu2(x)
c(x)u′

1(x)− yu1(x)

where u1,2(x) are two linearly independent solutions of the associated linear equa-
tion u′′ + a(x)u′ + b(x)u = 0 and y = c(x)u′

u .

We begin the presentation of the main results in the topics (of first integrals of
vector fields) with the classical result of J. Liouville which generalizes the integral
formula from Example 11.27(a).

11.28. Theorem of Liouville (Elementary functions). ([Lio1]) If K ⊂ M is an
elementary extension and an element F ∈ M has derivative in K, then

F = g +
∑

ci lnhi

with g, kj ∈ K and ci ∈ C.

The proof of this theorem is not very difficult and uses induction with respect
to the length of the chain K = K0 ⊂ K1 . . . ⊂ Kr = M (where Kj+1 = Kj〈zj〉
and zj are either algebraic or are exponents or are logarithms). Note that if some
expression contains an exponent function or an algebraic function (in a rational
way) then the derivative of this expression also contains this exponent or this
algebraic function. If such expression contains a logarithm and in a nonlinear way,
then its derivative also contains this logarithm. For the details of the proof we
refer the reader to the book of J. F. Ritt [Rit] and the articles by R. H. Risch [Ris]
and by M. Rosenlicht [Ros1].
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11.29. Theorem of Prelle and Singer Elementary first integrals). ([PS]) If a polyno-
mial planar vector field has an elementary first integral, then it has a first integral
of the form

w0 +
∑

ai lnwi,

where wi(x, y) are algebraic functions and ai are constants.

We shall not prove this result.

11.30. Theorem of Singer (Liouvillian first integrals). ([Sin]) If a polynomial planar
vector field has a generalized Liouvillian first integral, then it has an integrating
factor of the generalized Darboux type.

Proof. We shall prove only the version of Singer’s theorem with Liouvillian first
integral. For the general case we refer the reader to the original paper of Singer.

1. First we note that the statement of generalized Darboux form of the integrating
factor, R = eg

∏
fai

i , is equivalent to the representation

R = exp
∫

Udx + V dy,

where Udx + V dy is a closed rational 1-form.
(The author owes this remark to C. Christofer. In the local case it was proven in
[CeMa].)
Indeed, if R is generalized Darboux then dR/R is a closed rational 1-form. If
dR/R = Udx + V dy then the integral F (z) =

∫ z

z0
Udx + V dy is a multivalued

holomorphic function on CP 2 with singularities along a finite number of irreducible
algebraic curves, poles of the 1-form. Restricting the function F to a holomorphic
disc transversal to such a curve fi = 0 one finds that the singularity is either of a
polar type or a logarithmic singularity. Moreover, the residuum ai of Udx + V dy
is defined by means of an integral along a loop surrounding fi = 0 and is constant
along this curve. The function F −

∑
ai ln fi is meromorphic in CP 2 and must be

rational.

2. Here we begin the proper proof. Let the vector field P∂x + Q∂y have a first
integral H . The latter is an element of a differential field M and there is a series
of extensions K = (C(x, y), {∂x, ∂y}) = K0 ⊂ K1 . . . ⊂ Kr = M where Ki =
Ki−1(zi), and either ∇zi = (∂xzi, ∂yzi) ∈ K2

i−1 or ∇zi/zi ∈ K2
i−1.

3. We have H =
∫

udx + vdy =
∫

R(Qdx−Pdy) where R is an integrating factor.
The functions u, v satisfy the equations

Pu + Qv = 0, vx = uy. (1.6)

4. Lemma. There is a Liouvillian field L, K ⊂ L ⊂ M , not containing any non-
trivial first integral, and such that the equations (1.6) have a nonzero solution in
L.
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Proof. We can assume that M = L(z) where L does not contain a first integral
and z is either integral or an exponent of an integral. Thus we have H = S(z)

T (z)

where S(X) = asX
s + . . .+a0, T (X) = Xt + bt−1X

t−1 + . . . are polynomials with
coefficients in L. The equation Ḣ = 0 means that

ṠT − SṪ + (S′T − ST ′)ż = 0 (1.7)

where the dot means differentiation of the coefficients. By d
dt we shall denote the

full derivation, i.e. along the vector field P∂x + Q∂y.

Assume that ∇z ∈ L2. The coefficient before zs+t in (1.7) is ȧs = d
dtas and as

must be complex constant (because L does not contain nontrivial first integrals).
So we can assume that s �= t; eventually we replace H by H − as. The coefficient
before zs+t−1 is ȧs−1 +asḃt−1 +(s− t)asż = 0. Thus dz

dt = da
dt for some a ∈ L. The

functions u = ∂x(z − a), v = ∂y(z − a) belong to L and satisfy (1.6).
Assume that ∇z/z ∈ L2. We rewrite (1.7) in the form ṠT − SṪ + z(S′T −
ST ′)(dz

dt /z) = 0, where dz
dt /z ∈ L. Here the coefficient before zs+t is ȧs + (s −

t)as(ż/z). If s = t then as ∈ C and we replace H by H − as. If s �= t then we get
d
dt (z

s−tas) = 0. One can now see that if a = zs−tas then the functions u = ∂xa/a,
v = ∂ya/a belong to L and satisfy (1.6). �

5. Lemma 4 implies that the integrating factor R = u
Q = − v

P belongs to L. Let
the field L be the smallest such field, i.e. with the smallest transcendental degree
over K.
There is no problem of writing down the integrating factor in the form R =
exp
∫

Udx + V dy. The problem is to which differential field the functions U =
∂xR/R and V = ∂yR/R belong. They satisfy the system of equations

QV + PU = F, ∂yU = ∂xV, (1.8)

where F = ∂xP + ∂yQ is the divergence of the vector field.
Now we can state about U, V the following. Let L = L1(z) with z transcendental
over a field L1. We have the following.

6. Property. L1 does not contain nontrivial first integrals and nontrivial solutions
of the system (1.6).

7. Lemma. The system (1.8) has a solution in L1.

Proof. Let ∇z ∈ L2
1. Assume that the integrating factor (from L) takes the form

R = bzm0
∏

φi(z)mi where b ∈ L1, mi are integers and φi(X) are irreducible monic
polynomials (with the highest degree coefficient equal to 1). The first equation in
(1.8) means that dR

dt /R ∈ L1. We have

dR/dt

R
=

db/dt

b
+ m0

dz/dt

z
+
∑

mi
φ̇i + φ′

idz/dt

φi

. (1.9)
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The above φ̇i + φ′
i
dz
dt have degrees (in z) smaller than deg φi. Because neither z

nor φi(z) are first integrals we have m0 = mi = 0 and R ∈ L1. Of course, then
also U, V ∈ L1.
Let ∇z/z ∈ L2

1. We again use the formula (1.9), where we represent the term
(φ̇i + φ′

i
dz
dt )/φi as s(dz

dt /z) + [
∑

( d
dtas−i − ias−i

dz
dt /z)zs−i]/φi, s = deg φi. Because

as−iz
−i are not first integrals we get m1 = . . . = 0. Thus R = bzm0 and U =

∂xR/R, V = ∂yR/R ∈ L1. �
The next lemma completes the proof of Theorem 11.30. �
8. Lemma. If the system (1.8) has a solution in a Liouvillian extension L1 (of K)
and satisfying the property 6, then it has a solution in K.

Proof. We use induction with respect to the degree of transcendency over the field
K. Let Ki = Ki−1(z) contain solutions U, V of (1.8) and have the property 6.
Let ∇z ∈ K2

i−1. Differentiating the equation QV +PU = F (from (1.8)) and using
Vx = Uy we get

dU

dt
+ aU = b, (1.10)

where a, b ∈ Ki−1. Expanding U = U(z) into elementary fractions we obtain from
(1.10) that U must be a polynomial, U = umzm + . . . + u0. Next, if m > 1 then
we have d

dtum + aum = 0 and mum
dz
dt + um−1 + aum−1 = 0. This means that

d
dt (mz + um−1/um) = 0 which easily implies that z ∈ Ki−1; a contradiction.
Thus U (and also V ) is linear, U = u0 + u1z, V = v0 + v1z. Comparison of the
terms with z in (1.8) gives Pu1 + Qv1 = 0, ∂xu1 = ∂yv1; i.e. u1, v1 satisfies the
system (1.6) which has only a trivial solution (by 6.). So, U = u0, V = v0 ∈ Ki−1.
Let ∇z/z ∈ K2

i−1. We expand U, V in decreasing power series of z, U = umzm +
um−1z

m−1+ . . ., V = vmzm + . . . . Then comparison of the terms before z0 in (1.8)
shows that u0, v0 satisfy (1.8), too. �

§2 Topological Galois Theory
11.31. Algebraic functions and ramified coverings between surfaces. Assume that
an algebraic function f = f(x) is defined by the equation

F (x, f) = rn(x)fn + rn−1(x)fn−1 + . . . + r0(x) = 0, (2.1)

where rj(x) are polynomials. We assume that the polynomial F (x, y) is irreducible.
The Riemann surface M of the algebraic function f can be defined in two ways:
by means of the analytic prolongation and as an algebraic curve (defined by the
equation (2.1)).
The first means the following. Let a ∈ C be a fixed typical point and let fa =
fa(x) = f1,a be a fixed local branch of the algebraic function (analytic element of
f). It is well defined in the disc Da of convergence of the Taylor series defining
fa. If δ is a path in the x-plane joining points a and b and avoiding singularities
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of f , then covering δ by discs (of convergence) Daj we prolong the germ fa to a
germ fb (in a disc Db). The system of these germs (fb, Db) defines the Riemann
surface of f outside singularities. Its closure (in a suitable topology, including the
points at infinity) is just the Riemann surface of f . In particular, when the path
δ ends at the point a then we get some branch fj,a(x), which may be different
from the initial branch fa = f1,a. Here we shall agree to treat a pole of f as not
a singularity; it is a germ of a holomorphic map to (C,∞). We have the natural
projection π : M → C. (We have used this approach in Chapter 1, in Definition
1.1.)
Let us pass to the algebraic definition of the Riemann surface M . The equation
F (x, y) = 0 defines an affine algebraic curve Γaf ∈ C2. We have the projection
πaf : (x, y) → x.
The closure of Γaf in CP 2 defines a projective curve Γ. Assume that Γ does not
contain the point (0 : 1 : 0) at infinity. The projection πaf is prolonged to the
projection πpr of CP 2 \ (0 : 1 : 0) to CP 1.
The curve Γ can be singular. We resolve the singularities of Γ and obtain a smooth
curve M in some algebraic surface X . M is the same as the Riemann surface of the
algebraic function f(x). Moreover, the projection πpr|Γ is prolonged to a projection
π : M → CP 1.
The critical points of the map π are called the ramification points. If t ∈ (C, 0) is
a local coordinate near a ramification point p and ζ ∈ (C, 0) is a local coordinate
near the corresponding critical value, then we have ζ = π(t) = tν(c + . . .), c �= 0
where ν = ν(p) is called the ramification index. In the affine part the ramification
points are included in the set {F = F ′

y = 0}.
The map π : M → CP 1 is called a ramified covering. The degree n of F with
respect to y is called the degree of the ramified covering π.
The notion of ramified covering is applied to a holomorphic map between smooth
Riemann surfaces, π : M → N . Here M can be regarded as a Riemann surface of
an algebraic function f : N0 → C, where N0 = N \ (finite subset). y = f(x) is a
solution of an algebraic equation, like (2.1) but with x ∈ N0.
The following formula connects the Euler characteristics χ(·) of the surfaces.

11.32. Theorem (The Riemann–Hurwitz formula). We have

nχ(N) = χ(M) +
∑

p

(ν(p)− 1).

Proof. Take triangulations of the surfaces M and N such that:

– the critical points and the critical values are among vertices of the triangu-
lations;

– the inverse image of a triangle ∆′ ⊂ N is a sum of triangles ∆ ⊂ M with
homeomorphic projections π|∆.

The numbers V, E, T and V ′, E′, T ′ of vertices, edges and triangles of the two
triangulations satisfy the relations E = nE′, T = nT ′ and V = nV ′−

∑
p(ν(p)−1).
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The latter identity is a consequence of the fact that ν(p) preimages of a triangle
∆′ (with one vertex π(p)) have only one common vertex p.
Because χ(M) = V − E + T the Riemann–Hurwitz formula follows. �
Problem. Show that the genus of a generic algebraic curve of degree d in CP 2 is
(d− 1)(d− 2)/2.

11.33. Elements of the algebraic Galois theory. We recall some classical results
from the theory of extensions of algebraic fields (not differential fields in general).
We follow the book [Wae] of B. L. van der Waerden. We shall assume that the
fields have characteristic zero.

1. Definition. An extension K ⊂ L of algebraic fields is called normal if for any
element β ∈ L with its minimal polynomial g(T ) = (T −β1)(T −β2) . . . (T −βr) ∈
K[T ] (where β1 = β and βj belong to the algebraic closure K of K) all the roots
βj also belong to L.
An extension K ⊂ L is called the Galois extension if it is normal and separated.
(The latter means that g′(β) �= 0 for the minimal polynomial g(T ) of any β ∈ L;
in the case of characteristic zero this condition is empty.)
The automorphism group of a Galois extension is called the Galois group and is
denoted by GalKL. If K ⊂ L is not Galois, then we use the notation AutKL.
For an extension K ⊂ L an element α ∈ L is called primitive if L = K(α). If a
primitive element exists then the extension is called simple.

2. Theorem.

(a) Any extension of the form L = K(β1, . . . , βr) is simple.

(b) Let L = K(α). Then any element σ of the group AutKL is uniquely defined
by the value σ(α) = αi where αi ∈ L is a root of the minimal polynomial
g(T ). Therefore

|AutKL| ≤ [L : K]
df
= dimK L

and the equality holds only when the extension is Galois.

(c) If K ⊂ L = K(α) is Galois, then the group G = GalKL acts transitively on
the roots of the polynomial g(T ) and LG = K.

Proof. (a) Assume that r = 2 (it is sufficient), i.e. L = K(β, γ). If f(T ) = (T −
β1) . . . (T−βk) and g(T ) = (T−γ1) . . . (T−γl) are be the the minimal polynomials
for β and γ, then we put the primitive element in the form α = β+aγ where a ∈ K
is such that βi +aγj �= β +aγ for all (i, j) �= (1, 1). Next one shows that γ ∈ K(α).
Indeed, the element γ is a unique common root of the two polynomials g(T ) and
f(α− aT ), both from K(α)[T ]. So, T − γ = gcd(g(T ), f(α− aT )) ∈ K(α)[T ].
(b) Since the K-vector space L = K(α) = K[T ]/(g(T )) has the basis 1, α, . . . ,
αn−1 any automorphism σ of L over K is determined by its value on α. Of course,
σ(α) = αi for some i. However we can take only those σ for which αi ∈ L; thus the
inequality |Aut| ≤ n. The equality holds when all αi ∈ L, which means normality.
Finally, (c) follows from (b). �
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3. Theorem (Fundamental theorem of Galois theory). Let K ⊂ L be a Galois ex-
tension. There exists a one-to-one correspondence between the intermediary fields
K ⊂ M ⊂ L and the subgroups H ⊂ G = AutKL given by the maps

M → H = GalML, H → M = LH .

Proof. We have to show that the compositions

M →H → LH , H → M → GalML

are identities. Note that above the extensions M ⊂ L = K(α) = M(α) are also
Galois.
The inclusions M ⊂ LH and H ⊂ GalML are obvious. The equality LH = M
follows from Theorem 2(c). Finally, suppose H �= H1 = GalLH L; then [G : H1] =
[L : LH ]. But the equality M = LGalML for M = LH implies that LH1 = LH . Thus
[G : H1] = [G : H ] and the inclusion H ⊂ H1 gives H = H1. �

11.34. The monodromy group of an algebraic function. Take N ′ = CP 1 \ ( critical
values ) and M ′ = π−1(N ′). The restriction π|M ′ , which we again denote by π, is
a topological covering. We fix a base point a ∈ N ′ and a base point b ∈ M ′ (above
a), corresponding to the germ fa (from which the construction of the Riemann
surface has started). We have the distinguished fiber Ma = π−1(a).
The monodromy group of the algebraic function f is the image of the representa-
tion of the fundamental group π1(N ′, a) in the permutation group S(Ma) of the
distinguished fiber. A loop γ ∈ π1(N ′, a) acts on a germ fa as prolongation of
this germ along γ and defines a permutation ∆γ ∈ S(Ma). We shall denote the
monodromy group of f by Mon(f). It is called sometimes the topological Galois
group of the algebraic function f .
Because we have assumed that the polynomial F (x, y) defining f is irreducible the
Riemann surface M is also irreducible. This means that M \ (singular points) is
connected and hence also M ′ is connected. Thus any two points in the fiber Ma

can be joined by a curve in M ′. This means that:

Mon(f) acts transitively on the fiber Ma.

The action of the monodromy can be described by means of actions of simple
loops γj around critical values xj ∈ CP 1. If p = (xj , yj) ∈ M is a ramification
point of the map π of index ν = ν(p), then ν branches fi1 , . . . , fiν are joined
together at p. If properly ordered, they undergo the cyclic permutation fji →
fji+1 . The decomposition of monodromy maps generated by simple loops into the
product of non-intersecting cycles is the same as grouping of the branches above
a neighborhood of a critical value into singles and clusters glued at the critical
points (above this critical value). This situation is presented in Figure 1.

Proposition. We have Mon(f) = GalC(N)C(N)(f1, . . . , fn) where the extension
C(N) ⊂ C(N)(f1, . . . , fn) is Galois (i.e. normal).
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Proof. Here the Galois group is the differential Galois group of the Picard–Vessiot
extension L of the field K of rational functions by means of branches fj,a(x). We
also treat L as a field consisting of multivalued functions on CP 1\(critical values).
Any element of the Galois group GalKL is defined by its action on the local
branches fj,a(x) (roots of the algebraic equation F (·, y) = 0); it acts by permuta-
tions of the branches.
It is clear that the monodromy maps define permutations which belong to the
Galois group, Mon(f) ⊂ GalKL. If the Galois group were bigger than the mon-
odromy group then there should exist a function g(x) ∈ L which is invariant for
the action of Mon(f) and not invariant with respect to GalKL. g(x) should be
regular (with power type singularities) and single-valued (invariance with respect
to the monodromy). Thus the singularities are poles and g should be a rational
function.

Figure 1

(The proof using the Schlesinger theorem. We can treat L as a Picard–Vessiot
extension of K = C(x) associated with an n-th order differential equation with
regular singularities and such that the branches fj form a fundamental system
of solutions of this equation. The existence of such an equation was proved by
Riemann (see Theorem 8.35 and its Corollary 1). The elements of GalKL are
operators in the vector space V (over C) spanned by the branches fj,a. Also the
monodromy group of f is the same as the monodromy group of the differential
equation. The proposition follows from the Schlesinger theorem 11.21: GalKM is
the algebraic closure of Mon(f). Because both groups are finite, they are equal.)

�

11.35. The deck transformations group of a ramified covering. The deck trans-
formations group of the algebraic function f (or of the covering M → N) con-
sists of homeomorphisms Φ′ : M ′ → M ′ (where M ′ = p−1(N \ singularities)
which preserve fibers, i.e. Φ′ ◦ p′ = p′. (It is easy to see that any such Φ′ is an-
alytic and is prolonged to an automorphism Φ of M). This group is denoted by
Deck = Deck(f) = Deck(M → N).
The covering M → N is called the Galois covering if the group Deck acts transi-
tively on fibers.

Proposition. We have Deck(M → N) � AutC(N)C(M) where π∗ embeds C(N)
into C(M); (but the extension C(N) ⊂ C(M) may be not Galois).
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Proof. (We follow the book [For].) Any deck transformation Φ defines an auto-
morphism Φ∗ of C(M), which is trivial on functions which are constant on fibers
of p; thus Deck(f) ⊂ AutC(N)C(M).
Consider an automorphism σ ∈ AutC(N)C(M). We apply it to the function f̃ :
M → C, which defines the algebraic function f by f = f̃ ◦ p−1. Then (σf̃) ◦ p−1 :
N → C is a multivalued function on N with algebraic singularities and defines
a Riemann surface M1. The surface M1 is associated with the same algebraic
equation (2.1) as M , i.e. F (x, y) = 0. But the Riemann surface M is unique up to
a fiber isomorphism. This shows that M1 is fiber isomorphic to M . That in order
defines a deck transformation Φ : M →M . �
11.36. Theorem. Choose a base point a ∈ N ′. Let Ma = {b1, . . . , bd} . Denote Γ =
π1(N ′, a), Γbj =stabilizer of bj in the monodromy action of Γ, Π = π∗π1(M ′, b1) ⊂
Γ and N(Π) =

{
σ ∈ Γ : σΠσ−1 = Π

}
the normalizer of Π. Then the following

properties hold:

(a) Mon � Γ/
⋂

Γbj ;

(b) Deck� N(Π)/Π;

(c) the equality Deck = Mon holds if and only if Π is a normal subgroup of Γ,
the covering is Galois and Mon is a group of order d = deg(M → N). It
means that the covering is Galois iff the extension C(N) ⊂ C(M) is Galois.

Proof. (We follow [Zo11].) (a) Since M is connected the group Γ acts transitively
on Ma. Thus the formula for Mon expresses the fact that the monodromy group
is defined precisely by action of Γ on all elements of Ma.
(b) Let Φ be a deck transformation. It is uniquely defined by its restriction to
Vb1 = (neighborhood of b1) = (component of p−1(Ua) containing b1). Let Vbj =
Φ(Vb1). There exists a monodromy map ∆γ such that ∆γ(b1) = Φ(b1) = bj . It
follows that the deck transformations are defined by those monodromy maps ∆γ0

which can be prolonged from Vb1 to fiber diffeomorphisms of M. Moreover, if γ ∈ Π
then ∆γ |Vb1 = id|Vb1 and is prolonged to an identical diffeomorphism of M.
The prolongation of ∆γ |Vb1 is realized along paths δ ⊂ M which start at b1.
In particular, the prolongation along a closed loop δ ∈ π1(M ′, b1) should give
∆γ |Vb1 again; this condition is also sufficient. If ϑ = π(δ) ∈ p∗π1(M ′, b1) = Π
then the prolongation equals ∆ϑ−1γϑ|Vb1 = ∆ϑ−1 |Vbj ◦∆γ |Vb1 ◦∆ϑ|Vb1 and should
coincide with ∆γ : Vb1 → Vbj . Thus ∆ϑ−1 |Vbj = id, ∆ϑ|Vb1 = id and hence
∆γ−1ϑγ |Vb1 = ∆ϑ|Vb1 = id. This means that γϑγ−1 ∈ Πp∗π1(M ′, b1). Since this
holds for any ϑ ∈ Π we have γ ∈ N(Π).
(c) This follows from (a) and (b) and from the points 11.34 and 11.35. �
Remark. In the literature the notions of the group of deck transformations and
of Galois coverings are dominating (see [For] for example). They are naturally
extended to the case when the Riemann surfaces M and N are algebraic curves
defined over number fields of finite characteristics. But there are not so many
examples of Galois coverings.
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One example of a finite Galois ramified covering is given by the equation yq −
(g(x))p = 0, p, q relatively prime, g(x) rational, with the cyclic Galois group
Zq, i.e. the radical extension. Another example of Galois covering is given by an
algebraic function y = f(x) = g1(x)p1/q1 + . . . + gm(x)pm/qm for different qi and
typical rational functions gi. Also the universal covering is Galois, but it is infinite.
It is not proved in [For] that for a typical algebraic function (on C) the group
of deck automorphisms of the corresponding ramified covering is trivial. Take
for example the algebraic function given by y3 − 3y − x = 0 with the critical
points p1,2 = (∓2,±1) and the critical values x1,2 = ∓2 (see Figure 1). The
Riemann surface M is isomorphic to CP 1 (rational and parametrized by y). Any
deck automorphism of the surface M ′ = M \{ramification points}, is prolonged to
an automorphism of M . Near a critical point pj it either exchanges the two local
branches near it (then the third branch is fixed) or it keeps all three branches
f1,2,3(x) fixed. Because this automorphism is analytic it must be identity.
For more information about relations between the monodromy group and the deck
transformations group we refer the reader to [Zo11].
V. I. Arnold in [Arn8] says that the Galois theory should be explained via the
monodromy group, rather than via the group deck or via the algebraic extensions.
Such an approach is presented in the article of A. G. Khovanski [Kh3] and in the
book (for high school students) of V. B. Alexeev [Al]. This is done in the next
point.

11.37. Non-solvability of a general algebraic equation in quadratures. (We follow
mainly [Al] and [Zo10].)
1. The radical extensions, i.e. defined by f = (g(x))p/q with rational g(x), are
extensions by adjoining exponents of integrals and have cyclic monodromy group
Mon(f) (equal to the differential Galois group). Thus the extension of Theorem
11.13(a) to the case of finite differential fields extensions gives the following prop-
erty:

The algebraic equation F (x, y) = 0 is solvable in radicals if and only if its mon-
odromy group is solvable.

2. Consider the case of a general algebraic equation. We assume that:

The projective curve Γ ⊂ CP 2 defined by F = 0 is smooth and the finite ramifica-
tion points of the projection π : M → CP 1 have ramification index 2 with different
critical values.

Algebraic functions satisfying this assumption are typical. For example, F = 5y5−
25y3 + 60y − x defines such a function.
The monodromy transformation, corresponding to a simple loop in the x-plane
surrounding just one critical value, acts as transposition of two branches joined
at the corresponding critical point. Moreover, the smoothness of Γ implies its
irreducibility. This implies that:
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The monodromy group of this algebraic function is generated by transposition and
acts transitively on the fiber.

3. Lemma. ([Kh3]) Any subgroup G of the symmetric group S(n) which is transitive
and generated by transpositions is equal to S(n).

Proof. We say that a subset A ⊂ {1, . . . , n} is complete iff each permutation of
A extends to some permutations of {1, . . . , n} belonging to G. If a transposition
(i, j) ∈ G then the set {i, j} is an example of a complete subset. Take A0 a complete
subset of maximal cardinality. We claim that A0 = {1, . . . , n}.
Suppose that A0 is a proper subset. There is a transposition τ = (ij) ∈ G with
i ∈ A0 and j �∈ A0. The group generated by S(A0) and τ is equal to S(A0 ∪ {j})
and the set A0 ∪ {j} is complete, which contradicts the maximality of A0. �

4. The above shows that for typical algebraic functions of degree n the problem of
their representability in radicals is equivalent to the solvability of the group S(n).
The resolvents for the groups S(2), S(3), S(4) are the following:

S(2) ⊃ {e},
S(3) ⊃ A(3) ⊃ {e},

S(4) ⊃ A(4) ⊃ V ⊃ {e},

where A(n) is the subgroup of even permutations (the alternating group containing
compositions of even numbers of transpositions), A(3) consists of cyclic permuta-
tions, V = {e; (12)(34); (13)(24); (14)(23)} is Klein’s Vierergruppe.

5. Theorem. The groups S(n), n ≥ 5, are non-solvable.

Proof. (We use a proof from [Bro].) The non-solvability of S(n), n ≥ 5, is equiva-
lent to the non-solvability of A(n). (In fact, the groups A(n), n ≥ 5 are simple, i.e.
without proper normal subgroups, but we do not prove it here.) The non-solvability
of A(n) follows from the following observation.
If the cycles σ = (123) and τ = (345) (with one common element) belong to
a subgroup H ⊂ A(n), then the elements [σ, τ ] = (σ(3)σ(4)σ(5)) · τ−1 = (145) ·
(354) = (143) and [σ−1, τ−1] = (253) belong to the commutator [H, H ]. The latter
two permutations are also 3-cycles with one common element.
Repeating this argument we see that all derivative groups A(n)(j) contain two
3-cycles with one common element and cannot be trivial. �

We have proved the following result.

6. Theorem of Ruffini and Abel (Solvability in radicals). A general algebraic func-
tion with n branches cannot be expressed by means of radicals iff n < 5.

7. Remark. In [Al] (see also [Zo10]) there is a purely topological proof of solvability
of the monodromy group of an algebraic function expressed by radicals. It is related
with the theory developed in further points (see below). So we shortly present the
appropriate arguments.
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Assume that algebraic functions f(x) and g(x) have solvable monodromy groups
F = Mon(f), G = Mon(g). We claim that the groups H = Mon(f±g), Mon(f ·g),
Mon(f/g) and E = Mon( k

√
f) are solvable too.

Recall that the Riemann surface of the function f (with n branches f1(x), . . . ,
fn(x)) is constructed from n sheets of the complex plane cut along radii from
singular points to infinity. These sheets are next glued along the ridges of cuts in
the way the monodromy around singular points dictates. Similarly the Riemann
surface of the function g (with branches g1(x), . . . , gm(x)) is realized.
The Riemann surface of the function f + g is constructed in two steps. First we
take n ·m sheets of C (labelled by hij) cut along rays from all singular points (of f
and g). We glue these sheets in the obvious way: if after surrounding a singularity a
sheet fi1 was glued with fi2 and gj1 was glued with gj2 , then we have to glue hi1j1

with hi2j2 . We obtain a surface M1. In the second step we identify the sheets hij

at which the values of the function fi(x)+ gj(x) coincide. We obtain the Riemann
surface M = M1/ ∼. For example, the function y =

√
x +

√
x has three values

and satisfies the equation y3−4xy = 0. (Analogously one constructs the Riemann
surfaces of the functions f − g, fg, f/g.)
Also the monodromy group H = Mon(f + g) is constructed in two steps. The
monodromy group associated with the surface M1 is equal to F×G and is solvable.
Any element from the group H arises from lifting to the surface M of a loop in
C \ (singularities). The same loop admits lifting to the surface M1 and defines an
element from F ×G. Therefore we have a surjective homomorphism F ×G→ H .
From this the solvability of H easily follows.
Consider now the function e = k

√
f . Its Riemann surface is obtained by multiplying

each sheet fi, i.e. by replacing it by k sheets eij , j = 0, . . . , k − 1. The singular
points (and the corresponding cuts) correspond to singular points of f and zeroes
and poles of fi. It is also clear how the sheets are glued. Here we have a surjective
homomorphism E = Mon(e) → F whose kernel is abelian (a subgroup of the
group of roots of unity). It is easy to see that E is solvable.

11.38. Khovanski’s definition of the monodromy group. We follow A. G. Khovan-
ski’s paper [Kh3]. Here we shall concentrate on functions of one complex variable
but the results can be generalized to functions on Cn with a not too complicated
singular set.
A multivalued analytic function is called an S-function if its set of singular points
is no more than countable.
Of course, algebraic functions are S-functions. Another example is the elementary
function ln(1 − xα), where α is irrational, with singularities at 0 and in a dense
subset of S1.
The next result is relatively simple and we present it without proof.

Proposition. The class of S-functions is closed with respect to differentiation,
integration, compositions, solutions of algebraic equations (with S-functions as
coefficients), meromorphic operations (i.e. (f1, . . . , fn)→F (f1, f

′
1, . . . , f

(k)
1 , f2, . . . ,
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f
(l)
n ), F -meromorphic), and solutions of linear differential equations. (Note that

the exponentiation belongs to the class of meromorphic operations.)

If f = f(x) is an S-function then we define the Riemann surface of f , as in
the case of algebraic functions, by means of analytic continuations along paths in
Ĉ\(singular points). Denote it by M and the natural projection onto Ĉ by π. Now
we cannot claim that M → Ĉ is a ramified covering. π is well defined on those
branches of fj,b, which have convergent Taylor expansion, though the point b can
be singular for another branch of f .
In what follows we shall assume that the Riemann surface M is connected. This
holds when the construction of M has started from one germ f1,a.
For the fixed base point a ∈ Ĉ \ (singularities) we have the fixed fiber Ma. If
A ⊂ Ĉ is a countable set containing all singular points of f , called the forbidden
set, then the fundamental group π1(Ĉ \ A, a) acts on Ma by permutations; we
obtain a subgroup of the group S(Ma) of permutations of the fiber Ma. We call
it the monodromy group associated with the forbidden set A and denote it by
MonA(f). (The introduction of the notion of forbidden set is necessary when we
want to perform some operations on multivalued functions.)
In order to eliminate the dependence of the (just defined) monodromy group on
the forbidden set it is useful to consider the closure of the image of π1(Ĉ \A, a) in
S(Ma), in the Tikhonov topology in the space (Ma)Ma . The latter topology has
the following fundamental system of neighborhoods of id: UL = {σ : σ|Z = id|Z},
where Z’s run through finite subsets of Ma.
The closure of the image of π1(Ĉ \ A, a) in S(Ma) does not depend on A; it is
called the closed monodromy group of the function f and is denoted Mon(f).
The above monodromy groups MonA(f) and Mon(f) can be defined also in an-
other way. By connectivity of M the fundamental group Γ = π1(Ĉ \ A, a) acts
transitively on Ma. If fj ∈Ma then we have the isotropy subgroup Γfj ⊂ Γ (or the
stabilizer of fj). The isotropy subgroups are internally conjugated; Γfk

= τΓfj τ
−1

where τ ∈ Γ transforms fj to fk. We have

MonA(f) = Γ/
⋂
j

Γfj = Γ/
⋂
τ∈Γ

τΓf1τ
−1;

it means that the image of Γ in S(Ma) is defined by its action on all elements of
the set Ma.
The pair of groups

(
π1(Ĉ \A), π1(Ĉ \A)f1

)
is called the monodromy pair of f

associated with A and the pair
(
Mon(f), Mon(f)f1

)
is called the closed mon-

odromy pair of f .
Often the infinite intersection

⋂
τ∈Γ τΓ0τ

−1 can be replaced by finite intersection,
over τ ’s from some finite set P . In this case the image of Γ in S(Ma) forms a
discrete subgroup. In such a case one says that f is almost normal and we refer
to the monodromy pair of f (it does not depend on the forbidden set).
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11.39. Classes of pairs of groups. By a pair of groups we mean a pair (Γ, Γ0)
consisting of a group and of its subgroup Γ0 ⊂ Γ. The monodromy group of the
pair (Γ, Γ0) is the group Mon(Γ, Γ0) = Γ/

⋂
τΓ0τ

−1. The pair (Γ, Γ0) is called
almost normal if the intersection in the latter expression can be replaced by a
finite intersection.

A class M of pairs of groups is called the complete class of pairs of groups if it
satisfies the following conditions:

(i) this class is invariant with respect to images and preimages under homomor-
phisms (e.g. (φ(Γ), φ(Γ0)) ∈ M for (Γ, Γ0) ∈ M and φ : Γ → G) and with
respect to topological closures;

(ii) if (Γ, Γ0) ∈ M and a group Γ1 satisfies Γ0 ⊂ Γ1 ⊂ Γ, then (Γ, Γ1) ∈ M;

(iii) if (Γ, Γ1) ∈ M, (Γ1, Γ0) ∈M, then (Γ, Γ0) ∈ M.

The natural examples of complete classes of pairs of groups are: the class A con-
taining all abelian groups with their subgroups and the class F containing all
groups with normal subgroups of finite index.
More generally, for a family {Lα} of pairs of groups satisfying the condition (i),
the minimal complete class of pairs M〈Lα〉 containing all Lα consists of pairs
(Γ, Γ0) for which there is a resolution tower of subgroups Γ0 ⊂ Γ1 ⊂ . . . ⊂ Γ such
that each pair (Γi+1, Γi) belongs to one of the Lα’s. If the Γi in such a tower are
normal subgroups in Γi+1, then the tower is called the normal tower.
One can show that if the monodromy group (Mon(Γ, Γ0), {e}) of a pair belongs
to a complete class, then the pair (Γ, Γ0) also belongs to the class. The converse
is true only for almost normal pairs.
The following minimal complete classes are important:

– M〈A〉, where A is the class of all pairs (G, {e}) with abelian G. Here the
resolution towers are normal towers and the monodromy groups of such pairs
are solvable.

– M〈C〉, a subclass of the previous class (i.e. G ⊂ C).

– M〈F〉, where F is the class of pairs consisting of a group Γ and its normal
subgroup Γ0 with finite factor group.

– M〈A,F〉, where F is the class of all finite groups. Here the pairs admit
normal towers with quotients either abelian or finite.

– M〈A, S(n)〉. Here the normal towers of pairs have quotients either abelian
or subgroups of S(n).

– M〈C,F〉 and M〈C, S(n)〉.

The reader can see that the pair (S(n), {e}) does not belong to the class M〈C,
S(n− 1)〉, n > 4 (because the group A(n) ⊂ S(n) is simple).
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11.40. Theorem. ([Kh3]) Let M be some minimal complete class of groups and
let M̂ be the set of S-functions, whose monodromy pairs belong to M. Then the
class M̂ is closed with respect to differentiation, compositions and meromorphic
operations.
If, additionally, M contains (C, {0}), then M̂ is closed with respect to integra-
tions.
If M contains (S(n), {e}), then M̂ is closed with respect to solving algebraic
equations of degree at most n.

Proof. We shall prove only closeness of M̂ with respect to differentiation. (Other
properties are proved in the same way.)
If A is the (at most countable) singular set for f , then Γ = π1(Ĉ \ A, a) and Γ0

consists of those loops γ (with beginning and end at a) for which the distinguished
germ f1,a is invariant with respect to analytic continuation along γ. Because the
differentiation operation commutes with analytic prolongation, also the germ f ′

1,a

is invariant with respect to the action of γ. This means that Γ1, the isotropy
subgroup of the germ f ′

1,a, contains Γ0.
Next one uses property (ii) from the definition of complete class of groups. �

11.41. Corollaries.

(a) Let a function f be representable by quadratures, compositions and meromor-
phic operations. Then its closed monodromy pair belongs to the class M〈C〉
and the closed monodromy group Mon(f) is solvable. In particular, the closed
monodromy group of a Liouvillian function is solvable.

(b) Let f be a function representable by generalized quadratures, compositions
and meromorphic operations. Then its closed monodromy pair belongs to
M〈C, F 〉. If, additionally, f is almost normal, then its monodromy pair (for
any A) belongs to the class M〈C, F 〉.

(c) Let f be a function representable by n-quadratures (i.e. using solutions of
algebraic equations of degree at most n), compositions and meromorphic op-
erations. Then its closed monodromy pair belongs to M〈C, S(n)〉 and, if f
is almost normal, then its monodromy pair belongs to M〈C, S(n)〉.

The advantage of these results over the results from differential Galois theory is
obvious. Firstly, the monodromy pairs and closed monodromy pairs form more sub-
tle invariants of functions than the differential Galois groups of the corresponding
Picard–Vessiot fields. Secondly, we admit more operations: meromorphic opera-
tions (generalizations of exp) and compositions.
As a particular result we obtain that:

A general algebraic function with n > 4 branches cannot be representable via ratio-
nal functions by (n− 1)-quadratures, compositions and meromorphic operations.
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11.42. The monodromy group of Singer’s integrals. (We follow the article [Zo7]).
Here we are dealing with multivalued functions on CPn of the form

H(x) =
∫ x

Rω

where R(x) = eg
∏

fai

i is an integrating factor and ω =
∑

Pidxi is a polynomial
1-form. Here g(x) is a rational function and fj(x), Pi(x) are polynomials and the
1-form Rω is closed outside singularities. This kind of function has appeared in the
theorem of Singer about Liouvillian first integrals 11.30; in the multi-dimensional
case it is applied to the Pfaff equation ω = 0 where ω is integrable, ω ∧ dω = 0.
We see that the integral H has singularities along a finite number of algebraic
hypersurfaces S =

∑
Sj where Sj = {fj = 0} or Sj is a polar curve of the

rational function g(x). Let M be the Riemann surface of H with the projection
π : M → CPn. It defines a topological covering outside singularities π : M ′ →
N ′ = CPn \S (usually of infinite degree). We choose also a base point a ∈ N ′ and
the distinguished fiber Ma.
The monodromy group Mon(H), in Khovanski’s sense 11.38, is defined as the
image in S(Ma) of the fundamental group π1(N ′, a). Although the fiber Ma is in-
finite, due to regularity of the singular set S, we should not consider the topological
closure of Mon(H).
The fundamental group of a complement to an algebraic set is not easy to deter-
mine. It is described in 4.43–4.49. In order to see the action of particular elements
of π1(N ′), one should resolve singularities of the algebraic variety S. In order to
avoid technical complications we assume that the hypersurfaces Si have only nor-
mal intersections as singularities. π1(N ′, a) is generated by simple loops which lie
in a general complex line L = C ⊂ Cn and surround just one point from L ∩ S.
If a loop γ surrounds a point qj from L ∩ {fj = 0}, then we can parameterize L
by u = fj |L and obtain the integral in L of the form

H |L =
∫ u

eχ(s)/sk

saj φ(s)ds, (2.2)

where χ, φ are analytic functions.
Assume first that k = 0, i.e. the exponent eg is analytic near qj . Then we have
two possibilities:

(i) the exponent aj is negative integer and the subintegral function has non-
negative residuum at u = 0,

(ii) aj �∈ Z.

(Otherwise H is meromorphic and non-singular as a map to CP 1.)
In case (i) we have H = G + cj lnu with G(u) meromorphic. The corresponding
monodromy map takes the form hk → hk + 2πicj . Here hk = Hk,a(a) are the
values of branches Hk,a(x) at x = a
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In case (ii) we have H = dj + uaj G, G analytic, and the monodromy takes the
form hk → λjhk + ej , λj = e2πiaj , ej = dj(1 − λj). In the case aj > −1 this
formula is obvious; in the case aj < −1 we apply the integration by parts formula
(a + 1)

∫ u
saφ(s) = ua+1φ −

∫
sa+1φ′ (several times). The constant dj = H |fj=0

is the ‘value’ of H at fj = 0.
We see that the monodromy maps are affine diffeomorphisms of the complex line,
Mon(H) ⊂ Aff(C1). Moreover, these maps are extended to the product N ′ ×C,
(x, h)→ (x, λjh+ej). They preserve the Riemann surface M ′ (which we can treat
as embedded into the product) and realize deck automorphisms of the covering
M ′ → N ′. We have the following result.

11.43. Theorem. ([Zo7]) Let R =
∏

f
aj

j and the polynomial 1-form be such that Rω

is closed and let H =
∫ x

Rω with the Riemann surface M . Then the monodromy
group Mon(H) embeds itself as a subgroup into Aff(C). The covering M ′ → N ′ is
a Galois covering with the group Deck(M ′/N ′) = Mon(H). The monodromy group
Mon(H) is abelian iff the integral H is of the Darboux type or of the generalized
Darboux type.

Proof. We have to prove only the last point. There are two cases of abelian sub-
groups of Aff(C1), a subgroup of C and a subgroup of C∗. The first case occurs
when the form Rω is rational and H = G +

∑
cj ln fj , G – rational (see the first

part of the proof of Theorem 11.30). Then eH is of generalized Darboux type. The
second case takes place when H = F

∏
f

bj

j with rational F .
If the form Rω has nonzero residuum at fj and some other exponent ak is non-
integer, then the monodromy group would contain two non-commuting maps
(translation and multiplication). Thus we can assume that the only singular hy-
persurfaces for H are fj = 0 with aj �∈ Z.
We have the Darboux case and abelian group Mon(H), when all the constants dj ,
i.e. the ‘values’ of H at fj = 0 are simultaneously equal (to a constant which can
be put = 0).
The values dj are not defined uniquely, but the property: dj = dk for all j, k, is
correct. The differences dj − dk can be calculated as

(1− λj)−1(1− λk)−1

∫
C(j,k)

(Rω)|L

where C(j, k) is the (double) cycle in the complex line L presented in Figure 2.
We call this cycle the Pochhammer cycle; (it was introduced by L. Pochhammer,
see [WW]). �

In [Zo7] a result analogous to Theorem 11.43 was proved in the case when the
exponential function eg(x) is nontrivial. When one replaces the line integral in
(2.2) by a perturbation of an integral with Darboux type factors (replacement of
eχ/sk

by a product of Darboux factors) and takes the limit of suitable monodromy
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Figure 2

maps, then one obtains the so-called extended monodromy group. The extended
monodromy group is abelian if and only if H is of generalized Darboux type.

Remark. Singer’s theorem was used also by M. Berthier, D. Cerveau and A. Lins-
Neto [BCL] in construction of an example of a real analytic planar vector field
with non-elementary singular point of center type and such that it does not have
Liouvillian first integral and is not reversible. The reversibility means existence
of a (locally) fold-type map and a vector field in the target plane (without cen-
ter) whose pull-back is our vector field (see the example of quadratic reversible
center in the Dulac–Kapteyn theorem 6.29). In the example from [BCL] the pro-
jective monodromy of the exceptional divisor of the blowing-up of the center is
non-solvable and the linear parts of the monodromy maps of the separatrices can-
not satisfy any resonant relation imposed by eventual reversibility. Because the
situation is local, in [BCL] a local analogue of Singer’s theorem was used.

11.44. The Darboux–Schwarz–Christoffel integrals. Here we present some exam-
ples of polynomial planar vector fields P∂x +Q∂y (or equations dy

dx = Q/P or Pfaff
equations ω = Qdx − Pdy = 0) with Singer first integral. Any student or teacher
in mathematics has encountered problems with integration of concrete differential
equations.

Examples: 1. We begin with systems with Darboux integrals. The following exam-
ple

dy

dx
=

3 + xy − y2

3(x2 − 4)

from [Kam] (Example 1.168) shows how difficult simple equations can be. In [Kam]
the invariant algebraic curve f = y4−6y2−4xy−3 = 0 was found. The Singer first
integral can be written in the form H1 =

∫
Rω, R = (x2−4)−5/6f−1/2. It turns out

that there is one more invariant algebraic curve g = y4+2xy3+6y2+2xy+x2−3 = 0
and the rational first integral H2 = (x2 − 4)f3g−3. The connection between the
two integrals can be obtained from the phase portrait of the vector field. Namely,
the point x = 2, y = −1 is a 1 : 3 resonant linearizable node with local first
integral H3 = (x− 2)(y + 1 + . . .)−3. Then we have H1 =

∫H3 s−5/6(s− 1)−1/2ds,
H2 = (H3 − 1)3H3(14H3 − 1)−3.
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2. Consider the Chebyshev integral

f(x) =
∫ x

x0

sα−1(1− s)β−1ds.

One asks when f is of Darboux type (modulo a constant). It is so when:

– α and β are both integers;

– either α or β is a positive integer;

– B(α, β) =
∫ 1

0
sα−1(1− s)β−1ds = 0, i.e. α + β is a negative integer.

Above the Euler Beta-function B(α, β) is the difference between the ‘values’ of f
at 1 and at 0. In the case Re α < 0 or Re β < 0 we use the analytic continuation
of the Euler Gamma-functions.
Therefore sin−1(x) =

∫ x

0
ds/
√

1− s2 is not Darboux but
∫ x(1 − s2)−3/2ds is.

3. The Darboux–Schwarz–Christoffel integral was introduced in 11.26. Here we
define the multiple Darboux–Schwarz–Christoffel integral as a function of the
form

V S(U)p/q +
∫ U

s(u)p/qT (u)du +
s∑

i=1

∫ Wi

vp/q
ri∏

j=1

(v − vij)aij dv, (2.3)

where U(x, y), V (x, y), Wi(x, y) are rational functions of two variables, S(·), T (·)
are rational functions of one variable, vij ∈ C and p/q, aij are rational numbers.
Some additional restrictions must be imposed on (2.3), in order to be a first integral
of a polynomial Pfaff equation. Notice that the poles and zeroes of the function
S ◦ U(x, y) are branching hypersurfaces of the middle term in (2.3) (and of H).
The other integrals also should ramify only at these surfaces. Thus Wi = S(U)Ri,
where Ri are such that if aij = pij/qij is not an integer, then the hypersurface
Wi = vij is not a ramification surface, which means that Wi − vij = P

qij

ij /Qij

(Pij , Qij - polynomials). Also, if p/q+
∑

j aij is not integer, then the integral does
not ramify along Wi =∞.

4. As a more concrete example we take the function, called in [Zo7] the Darboux–
hyperelliptic integral,

V
√

S(U) +
∫ U

T (u)
√

S(u)du +
∑

ai ln
Ri −

√
S(U)

Ri +
√

S(U)
.

Because

ln
Ri(x) −

√
S(U)

Ri(x) +
√

S(U)
=
∫ S(U)/R2

i du√
u(u − 1)

,

it is included in the family (2.3). The reader can easily generalize this example to
the case when the square root is replaced with the p/q-th power.
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In this example the ramification curves are S(U) = 0, S(U) = ∞, the poles of
T (U) (with nonzero residuum of the function T

√
S) and the curves R2

i = S(U)
(tangent to S(U) = 0). The monodromy maps corresponding to loops around the
components S(U) = 0 and T (U) = ∞ are the same as in the simple Darboux–
Schwarz–Christoffel integral: h → ±h + c. The monodromy maps corresponding
to the loops around R2

j = S(U) are of the form h → h ± 2πiaj , where the sign
depends on the position of the loop near this hypersurface. (Note that for fixed
S(U) the function Rj can take two different values.)
The book of E. Kamke [Kam] contains several examples of integrals of the type
V
√

U +a ln[(W +
√

U)/(W −
√

U)]. The above shows that they include themselves
in the family of simple Darboux–Schwarz–Christoffel integrals.
It seems that the Darboux-hyperelliptic integrals should play some significant role.
The reason for this is that the function exp H has monodromy group consisting
of maps of the form: h → λih, h → µj/h. One quickly recognizes here a solvable
subgroup G of PSL(2, C) such that the commutator G(1) = [G, G] consists of
linear maps (corresponding to diagonal matrices) and G/G(1) = Z2 (compare also
Theorem 11.15). Also in Khovanski’s paper [Kh3] the case of functions with such
monodromy was distinguished.
On the other hand, the Darboux-hyperelliptic integrals form a particular case of
the infinite series of analogous integrals with the exponent 1/2 replaced by p/q.
There is a striking coincidence between the classification of the (solvable) mon-
odromy groups of the above integrals and the classification of solvable subgroups
of Diff (C, 0) (from Section 3 of Chapter 10). The Darboux integrals

∏
f

aj

j cor-
respond to linear subgroups of Diff (C, 0); here the cases aj ∈ Q (rational in-
tegrals) correspond to finite subgroups of Diff (C, 0). The logarithms of gener-
alized Darboux integrals g +

∑r
1 aj ln fj correspond to formally non-linearizable

abelian groups; the latter are typical if r > 1 and exceptional if r = 1. The
Darboux–Schwarz–Christoffel integrals should correspond to solvable groups, but
the Darboux-hyperelliptic integrals V

√
U +

∑r
1 aj ln[(Rj −

√
U)/(Rj +

√
U)] with

r = 1 resemble the exceptional solvable groups.
Also some French mathematicians have studied the relation between Singer’s the-
orem and local properties of holomorphic foliations (see [BT] and [Pau]).

5. This example comes from the work [Cha] of Chavarriga where existence of the
integrating factor was proved. The equation

dy

dx
=

x(1 + xn + λyn − 2x2yn−2)
−y(1 + xn + λyn − 2λx2yn−2)

has the multiple Darboux–Schwarz–Christoffel integral

H =
∫

faω =
(4λ)2/n

n

∫ X1

ua(u− 1)bdu +
42/n

n

∫ X2

ua(u− 1)bdu

where a = −(n + 4)/2n, b = (2 − n)/n, f = 1 + 2(xn + λyn) + (xn − λyn)2,
X1 = f(1 − xn + λyn)−2, X2 = f(1 + xn − λyn)−2. Here the singular points
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1 + xn = y = 0 and 1 + λyn = x = 0 are non-elementary (i.e. both eigenvalues
vanish) and we must blow them up. After this is done, some exceptional invariant
divisors appear. Namely, along these divisors the first integral is ramified.
The author conjectures that the above examples reveal some general rule. Prob-
ably any Singer’s integral with non-abelian monodromy group is either a simple
Darboux–Schwarz–Christoffel integral or multiple Darboux–Schwarz–Christoffel
integral. Moreover, if the exponential factor eg is nontrivial or if some ai �∈ Z, then
we should have the simple Darboux–Schwarz–Christoffel integral. Some progress
in this direction was achieved in the paper [Sca] by B. Scárdua (the proof in the
so-called generalized curve case).

6. If a rational Riccati equation

dy/dx = A(x) + B(x)y + C(x)y2 (2.4)

has algebraic invariant curve, then it has a particular solution of the form y = φ(x)
where φ is an algebraic function. Introducing the variable y1 = y−φ(x), we obtain
a Bernoulli equation which is solved in quadratures. This shows that rational
Riccati equations with algebraic particular solutions are integrable in generalized
quadratures; (result of Liouville, see [Lio2], [Rit]). We can say even more, we can
guess the form of the first integral.

11.45. Theorem (First integrals for Riccati equations). ([Zo8], [Zo12]) Assume that
the rational equation (2.4) has invariant algebraic curve not containing any vertical
line x = const. Then there are four possibilities:

– the invariant curve is rational, y = W (x), and there is a simple Darboux–
Schwarz–Christoffel integral;

– the curve is of the form [y−W1(x)][y−W2(x)] = 0 (two rational components),
and there is a Darboux integral;

– the curve is hyperelliptic y2 + W1(x)y + W2(x) = 0, and there is a Darboux–
hyperelliptic integral;

– the curve has > 2 sheets above the x-plane, and there is a rational integral.

Proof. The first three cases are elementary. The fourth case uses the monodromy
of solutions y = φ(x) as x turns around singular points, which are the poles of
the right-hand side of (2.4). We fix a base point x = a and consider solutions
y = φ(x; y0) with the initial condition φ(a; y0) = y0. The monodromy group is the
group of maps of the line {a} × C. Because the evolution operators for Riccati
equations are fractional-linear (see Remark 11.18(c)), the monodromy group Mon
of the Riccati equation consists of an automorphism of the Riemann sphere {a}×C,
Mon ⊂ PSL(2, C).
(The monodromy group of the first integral defined in Example 11.27(d) is the
same as the monodromy group Mon of the equation and is also included in
PSL(2, C)).
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If Φ is an invariant algebraic curve then it is preserved by the monodromy op-
erations. It means that the finite set K = Φ ∩ ({a} × C) is invariant for Mon.
By assumption the cardinality of K is at least 3. This means that the subgroup
MonK of maps, whose restriction to K are identities, is trivial. Indeed, three points
x0, x1, x2 of K can be transformed via a Möbius map to 0, 1,∞ (composition of
translation id − x0, of x/(x − x2) and of x/x1) and any fractional-linear trans-
formation which has 0, 1,∞ as fixed points is identity. Now the exact sequence
{e} →MonK →Mon → S(K)→ {e} shows that Mon is a finite group.
The finiteness of the monodromy group of Riccati equation means that its solu-
tions behave like algebraic functions. If we knew that these solutions have regular
singularities, then we would conclude algebraicity of solutions. However the ex-
ample of family y = Ce−1/x2

of univalent functions with non-algebraic singularity
shows that we must work a little more.
The corresponding planar vector field takes the form

ẋ = G(x), ẏ = D(x) + E(x)y + F (x)y2

where D, E, F, G =
∏

(x − xj) are polynomials. The singularities of solutions
of the Riccati equation lie in the points x = xj . The lines {x = xj} ⊂ C1 ×
C1 are invariant lines of the polynomial vector field associated with the Riccati
equation. This field defines a holomorphic foliation F (by complex phase curves)
of CP 1 × CP 1. The singular points of the foliation F lie in the projective lines
{x = xj}×CP 1 and {x = ∞}×CP 1. Each such line contains at most two singular
points. Thus we look at the behaviour of phase curves near such singular points.
Consider one such invariant line which we may assume to be x = 0. The curve Φ
intersects it at ≥ 3 points, multiplicity counting. Each local branch of Φ represents
an algebraic solution y = ϕ(x), where the function ϕ admits a Puiseux expansion.
First we perform the pull-back x = uq, in order to remove multi-validity of the
local branches of Φ. We get y = cul + . . ., l – integer, for any such branch and
the (projective) line u = 0 contains a singular point of the foliation (induced from
F) through which at least two such branches pass. We choose a pair y = ψ1(u),
y = ψ2(u) with the greatest order of tangency. Next, we separate the branches
y = ψ1,2(u) using a series of changes of the form y = zum and/or y = ψ(u) + z
(where y = ψ(u) is some branch). Note that the rational Riccati form of the
differential equation is preserved during such operations. We arrive at the situation
with the branches z = χ1,2(u) = c1,2 + O(u) and c1 �= c2. The third branch
z = χ3(u) of Φ will have the form: either χ3(u) = c3 + O(u), c3 �= c1,2, or
χ3(u) ∼ cu−j , j > 0. In the latter case the branch z = χ3(u) meets the line u = 0
at the point z = ∞.
Now we have two possibilities. In the first situation, called the dicritical case, the
line u = 0 ceases to be invariant and all local solutions are analytic, z = χ(u) =
c + O(u). Therefore all solutions y = ϕ(x) of the initial system are regular near
x = 0.
In the non-dicritical case the new Riccati system should have at least three singular



490 Chapter 11. The Galois Theory

points on u = 0: either three finite (i.e. z = c1,2,3) or two finite and one at z = ∞.
This cannot take place for a Riccati foliation. �
11.46. Remark. Using the classification of solvable finite subgroups of SL(2, C)
(see the next chapter) and the above theorem, one can show that the minimal
degree (in z) of an invariant algebraic curve for the Riccati equation is 1, 2, 4,
6 or 12. In the first case there is a Darboux–Schwarz–Christoffel integral, in the
second case there is a Darboux-hyperelliptic integral and in the latter three cases
we have a finite monodromy group associated with symmetries of a tetrahedron,
cube or icosahedron respectively (see the next chapter).
Using this and the relation between the Riccati and second order linear equations J.
J. Kovačic [Kov] created an algorithm for solving a second order linear differential
equation with rational coefficients (see also [R-R]).



Chapter 12

Hypergeometric Functions

The Gauss hypergeometric equation is the equation where the monodromy group
demonstrates its full beauty. It connects such domains as the regular geometric
polyhedra, hyperbolic geometry, elliptic integrals and modular functions. In the
19th century all students and teachers of mathematics knew what the hyperge-
ometric function looks like and how its monodromy is connected with spherical
triangles (see the lectures of F. Klein).
Here we present the theory of the hypergeometric equation based on the books of
Klein [Kl1] and [Kl2] and V. V. Golubev [Gol]. We calculate the monodromy and
find the hypergeometric equations solved in quadratures.
Next we briefly present some generalizations of the hypergeometric functions.
These generalizations go in two directions. In the Picard–Deligne–Mostow ap-
proach the time remains one-dimensional but the number of singularities and
dimension of the space of integrals grow. The aim is to obtain new arithmetic
subgroups of the group of motions in multi-dimensional complex hyperbolic ge-
ometry.
In the other approach (I. M. Gelfand, A. N. Varchenko and others) the hypergeo-
metric integrals are defined along cycles lying in the complement of a collection of
affine hypersurfaces in a complex vector space. Here the main effort is concentrated
on description of the basis of certain cohomology groups.

§1 The Gauss Hypergeometric Equation
12.1. The second order equations of Fuchs type. The class of these equations was
described in Lemma 8.33(b) (in Chapter 8). They are of the form

ẍ + p(t)ẋ + q(t)x = 0,

where p(t) = P (t)/R(t), q(t) = Q(t)/R2(t), R(t) = (t − t1) . . . (t − tm) and P, Q
are polynomials of degrees ≤ m− 1 and ≤ 2(m− 1) respectively. We shall assume
that one of the singular points is tm+1 = ∞; in this case deg P = m − 1 or
deg Q = 2(m− 1).
For each singular point tj (or ∞) we have the defining equation for the Levelt
exponents λj,1, λj,2, such that the basis of the space of solutions is of the form
(t − tj)λj,1(1 + . . .) and (t − tj)λj,2(1 + . . .) (or tλ∞,1,2(1 + . . .) respectively). If
p(t) = Aj/(t− tj) + . . ., q(t) = Bj/(t− tj)2 + . . . then the defining equation takes
the form

λ(λ − 1) + Ajλ + Bj = 0.
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If p ∼ A∞/t, q ∼ B∞/t2 then we get λ(λ + 1) − A∞λ + B∞ = 0. Note that
p =

∑
Aj/(t− tj) and A∞ =

∑
Aj .

We obtain the following relations for the exponents λj,k: Aj = 1 − λj,1 − λj,2,
A∞ = 1 + λ∞,1 + λ∞,2. The property A∞ =

∑
Aj leads to the following Fuchs

condition
m+1∑
j=1

(1− λj,1 − λj,2) = 2.

The above shows that the function p(t) is defined uniquely by the collection of
exponents satisfying the Fuchs condition. The relations λj,1λj,2 = Bj give only
m + 1 conditions on the 2m coefficients of the polynomial Q(t). This means that
Q(t) is defined uniquely by the Levelt exponents only when the number of singular
points does not exceed three.
The case with one singular point, which we put to ∞, leads to the equation ẍ = 0.
The case with two singular points, at 0 and at ∞, leads to the Euler equation
ẍ + (c/t)ẋ + (d/t2)x = 0 with constant coefficients c, d.

12.2. The Riemann P -equation. The equation of Fuchs class with three singular
points and with given Levelt exponents can be written explicitly. Assume that the
Levelt exponents at 0 are ρ, ρ′ at 1 are σ, σ′ and at ∞ are τ , τ ′ and satisfy the
Fuchs condition

ρ + ρ′ + σ + σ′ + τ + τ ′ = 1.

Then we have q(t) = [ρρ′(t− 1)2 + σσ′t2 + at(t− 1)]/t2(t− 1)2 with the condition
ρρ′ + σσ′ + a = ττ ′. Finally we get the so-called Riemann equation

ẍ +
(

1− ρ− ρ′

t
+

1− σ − σ′

t− 1

)
ẋ +

(
ρρ′

t2
+

σσ′

(t− 1)2
+

ττ ′ − ρρ′ − σσ′

t(t− 1)

)
x = 0.

Riemann suggested the following rule to encode the solutions of the Riemann
equation with given singular points a, b, c and with given Levelt exponents (in our
case a, b, c = 0, 1,∞)

P

⎧⎨⎩ a b c
ρ σ τ t
ρ′ σ′ τ ′

⎫⎬⎭ .

The Riemann equations have the following interesting property.

Lemma. If x1(t), x2(t) are two independent solutions of the Riemann equation,
then the functions tr(t − 1)sx1(t), tr(t − 1)sx2(t) are independent solutions of a
Riemann equation with changed Levelt exponents. More precisely,

tr(t− 1)s · P

⎧⎨⎩
0 1 ∞
ρ σ τ t
ρ′ σ′ τ ′

⎫⎬⎭ = P

⎧⎨⎩
0 1 ∞

ρ + r σ + s τ − r − s t
ρ′ + r σ′ + s τ ′ − r − s

⎫⎬⎭ .
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Proof. The linear space generated by the new functions is invariant with respect
to the monodromy transformations. Moreover, these functions are also indepen-
dent. Thus by Riemann theorem 8.35 they satisfy a second order linear differential
equation. From their behaviour at singular points we see that this equation must
be the Riemann equation. �

12.3. The Gauss hypergeometric equation ([Gau]). By applying a transformation
from the above lemma, we can reduce two of the Levelt exponents to zeroes.
Because of the Fuchs condition there remain only three independent parameters
which we choose in the form

P

⎧⎨⎩
0 1 ∞
0 0 α t

1− γ γ − α− β β

⎫⎬⎭ .

The corresponding differential equation, the most important linear differential
equation in mathematics, is called the Gauss hypergeometric equation and takes
the form

t(t− 1)ẍ + [(α + β + 1)t− γ]ẋ + αβx = 0.

This equation has one analytic solution 1 +
∑

antn, corresponding to the Levelt
exponent 0. Simple calculations give the recurrent relations an+1 = (α+n)(β+n)

(n+1)(γ+n) an.
The obtained series

F (α, β, γ; t) =
∞∑

n=0

(α)n(β)n

(γ)nn!
tn

is called the hypergeometric series. Here the symbol (a)n = Γ(a + n)/Γ(a) =
a(a + 1) . . . (a + n − 1) for n > 0 and (a)0 = 1. This series is convergent in the
disc with center at t = 0 and radius 1 and defines a holomorphic function, the
hypergeometric function.
The particular cases of hypergeometric function include many known elementary
functions. For example, we have

F (−m, β, β; t) = (1 + t)m, m ∈ Z+,
F (1, β, β; t) = (1− t)−1,

tF (1, 1, 2;−t) = ln(1 + t),
limβ→∞ F (1, β, 1; t/β) = e−t.

(1.1)

12.4. Three systems of fundamental solutions. We know one solution of the hy-
pergeometric equation. The other solution is of the form t1−γy(t) with analytic y.
However here we can use the lemma from 12.2. It says that y(t) belongs to the
space of solutions of the Riemann equation with shifted Levelt exponents:

tγ−1P

⎧⎨⎩ 0 1 ∞
0 0 α t

1− γ γ − α− β β

⎫⎬⎭ = P

⎧⎨⎩ 0 1 ∞
γ − 1 0 α− γ + 1 t

0 γ − α− β β − γ + 1

⎫⎬⎭
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= P

⎧⎨⎩
0 1 ∞
0 0 α− γ + 1 t

1− (2− γ) γ − α− β β − γ + 1

⎫⎬⎭ .

Because F (α − γ + 1, β − γ + 1, 2− γ; t) is the unique analytic solution from the
latter space, we find that it is equal to y(t).
Thus we have one basis near t = 0:

x1 = F (α, β, γ; t), x2 = t1−γF (α− γ + 1, β − γ + 1, 2− γ; t).

After performing the change t→ 1−t we obtain the hypergeometric equation with
exchanged Levelt exponents at the points t = 0 and t = 1. The corresponding basis
of solutions takes the form

x3 = F (α, β, α + β + 1− γ; 1− t),
x4 = (1 − t)γ−α−βF (γ − β, γ − α, 1− α− β + γ; 1− t).

Finally, near t =∞ we find the basis

x5 = t−αF (α, 1− γ + α, 1 + α− β; 1/t), x6 = t−βF (β, 1− γ + β, 1 + β − γ; 1/t).

In the cases when the Levelt exponents at some point coincide the basis of solutions
is different. For example, if γ = 1 then the other solution takes the form x2(t) =
x1(t) ln t + ψ(t) with ψ analytic.

12.5. The Euler integral representation. This is the formula

F (α, β, γ; t) =
Γ(γ)

Γ(β)Γ(γ − β)

∫ 1

0

sβ−1(1 − s)γ−β−1

(1− ts)α
ds.

It easily follows from the expansion of the factor (1 − ts)−α into powers and the
expression of the Beta-function by means of the Gamma-functions.
The above formula needs some explanation. The integral

∫ 1

0 f(s, t)ds is well defined
when Re β > 0 and Re(γ − β) > 0; we must only omit the point s = 1/t along
a path of integration (from 0 to 1). If β �∈ Z and γ − β �∈ Z then this integral
can be replaced by (1 − e2πiβ)−1(1 − e2πi(γ−β))−1 times the integral along the
Pochhammer cycle C(0, 1), presented in Figure 2 in Chapter 11 (with uk = 0,
uj = 1). The cycle C(0, 1) surrounds each of the points 0, 1 two times in opposite
directions and the subintegral function f(·, t) is single-valued on this cycle.
One can even define the function

∫
C(0,1)

f(s, t)ds as one of the solutions of the
hypergeometric equation. Here instead of expansion into power series, we use the
identity {t(t−1)∂2

t +[(α+β+1)t−γ]∂t−αβ}f = α∂s[sβ(1−s)γ−β+1(1−ts)−α+1].
The solution

∫
C(0,1)

f is well defined even when γ is negative integer (while
F (α, β, γ; t) = ∞). Moreover, any of the functions

∫
C(a,b)

f(s, t)ds, where a, b ∈
{0, 1,∞, 1/t} and the cycle C(a, b) is defined analogously as C(0, 1), defines a
solution of the hypergeometric equation.
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The function
∫

C(0,1) f admits continuous prolongation to the case when one (but
not two) of the exponents β − 1 or γ − β − 1 is negative integer. Then it equals
the factor 2πi(1 − e2πiκ) times the residuum of f(·, t) at the corresponding pole.
If both exponents are integers, then the integral is zero.

12.6. Some recurrent formulas. One introduces the new parameters

λ = 1− γ, µ = β − α, ν = γ − α− β

(they are the differences between the Levelt exponents). Analogously one defines
the parameters λ = ρ−ρ′, µ = σ−σ′, ν = τ−τ ′ for the general Riemann equation.
Note that the hypergeometric (respectively Riemann) equation with one triple
(λ, µ, ν) has the same monodromy as the analogous equation, for which these
parameters differ by a sign. This is a consequence of the fact that the pairs of
exponents (ρ, ρ′), . . . are non-ordered pairs.
Other relations allow us to represent the hypergeometric series with ‘large’ param-
eters by means of linear combinations of the hypergeometric series with ‘small’
parameters and its derivatives with rational coefficients. In the formulas below,
taken from [BE], F = F (α, β, γ; t) and F (α ± 1), . . . , F (γ ± 1) denote the hyper-
geometric series with the distinguished variable shifted, F (α ± 1, β, γ; t) . . .. We
have

F (α + 1) = 1
α t1−α d

dt [t
αF ],

F (α− 1) = 1
γ−α t1+α−γ(1− t)1+γ−α−β d

dt [t
γ−α(1− t)α+β−γF ],

F (γ + 1) = γ
(γ−α)(γ−β) (1− t)1+γ−α−β d

dt [(1 − t)α+β−γF ],

F (γ − 1) = 1
1−γ t2−γ d

dt [t
γ−1F ].

Because F is symmetric with respect to the parameters α, β analogous formulas
hold for F (β ± 1).
Note that the right-hand sides are of the form p(t)F +q(t)Ḟ with rational functions
p, q. One can also see that the other solution x2 = t1−γ(1 + . . .) satisfies the same
relations with shifted parameters. Therefore, using induction with respect to the
integer parts of the parameters and the expression of F̈ by means of F, Ḟ , one can
express any hypergeometric function in this form with parameters from a fixed
cube with the edge of length 1.
(There are also other relations between the hypergeometric series, called the Gauss
relations, allowing us to represent all series like F (α + n) by means of F and its
adjacent functions F (α± 1), F (β ± 1), F (γ ± 1). For example, we have [γ − 2α−
(β − α)t]F + α(1 − t)F (α + 1) + (α− γ)F (α − 1) = 0. There are 15 of them and
can be found in [BE] and in [Kl1]).
The translation of the parameters α, β, γ by integers means translation of the
parameters λ, µ, ν by integers, however the sum of these three integers must be
equal to zero. For example, the change α → α + n means the change λ → λ,
µ→ µ− n, ν → ν + n.
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If we admit also the changes of signs in λ, µ, ν then we obtain the following prop-
erty.

12.7. Proposition. The monodromy of the hypergeometric equation with the param-
eters (λ, µ, ν) is the same as the monodromy of the hypergeometric equation with
the parameters

(±λ + l,±µ + m,±ν + n)

where l, m, n are integers and l + m + n is even.
If λ, µ, ν are real, then one can restrict the analysis of the hypergeometric equation
to the following domain of parameters:

0 ≤ λ, µ, ν < 1; 0 ≤ λ + µ, λ + ν, µ + ν ≤ 1. (1.2)

12.8. The Schwarz map. The above integral representations of solutions will be
useful in description of the monodromy group of the hypergeometric equation. In
order to simplify the explanation, we restrict considerations to the case when the
parameters α, β, γ (and λ, µ, ν) are real. (For the general case we refer the reader
to [Gol], [IKSY] and [BE]). We also assume that we are in the domain (1.2) defined
in Proposition 12.7.
Let y1(t), y2(t) be two independent solutions of the hypergeometric equation. Then
we have the multivalued Schwarz map

W : C \ {0, 1,∞}→ CP 1, W (t) = (y1(t) : y2(t)).

In the affine chart in the image, we have w(t) = y2(t)/y1(t). The different choices
of the basic solutions are related by means of Möbius automorphisms of the target
space.
The interpretation of the Schwarz map in terms that do not involve the choice of
basis in the space of solutions uses the notion of local system. A non-autonomous
linear differential equation on X = C \(singular points) defines a vector bundle
K (of rank d equal to the order of the equation) with constant transition maps.
Recall that such a bundle is called a local system. (We have met local systems
in studying the Gauss–Manin connection, see 5.32.) A local system is defined
uniquely by means of its local horizontal sections. The local horizontal sections of
the local system K are the solutions of the differential equation. Thus K admits
a unique flat (i.e. with vanishing curvature) connection, called the Gauss–Manin
connection. If γ : [0, 1]→ X is a loop, then γ∗K|[0,1) is a trivial bundle [0, 1)×Cd

and can be prolonged to a bundle over the circle S1 = [0, 1]/0 ∼ 1 by means of
the monodromy operator Mγ . The cocycle ξ ∈ H1(X, GL(d, C)), defining the local
system, associates to each loop in X the monodromy operator induced by it.
In fact, the bundle K is a trivial bundle in the topological sense but is not trivial
in the geometrical sense (nontrivial flat connection).
Consider the trivial bundle X × V → X , V = Cd, where we assume that X ⊂ C.
Above each simply connected domain U ⊂ X the two bundles, K|U and U × V ,
are isomorphic. These isomorphisms K|U → U × V together define a multivalued
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‘isomorphism’ Φ : K→ X×V . Of course, this multivalued isomorphism is uniquely
defined by its restriction Φa to a distinguished fiber Ka; we assume that Φa is fixed.
We have a multivalued holomorphic vector function t → Φ(t) ∈ V . If we choose
some basis in V , then the coordinates of Φ(t) form a basis of the space of solutions
of the differential equation.
Consider the projectivizations of the two bundles, PK and X×P (V ). The Schwarz
map is defined as W = P ◦ Φ.
The Schwarz map can be also considered as a kind of period mapping. Indeed, it
is expressed by means of integrals of a holomorphic form along varying cycles, like
the period mapping from Section 5 in Chapter 7.
In the literature usually the monodromy group of the Schwarz function is called
the monodromy group of the Gauss equation. We shall call it the projective mon-
odromy group of the hypergeometric equation.

12.9. Theorem of Schwarz (Spherical triangle). ([Schw]) The map W restricted to
the upper half-plane H = {Im t ≥ 0} maps H biholomorphically onto a spherical
triangle ∆ with the angles πλ, πµ, πν, i.e. the intervals (−∞, 0), (0, 1), (1,∞) are
sent to arcs of circles in C .
The prolongation of a point t ∈ H to the point t̄ in the lower half-plane along a
path going through one of the intervals (−∞, 0), (0, 1), (1,∞) results in inversion
of the point w = W (t) with respect to the circle containing the image of the
corresponding interval.
The projective monodromy group of the hypergeometric equation, Mon, is iso-
morphic to the subgroup of index 2 of the spherical triangle group, generated by
inversions with respect to the sides of the triangle ∆; Mon consists of compositions
of an even number of inversions.

Recall that the inversion in C with respect to a circle S ⊂ C with center z0 and
radius r is defined by the equality |z− z0| · |z′− z0| = r2 and by the property that
the point z and its image z′ lie on the same radius starting from z0. The inversion
with respect to a circle passing through ∞, i.e. a line in C, is the reflection with
respect to this line.

Proof. As the basis of solutions of the hypergeometric equation we choose

y1(t) =
∫ 1

0

f(s, t)ds, y2 =
∫ ∞

1

f(s, t)ds.

Thus we have w(t) = y2(t)/y1(t). Consider its restriction to the upper half-plane
H, where we choose the branch which is real on the interval (−∞, 0). By the
Schwarz reflection principle, the function w(t) can be prolonged through the in-
terval (−∞, 0) to the lower half-plane with the property w(t̄) = w(t). The image
of (−∞, 0) is an interval in the real line in C, i.e. an arc in a circle in CP 1 � S2.
If we choose another basis of solutions, then the new w̃(t) is related with w(t) by
means of a fractional-linear map, the image of (−∞, 0) is still an arc of a circle
and w̃(t̄) = σw̃(t) where σ is an inversion.
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By applying this to the other two intervals (0, 1) and (1,∞) we find that the real
axis is transformed to the boundary of a spherical triangle ∆. Because w(t) is
holomorphic with open image then w(H) = ∆. Moreover, dw/dt = y−2

1 (ẏ2y2 −
ẏ1y2) = y−2

1 × (Wronskian) �= 0.
We should also determine the angles of ∆ and the action of the monodromy.
Assume that the vertices of ∆ are P = w(0), Q = w(1), R = w(∞). Consider
two successive reflections in the t-plane: first t → t̄ through the interval (−∞, 0)
and the next t̄ → t, but through the interval (0, 1). In the w-plane we obtain
two inversions: with respect to the arc (P, R) and with respect to the image of
the arc (P, Q) (see Figure 1). The result of their composition is the monodromy
transformation corresponding to a loop around t = 0.
Any two circles in the projective plane CP can be transformed via a Möbius
transformation to two circles passing through the point at infinity, so that they
will form lines in the affine part; (it is enough to move one of the intersection
points to infinity). Thus we can assume that the arcs (R, P ) and (P, Q) form sides
of a straight angle. The composition of reflections with respect to these sides is a
rotation by the angle twice greater than the angle of ∆ at the vertex p.
Let us find this angle. We know two particular solutions x1,2(t) of the hypergeo-
metric equation. We have x2/x1 = t1−γφ(t) with holomorphic φ. The monodromy
around t = 0 acts as rotation by the angle 2πλ, λ = 1− γ.
Repeating this with other vertices of ∆ we obtain the thesis of Theorem 12.9. �

Figure 1

12.10. The Schwarz differential equation. The Schwarz function w(t) is multivalued
but this multivaluedness exhibits regularities. The different branches are related
by means of fractional-linear transformations. There is a meromorphic operation
(expressed in terms of w and its derivatives) which is invariant with respect to com-
position of w with Möbius transformations. This operation is called the Schwarz
derivative and equals

{w, t} = (ln wt)tt −
1
2
((lnwt)t)2 =

w′′′

w′ −
3
2

(
w′′

w′

)2

.

It has the following important properties:
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(a) For the composition t→ ζ → w we have {w, t} = {w, ζ}ζ2
t + {ζ, t}.

Indeed, lnwt = (lnwζ) ◦ ζ + ln ζt, (lnwt)t = (lnwζ)ζ ◦ ζ · ζt + (ln ζt)t and then
{w, t} = (lnwζ)ζζζ

2
t +(lnwζ)ζζtt+(ln ζt)tt− 1

2 [((ln wζ)ζ)2ζ2
t +2(lnwζ)ζζt(ln ζt)t +

((ln ζt)t)2]. Because (ln ζt)t = ζtt/ζt the above formula follows.
(The formula (a) implies that composition of several maps with negative Schwarz
derivative has negative Schwarz derivative. This property is recently widely used
in one-dimensional real dynamics.)

(b) {(at + b)/(ct + d), t} = 0.

The Schwarz derivative forms a differential invariant for a class of maps which
is wider than the class of Schwarz maps. This class is the following. Namely one
considers a conformal map v : H → CP 1 onto a circular polygon P1P2 . . . Pm

where Pj = v(tj) and tj ∈ R. Applying the Schwarz principle we extend v to a
multivalued map with ramification points t1, . . . , tm.
The above implies the following.

Theorem. The Schwarz derivative {w, t} of the mapping v (of H on a spherical
polygon) is a single-valued function. In particular, we have

{w, t} = (1− λ2)/(2t2) + (1− µ2)/(2(t− 1)2) + (λ2 + µ2 − ν2 − 1)/(2t(t− 1))

for the Schwarz map associated with the hypergeometric equation.

The latter identity is a particular case of the formula {x2/x1, t} = −p′−p2/2+2q
for two independent solutions of the second order equation ẍ + p(t)ẋ + q(t)x = 0.
In [Gol] there is a formula connecting the Schwarz derivative {v, t} with the ver-
tices tj and the angles of the polygon P1P2 . . . Pm. This derivative is determined
uniquely for m ≤ 3, otherwise there remain 2(m − 3) free parameters. Also the
polygons are not determined uniquely (up to the action of PSL(2, C)) by m > 3
angles.

12.11. The Riccati equation associated with the hypergeometric equation. As with
other second order linear differential equations, the Riccati equation

dz

dt
= − αβ

t(t− 1)
− (α + β + 1)t− γ

t(t− 1)
z − z2

is associated with the hypergeometric equation. Here z = ẋ/x.
As we know from the proof of Theorem 11.45 (in Chapter 11) the Riccati equation
has its own monodromy group; it is a subgroup of the group of automorphisms
of the Riemann sphere {t0} ×CP 1, defined by means of prolongation of solutions
starting at {t0} × CP 1 along loops with beginning and end at t0. It is also the
monodromy group of the first integral of the Riccati equation.
It turns out that the later group equals the projective monodromy group of the
hypergeometric equation defined by means of the Schwarz map.
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Indeed, let x1(t), x2(t) be a basis of solutions of the hypergeometric equation such
that

x1(t0) = 1, ẋ1(t0) = 0, x2(t0) = 0, ẋ2(t0) = 1

and let w(t) = x2/x1 be the corresponding Schwarz function. A solution of the
Riccati equation with the initial condition z(t0) = y equals z(t) = (ẋ1(t) +
yẋ2(t))/(x1(t) + yx2(t)). If some monodromy operator takes the form (x1, x2) →

(x1, x2)
(

a b
c d

)
then we get the formulas

w → dw + b

cw + a
, y → dy + c

by + a
.

Therefore:

The Schwarz function is transformed by means of projective maps induced by the
monodromy matrices of the linear equation, whereas the monodromy maps for the
Riccati equation are induced by the transposed monodromy matrices.

In other words, one can treat the solutions of the Riccati equation as horizontal
sections of the local system P (K∨) dual to the local system P (K) associated with
the linear second order equation (see 12.6).

12.12. Geometry of the tiling generated by ∆. The triangle ∆ and its images under
successive inversions with respect to its sides generate a system of triangles ∆j .
Usually, i.e. when some of the angles πλ, πµ, πν are not commensurable with π,
this system of triangles is very irregular. The triangles with fixed vertex begin to
intersect one another in an irregular way.

Figure 2

Geometrically interesting are the cases with rational λ, µ, ν. In this case the cov-
erings are locally finite to 1. Notice also that, when the system {∆j} realizes finite
covering, then w(t) takes only a finite number of values for fixed t and, because
it has singularities of only algebraic type, it is an algebraic function. Schwarz
classified all such situations (see Theorem 12.17 below).
We describe the situations when the system {∆j} realizes one-to-one covering of a
domain in CP 1, i.e. a regular tiling (or a tessellation). Therefore, we should have
λ = 1/n1, µ = 1/n2, ν = 1/n3 for integer nj .
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The three situations: λ + µ + ν = 1 (euclidean), λ + µ + ν > 1 (elliptic) and
λ + µ + ν < 1 (hyperbolic) are treated separately.

12.13. The euclidean case and the Schwarz–Christoffel integral. Assume that two
sides of the triangle ∆ are straight intervals. If the sum of its angles is π, then the
third side is also a straight segment. Therefore, we have a covering by means of
euclidean triangles and the (projective) monodromy group consists of affine maps
w → w̃ = aw + b, Mon ⊂ Aff(C).
In this situation we do need the Schwarz derivative to obtain an invariant of the
monodromy group. Because w̃t = awt and w̃tt = awtt the nonlinearity

N(w) = wtt/wt

does not depend on the branch of w.
The nonlinearity is an invariant of maps, called the Schwarz–Christoffel maps, v :
H→ C to euclidean polygon P1P2 . . . Pm, Pj = v(tj) with singularities at tj ∈ R.
Near such tj we have w =const+(t− tj)αj (c + . . .), wt = αj(t − tj)αj−1(c + . . .),
wtt = αj(αj − 1)(t− tj)αj−2(c + . . .), where αj is the angle of the polygon at the
vertex Pj . Thus N(w) = αj−1

t−tj
+ . . . near tj and generally wtt/wt =

∑
(αj−1)/(t−

tj). After integration we obtain the Schwarz–Christoffel integral

Figure 3

w(t) =
∫ t

t0

∏
(s− tj)αj−1ds.

It realizes a conformal mapping from the upper half-plane onto a euclidean polygon
with angles α1, . . . , αn.
This map realizes certain coverings by means of images of the polygon P1 . . . Pm

under reflections with respect to its sides. In order to get a tiling we must put
(α1, . . . , αm) = (1/n1, . . . , 1/nm) with integer nj ’s. It is easy to check that there
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are only five possibilities:

(i) (1/2, 1/2, 1/2, 1/2),
(ii) (1/2, 1/4, 1/4),
(iii) (1/2, 1/2, 1/∞),
(iv) (1/2, 1/3, 1/6),
(v) (1/3, 1/3, 1/3).

The corresponding tessellations are presented in Figure 2.
Case (i) is realized by means of the incomplete elliptic integral

w(t) =
∫ t

t0

ds/
√

(1− s2)(1− k2s2).

Cases (ii), (iii), (iv) and (v) are realized by means of the Schwarz map of the
hypergeometric equation. Let us look at the solutions of the Gauss equation in
this case. Because λ+µ+ ν = 1−2α then α = 0. So we have F (α, β, γ; t) ≡ 1 (see
formula (1.1) in 12.3). As the second solution of the Gauss equation we choose∫∞
1/t

f(s, t) =
∫ t

0
τγ(τ − 1)γ−β−1dτ . Therefore the Schwarz map is equal to the

Schwarz–Christoffel integral. Here the projective monodromy group of the Gauss
equation is isomorphic with its monodromy group.
The monodromy groups of the Schwarz–Christoffel integrals are characterized by
the property:

Mon has one fixed point in CP 1; it means that the corresponding matrices from
GL(2, C) can be simultaneously triangularized.

12.14. Finite tilings and the regular polyhedra. Here we consider the elliptic case
with regular tiling, i.e. 1/n1 + 1/n2 + . . . + 1/nm > m− 2.

Figure 4

One can check that there are only four cases:

(i) (1/2, 1/2, 1/q),
(ii) (1/2, 1/3, 1/3),
(iii) (1/2, 1/3, 1/4),
(iv) (1/2, 1/3, 1/5).
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The above tilings are connected with some polyhedra inscribed in a sphere in R3.
This connection is obtained in the following way.
Let the sphere be S = {x2 + y2 + z2 = 1} and let P be a polyhedron inscribed
into this sphere. We project the vertices, edges and sides of P from the center
(0, 0, 0) to the sphere S. We obtain some tiling of S. Next we apply the stereo-
graphic projection from S \ (0, 0, 1) to C as in Figure 3: w = (x + iy)/(1− z). The
stereographic projection is a conformal map, infinitesimal circles are transformed
to infinitesimal circles. (Proof: dw = [dx + x

1−z dz + i(dy + y
1−z dz)]/(1 − z) and

then (1− z)2|dw|2 = dx2 +dy2 +(x2 + y2)dz2/(1− z)2 +2(xdx+ ydy)dz/(1− z) =
dx2 + dy2 + dz2, where we have used xdx + ydy + zdz = 0.) The image of the
tiling of S under the stereographic projection is the tiling of the complex plane by
means of circular polygons. The latter induces the tiling of the complex projective
line CP 1.

Case (i) corresponds to a regular polygon Q with 2q vertices inscribed into the
circle x2 + y2 = 1, z = 0. When joined with the two poles (0, 0,±1) ∈ S it gives a
polyhedron with 2q triangular sides. Projected onto S it gives a partition of S by
means of the equator and q longitudes. In C we obtain the partition by means of
the circle |w| = 1 and of the lines Im wq = 0 (see Figure 4).
The function w → z = 1

2 (wq + w−q) sends the curves of the partition to real
segments. Thus the Schwarz map is an algebraic function equal to the inverse of
the latter map.

Figure 5

The (projective) monodromy group is generated by compositions of an even num-
ber of inversions with respect to the sides of triangles of the tiling. It is the dihedral
group (or the Coxeter group I2(q) of rank 2q) generated by two holomorphic in-
volutions, w → 1/w and w → e2πi/q/w (see Theorem 4.35). It is also the group
of rotations (from SO(3)) preserving the polygon Q; the generators are the axial
symmetries with respect to two symmetry axes of Q.
(Note that the triangle group generated by reflections is also a Coxeter group
whose Coxeter graph is equal I2(q) + A1; it contains three vertices and is not
connected.)

Case (ii) is connected with the regular tetrahedron inscribed into S. The angles of
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the triangles of projection of the tetrahedron onto S are equal to 2π/3. Dividing
these triangles by means of the great circles containing the sides of the large
triangles, we obtain a partition of the sphere, and an induced partition of C into
triangles with the angles π/2, π/3, π/3 (see Figure 5).
The projective monodromy group, i.e. the group of even compositions of inversions,
is equal to the group of rotations preserving the tetrahedron. This group consists
of rotations by the angles ±2π/3 along the axes passing through vertices and by
axial symmetries with respect to the lines passing through centers of opposite
edges. The rank of this group is 4 · 2 + 3 · 1 + 1 = 12 and the group is equal to the
alternating group A(4). It can be identified with the group of even permutations
of the vertices of the tetrahedron.
The group of all isometries of the tetrahedron is the Coxeter group of order 24,
equal to S(4), and has the Coxeter graph A3.
We do not present the algebraic equation defining the algebraic Schwarz function
in this case.

Case (iii) is connected with the cube inscribed into a sphere. After dividing sym-
metrically each circular quadrangle into eight triangles we obtain our tiling (see
Figure 6). Here the group of even compositions of inversions is equal to the group
of rotations of the cube and consists of: rotations by the angles ±2π/3 around the
lines joining antipodal vertices, rotations around the lines joining centers of op-
posite sides and axial symmetries with respect to the lines joining opposite edges.
The rank is equal to 4 · 2 + 3 · 3 + 6 · 1 + 1 = 24. In fact, this group is equal
to the group of all permutations of the diagonals of the cube Mon = S(4). Note
that the same group is the group of rotations of the octahedron, which is the dual
polyhedron to the cube.
The corresponding triangle group is the Coxeter group of type B3. It is generated
by rotations of the cube and by the central symmetry (which acts trivially on the
diagonals).

Figure 6

Case (iv) is connected with the dodecahedron inscribed into the sphere. The curvi-
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linear pentagons are divided into curvilinear triangles with the angles π/2, π/3,
π/5. The (projective) monodromy group is equal to the group of rotations of the
icosahedron. It consists of: rotations by ±2π/3 around the ten axes joining pairs
of antipodal vertices, rotations by 2πj/5 around the six axes joining centers of
opposite pentagons and of axial symmetries with respect to the 15 axes joining
centers of opposite edges. The rank is 10 · 2 + 6 · 4 + 15 · 1 + 1 = 60. This group is
the group of even permutations of the five cubes inscribed into the icosahedron,
Mon = A(5). The same is the group of rotations of the icosahedron, the dual to
icosahedron.
The group of all isometries of the icosahedron is the Coxeter group of type H3. It
is not equal to the group of all permutations of the inscribed cubes; it is generated
by rotations of the icosahedron and by the central symmetry.

In [Kl3] the reader can find the formulas for the algebraic equations, defining the
corresponding Schwarz function in all the cases (ii), (iii), and (iv).

12.15. The hyperbolic triangles and Fuchsian groups in hyperbolic geometry. Con-
sider now the case when the triangle ∆ associated with the hypergeometric equa-
tion has its sum of angles smaller than π, i.e. the hyperbolic case.

Theorem. If π/n1 +π/n2 +π/n3 < π, then there is a circle C, called the absolute,
which is orthogonal to all three circles containing the sides of ∆.
Moreover, the circle C is orthogonal to the circles of all sides of triangles ∆j of the
tiling defined by ∆. This implies that all the triangles ∆j lie in one disc bounded by
C and that the projective monodromy group forms a discrete subgroup of the group
of isometries in hyperbolic geometry. In other words, it is the Fuchsian group.

Figure 7

Proof. We can assume that two of the sides of ∆ = P1P2P3 are straight segments,
with vertex at P1. Take the circle d containing the arc P2P3. There are two half-
lines starting from P1 and tangent to the circle d at the points B2 and B3. The
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circle C from the thesis of the theorem is the circle with center at P1 and passing
through B2 and B3.
If a circle e is orthogonal to C, then the image of e under reflection with respect
to a line passing through P1 is also orthogonal to C. The same holds when the
reflection with respect to a line is replaced by inversion with respect to another
circle orthogonal to C (the inversion preserves angles and C). This implies that
the images of ∆ under inversions lie in one component of CP 1 \ C.
By applying a suitable Möbius transformation we can assume that C = {Imw = 0}
is the real line in C and ∆ ⊂ H.
The upper half-plane is called the Lobachevski plane. It is equipped with the
hyperbolic metric ds2 = |dw|2/(Im w)2. The hyperbolic metric is invariant with
respect to: (i) translations parallel to the absolute C, (ii) dilations w → aw, a ∈ R,
(iii) symmetries w → −w̄ and (iv) the inversion w → 1/w̄ (because |d(1/w̄)|2 =
|dw|2/|w|2 and Im(1/w̄) = Im w/|w|2). This implies that ds2 is invariant with
respect to all the group PSL(2, R), of fractional-linear transformations preserving
C. Moreover, from (iii) it follows that the half-line Rew = 0 is geodesic. By means
of fractional-linear transformation the half line Rew = 0 can be transformed to
any circle transversal to the absolute C.
The above shows that the monodromy transformations are isometries in the Loba-
chevski geometry. If the assumption about angles of ∆ is satisfied, then H is
covered (without overlapping) by means of quadrangles Rj = σj(R), the images
of an initial quadrangle R = ∆ ∪ ∆′ (∆′ the image of ∆ under one inversion)
under action of the monodromy group Mon. R is the fundamental domain for
Mon. The above property: existence of a fundamental domain which generates a
regular tiling, serves as the definition of discreteness of a subgroup in PSL(2, R).
The Theorem is proved. �

Figure 8

12.16. The modular function. The modular functions plays a special role in the
case when the principal triangle has zero angles, λ = µ = ν = 0. One has α =
β = 1/2, γ = 1 and the hypergeometric equation becomes the Legendre equation
t(1− t)ẍ+(1−2t)ẋ−x/4 = 0 (see 8.10). In 8.10 we observed that the fundamental
system of solutions of the Legendre equation is formed by elliptic integrals

∫
dx
y

along two independent cycles in the elliptic curve y2 = (1 − x2)(1 − tx2). Thus
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the Schwarz function is equal to the ratio of the periods of the holomorphic 1-
form dx/y. It can be written as w(t) = 2iK ′(k)/2K(k), t = k2 where K =

∫ 1

0
dx
y ,

iK ′ =
∫ 1/k

1
dx
y .

The (single-valued) function w → t, inverse to the Schwarz function, is called the
modular function.
The monodromy of the elliptic integrals is defined by means of the Picard–Lef-
schetz formula. The monodromy matrices corresponding to loops around t = 0, 1
are triangular and the corresponding projective monodromy maps are parabolic
maps. This explains why the angles of the principal triangle are equal to zero.
The principal triangle for the function w = iK ′/K is presented in Figure 9(a); it
has vertices w(0) = ∞, w(1) = 0, w(∞) = −1. (Indeed: as t → 0 we have 2K →
const, iK ′ →

∫∞
1 dx/

√
1− x2 = ∞; as t → ∞, w ∼ −

(∫ 1

ε
dx
z

)
/
(∫ 1

0
dx
z

)
, z =√

(1− x2)(ε2 − x2) and the latter integrals tend to infinity and differ by a con-
stant; as t → 1 the integral 2iK ′ runs along a vanishing cycle (is finite) and
2K tends to infinity.) So the projective monodromy maps are: the translation
w → w + 2 (composition of reflections with respect to two parallel lines) and
w → w/(2w + 1) (composition of the reflection w → −w̄ and of the inversion
w − 1/2→ (1/2)2/(w − 1/2)).
One can notice that the corresponding (projective) monodromy group in SL(2, C)
is equal to the congruent group Γ[2] = {A ∈ SL(2, Z) : A = I (mod 2)}. The
group SL(2, Z) is very important in number theory and in the theory of elliptic

curves. It is generated by two matrices
(

0 1
−1 0

)
and

(
1 1
0 1

)
with the fun-

damental domain D (of its action on CP 1) presented in Figure 9(c). The domain
D is the space of moduli of all elliptic curves. Recall that an elliptic curve is a
topological torus, but analytically it is equivalent to C/Λ where Λ is a lattice
and can be chosen as Z + Zτ , where τ ∈ H is the ratio of periods. Two elliptic
curves, defined by means of two such τ ’s, are analytically equivalent iff the τ ’s are
related by means of a fractional-linear map from PSL(2, Z). The corresponding
uniformizing parameter J : D → C is called the J-invariant and is defined as the
inverse of the Schwarz map from H to the triangle with the vertices i, e2πi/3,∞
(and the angles π/2, π/3, 0). We see from Figure 9(c) that the fundamental tri-
angle associated with the Legendre equation contains six fundamental triangles
associated with the J-invariant. Thus the index of the congruent subgroup Γ[2] in
SL(2, Z) is equal to 6.
There is a formula for the J-invariant of an elliptic curve in the Weierstrass form
v2 = 4z3 − g2z − g3: J = g3

2/(g3
2 − 27g2

2). The elliptic curve in the form y2 =
(1 − x2)(1 − tx2) can be transformed to the Weierstrass form (see 8.10(iii)). So,
we can calculate the J-invariant by means of the modular function: 27J/4 =
(1− t + t2)3t−2(1− t)−2 (see [Gol]).
Finally, we note that E. Picard used the modular function to prove his celebrated
Picard theorem:
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There cannot exist any single-valued holomorphic function with isolated essential
singular point whose image does not contain three values.

Figure 9

12.17. Theorem (Integrability of the hypergeometric equation). ([Schw], [Kim])

(a) The hypergeometric equation is integrable in generalized quadratures iff: ei-
ther

(A) at least one of the numbers λ + µ + ν, −λ + µ + ν, λ− µ + ν, λ + µ− ν
is an odd integer, or

(B) the triple (λ, µ, ν) = (±λ0 + l,±µ0 +m, ±ν0 +n), where λ0, µ0, ν0 take
values from one of the following 15 series, the signs are independent,
and l, m, n are integers with l + m + n even;

1. (1/2, 1/2, ν) 2. (1/2, 1/3, 1/3) 3. (2/3, 1/3, 1/3)
4. (1/2, 1/3, 1/4) 5. (2/3, 1/4, 1/4) 6. (1/2, 1/3, 1/5)
7. (2/5, 1/3, 1/3) 8. (2/3, 1/5, 1/5) 9. (1/2, 2/5, 1/5)

10. (3/5, 1/3, 1/5) 11. (2/5, 2/5, 2/5) 12. (2/5, 1/3, 1/5)
13. (4/5, 1/5, 1/5) 14. (1/2, 2/5, 1/3) 15. (3/5, 2/5, 1/3)

(b) The hypergeometric equation is integrable in quadratures iff: either the con-
dition (A) holds, or the condition (B) restricted to the cases 1–5 holds.

(c) The hypergeometric equation is integrable in algebraic functions iff all the
parameters λ, µ, ν are rational and: either

– exactly two of the numbers λ+µ+ν, −λ+µ+ν, λ−µ+ν, λ+µ−ν are
odd integers and none of the singular points t = 0, 1,∞ is logarithmic,
or

– the condition (B) holds.

Remark. In the original paper of T. Kimura [Kim] in the condition (B) above there
is no restriction l + m + n even for the cases 1, 2, 4, 6 (when one of the λ, µ, ν is
half-integer); the same is repeated by J. J. Morales-Ruiz and J.-P. Ramis [M-RR].
But 1

2 = − 1
2 + 1 and Proposition 12.7 allows the changes like λ → ±λ. Hence the

cases with odd l + m + n can be reduced to the cases with even l + m + n.
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Proof of Theorem 12.17. 1. The 15 rational triples (λ0, µ0, ν0) from the domain
(1.2), defined in Proposition 12.7, were found by H. A. Schwarz [Schw]. The cor-
responding Schwarz triangles ∆ are obtained as unions of several elementary tri-
angles (dihedral from case 1, tetrahedral from case 2, cubic from case 4 and icosa-
hedral from case 6). For example, the triangle with angles 2π/3, π/3, π/3 (case 3)
is obtained by gluing two triangles with angles π/2, π/3, π/3 (see Figure 5). The
triangle 5 (with angles 2π/3, π/4, π/4) consists of two triangles of type 4. All the
triangles 7–15 are unions of triangles of type 6.
The system of triangles ∆j (associated with ∆ and obtained by successive inver-
sions with respect to the sides) does not form a tiling (because of the overlapping)
but is regular in the sense that each point in the w-plane is covered by only finitely
many triangles ∆j . So, the Schwarz function w(t) is algebraic.
On the other hand, if the triple λ, µ, ν satisfies condition (1.2) (i.e. 0 ≤ λ, µ, ν <
1; 0 ≤ λ + µ, λ + ν, µ + ν ≤ 1, see Proposition 12.7) and the function w(t) is
algebraic, then the numbers λ, µ, ν are rational. Moreover, the circles containing
the sides of the (possibly overlapping) system {∆j} define a certain regular par-
tition (without overlapping) of the w- plane. The latter partition turns out to be
a partition induced by one triangle ∆′ and by inversions with respect to its sides.
The triangle ∆′ must be of one of the types 1, 2, 4, 6.
Detailed analysis of Figures 4–7 shows that the list of triples from the condition (B)
(with (1

2 , 1
2 , p

q ) in case 1) contains all the cases with algebraic w(t) and satisfying
the restriction (1.2).
If the Schwarz function w(t) = y2/y1 is algebraic, then also the solutions yj(t) are
algebraic. Indeed, we have ẇ = W (y1, y2)/y2

1 , where the Wronskian W (y1, y2) =
const · t−γ(t− 1)γ−α−β−1 is algebraic (because α, β, γ are rational). Because ẇ is
algebraic y1(t) (and then y2(t)) is also algebraic.
The final remark concerns the (projective)monodromy group of the hypergeometric
equation in the cases with algebraic Schwarz function. This group is a subgroup of
the group of symmetries of the corresponding regular polyhedron. In particular, in
cases 1–5 the monodromy group is solvable. In cases 6–15 the monodromy group
contains the non-solvable group A(5). This means that, the Schwarz function w(t)
and the solutions y1,2(t) are represented by means of radicals (i.e. quadratures)
only in cases 1–5.
The explicit formulas for solutions in cases 2–5 were found by M. Hukuhara and
S. Ohasi in [HO] (see also [Kim]).

2. In case 1 from the table in Theorem 12.17 there is the solution

z(t) = (
√

t +
√

t− 1)ν

of the hypergeometric equation, found by Hukuhara and Ohasi (see [HO], [Kim]).
In this case the other solution, z1(t) is found from the equation ż1z− żz1 = W (t),
where W (t) = W (z, z1) is the Wronskian with known quadrature form. Thus
z1(t) = z(t)

∫ t
z(s)−1W (s)ds is also represented by quadratures.
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3. The hypergeometric equation is called reducible if it admits a degenerate solution
of the form

y = tε(1 − t)θv(t),

with rational v(t). (Another definition: y satisfies a first order equation ẏ = r(t)y,
r – rational).
Because the only singularities of y(t) may lie at 0, 1,∞ then we find that v(t) must
be a polynomial. Moreover, because the asymptotic of the solution y(t) at each
singular point is of power type, then y is one of the six functions x1(t), . . . , x6(t)
forming the three bases of solutions (see 12.4). Each of the xi(t)’s is of the form: a
power function times a hypergeometric series. This means that the corresponding
hypergeometric series should be a polynomial.
The series F (α, β, γ; t) =

∑ (α)n(β)n

(γ)nn! tn is finite iff (α)n = α(α + 1) . . . (α + n) = 0
or (β)n = 0 for sufficiently large n’s. This case occurs when α or/and β is negative
integer. Thus x1(t) = F (α, β, γ; t) is a degenerate solution iff α = −j or β = −k
(k, j – positive integers).
Similarly, x2(t) = t1−γF (α − γ + 1, β − γ + 1, 1 − α − β + γ; t) is degenerate iff
α− γ +1 = −j or β− γ +1 = −k. The analogous statements hold for other xj(t).
Assume that α = −j. In this case the number λ + µ− ν = (1− γ) + (γ + j − β)−
(−j − β) = 2j + 1 is an odd integer. One can check that also in other cases of
a reducible hypergeometric equation one of the numbers λ + µ + ν, −λ + µ + ν,
λ−µ+ ν, λ+µ− ν is an odd integer (i.e. the condition (A) from Theorem 12.17).
If the hypergeometric equation is reducible then it is solvable in quadratures.
Indeed, one solution y(t) is represented by quadratures. The other solution y1(t)
satisfies the linear equation ẏ1y − ẏy1 = W (t), where W (t) = W (y, y1) is the
Wronskian.
One can show that the Riccati equation associated with a reducible hypergeometric
equation has first integral of the Darboux–Schwarz–Christoffel type.

4. If the hypergeometric equation is reducible, then all its monodromy maps can
be simultaneously triangularized; (in any basis (y0, y1) with degenerate solution
y0). It means that the monodromy group is reducible.
The converse is also true. If the monodromy is reducible, then there is a solution
y0(t) which spans a one-dimensional space, invariant with respect to monodromy.
By Riemann’s theorem 8.35, y0(t) satisfies a first order differential equation, i.e.
represents a degenerate solution of the hypergeometric equation.
The monodromy group is diagonalizable iff there are two independent degenerate
solutions. This occurs when exactly two of the numbers λ + µ + ν, −λ + µ + ν,
λ− µ + ν, λ + µ− ν are odd integers. If, additionally, the exponents are rational,
then the monodromy is diagonalizable and finite and the equation is solvable in
algebraic functions.
The Riccati equation associated with a hypergeometric equation with diagonaliz-
able monodromy has Darboux type first integral.
Of course, the monodromy group is finite iff the hypergeometric equation is solv-
able in algebraic functions, (i.e. part 1 of the proof). These algebraic functions are
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represented by quadratures iff the finite monodromy group is solvable. The latter
occurs in the case mentioned above and in cases 1–5 from the table.
In case 1 from the table, i.e. λ = µ = 1

2 , ν arbitrary (see part (c) of the proof),
the monodromy group Mon containing the normal subgroup Mon0 of index 2,
consisting of diagonal matrices. Here also Mon is solvable. The corresponding
Riccati equation has Darboux-hyperelliptic first integral (see 11.44 and 12.11).

5. In order to finish the proof of Theorem 12.17, one has to consider the case when
the differential Galois group G of the Picard–Vessiot extension, defined by the
hypergeometric equation, has solvable identity component, but is neither solvable
nor finite.
Let us reduce the situation to the case when G ⊂ SL(2, C). This is achieved when,
instead of the hypergeometric equation, we consider the Riemann equation

P

⎧⎨⎩ 0 1 ∞
(1− λ)/2 (1− µ)/2 −(1 + ν)/2 x
(1 + λ)/2 (1 + µ)/2 −(1− ν)/2

⎫⎬⎭
associated with it (see 12.2). We have W (t) ≡ const for the latter Riemann
equation.
By Theorem 11.15, the only remaining case is when the identity component G0 is
diagonalizable and [G : G0] = 2.
We shall show that λ = ± 1

2 + l, µ = ± 1
2 + m, l, m – integers, in such situation.

Let M0, M1, M2 be the monodromy maps corresponding to loops around t = 0,
t = 1, t = ∞. It is easy to see that Mj ∈ G \ G0, but MiMj ∈ G0. We can also
assume that

M0 =
[
−e−πiλ a

0 −eπiλ

]
, M1 =

[
−e−πiµ 0

b −eπiµ

]
where ab �= 0. (We chose the basis such that one function is an eigenvector for M0

and the other is an eigenvector for M1.) We have

M2
0 =

[
e−2πiλ −a(e−πiλ + eπiλ)

0 e2πiλ

]
.

It is diagonalizable iff: either (i) e−2πiλ = e2πiλ and λ = ± 1
2 + l is half-integer

(then e−πiλ + eπiλ = 0), or (ii) e−2πiλ �= e2πiλ. Anyway, the vector v =
(
1
0

)
is one

of the eigenvectors of M2
0 .

On the other hand, we have

M1M0 =
[

∗ ∗
be−πiλ ∗

]
.

Because v is also an eigenvector for the latter matrix we obtain b = 0 (a contra-
diction). Therefore only the first possibility with half-integer λ may occur.
Analogous analysis with M2

1 and M0M1 shows that µ is also half-integer.
Theorem 12.17 is complete. �
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12.18. Application to the problem of integrability of Hamiltonian systems. There
is a nice application of Theorem 12.17 to Hamiltonian systems with the Hamilton
function of the form

H =
1
2
p2 + V (q)

where (p, q) ∈ R2n and the potential V is a homogeneous function of integer degree
k �= 0 (see [M-RR]).
One can find a particular solution of this Hamiltonian system in the form q = z(t)c,
p = żc, where z(t) satisfies the equation ż2 = 2

k (1− zk) and the constant vector c
is a solution of the algebraic equation c = V ′(c).
We get a situation as in Ziglin’s theory (see Section 4 in Chapter 10). We have
a solution lying on an algebraic curve Γ. As in Ziglin’s theory one considers the
normal variation equation, which here takes the form

η̈ = −z(t)k−2V ′′(c)η.

After diagonalization of the Hessian V ′′ (with the eigenvalues λi), we obtain a
system of independent equations which, after the change x = z(t)k, take the form
of the hypergeometric equations

x(1− x)
d2ηi

dx2
+
(

k − 1
k

− 3k − 2
2k

x

)
dηi

dx
+

λi

2k
ηi = 0.

The following result holds (see [M-RR] and [M-R]).

12.19. Theorem. If the above Hamiltonian system is completely integrable (i.e.
has n functionally independent first integrals in involution) then the differential
Galois group associated with the normal variation system has abelian component
of identity.
This takes place when each pair (k, λi) belongs to one of the following list (where
p is an arbitrary integer and λ is an arbitrary complex number):

(k, p + p(p− 1)k
2 ) (2, λ) (−2, λ)

(−5, 49−(10/3+10p)2

40 ) (−5, 49−(4+10p)2

40 ) (−4, 9−(4/3+4p)2

8 )

(−3, 25−(2+6p)2

24 ) (−3, 25−(3/2+6p)2

24 ) (−3, 25−(6/5+6p)2

24 )

(−3, 25−(12/5+6p)2

24 ) (3, −1+(2+6p)2

24 ) (3, −1+(3/2+6p)2

24 )

(3, −1+(6/5+6p)2

24 ) (3, −1+(12/5+6p)2

24 ) (4, −1+(4/3+4p)2

8 )

(5, −9+(10/3+10p)2

40 ) (5, −9+(4+20p)2

40 ) (k, k−1+p(p+1)k2

2k )

The first property follows from Ziglin’s theory (see Section 4 in Chapter 10) and
from Schlesinger’s Theorem 11.21. The second property follows from Theorem
12.17. We refer the reader to the book of J. J. Moralez-Ruiz [M-R] for the details.
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12.20. Algebraic solutions to the Painlevé equation. We describe the results of the
paper [DM] by B. Dubrovin and M. Mazzocco about classification of algebraic
solutions for a 1-parameter family of the Painlevé equations, defined by

α =
1
2
(2µ− 1)2, β = γ = 0, δ =

1
2

and denoted by Painlevé 6µ (see 8.54).
The equation Painlevé 6 is related with a 2-dimensional linear system

dY

dz
= A(z)Y, z ∈ C, Y ∈ C2, (1.3)

where the matrix A(z) takes the form

A =
A1

z − u1
+

A2

z − u2
+

A3

z − u3

and the matrices Aj depend on u1, u2, u3 (and on the parameter µ). The system
(1.3) has singular points z = u1, u2, u3,∞. We fix a special fundamental matrix
F∞ such that F∞(z) = diag(z−µ, zµ)(1+O(1/z)) as z →∞; here we assume that
A∞ := −A1−A2−A3 = diag(−µ, µ).Then the monodromy matrix around z = ∞
equals

M∞ = diag(exp(2πiµ), exp(−2πiµ))

and does not depend on the parameters uj . The other monodromy matrices Mj

around uj also should be constant, i.e. the deformation is isomonodromic. Re-
call that the corresponding Schlesinger equation leads to the equation Painlevé 6
(Theorem 8.55).
Dubrovin and Mazzocco assumed additionally that the matrices Aj are nilpotent,
i.e.

A2
j = 0, j = 1, 2, 3.

It turns out that the corresponding Painlevé equation is exactly Painlevé 6µ. Recall
the principal relations between the variables uj in (1.3) and the variables x, t in
the Painlevé 6:

t =
u2 − u1

u3 − u1
, x =

q − u1

u3 − u1
,

where q is a root of the algebraic equation a12(q) = 0 for A(z) = (aij(z))i,j=1,2 .
Knowing the matrices Aj we will know the solutions of the Painlevé equation.
On the other hand, the matrices Aj can be reconstructed from the monodromy
matrices Mj (the Riemann–Hilbert problem). In what follows we work only with
the matrices Mj .
Since Aj are nilpotent the Mj are unipotent, i.e. trMj = 2 and detMj = 1.
Moreover, M3M2M1 = M−1

∞ . It turns out that a general triple (M1, M2, M3)
satisfying the above conditions is given by the formulas

M1 =
(

1 −x1

0 1

)
, M2 =

(
1 0
x1 1

)
, M3 =

(
1 + x2x3/x1 −x2

2/x1

x2
3/x1 1− x2x3/x1

)
,
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where
x2

1 + x2
2 + x2

3 − x1x2x3 = 4 sin2 πµ. (1.4)

Recall that the braid group B(3) is the fundamental group π1((C3\∆)/S(3)) where
∆ = {(u1, u2, u3) : (u1 − u2)(u2 − u3)(u3 − u1) = 0} and S(3) is the symmetric
group. The braid group is generated by two loops: β1, along which the points u1

and u2 exchange their positions, and β2, leading to the change u2 ↔ u3. We have
the known relation β1β2β1 = β2β1β2.
The group B(3) acts on the linear system (1.3) via movement of the poles and
results in the following action on the monodromy matrices:

β1 : M1 →M2, M2 →M2M1M
−1
2 , M3 →M3,

β2 : M1 →M1, M2 →M3, M3 → M3M2M
−1
3 .

In the variables (x1, x2, x3) we get very simple action

β1 : (x1, x2, x3)→ (−x1, x3 − x1x2, x2),
β2 : (x1, x2, x3)→ (x3,−x2, x1 − x2x3).

(1.5)

The braid group plays an analogous role in the Painlevé equation as the mon-
odromy group in the Gauss equation. The requirement of algebraicity of a given
solution to the Painlevé equation is translated into finiteness of the orbit of the
point(x1, x2, x3) with respect to action of the group B(3). (However algebraicity of
one solution does not imply algebraicity of other solutions.) Our task is to classify
the triples (x1, x2, x3) satisfying equation (1.4) and having finite B(3)-orbits.
Let us pass to variables r1, r2, r3 from the interval [0, 1] and given by the identities
xj = −2cosπrj (analogy to the change α, β, γ → λ, µ, ν). It turns out that the
numbers rj must be rational. For example, the transformation β2

1 : (x1, x2, x3) →
(x1, x2 +x1x3−x2

1x2, x3−x1x2) for fixed x1 is equivalent to rotation by the angle
π + 2πr1 in the plane (x2, x3).
The necessary condition for finiteness of the orbit of a triple (x1, x2, x3) with
rational r1, r2, r3 is: β(x1, x2, x3) = (−2 cosπr′1,−2 cosπr′2,−2 cosπr′3) for any β ∈
B(3) with some rational r′i = r′i(β). The problem of classification of such triples
(r1, r2, r3) leads to the problem of rational solutions of the trigonometric equations
cosπr′k = cosπrk + 2 cosπri cosπrj (for various permutations (ijk) of the indices
1, 2, 3), or (equivalently) equations

cos 2πφ1 + cos 2πφ2 + cos 2πφ3 + cos 2πφ4 = 0, φj ∈ Q.

Analogous equations were investigated by P. Gordan [Gor]. Dubrovin and Maz-
zocco used Gordan’s technique and proved that there exist exactly five finite orbits
of the action of B(3). Each such orbit contains a point (r1, r2, r3) ∼ (x1, x2, x3)
from the below list:

(1/2, 1/3, 1/3) , (1/2, 1/3, 1/4) ,
(1/2, 1/3, 1/5) , (1/2, 1/3, 2/5) , (1/2, 1/5, 2/5) . (1.6)
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Different cases correspond to the values − 1
4 , − 1

3 , − 2
5 , − 1

5 , − 1
3 of the parameter µ.

The nonlinear action (1.5) of the group B(3) can be realized by means of a linear
action. Take the space V = R3 with symmetric bilinear form defined via the matrix

g =

⎛⎝ 2 x1 x3

x1 2 x2

x3 x2 2

⎞⎠ ,

i.e. (ei, ei) = 2, (e1, e2) = x1, etc. Define reflections Ri in V , Riv = v − (ei, v)ei.
The matrices R1,2,3 are equal⎛⎝ −1 −x1 −x3

0 1 0
0 0 1

⎞⎠ ,

⎛⎝ 1 0 0
−x1 1 −x2

0 0 1

⎞⎠ ,

⎛⎝ 1 0 0
0 1 0
−x3 −x2 1

⎞⎠ .

The braid group acts on the reflections

β1 : (R1, R2, R3) → (R2, R2R1R2, R3), β2 : (R1, R2, R3) → (R1, R3, R3R2R3);

this action agrees with (1.5).
The group G generated by the reflections R1,2,3 is a finite subgroup of the orthog-
onal group O(V, g). We get symmetry groups of some regular polytopes. The first
triple from the list (1.6) corresponds to the symmetry group of the tetrahedron,
the second one – to the octahedron, and the remaining triples correspond to dif-
ferent choices of generators of the symmetry group of the icosahedron. In fact,
the last two triples can be associated with the great icosahedron and the great
dodecahedron respectively.
In the paper [DM] the corresponding algebraic solutions to Painlevé 6 are pre-
sented. For example in the tetrahedron case this solution is given in the parametric
form

t =
(s− 1)3(1 + 3s)
(s + 1)3(1− 3s)

, x =
(s− 1)2(1 + 3s)(9s2 − 5)2

(1 + s)(25− 207s2 + 1539s4 + 243s6)
.

§2 The Picard–Deligne–Mostow Theory

12.21. The Picard’s generalized hypergeometric functions. The subject of investi-
gations are the following integrals, introduced first by E. Picard [Pic1], [Pic2], by
L. Pochhammer [Poch] and by G. Lauricella [Lau]:

Fij(t1, . . . , tN ) =
∫ tj

ti

(τ − t1)−µ1 . . . (τ − tN )−µN dτ =
∫

Φdτ . (2.1)

We will also write Fut(S) =
∫ t

u

∏
v∈S(τ − v)−µv dτ , where u, t ∈ S = {t1, . . . , tN}.
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They can be treated as natural generalizations of the Euler integrals appearing in
definitions of hypergeometric functions. Namely, we have

B(β, γ − β)F (α, β, γ; t) =
∫ 1

0

sβ−1(1− s)γ−β−1(1 − st)−αds

=
∫ ∞

1

τα−γ(τ − 1)γ−β−1(τ − t)−αdτ

= F1∞(0, 1, t,∞),

with µ0 = γ − α, µ1 = β − γ + 1, µt = α, µ∞ = 1− β.
We shall agree to omit the factor (τ − tj)−µj in the case when tj = ∞. If all
tj �=∞ in (2.1) and the branches of the subintegral 1-form are analytic at∞, then
we have the following restriction on the exponents:∑

µj = 2.

Of course, the latter identity extends to the case when one tj = ∞,where µ∞ =
2−
∑

t∈S\∞ µt is the order of the subintegral 1-form at s = 1/τ = 0.
The functions Fij are multivalued functions, defined on the space C N\Σ of ordered
subsets S = {t1, . . . , tN} of the Riemann sphere; here ∆ =

⋃
{tk = tl} is the

‘generalized diagonal’. The hypersurfaces tk = tl are the ramification hypersurfaces
of Fij .
We will see that the linear space V generated by all the functions Fij is invariant
with respect to the monodromy maps corresponding to surroundings of the hyper-
surfaces tk = tl (as in the case of the Gauss hypergeometric functions). One has
a representation of π1(C N \∆) in the group PGL(V) with the image Mon (the
projective monodromy group).
The aim of Picard’s theory [Pic2] is to generalize the results of Schwarz (series
of discrete subgroups of PGL(2, C) and lattices in PU(1, 1) = PGL(2, R)) to the
group Mon for N = 5. In particular, he gave series of sufficient conditions which
guarantee discreteness and the lattice property of Mon.
D. Mostow and P. Deligne gave in [DM1] new proofs of Picard’s results (with a
generalization to any N). Mostow and Deligne are also interested in new exam-
ples of lattices and of arithmetic subgroups of PU(1, n) (the definitions are given
below). These examples are provided by the monodromy groups of the integrals
(2.1) (see also [Mos2]).

12.22. Homology theory of local systems. The integrals Fij have two sorts of
ramifications. First, the subintegral 1-form is multivalued and, secondly, the path
of integration varies as the endpoints tj change their positions. The proper the-
ory to deal with such kind of objects is the theory of local systems and their
(co)homologies.
The subintegral function Φ = (τ − t1)−µ1 . . . (τ − tN)−µN , treated as a function
of τ , is of Darboux type. Its monodromy (as the monodromy of a multivalued
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function) consists of maps Φ → e−2πiµtΦ when the argument varies around t ∈ S.
This leads to the idea that Φ may represent a section of a certain locally constant
bundle.
Following this idea one introduces two local systems L and L∨ on the space C\S,
S = {t1, . . . , tN}.
The local system L is a line bundle (of rank 1) over C \S with constant transition
maps, such that a simple loop around tj generates the transformation (τ , v) →
(τ, αjv), αj = e2πiµj of the fibers. The system α = (αj) can be treated as the
cocycle from H1(C \S,O(GL(1))), defining the bundle L.
Any local system admits a natural flat connection, such that the locally constant
sections form horizontal sections. This connection is called the Gauss–Manin con-
nection. The Gauss–Manin connection is given by the formula ∇ = d+(d ln Φ)∧ =
d−(
∑

µjd ln(τ−tj))∧ and the horizontal multivalued sections s (such that∇s = 0)
are proportional to Φ−1 (in the trivialization above the universal covering of C
\S).
The dual local system L∨ is the line bundle, defined by means of the analogous
transformations (τ , v) → (τ , α−1v). There is the natural pairing L ⊗ L∨ → C
where C denotes the trivial line bundle.
If K is a local linear system over a manifold X , then one can associate with it the
homology and cohomology groups with coefficients in K, denoted by Hi(X,K),
Hi(X,K) and defined as follows. A simplex of X with coefficients in K is a pair
(δ, sδ) consisting of a simplex δ in X and a horizontal section sδ of K over δ.
If a ∈ C is a constant, then a · (δ, sδ) = (δ, asδ). These simplices have naturally
defined boundaries. This allows us to construct the chain and cochain complexes
whose homology groups are the homology and cohomology groups with coefficients
in K. The usual homologies Hi(X, C) are the homologies with coefficients in the
trivial local system C.
For any local system K there is a naturally defined and non-degenerate pairing
Hi(X,K)⊗Hi(X,K∨)→ C.
In applications (e.g. to integrals of type (2.1)) it is natural to consider the homology
groups with closed (locally finite) supports (with coefficients in K), H lf

i (X,K) and
cohomology groups with compact supports Hi

c(X,K). The first ones are defined by
means of locally finite (but maybe infinite) chains and the second ones are defined
by means of cochains which vanish at too distant simplices. (We treat Hi(X,K)
as homology groups with compact support.)
For example, the (open) interval tu ⊂ C\S, t, u ∈ S, with some horizontal section
stu of L∨ defines an element δ(t, u) of H lf

1 (C \S,L∨). On the other hand, the
Pochhammer cycle C(t, u) (the double loop around t and u as in Figure 2 in
Chapter 11) together with a horizontal section defines element of H1(C \S,L∨).
We have the non-degenerate pairing H lf

i (X,K)⊗Hi
c(X,K∨) → C.

The intersection of finite and locally finite cycles allows us to define the pairing
Hi(X,K)⊗H lf

m−i(X,K∨) → C, m = dimX . This pairing is non-degenerate (the
analogue of the Poincaré duality theorem 3.15) and defines the Poincaré isomor-
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phism H lf
m−i(X,K∨) � Hi(X,K).

Let us return to the local system L, defined by means of the function Φ =
∏

(τ −
tj)−µj on C \S, S = {t1, . . . , tN}.
The integral (2.1) is understood in the following way. We have a 1-simplex δ(ti, tj)
= (titj , s) with values in L∨. Take the 1-form with values in L,

ω = Φ · e · dτ ,

where e is a horizontal section of L. The form ω defines an element of H1(C
\S,L): its value on a simplex δ(ti, tj) is equal to the integral along this simplex:
Fij = 〈ω, δ(ti, tj)〉 =

∫
titj

Φ〈e, s〉dτ = 〈e, s〉
∫ tj

ti
Φdτ , where 〈e, s〉 = const.

Because the section e is multivalued with monodromies αi and the monodromies
of Φ are α−1, the form ω defines a single-valued section of the bundle Ω1(L). (We
shall return to this subject later.)
Note also that the Pochhammer cycles C(t, u) are related with the locally finite
cycles δ(t, u): C(t, u) = (1 − α−1

t )(1 − α−1
u ) · tu. If αt, αu �= 1 then this formula

allows us to regularize the improper integrals.
We say that the system µ1, . . . , µN of exponents in the 1-form ω is resonant iff
some µj ∈ Z (equivalently iff some αj = 1).

12.23. Theorem. Assume that the system µ1, . . . , µN is not resonant. Then

(a) the natural homomorphism H1(C \ S, L∨) → H lf
1 (C \ S, L∨) is an isomor-

phism;

(b) the group H lf
1 (C \ S, L∨) is N − 2-dimensional with generators defined by

means of the cycles δ(t1, t2), δ(t1, t3), . . . , δ(t1, tN−1) (with some horizontal
sections sj above t1tj).

Proof. We begin with calculation of the dimensions of these groups. We have the
following equalities between the Euler characteristics:

χ(C \ S,L∨) = χlf (C \ S,L∨) = 2−N.

Indeed, let Sε be the small ε-neighborhood of the set S. By the homotopy equiv-
alence we have H∗(C \ S,L∨) = H∗(C \ Sε,L∨) and H lf

∗ (C \ S,L∨) = H∗(C \
Sε, ∂(C \ Sε),L∨).
The Euler characteristic χ(C\Sε) is calculated using any simplicial partition of the
compact space C \Sε and does not depend on L. In the case of constant coefficients
C we have χ(C \Sε) = 1− (N − 1) = 2−N . Similarly χ(C \Sε, ∂(C \Sε) = 2−N .

The space H lf
2 (C \S,L∨) can be identified with the space of global (i.e. single-

valued) horizontal sections of L∨: one associates it to the family of 2-simplices of
a locally finite simplicial partition (as in the definition of the orientation). But if
at least one αj �= 1 then there are no such sections and H lf

2 = 0.
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Similarly, by the Poincaré duality, H lf
0 (C \ S,L∨) � H2(C \ S,L)∗ = 0 (be-

cause C\S is contractible to a 1-dimensional complex). Therefore dimH lf
1 (C,L∨)

= −χ = N − 2.
Analogously one shows that H1(C \ S,L∨) � CN−2.

To show that δ(t1, t2), . . . , δ(t1, tN−1) are independent cycles in H lf
1 we use the

monodromy. Assume that δ =
∑

ajδ(t1, tj) = 0 and let ak be the first nonzero
coefficient.
Consider the homotopy relying on fixing the points tj , j �= k, N and rotation of tk
around tN . From Figure 10 we see that δ(t1, tk)→ δ(t1, tk)+α−1

k (α−1
N −1)δ(tN , tk).

By the assumption
∫

δ ω ≡ 0. But 〈ω, δ(tk, tN )〉 �≡ 0; because when tN = 0, tk =
ε → 0, then we have 〈ω, δ(tk, tN )〉 ∼ const · ε1−µk−µN B(1 − µN , 1 − µk) �= 0.
Because α−1

k (α−1
N − 1) �= 0 we get a contradiction. This proves the point (b) of

Theorem 12.23.
(a) follows from the association to the intervals t1tj , the Pochhammer cycles
C(t1, tj). We omit the details. �

Figure 10

12.24. Remark. Another possible choice of the basis of H lf
1 are the following. We

divide S into two disjoint subsets S1, S2 such that
∏

t∈S1
αt �= 0. Let T1, T2 be two

disjoint tree graphs with the sets S1, S2 of vertices. Then the system of 1-cycles
δ(ti, tj), such that the edges titj belong to the set of edges of T1 ∪ T2, forms the
basis of H lf

1 (see [DM1]).

12.25. The de Rham cohomologies of local systems. From now on we assume that

0 < µj < 1,
∑

µj = 2,

i.e. |αj | = 1. Here the dual local system L∨ is naturally identified with the conju-
gate local system L, (because α−1

j = αj). The exponents of L are equal to 1− µj

(and lie in the interval (0, 1)).
The elements of the first cohomology group of C \ S with coefficients in L (re-
spectively the first cohomology group with compact support) are represented by
means of closed differentiable 1-forms with coefficients in L (respectively by closed
1-forms with compact support). It is a version of the de Rham theorem for coho-
mologies with coefficients in sheaves.
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The above form ω = Φ · e · dτ is closed but has non-compact support. Its value on
the non-compact cycle δ(t, u) can be defined in two ways:

– by means of integration along the corresponding compact Pochhammer cycle
C(t, u) or

– by means of replacement of ω by the homologically equivalent form with
compact support ω1 = ω − d(

∑
j χtj

φtj
), where φtj

(τ ) are the primitives of
Φ · e near tj , dφtj

= ω and χ
j

are smooth functions with compact support
around tj and χtj

(τ ) ≡ 1 near τ = tj . One can also replace χt by the
characteristic functions χ(|τ − t| ≤ ε) (treated as a 0-current) and one obtains
the so-called Hadamard’s regularization of a divergent integral P

(∫ u

t

)
Φdτ =∫ u−ε

t+ε Φ− φu(u− ε) + φt(t + ε).

Following [DM1] we will define a ‘Hodge’ type decomposition H1(C \ S, L) =
H1,0⊕H0,1 and some Hermitian form (for real exponents µj) which is positive in
H1,0 and negative on the second component.
The space H1,0 consists of 1-forms η of the so-called first kind, i.e. of the form
η = Φ ·f(τ) ·e ·dτ, where f is a meromorphic function in C such that at each ti we
have −µi + ordtif > −1. This assumption guarantees convergence of the integrals
〈η, δ(ti, tj)〉 and

∫
η ∧ η̄ along C −S.

The expressions Φf · e represent sections of the line bundle O(
∑

µj · tj)(L) on C
= CP 1 where

∑
µj · tj is a divisor with real coefficients. Its local sections have

orders ordtj f ≥ µi. Each bundle on CP 1 is equal to some O(m) where m is the
degree of the bundle (or the Chern number) and is equal to the sum of orders of
zeroes and poles of any of its meromorphic section. The section defined by Φ · e
(from ω) is holomorphic and nonzero in the affine part and near infinity it has a
zero of order

∑
µi = 2. Therefore O(

∑
µjtj)(L) = O(2).

The forms of first kind are sections of the bundle Ω1(
∑

µjtj)(L) = O(−2)⊗O(2) =
O(0), i.e. the trivial bundle. Thus H1,0 is 1-dimensional. Because the form ω
belongs to it and is nonzero (see the previous point) it generates H1,0.
The space H0,1 consists of anti-holomorphic L-valued 1-forms ρ whose complex
conjugates are of the first kind, ρ̄ ∈ Ω1(

∑
(1−µj)tj)(L) or ρ̄ =

∏
(τ−tj)µj−1 ·g(τ )·

ē ·dτ . Here g is meromorphic in a CP 1 function such that −(1−µj)+ordtj g > −1.
Repeating the above analysis we find that Ω1(

∑
(1−µj)tj)(L) = O(−2)⊗O(

∑
(1−

µj)) = O(N−4). The space of global section of O(N−4) is the space of symmetric
polynomials of two variables of degree N − 4 and is (N − 3)-dimensional. So
H0,1 � CN−3.

Using the external product of forms, we define the Hermitian form:

(·, ·) : H1(C \ S,L)×H1(C \ S,L) → C, (η, ρ) =
−1
2πi

∫
η ∧ ρ̄.

It is clear that this form is: (i) positive definite on H1,0 (dτ ∧ dτ̄ = −2idx ∧ dy);
(ii) negative definite on H0,1 and (iii) these two subspaces are orthogonal.
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We summarize the above as follows.

12.26. Theorem. The space H1(C \S, L) admits a Hermitian form (·, ·) of signature
(1, N − 3) and the orthogonal Hodge expansion H1,0 ⊕ H0,1 onto positive and
negative subspaces. Moreover, the space H1,0 is generated by the class of the 1-
form ω.

12.27. The generalized Schwarz map. Let (C )N \
⋃

ij{ti = tj} be the space of
ordered subsets S of the Riemann sphere, |S| = N . Three elements of S can be
fixed, e.g. at 0, 1,∞ (by means of the action of PGL(2, C)).
Let Q =

(
(C)N \

⋃
ij{ti = tj}

)
/PGL(2) denote the corresponding space, Q �

(C \ {0, 1,∞})N−3 \ ∆, ∆ =
⋃

ij{ti = tj}. The elements of Q are sets S =
{t1, . . . , tN} such that t1 = 0, t2 = 1, t3 =∞.
For each S ∈ Q we have the local system L = LS on C \S and the correspond-
ing (N − 2)- dimensional space H1

S = H1(C \ S,L) with (N − 3)-dimensional
projectivization PH1

S . Let P : H1
S \ 0 → PH1

S denote this projectivization map.
The system of linear spaces H1

S , S ∈ Q forms a vector bundle over Q, denoted by
K = R1

π∗L or byH1 (i.e. the Leray sheaf or the cohomological bundle). The bundle
K has the flat Gauss–Manin connection and forms a local system over Q, (the
analogue of the local system K defined by solutions of the classical hypergeometric
equation in 12.8). This holds because, as in the case of the (co)homological Milnor
bundle, we have a lattice in H1(C \S,L∨) generated by the basis δ(t1, tj) of cycles.
The image in PH1

S of the positive cone {η ∈ H1
S : (η, η) > 0} is the ball BS (of

real dimension 2N − 6). Indeed, if x0, . . . , xN−3 are the coordinates in H1
S such

that (x, x) = |x0|2 − |x1|2 − . . . − |xn|2, n = N − 3, then x0 �= 0 in the positive
cone and, choosing the coordinates (1 : y1 : . . . : yn) in an affine chart of PH1

S ,
we get BS = {

∑
|yi|2 < 1}. The balls BS are equipped with complex hyperbolic

geometries defined by means of the Hermitian form (·, ·), (BS , (·, ·) � Chn.
Here Chn denotes the complex hyperbolic space. The group of hyperbolic mo-
tions is generated by the complex reflections, which are conjugate to the maps
(x1, . . . , xn) → (e2πiαx1, x2, . . . , xn), α ∈ R (i.e. rotations in one complex vari-
able).
As in the case of classical hypergeometric integrals (N = 4), we choose a multi-
valued trivialization Φ : K → Q × CN−2 of the bundle K by means of a basis of
horizontal sections (see 12.8). In this sense we have also the multivalued trivial-
ization P ◦Ψ :

⋃
BS → Q×BS0 of the bundle of balls BS .

For each S ∈ Q we have the 1- form ω = ωS =
∏

t∈S(τ − t)−µt · e · dτ . The map

S →W (S) = P ◦ Φ(ωS)

is a holomorphic map from Q to BS0 . We call it the generalized Schwarz map.
The map W is also called the period map, in analogy with the period map defined
by means of integrals along cycles in varying varietes (see [Var5]).

12.28. The projective monodromy group. The fundamental group π1(Q) of the
space Q is a quotient of the colored braid group B̂(N − 1) (of N − 1 strands in C).
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This follows from: π1(CN−1 \∆) = B̂(N − 1) (see 4.48(d)), π1(Aff(C)) = Z and
the property Q = (CN−1 \ ∆)/Aff(C). From 4.48(d) we know that the colored
braid group is generated by loops σij which surround just one hypersurface ti = tj
(from the ‘diagonal’ ∆).
The group π1(Q, S0) acts on the fixed fiber PKS0 = PH1(C \S0,L). It preserves
the Hermitian form (·, ·) in the fiber. The image of π1(Q, S0) in Aut(PKS0) is
a subgroup of the group PU(1, n). It is called the projective monodromy group
of the hypergeometric integral with exponents µ = (µt, t ∈ S) (or simply the
monodromy group) and is denoted by Mon = Mon(µ).
It is useful to see how the generators of the group π1(Q) act. Take for example
the case when the space C \∆ is deformed in such a way that one point t = εeiθ

overruns the fixed point u = 0 and the other points of S are away from zero and
fixed. It means that we take a loop σut in the colored braid group. Choose the
basis of H lf

1 (C \S) such that δ0 = δ(u, t) = (ut, sut) is one of its elements and
the other elements δj are chosen according to some tree graph T2 with vertices in
S \ {u, t}. As θ runs from 0 to 2π, any point in ut undergoes relative rotations
around u and around t. Thus the section sut is multiplied by (αuαt)−1. Other
elements δj of the basis do not change after rotation.
The generalized Schwarz function W undergoes a similar monodromy transfor-
mation. We take a coordinate system in H1(C \S) defined by the cycles δj :
xj(W (S)) =

∫
δj

ω. It is clear that x1, x2, . . . remain unchanged after deforma-

tion. However we have x0 =
∫ t

0
τ−µu(τ − t)−µt(C + . . .) ≈ t1−µu−µt × (analytic

function). This means that:

The action of the loop σut on the ball BS0 means that the coordinate x0 undergoes
multiplication by the number e−2πi(µu+µt) (of module 1), i.e. σut realizes a complex
reflection in the complex hyperbolic space Chn.
This implies that the monodromy group Mon is a subgroup of the group generated
by complex reflections.

12.29. The integrality condition INT. This condition states that

INT

⎧⎨⎩ 0 < µt < 1,∑
µt = 2,

µs + µt < 1, s �= t⇒ (1 − µs − µt)
−1 ∈ Z ∪ {∞}.

From the previous point it follows that the condition INT is necessary when we
want to obtain a complex analogue of the tessellation of the ball BS0 by means of
the generalized Schwarz map. In that case the inverse to the generalized Schwarz
map locally prolongs to a map realizing a ramified covering of the configuration
space.
Assume that INT holds. The monodromy group Mon acts on the ball BS0 and the
orbit Orb(x0) of a point x0 forms a discrete subset in the ball. In the case n = 1
there is a fundamental domain, the fundamental quadrangle, which is isomorphic
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to the homogeneous space PU(1, 1)/Mon. In particular, the hyperbolic measure of
the fundamental domain is the same as the Haar measure of PU(1, 1)/Mon.
In the case n > 1 the notion of fundamental domain is elusive, but we have still
the isomorphism of the metric spaces BS0/Mon and PU(1, n)/Mon; (we do not
know if the hyperbolic measure is finite).

12.30. Definition. A subgroup Γ of a Lie group G is called a lattice if (i) it is
discrete, i.e. a neighborhood of e ∈ G contains only one element of Γ, and (ii) the
Haar measure of G/Γ is finite.

12.31. Theorem of Picard, Deligne and Mostow. ([DM1]) If the condition INT
holds, then the monodromy group Mon(µ) forms a lattice in PU(1, n).

12.32. Example (The condition INT in the classical case). In the case of classical
hypergeometric integrals, i.e. with

µ0 = γ − α, µ1 = β − γ + 1, µt = α, µ∞ = 1− β,

the space Q is isomorphic to C \{0, 1,∞}. The monodromy maps correspond to
the deformations when t runs around 0, 1,∞. The parameters λ = 1 − γ, µ =
β − α, ν = γ − α− β, defining the angles of the principal triangle, are equal to

λ = 1− µ0 − µt, µ = 1− µ∞ − µt, ν = 1− µ1 − µt.

In the Schwarz Theorem 12.9 we also assumed that 0 ≤ λ, µ, ν < 1 (see the
restriction (1.2) in Proposition 12.7).
The first condition from INT implies that 0 < α, β < 1, γ − 1 < α, β < γ. The
second condition from INT means that 1/λ, 1/µ, 1/ν ∈ Z ∪ {∞}. It is compatible
with the condition 0 ≤ λ, µ, ν < 1.
Next, we see that λ + µ + ν = 1− 2α < 1, which shows that we are always in the
hyperbolic case. The hyperbolicity is forced by the compatibility of the conditions
from the Schwarz Theorem 12.9 and of INT.

12.33. The scheme of the proof of Theorem 12.30. The discreteness of the mon-
odromy group follows from the geometry of the Schwarz map. The finite Haar
measure of PU(1, n)/Mon is obtained from estimates for the hyperbolic measure
in the ball BS0 .
First one shows that the map W is a local diffeomorphism, detW∗ �= 0. (In 12.40
below we give a proof of this in a more general situation). This means that the
universal development Ŵ : Q̂ → BS0 , corresponding to the universal covering Q̂

(of Q), is a covering (étale) onto the image. One takes the covering Q̃ equal to the
quotient of the universal covering Q̂ by the kernel of the monodromy homomor-
phism π1(Q) → PU(1, n). The corresponding map W̃ : Q̃ → B is an isomorphism
onto the image.
The residual subset BS0 \ Im W̃ corresponds to points in a compactification of
Q = (C)N \∆)/PGL(2).
We partially complete Q by adding to it:
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– the diagonals ti = tj , whenever µi+µj < 1 (in the classical case it corresponds
to adding vertices to the fundamental quadrangle);

– and (generally) all the multiple diagonals ti1 = . . . = tik
with µi1 +. . .+µik

<
1.

In this way we obtain the so-called stable compactification Qst. One defines also
the ramified covering Q̃st of Qst as the analogous completion of Q̃. Under the INT
assumption this covering is finite-to-one.
It turns out that, if there are no situations with

∑
t∈S1

µt = 1, then Qst is a
compact manifold and the covering Q̃st is diffeomorphic to a ball. The map W̃ is a
diffeomorphism between this ball and BS0 . Moreover, there is a compact K ⊂ Q̃st

which is projected onto the whole Qst. This gives discreteness of the action of the
monodromy in the ball (the set W̃ (K) contains only finite part of any orbit of the
group Mon) and the finitude of the hyperbolic measure of B/Mon = W̃ (K)/Mon.
In this case the proof is complete.
For example, in the classical case N = 4 and strictly positive parameters λ, µ, ν,
we obtain Qst = C and Q̃st forms an infinite ramified covering of C , with finite
ramification indices.
In the case when some sum µi1 + . . .+µik

= 1, one adds to Qst the corresponding
diagonals ti1 = . . . = tik

and obtains the (compact) space denoted by Qsst (the
semi-stable compactification). One also has the corresponding ramified covering
Q̃sst → Qsst. However here the ramification index above points from Qsst \Qst is
infinite (because the angle of the corresponding monodromy rotation is zero). The
latter points are called the cusp points. They are sent by W̃ to the absolute. Thus
W̃ realizes an isomorphism between Q̃sst and the partial compactification of the
ball BS0 , by adding to it the cusp points. Next, it remains to estimate the volume
of B/Mon which is reduced to estimation of the volume of A/Mon where A ⊂ B
is a compact neighborhood of a cusp point. In the case n = 1 the local singularity
of the fundamental domain is indeed of the cusp type and has finite volume; the
analogous property is proved in the general case.
For example, in the case of the Schwarz modular function with λ = µ = ν = 0,
Qsst is a topological 2-dimensional sphere but, from the analytic point of view,
the points 0, 1,∞ must be treated as singular (cusps).
The space Qsst should be treated not as a manifold in the usual sense but as an
orbifold.
The above idea of adjoining the stable and semi-stable points was taken from
Mumford’s construction of analytic quotient spaces of actions of algebraic groups
on algebraic varieties (see [Mum1]). In our situation we have the action of PGL(2)
on C

N
. �

12.34. Generalizations of Schwarz’s euclidean and elliptic cases. The above theory
was adapted to the situation when the monodromy group is a subgroup of the
group of hyperbolic isometries of n-dimensional complex ball B. But the group
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PU(1, n) contains the subgroup U(n) of rotations of the absolute in B (we prolong
the rotations of ∂B to rotations of B), and the subgroup of euclidean motions of
Cn (when we replace the ball by the half-space Im x1 > 0 and consider the motions
preserving the coordinate x1). It turns out that these reductions can be realized
by means of hypergeometric monodromy.

(a) The euclidean case. One assumes that S = S1∪{∞}, 0 ∈ S1 and
∑

s∈S1
µs = 1,

µs > 0. Thus µ∞ = 1 and the form ω =
∏

(τ − t)−µt · e · dτ has first order pole at
∞ (with nonzero residuum).
The (co)homology theory of local systems can be extended to the case when some
µs are negative integers. In our case one has nontrivial cycle δ∞ = (γ, sγ) rep-
resented by a closed loop γ around ∞ (with unique section above it) and gener-
ating a nonzero class in H1(C \S,L∨). The form ω represents a nonzero class in
H1(C\S,L). In particular, we have 〈δ∞, ωS〉 = 1 independently of S1 (we assume
e(∞) = 1).
The latter property means that the image of the generalized Schwarz map W lies
in the hypersurface E : xN−2 = 1 (for a coordinate system with xN−2 = 〈δ∞, ·〉).
The corresponding space Qeucl is the quotient of the space of S’s as above by the
action of C∗ ⊂ PSL(2, C) (of automorphisms which fix 0 and ∞). The map W is
homogeneous of degree 0 with respect to this action. Thus we get the multival-
ued map Qeucl → E. The affine space E can be identified with the linear space
xN−2 = 0 or with the space H1(C \ S1,L1) where L1 is the local system with the
monodromy defined by µt, t ∈ S1. The calculation of the signature of the corre-
sponding hermitian form, analogous to the one performed in 12.25, shows that the
hermitian form is negatively defined in H1(C \ S1,L1).
It turns out that, when the INT condition restricted to S1 holds, then the mon-
odromy group is a subgroup of the group of isometries of the euclidean space E.
It contains a subgroup of translations of finite index.
We should remark here that the INT conditions restricted to S1 are not compatible
with the conditions from Schwarz’s theorem 12.9. Indeed, if λ + µ + ν = 1 then
α = µt = 0. Thus the form ω is holomorphic at t. (Recall that in the basis
F (0, β, γ; t) = 1, F0,t =

∫ t

0
τ−γ(τ −1)γ−β−1dτ ,we get the Schwarz map in the form

of the Schwarz–Christoffel integral). According to Proposition 12.7, the case with
α = 0 has the same monodromy as the case with α = µt = 1, which fits to the
above.

(b) The elliptic case. Here we have S = S1 ∪ {∞}, 0 ∈ S1 and
∑

s∈S1
µs < 1. In

the calculation of the hermitian form we must replace µ∞ > 1 by µ∞ − 1 which
leads to the signature (0, N−2) (see 12.25). The map W is homogeneous of degree
1−
∑

S1
µs with respect to the C∗-action and defines a map from the corresponding

quotient space Qell to PH1. The monodromy group forms a subgroup of the
compact group U(N − 2). By its discreteness, following from the INT condition
in S1, the group Mon is finite.
Here also the condition from the Schwarz theorem 12.9 λ + µ + ν = 1 − 2µt > 1
is not compatible with INT (µt > 0). One should again use Proposition 12.7. (In
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[Mos2] it is said that the euclidean case is equivalent to µ0 +µ1 + µt < 1; it is not
exactly so).

12.35. Other results in the Deligne–Mostow theory. As G. D. Mostow writes in
[Mos2] one of the aims in investigations of generalized hypergeometric functions
was to look for new examples of non-arithmetic lattices in Lie groups.
The simplest example of an arithmetic subgroup Γ in a real algebraic Lie group G is
GL(n, Z) ⊂ GL(n, R). A lattice Γ ⊂ GL(n, R) is arithmetic if it is commensurable
with GL(n, Z) (see [Rag] and [Ser2]).
If G is an algebraic group, defined over Q, then a lattice Γ ⊂ GQ is arithmetic if
for any embedding G ⊂ GL(n) the subgroups Γ and GQ ∩GL(n, Z) are commen-
surable. The case of general real Lie group G can be reduced to this one.
Two subgroups A, B ⊂ G are commensurable if A∩B has finite index in A as well
as in B.
G. A. Margulis proved that when G has R-rank k > 1 (contains a real algebraic
torus (R∗)k, k > 1), then any of its irreducible lattices is arithmetic (see Appendix
to the Russian translation of [Rag]).
There appeared the problem of finding examples of non-arithmetic lattices, in par-
ticular in PU(1, n). G. D. Mostow and P. Deligne found such examples among the
projective monodromy groups associated with hypergeometric integrals satisfying
the integrality condition.
In [DM1] they proved that if the INT holds then Mon(µ) is arithmetic iff:

For any integer 1 < a < d− 1, relatively prime to the least common denominator
d of µt’s, one has

∑
{aµt} = 1 or = N − 1.

(Here {·} denoted the fractional part.) For example, the lattice Mon(3
4 , 2

4 , 1
4 ,

1
4 , 1

4 ) ⊂ PU(1, 2) is arithmetic but Mon( 6
12 , 5

12 , 5
12 , 4

12 , 4
12 ) is non-arithmetic.

In [DM1] there is a list of hypergeometric monodromy groups for low N ’s and d’s.

Mostow in [Mos1] weakened the INT condition. Namely, if µt take the same value
for t from a subset S1 ⊂ S (µt = µs, s, t ∈ S1), then we can define the new
configuration space Q′ = Q/Π where Π = S(S1) denotes the group of permutations
of S1, with the fundamental group π1(Q′) identified with a subgroup of π1(Q).
Mostow proved that:

If 1 < (1− µt − µs)−1 ∈ 1
2Z for s, t ∈ S1 and 1 < (1− µs − µt)−1 ∈ Z otherwise,

then the image MonS(S1)(µ) of π1(Q′) is a lattice in PU(1, N).

In the book [DM2] the idea of replacing Q by the quotient Q′ = Q/Π by a group
Π of symmetries of S, corresponding to partition of S into subsets with equal
exponents µt, has found further development. Series of commensurabilities among
lattices (obtained in this way) were established. For example, MonΠ1(a, a, b, b, 2−
a − b), Π1 = 〈(1, 2), (3, 4)〉 turns out to be conjugate in PGL(3) to MonΠ2(1 −
b, 1− a, a + b− 1

2 , a + b− 1
2 , 1− a− b), Π2 = 〈(3, 4)〉 (see Theorem 10.6 in [DM2]).

Also the lattices MonΠ(1
2 −

1
k , 1

2 −
1
k , 1

2 −
1
k , 1

6 + 1
k , 2(1

6 + 1
k )), Π = S(1, 2, 3) are
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commensurable (modulo conjugation in PGL(3)) to MonΠ(1
6 , 1

6 , 1
6 , 5

6 −
1
l ,

4
6 + 1

l ),
1
k + 1

l = 1
6 .

Some connections of the geometry of hypergeometric monodromy lattices with
other topics in algebraic geometry are given, e.g. with the theory of line arrange-
ments and the ball quotients.

§3 Multiple Hypergeometric Integrals

12.36. Hypergeometric integrals associated with a configuration of hyperplanes.
([Var4]) Let Tj = {fj = 0}, j = 1, . . . , N, be a configuration of hyperplanes in
general position in CPn and let µ0, . . . , µN be a collection of complex numbers
(exponents) with

∑
µi = n + 1. We may (and we will) assume that TN is the

hyperplane at infinity and Cn = CPn \ TN .
The multiple hypergeometric integral is the integral of the form∫

δ

∏
f
−µj

j · dnx (3.1)

along a cycle δ which will be specified later.
As in the single hypergeometric integral we introduce a local system L above CPn−
S, S =

⋃
Tj with monodromies around Tj defined by means of the multiplicators

αj = e2πiµj . The dual system L∨ is defined by means of α−1
j .

The local system L is a topologically trivial line bundle, equipped with the Gauss–
Manin connection which is flat (zero curvature) and is defined as ∇ = d +∑

µjd(ln fj)∧.
The homology and cohomology theories with coefficients in local systems, de-
scribed in 12.22, are valid in our situation. In particular, the cycle δ from (3.1)
is an element from the group H lf

n = H lf
n (CPn − S,L∨) (locally finite cycle) or

(better) from Hn = Hn(CPn \ S,L∨). δ is a combination (with zero boundary) of
n-dimensional cells (σ, sσ) with horizontal sections above them. The integral (3.1)
is understood as 〈δ, ω〉 where

ω =
∏

f
−µj

j · e · dnx,

with a horizontal (with respect to ∇) section e of the bundle L; it represents an
element of Hn = Hn(CPn \ S,L) (= (Hn)∗).
Assume that the configuration S is real, i.e. that the affine functions fi have real
coefficients.
Then Rn \ S is a union of n-dimensional convex domains. Each such domain,
together with a section of L∨ above it, defines a locally finite cycle from H lf

n .

12.37. Theorem of Varchenko (Basis). ([Var5]) Assume that the system µ=(µ1, . . . ,
µN ) is non-resonant, i.e. none of µj’s is integer. Then the natural homomorphism
Hn → H lf

n is an isomorphism and the target group is generated by the cycles δj
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represented by bounded components of Rn \ S; in particular, dim H lf
n =

(
N−1

n

)
=

(−1)nχ(Cn \ S).

It is a generalization of Theorem 12.23. In particular, there is an analogue of
the Pochhammer loop construction (i.e. the cycle C(u, t)) in the multidimensional
case). There are generators Cj ∈ Hn related with δj ∈ H lf

n by the formula

Cj =

( ′∏
(1− α−1

i )

)
· δj ,

where the product
∏′ is taken over the sides Ti in the boundary of δj (see [AVGL],

part II, and [Ph1]).

In [Var5] there is the following construction of the basis in Hn. Let us change the
notation a little bit. Instead of the system of exponents µj , we choose a system
of exponents νj , j = 1, . . . , N, with

∑
νj = 0 and as before we put αj = e2πiνj .

Moreover, for simplicity, we assume that Re νj > 0, j = 1, . . . , N − 1.
For I = {i1, . . . , in} ⊂ {1, . . . , N − 1} one defines

ω(I) =
∏
i�∈I

f−νi

i · e · df−νi1
i1

∧ . . . ∧ df
−νin

in
.

It turns out that:

The system ω(I), I ⊂ {2, . . . , N − 1}, forms a basis in Hn.

There are other results, e.g. [AT], [Ao], [Kan], devoted to description of bases of
(co)homologies of local systems. We do not present them here.

12.38. The generalized Schwarz map (or the period map). Consider the space
of configurations of N hyperplanes in general position. It is Q =

(
(CPn∗)N \ Σ

)
/PGL(n+1), where Σ is the discriminant locus, containing singular configurations
(with non-normal intersections) and CPn∗ is the dual projective space. The space⋃

S∈Q(CPn \S)×{S} is a bundle over Q (with projection π) and above it we have
the line local system L =

⋃
S LS (LS denotes the previous L over CPn − S). The

system of cohomology groups Hn(CPn \ S,LS) = Hn
S defines a local system K =

Rn
π∗L. (We shall also denote it byHn together with the bundleHlf

n =
⋃

H lf
n (CPn\

S,L∨
S)). K is a topologically trivial bundle with flat Gauss–Manin connection. The

basis of its (multivalued) horizontal sections defines a multivalued trivialization
K → Q × Hn

S0
, defined by means of mappings Ψ(S) : Hn

S → HN
S0

= CM . The
distinguished n-form ω = ω(1, . . . , n) defines a section of K. The generalized
Schwarz map (or the period map) W : Q → CPM−1is defined as usual,

W = P ◦Ψ ◦ ω,

where P denotes the projectivization.

12.39. The Torelli theorem for multidimensional hypergeometric integrals. ([Var5])
The map W is a local immersion.
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Proof. Let us assume that f1 = x1, . . . , fn = xn, fn+1 = 1 − x1 − . . . − xn,
fi = 1 +

∑
j aijxj , i ≥ n + 2. Thus Q is parameterized by aij and has dimension

n(N − n− 2).
Define the ‘Hodge’ filtration 0 ⊂ Fn ⊂ . . . ⊂ F 0 = Hn

S :

F k = F k
S = span {ω(i1, . . . , in) : i1, . . . , ik ∈ {1, . . . , n}}.

Therefore Fn = Cω and one can show that dimF k − dimF k+1 =
(
n
k

)(
N−n−2

n−k

)
.

The spaces F k
S define holomorphic subbundles Fk ⊂ H.

The Hodge filtration is not invariant with respect to the Gauss–Manin connection.
However we have the following analogue of the Griffiths transversality theorem
7.52(b):

DFk = {∇vs : v ∈ TSQ, s is a germ of section of Fk} = Fk−1.

Consider for example the case k = n with the section ω(1, . . . , n) =
e
∏N−1

i=n+1 f−νi

i · dx−ν1
1 . . . dx−νn

n of Fn. Then simple calculations give

dω

daij
=
−νi

aij
(−1)j−1ω(1, . . . , ǰ, . . . , n, i).

In this way we obtain all sections of Fn−1. The other identities are shown in an
analogous way.
Now, because dim Fn−1 = n(N − n − 2) + 1 = dimQ + 1 we obtain that the
derivative W∗(S) is a linear embedding.
Finally, we note that this Hodge filtration for n = 1 coincides with the Deligne–
Mostow filtration F 1 = Fn ⊂ F 0 defined by means of the decomposition H1 =
H1,0⊕H0,1 in 12.25. In that case one obtains local isomorphism of W (see 12.33).

�
Thus we have an analogue of the first point of the Picard–Deligne–Mostow theo-
rem. This is also an analogue of the Torelli theorem, which says that an algebraic
curve can be reconstructed from its periods (see Theorem 7.48).
Before passing to the description of the monodromy group we describe the ana-
logues of the hypergeometric equations satisfied by the integrals 〈δ, ω〉.

12.40. Generalization of the differential hypergeometric equation. Here we follow
the paper of I. M. Gelfand, M. M. Karpanov and A. V. Zelevinsky [GKZ].
Consider the integrals of the form

F =
∫

δ

x−µf−νdnx,

where we use the multi-index notations: µ = (µ1, . . . , µn), ν = (νn+1, . . . , νN−1),
fi = ai0 +

∑
aijxj , i = n + 1, . . . , N − 1. F is a function of (aij) ∈ (Cn+1)N−n−1.

We shall derive the differential equations for F .
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Let Γ ⊂ ZN−1 = Zn × ZN−n−1 be defined as

N−1⋃
j=n+1

{0× ej , e1 × ej , . . . , en × ej}

(ej are the basis vectors). We have the following properties:

(i) Γ generates ZN−1,

(ii) Γ ⊂ φ−1(1) for some homomorphism φ : ZN−1 → Z (e.g. φ = xn+1 + . . . +
xN−1).

We can treat the system of parameters aij as an element of C Γ, we denote it as
a = (aγ , γ ∈ Γ).
Denote by L = L(Γ) ⊂ ZΓ the lattice of relations among elements from Γ. L
consists of the systems m = (mγ ∈ Z) such that∑

γ∈Γ

mγ · γ = 0. (3.2)

We underline also the relations ∑
γ∈Γ

mγ = 0 (3.3)

following from application of the homomorphism φ from (ii) to (3.2).
For any m ∈ L we define the differential operator

∆m =
∏

mγ>0

(
∂

∂aγ

)mγ

−
∏

mγ<0

(
∂

∂aγ

)−mγ

.

Define also the Euler operators

Ei =
∑

γ

γiaγ
∂

∂aγ

where γi is the i-th coordinate of γ in ZN−1.

Theorem of Gelfand, Karpanov and Zelevinsky.

(a) The hypergeometric integrals satisfy the system of equations

∆mF = 0 for m ∈ L, EiF = diF, (3.4)

where (d1, . . . , dN−1) = (µ1 − 1, . . . , µn − 1,−νn+1, . . . ,−νN−1).

(b) The number of independent solutions of the hypergeometric system (3.4) is
equal to the (N − 1)-dimensional volume of the convex hull of Γ in φ−1(1)
(where the volume of elementary simplex is 1).
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(c) The natural mapping δ → 〈δ, ω〉 from the local system Hn = (Hn(CPn \
S, L∨) over Q to the system Hyp of solutions of the system (3.4) is an
isomorphism.

(d) The monodromy representation of π1(Q) in Hyp is irreducible.

We will not give the proof of this theorem. It involves advanced techniques from
sheaf theory (D-modules, perverse and constructible sheaves etc.).
We note only that the hypergeometric equations (3.4) are immediate. Indeed,
because Γ =

⋃
Γj × {ej}, each m ∈ L(Γ) equals (m(1), . . . , m(N − n− 1)) where

each m(j) ∈ L(Γj); i.e. it satisfies the relations analogous to (3.2) and (3.3):∑
δ∈Γj

m(j)δδ = 0,
∑

Γj
m(j)δ = 0. Denote

e(j) =
∑

m(j)δ>0

m(j)δ, η(j) =
∑

m(j)δ>0

m(j)δ · δ.

We have ∏
mγ>0

(
∂

∂aγ

)mγ

x−µf−ν

= x−µf−ν
∏
j

(−νj)(−νj − 1) . . . (−νj − e(j) + 1)f−e(j)
j xη(j)

=
∏

mγ<0

(
∂

∂aγ

)−mγ

x−µf−ν.

The equations EjF = djF follow from the homogeneity of the integrals with
respect to dilations xi → λixi.

In [GKZ] the authors consider more general situation when fj are general Laurent
polynomials; the hypergeometric system and the main theorem remains the same.

12.41. Local systems associated with quantum deformations of Kac–Moody alge-
bras and Verma moduli. We follow A. N. Varchenko’s book [Var6].
The configurations S of hyperplanes in Cn are

xi = xj , i, j = 1, . . . , n; xi = zk, i = 1, . . . , n, k = 1, . . . , m.

They are not in general position. The corresponding space of parameters is Q =
Cm \∆.
The exponents (weights) of the local system L in Cn \ S are chosen in the form

µij = − (αi, αj)
κ

, νik =
(αi, Λk)

κ
,

i.e. associated with the n-form
∏

(xi − xj)−µij
∏

(xi − zk)−νikdnx.
Here α1, . . . , αn are independent elements of h∗, dual space to a finite dimensional
vector space h equipped with a non-degenerate symmetric bilinear form ( , ); then
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h∗ has also the induced bilinear form ( , ). Λk are elements of h and κ is a complex
number. Define the vectors hi ∈ h by the formula (hi, ·) = αi.
When one puts aij = 2(αi, αj)/(αj , αj) and assumes that:

(i) aij ∈ Z; (ii) aii = 2, aij ≤ 0 for i �= j; (iii) aij = 0 ⇒ aji = 0,

then the matrix A = (aij) is a generalized Cartan matrix.
One can construct from the generalized Cartan matrix the Kac–Moody algebra g,
generated by h, ei, fi with the relations

[h, ei] = αi(h)ei, [h, fi] = −αi(h)fi, [ei, fj ] = δijhi,

(ad ei)1−aij ej = (ad fi)1−aij fj = 0.

When A > 0 (positive definite) then one obtains a finite dimensional Lie algebra
g with h as its Cartan subalgebra, with αi as simple roots and with finite Weyl
group generated by the reflections si : β → β− [2(β, αi)/(αi, αi)]αi (see Section 3
in Chapter 4).
In the general case the obtained algebra is infinite dimensional with infinite Weyl
group. The usual construction of the Kac–Moody algebra starts from a general-
ized Cartan matrix which is symmetrizable (i.e. after multiplication by a diagonal
matrix becomes symmetric). Moreover, some supplementary extension should be
performed in the case detA = 0 (see [Kac]).
Any group G (e.g. Lie group) can be investigated from the point of view of its group
algebra C(G), i.e. algebra of functions on G with values in C. It is a commutative
algebra equipped with the comultiplication ∆ : C(G) → C(G) ⊗ C(G) (dual to
the multiplication), with the counit ε : C(G) → C (dual to the embedding of the
trivial group) and with the antipode a : C(G) → C(G) (dual to the inversion).
Thus C(G) becomes the commutative Hopf algebra. The analogue of C(G) for the
Lie algebra g is its universal algebra Ug, consisting of tensor powers of g modulo
the ideal generated by u⊗ v − v ⊗ u− [u, v].
The quantum group is a non-commutative Hopf algebra.
With the Kac–Moody algebra, the following Drinfeld–Jimbo quantum group UDJ

q g
(see [Dr]) is associated. It is a universal algebra generated by h, 1, ei, fi with the
relations

[h, ei] = αi(h)ei, [h, fi] = −αi(h)fi, [ei, fj] = δij(hi)q,

1−aij∑
k=0

(
1− aij

k

)
q

(−1)keieje
1−aij−k
i =

1−aij∑
k=0

(
1− aij

k

)
q

(−1)kfifjf
1−aij−k
i = 0,

(3.5)
where (a)q = qa/2−q−a/2,

(
a
b

)
q

= [(a)q(a−1)q . . . (a−b+1)q)]/[(1)q . . . (b)q]. Here
q = e2πi/κ, qa = e2πia/κ, where κ is the parameter appearing in the definition of
the exponents µij of the local system.
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In [Var6] one defines the algebra Uqg as above but without the Serre relations
(3.5). It is a Hopf algebra with the comultiplication, counit and antipode: ∆h =
h⊗ 1 + 1⊗ h, ∆ei = ei ⊗ qhi/4 + q−hi/4 ⊗ ei, ∆fi = fi ⊗ qhi/4 + q−hi/4 ⊗ fi; εh =
εei = εfi = 0; ah = −h, aei = −q(αi,αi)ei, afi = −q−(αi,αi)fi.
For Λ ∈ h∗ one defines the Verma module M(Λ) over Uqg (with the highest weight
Λ), as the module generated by one vector v subject to the relations

hv = Λ(h)v; fv = 0,

for any h ∈ h and any f from the subalgebra generated by 1 and fj’s. The
Verma moduli are infinite dimensional (with the generators v, eiv, ejejv, . . .) and
are uniquely defined from the relations defining Uqg.
One can conclude the above as follows:

The weights µij , νik are associated with the quantum deformation Uqg of the Kac–
Moody algebra g and with a collection of the Verma moduli M(Λ1), . . . , (Λm) over
Uqg.

12.42. The switched local system on the space of configurations and representation
of its monodromy via R-matrices. The homology groups Hn(Cn\S,L∨

S) of the local
system L =

⋃
S LS on the space of configurations Q organize themselves to a local

system Hn on Q. We switch this system by the line local system M on Q with the
weights ηkl = −(Λk, Λl)/κ. We investigate the bundle Hn⊗M which corresponds
to the situation when one integrates the form

∏
(zk−zl)−ηkl

∏
(xi−xj)−µij

∏
(xi−

zk)−νikdnx.
The fundamental group of Q = Cm \∆ is the colored braid group of m strands,
π1(Q, S0) = B̂(m). It acts on the distinguished fiber H̃S0 = Hn(Cn \ S0,L∨

S0
) ⊗

MS0.
The homology groups (Hn⊗M)S0 are calculated in [Var6] using a certain (rather
complicated) chain complex. The action of the monodromy group is described in
terms of the action of the colored braid group B̂(m) on this complex.
(In fact, there are many more complexes in [Var6]. Moreover, it is not said that one
deals with action of the colored braid group B̂(m); it is said only about action of
the whole braid group B(m). But the group B̂(m) is more suitable here, compare
12.27.)
It turns out that the chain complex leading to Hn(Cn\S) is quasi-isomorphic with
so-called Hochschild complex ; (recall that quasi-isomorphism induces isomorphism
of the homologies). The usual Hochschild complex of an A-module M consists of
the chain moduli A⊗j ⊗M and the differentials aj ⊗ . . .⊗ a1 ⊗m → −aj ⊗ . . .⊗
a2⊗ a1m +

∑
(−1)iaj ⊗ . . .⊗ aiai−1⊗ . . .⊗m and its homology groups are called

the Hochschild homology groups.
The (algebraic) complex considered in [Var6] has the j-chains of the form b1 ⊗
. . . ⊗ bm+j, where j of the elements bi’s belong to the quantum group A = Uqg
and the other are elements of the Verma modules M(Λk). We omit the definition
of the differential.
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The action of the loop σp (where the points zp and zp+1 turn around themselves)
on the Hochschild complex is described by means of the so-called R- matrix, which
acts on the parts M(Λp) and M(Λp+1) of the chain moduli.
(In the simplest case Uqsl(2), generated by h, e, f , and two moduli V1, V2 we get
the operator from V1 ⊗ V2 to V2 ⊗ V1, defined as P ◦ R, where P transposes the
factors and R ∈ Uqg⊗ Uqg is given by

R = qh⊗h/4
∞∑

k=0

q−k(k+1)/4
(1)k

q

(1)q . . . (k)q
qkh/4ek ⊗ q−kh/4fk.)

In the general situation one has R = qΩ0/2
∑

k qhk⊗1−1⊗hk−Dk/4Ωk, where the sum
runs over k = (k1, . . . , kn), Ω0 represents the bilinear form (·, ·), hk =

∑
kihi, Dk

is a complex number and Ωk are certain operators in M(Λp) ⊗ M(Λp+1). The
fact that the action of PR is compatible with the relation in the braid group is a
consequence of the Yang–Baxter equations RpRp+1Rp = Rp+1RpRp+1, where Rs

acts on the s and s + 1 factors in M(Λ1)⊗ . . .⊗M(Λm).
The rough summarization of all this is the following:

The action of the fundamental group π1(Q, S0) on the fiber of the local system
Hn ⊗M is determined by the R-representation of the colored braid group B̂(m)
in the Hochschild homology groups of the Verma moduli M(Λk) over the quantum
groups Uqg.

For example, in the classical hypergeometric case (n = 1, m = 3) associated with
the form ω =

∏
(zk − zl)ΛkΛl/κ

∏
(τ − zk)−Λk/κdτ we have g = sl(2), H1(C \

{z1, z2, z3},L∨) ≈ {x ∈ M(Λ1)⊗M(Λ2)⊗M(Λ3) : ex = 0, hx = (Λ1 + Λ2 + Λ3 −
2)x} and the action of the colored braid group B̂(3) on the latter module is given
by means of the operators Ri.

12.43. The Khizhnik–Zamolodchikov equations. The classical Riemann equation
from 12.2 (whose particular case is the hypergeometric equation) is equivalent to
the following system of first order equations. Put

ωj = ω/(τ − zj), Ij =
∫

γ

ωj ,

where γ is a cycle in H1(C \ S,L∨), (e.g. the Pochhammer cycle C(z1, z2)). We
have Λ1I1 + Λ2I2 + Λ3I3 = 0.
One can check that the vector function I = (I1, I2, I3) satisfies the Khizhnik–
Zamolodchikov system

∂I

∂zi
=
∑
j �=i

Ωij

zi − zj
I, i = 1, 2, 3,

where Ωij are constant matrices.



§3. Multiple Hypergeometric Integrals 535

It turns out [Var6] that also in the general case one can choose a basis of n- forms
in Hn ⊗M∨ such that their integrals I = (I1, . . . , IM ) along cycles from Hn are
functions which satisfy another Khizhnik–Zamolodchikov system of the same form
as the above one.
The Khizhnik–Zamolodchikov equations were first discovered in physics; they are
obeyed by correlation functions in the Wess–Zumino–Witten model of conformal
quantum field theory (see [KhZ]). They began to play some role in the knot theory
(see [Kon]).

12.44. The twisted Picard–Lefschetz formula. Let F = F (x, λ) = Fλ(x) : (Cn ×
Ck, 0) → (C, 0) be a mini-versal deformation of a singularity f = F (·, 0) with the
multiplicity k. The classical Picard–Lefschetz formula says that the monodromy
group (i.e. the image of the action of π1(C k \Σ) on Hn−1(Vλ), Vλ = F−1

λ (0) ∩B,
B – ball) is generated by the reflections h→ h+(−1)n(n+1)/2〈h, ∆k〉∆k. Here 〈 , 〉
is the intersection form and ∆k form the distinguished basis of vanishing cycles
(see Theorem 4.18).
This formula is not invariant with respect to the operation of suspension (or
stabilization) of the singularity F → F ′(x, y, λ) = F (x, λ) + y2 in Cn+1 × Ck.
If ∆k is the corresponding basis in the suspension, then we have 〈∆i, ∆j〉 =
sign(j − i)(−1)n〈∆i, ∆j〉: anti-symmetric form is replaced by symmetric and vice
versa.
In [Giv1] A. B. Givental proposed the following way to connect the two kinds
of monodromy action. Namely, one should consider the homology group of the
fiber Eλ = B \ Vλ with coefficients in the linear local system L(q), defined by the
multiplier q arising after surrounding the hypersurface Fλ(x) = 0.

Theorem of Givental.

(a) We have Hn(Eλ,L(−1)) � Hn(V ′
λ, C), V ′

λ = (F ′
λ)−1(0).

(b) Let V be the upper-triangular matrix with the entries (−1)n(n−1)/2 on the
diagonal and 〈∆i, ∆j〉, i ≤ j, above the diagonal. There exist distinguished
bases e1, . . . , ek in Hn−1(Eλ,L(q)) and ê1, . . . , êk in H lf

n−1(Eλ, L(q−1)) such
that the intersection matrix 〈ej , êi〉 equals qV −(−1)nV � and the monodromy
group is generated by the reflections Mk : h → h + (−1)n(n+1)/2〈h, êk〉ek.

The point (a) shows that there is a relation between Hn−1(Vλ, C) �
Hn(Eλ,L(1)) and Hn(V ′

λ, C) � Hn(Eλ,L(−1)).
The point (b) implies that (Mk−(−1)nq)(Mk−1) = 0: because Mkek = (−1)nqek

(calculate) and Mk is identity in the hyperplane orthogonal to êk.
In [GivS] Givental and V. V. Schechtman applied this result to the case of Ak

singularity. Here the fundamental group of the complement of the bifurcational
diagram Σ is equal to the braid group π1(Ck\Σ) = B(k). One obtains the following
result.

Theorem of Givental and Schechtman. The representation of the braid group B(k)
in Hn(Eλ,L(q)) is isomorphic to the representation of the braid group in the Hecke
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algebra Hk(α), α = (−1)n+1q.

The Hecke algebra Hk(α) is generated by elements τ1, . . . , τk−1 with the relations

τ iτ j = τ jτ i, |i− j| > 1,
τ iτ i+1τ i = τ i+1τ iτ i+1,

(τ i + α)(τ i − 1) = 0.

In the case α = 1 we get the relations for the symmetric group S(k).

It is worth saying that the first twisted Picard–Lefschetz formula was obtained by
F. Pham in [Ph1] (see also [AVLG], Part II). One integrates monomial forms along
the hypersurface xm1

1 + . . . xmn
n = t in Rn associated with the Pham singularity.

The change yj = x
mj

j leads to integration of multivalued forms. Thus we have a
local system in Cn−1 = {

∑
yj = t}, deprived of the hyperplanes yi = 0.

We do not present this formula.

12.45. The generalized hypergeometric integrals as functions of exponents. It is
natural to investigate the hypergeometric integrals I(µ) =

∫
δ

∏M
1 f

−µj

j dnx as
functions of the exponents µj .
It turns out that I(µ) is a meromorphic function of µ with poles in hypersurfaces
in CM corresponding to the so-called resonant exponents. In the case when the
surfaces fj = 0 are affine and in generic position the resonances correspond to
µj = 1, 2, 3, . . .. We obtain a series of one-sided sequences of parallel hyperplanes
in C M defined by means of equations with integer coefficients.
In the general case the analogous statement is true. I(µ) has poles in a finite
system of series of parallel hyperplanes defined by integer equations. The proof
uses the resolution of singularities of the configuration of hypersurfaces (see [BG]
and [AVGL]).
This gives some connection with the results from Chapter 5 about asymptotic of
integrals along vanishing cycles and of oscillating integrals.
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incomplete, 273, 502

first, 395, 467
Fresnel, 152
generalized Abelian, 194
higher order Melnikov, 193
hypergeometric
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multiple, 527, 528, 530, 536
Laplace, 158
oscillating, 150, 151, 154, 157
Schwarz–Christoffel, 416, 428,

501
Singer, 483, 485, 488

integral domain, 446
invariant

Gromow–Witten, 255, 261, 331
Katz, 281, 293
of formal classification, 348

inversion, 497
Ising E., 328
Ising model, 328
Iwasaki K., 546

J-invariant, 507
Jabotinsky E., 353
Jacobi K. G. J., 253, 255, 268
jacobian of curve, 253, 255
Jaffe A., 543
Jeanquartier P., 546
jet

of germ, 13
sufficient, 15

Jimbo M., vii, 323, 324, 532, 546, 553
join of spaces, 40
Jouanolou J. P., x, 397, 546

Kähler E., 199
Künneth H., 40
Kac V. G., 531, 532, 546
Kamke E., 467, 487, 546
Kampen van E. R., 94
Kaneko J., 546
Kaplansky I., 442, 546
Kapteyn W., 191, 546
Karpanov M. M., 529, 530, 543
Katz N., viii, 279, 292, 541, 546
Katz rank, 293
Katz S., 540
Khibnik A. I., 166, 538
Khizhnik V., 534, 535, 546

Khovanski A. G., vii, ix, 168, 177,
183, 184, 441, 465, 477, 479,
487, 545, 546

Killing W., 85, 261
Kimura T., ix, 353, 369, 376, 508,

545, 546
Kirillov A. A.., 547
Klein F., vii, 491, 547
Kobayashi S., 547
Kodaira K., 201, 259, 547
Koebe P., 386
Kolchin E., vii, 449, 547
Kontsevich M., 547
Kooij R. E., 547
Korteweg D., 322
Kostov V. P., 314, 547
Koszul J. L., 228
Kovačic J. J., 490, 547
Kowalewska case, 436
Kowalewska S. V., 436
Kozlov V. V., 538
Krauskopf B., 166, 547
Kuczma M., 353, 547
Kulikov V. S., 251, 547
Kuranishi M., 260, 547
Kurchanov P. V., 547

Lagrange case, 435
Lagrange J. L., 435, 438
Lagrangian submanifold, 47, 153
Laguerre E., 268
Landis E., 418, 547
Landman A., 112, 209, 548
Laplace P. S., 158, 196, 360, 362
laplacian, 196, 199
Lappo–Danilevskij I., 314
Lappo-Danilevskij I., 548
lattice, 279, 523

Brieskorn, 279
in module, 293
non-arithmetic, 526

Lauricella G., 515, 548
Lazzeri F., 101
leaf, 334
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algebraic, 393, 394
Leau L., 353, 548
Lefschetz S., 55, 65, 67, 70, 71, 110,

126, 201, 250, 278, 548
Legendre A. M., 268
lemma

∂̄-Poincaré, 198
∂∂̄, 218
about long exact sequence, 54
about prolongation of

homotopy, 56
about rational envelopes, 177
Cartan B, 221, 298, 299
Hadamard, 3, 6
holomorphic Poincaré, 127, 204
Khovanski–Rolle, 185
Morse, 3

with parameters, 29
Nakayama, 22
Poincaré, 54
Rellich, 197
Sauvage, 305
Sobolev, 197

length of root, 83
Leray J., viii, 52, 122, 123, 141, 208,

377
Leszczyński P., xi, 194, 548
Levelt A. H. M., vii, 280, 304, 308,

548
Levi-Civita T., 143
Levinson N., 540
Lie M. S., 85
Lindelöf E., 433
linearization of XVI-th Hilbert prob-

lem, see problem XVI-th
Hilbert weakened

linking coefficient, see number link-
ing

Lins-Neto A., x, 333, 405, 406, 408,
413, 485, 538, 548

Liousse I., 538
Liouville J., 47, 162, 435, 468, 548
Liverpool L. S. O., 353
Lobachevski N. I., 506

Lobachevski plane, 506
logarithm, 455
Lojasiewicz S., 22, 548
loop

separatrix, 162
simple, 70, 74

Loray F., xi, 353, 415, 418, 426, 538,
548, 549

Lorenz H. A., 327
Lotka J., 159, 166
Lukashevich N. A., 544
Lyapunov A. M., 190, 549
Lyashko O. V., 538

Maciejewski A., xi, 549
MacLane S., 56
Magid A. G., 442, 445, 549
Mahoux G., xi, 321, 549
Malgrange B., viii, 150, 287, 324, 333,

360, 549
Malkin I. G., 193
manifold

center, 367
Frobenius, 330, 331
incomplete, 219
Kähler, 199, 214
orientable, 39
Stein, 221
strong, 367
symplectic, 47

Manin Yu. I., 140, 142, 322, 549
map

Abel–Jacobi, 253, 255
conformal, 503
etale, see covering
Gysin, 222
Kodaira–Spencer, 259
period, 195, 224, 252, 253, 258,

259, 263, 521, 528
Pham, 26
Poincaré, see map return
proper, 186
quasi-conformal, 338
return, 161, 167, 190, 193
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Schwarz, 496, 497, 502, 503, 521
generalized, 521, 528

Schwarz–Christoffel, 501
Margulis G. A., 526
Martinet J., viii, ix, 20, 333, 360, 366,

372, 379, 549
Maslov V. P., 47, 48, 153
Maszczyk T., xi, 6
Mathieu E. L., 268
matrix

Cartan, 82
generalized, 532

Coxeter, 86
Dirac, 327
fundamental, 269, 443
monodromy, 269
Pauli, 327
period, 132, 254
Stokes, 286

Mattei J. F., 342, 379, 412, 413, 540,
550

Matuda T., ix, 369, 376, 545
Maxwell stratum, 90
Mazzocco M., 513, 514, 541
Melnikov V. K., 168, 550
meromorphic operation, 480
method

homotopy, 15
Laplace, 158

Meziani R., 426, 434, 549, 550
Mills R., 145, 438, 440
Milman P. D., 103, 539
Milnor fibration, see bundle Milnor
Milnor J., viii, 13, 59, 63, 92, 136,

140, 550
mirror symmetry, 260
Miwa T., vii, 323, 324, 546, 550, 553
Mjuller B., 415, 550
module

Fuchsian, 293
over local ring, 20, 22
over ring of holomorphic func-

tions, 279
Verma, 531, 533

modulus
Ecalle–Voronin, 353
Malgrange–Sibuya, 289
Martinet–Ramis, 366, 372
of annulus, 339
of formal classification, 367
of quadrangle, 339
of quasi-conformal map, 338

monic algebraic equation, 106
monodromy pair, 480

associated with forbidden set,
480

closed, 480
Moody R. V., 531, 532
Morales-Ruiz J. J., xi, 508, 512, 550
Mori A., 338
morphism of mixed Hodge

structures, 213
Morse M., 3, 7, 10, 29, 47, 49
Mostow G. D., x, 491, 515, 516, 523,

526, 541, 550
Moulin-Ollagnier J., 549
Moussu R., x, 342, 379, 412, 418, 426,

428, 429, 434, 540, 550
multiplicity

of diagonal point of Newton di-
agram, 158

of germ of function, see number
Milnor

of singular point of vector field,
15, 24, 25

multiplier
characteristic, 161
integrating, 395, 467

Mumford D. B., 108, 255, 260, 263,
524, 541, 550

Nakai I., x, 432, 551
Nakayama T., 22
Narasimhan E., 539
Neishtadt A. I., 166, 538, 551
Newell A., 323, 542
Newlander A., 337, 338, 551
Newton I., 148
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Newton polyhedron, 148
Newton support, 31
Nijenhuis A., 337
Nijenhuis tensor, 337
Nilsson class, 363
Nilsson N., 363
Nirenberg L., 337, 338, 547, 551
node, 179, 340
Nomizu K., 547
nonlinearity, 501
norm mapping, 327
normal form

of function, 18
Takens, 427

normal ordering mapping, 327
normal tower, 481
normalization, 102, 107, 210
normalizer, 263, 476
Novikov D., 169, 551
Novikov S. P., 541
Nowicki A., 549
number

Betti, 38
Hodge, 214, 246, 247, 256
Lefschetz, 55
linking, 46
Milnor, 13
Poincaré–Lyapunov focus, 190

Ohasi S., 509, 545
Okamoto K., 322, 551
Okonek G., 302, 551
Oleinik O. A., 250, 551
Onsager L., 328
Oort F., 551
operator

anihilation, 325
cohomological, 277
creation, 325
field, 325
Laplace–Beltrami, see laplacian
Lefschetz, 201
Leray coboundary, 122

monodromy, 68, 69, 72, 74, 110,
114, 125–127, 137, 147, 224,
232, 233, 235, 244, 245, 262,
269, 361, 464

of classical monodromy, see trans-
formation Picard–Lefschetz

of relative monodromy, 69
quasi-unipotent, 112
resonant, 437
semi-simple, 126
Stokes, 286, 464
unipotent, 126
variation, 69, 361
Weil, 256

orbifold, 110, see V-manifold, 247,
524

order of holomorphic form, 147
orientation, 39
Ortis-Bobadilla L., 417, 554
Ossa de la X., 261, 540
oval, 77, 118, 164

P-set, see set sub-analytic
Painlevé P., vii, 318, 322, 513, 551
pair of groups, 481

almost normal, 481
parallel transport, 142
Parkes L., 261, 540
partition

baricentric, 43
of unity, 53
simplicial, 39, 53

Paul E., 551
Pauli W., 327
Perez-Marco R., 333, 391, 551
period, 254, 273, 275, 439
periodic trajectory, see solution peri-

odic
Perron O., 367, 439
Petrov G. S., ix, 128, 168, 170, 173,

175, 177, 551
Petrovski I. G., 250, 418, 547, 551
Petrovski–Oleinik inequalities, 250
Pfaff J. H., 183, 185, 393
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Pham F., 26, 115, 136, 251, 360, 536,
551

phase, 151
phase portrait, 159
Phragmén E., 433
Picard E., vii, 65, 67, 70, 71, 110, 128,

130, 133, 401, 442, 491, 507,
515, 523, 552

Plücker J., 408
Plemelj J., vii, 296, 305, 306, 434, 552
Pochhammer L., vii, 484, 494, 515,

552
Poincaré domain, 347
Poincaré H., vii–ix, 9, 43, 45, 54, 168,

190, 347, 382, 552
point

conjugate (on geodesic), 49
critical, 3, 4, 15, 57, 62, 68

non-degenerate, 3, 4, 58
critical of differential equation

movable, 321
nonmovable, 321

fixed, 55, 161
hyperbolic, 161

periodic, 113
ramification, 2, 472
singular of analytic set, 27, 59,

107
singular of differential equation

of Fuchs type, 271
singular of differential system, 269

irregular, 269, 279
of Fuchs type, 271, 311
regular, 146, 269, 270

singular of holomorphic foliation,
394

dicritical, 340
elementary, 339
resonant, 340

singular of vector field, 7, 160
degenerate, 8, 9
hyperbolic, 160

Poisson bracket, 436
Poisson S., 435, 436

Polya G., 552
Pontryagin L. S., 168, 552
potential

Gromow–Witten, 261
Yukawa, 260

Prelle M. J., 469, 552
presheaf, 51
primitive element, 473
primitive parametrization, 28
principal part of geometrical section,

148
principle

argument, 171
Descartes, 176
Rolle, 175

problem
center–focus, 342
inverse in differential Galois the-

ory, 466
nonlinear Riemann–Hilbert,

412, 413
of center, 193
of small limit cycles, 193
of Thom, 411
Riemann–Hilbert, 296, 297, 299,

305, 307, 314, 324, 328
VII-th Hilbert, 236
XVI-th Hilbert, 163, 418

weakened, 168
proper preimage, see strict transform
pseudo-group, 418
pseudo-reflection, 86
Puiseux V. A., 28
pure braid group, see group braid

colored
Put van der M., 465, 552
Pyartli A. S., 382, 432, 545, 552
pyramid, 91

quadrature, 455
quasi-isomorphism, 207

R-matrix, 533, 534
R-rank, 526
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Röhrl H., vii, 296, 553
radical

of ideal, 24, 106
unipotent, 460

Raghunathan M., 552
Ramis J.-P., ix–xi, 333, 360, 366, 372,

379, 433, 464, 508, 549, 550,
552

rank of vector field at singularity, 344
ray of division, 283
Rebelo J. C., 415, 549
Reed M., 553
relation

anti-commutation, 326
commutation, 326
Gauss, 495
Hodge–Riemann, 202, 254–256
Serre, 533

Rellich F., 197
Remmert R., 186, 544
residue class, 106
residuum

of Gauss–Manin connection, 233
Poincaré, 220

resolution of singularity
of function, 102
of holomorphic foliation, 339, 427,

430
good, 340

of hypersurface, 102, 239
resolvent, 204
resonant relation, 276, 278

for diffeomorphisms, 347
retraction, 56
Rey J., 353
Rham de G., 49, 50
Riccati J., 321, 460
Riemann G. F. B., vii, 1, 202, 254,

255, 295, 296, 412, 471, 472,
553

Riemann P-equation, see equation
Riemann

Riemann surface, 1, 4, 67, 117, 119,
179, 471, 472, 474, 480

rigidity, 434
ring

differential, 442
integrally closed, 106
local, 13, 106
of analytic functions, 106
of discrete valuation, 293
of invariants, 107

ringed topological space, 106
Risch R. H., 468, 553
Ritt J. F., 154, 365, 468, 553
Rolle M., 175, 185
root, 82, 85

negative, 82
positive, 82
simple, 82

Rosales-González E., 417, 554
Rosenlicht M., 468, 553
Rossi H., 299, 544
Roussarie R., 553
Rousseau C., 553
Ruffini P., 478

S-function, 479
Sad P., 333, 404, 411, 540
saddle, 179, 340

generalized, 427
saddle–node, 340

generalized, 427
Saito M., 553
Salem E., 413, 550
Satake I., 266
Sato M., vii, 324, 553
Sauvage L., 305, 553
Scárdua B. A., 488, 553
Schauder J., 377
Schechtman V. V., 535, 543
Scherk J., 251, 553
Schlesinger L., vii, 316, 441, 462, 554
Schmid W., ix, 195, 224, 225, 235,

553
Schneider H., 302, 551
Schneider T., 236, 554
Schwarz derivative, 498
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Schwarz H. A., vii, x, 262, 416, 428,
467, 501, 509, 516, 554

Sebastiani M., 140, 554
section

geometrical, 144, 146
horizontal, 143, 144, 147
of bundle, 51

sector
of fall, 370
of jump, 370

Seidenberg A., ix, 187, 333, 342, 554
Seifert H., 72, 165
self-intersection, see index of inter-

section
semi-continuity of spectrum conjec-

ture, 150
semi-invariant, 451
semi-stable morphism, 108
semi-stable reduction, 108
separatrix, 162, 411
sequence

central deriative, 418
Gysin, 56
long exact of homotopy groups,

56
long exact of pair, 40
spectral, 203

Leray, 208, 209
of hypercohomology groups, 206
weight, 217, 221

Wang, 56, 238
series

Gevrey, 365
hypergeometric, 493

Serre J.-P., 85, 201, 554
set

constructible, 446
forbidden, 480
irreducible, 27, see variety irre-

ducible
real analytic, 59, 186
real semi-analytic, 186
sub-analytic, 187

Shäfke R., 540

Shafarevich I. R., 554
Shcherbakov A. A., x, 333, 412, 417,

418, 432, 542, 554
sheaf, 51

coherent, 51
cohomological, 207
constant, 51, 210
direct image of, 52, see sheaf

Leray
flabby, 53, 204
inverse image of, 52
Leray, 141, 208, 209
of holomorphic functions, 51
of holomorphic logarithmic

forms, 220
of holomorphic logarithmic rela-

tive forms, 226
of ideals, 301
of relations, 51
of sections of bundle, 51
of smooth forms, 50, 51, 53
of smooth functions, 51
of vector fields, 51
Stokes, 286

Shimomura S., 546
Sibirski K. S., 193, 554
Sibuya Y., 281, 287, 554
Siegel C. L., 254, 381, 554
Siegel upper half-plane, 254, 265
sigma–process, 340
sigma-process, see blowing-up
Simart G., 67, 552
Simon B., 553
simplex, 39

with coefficients in local system,
517

Singer M. F., x, 469, 552, 554
singularity

Bogdanov–Takens, 341
cusp, see cusp, 104, 109
fold, see fold
hyperbolic, 34, 76
Lagrangian of type A3, 48
m–modal, 33
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nilpotent of holomorphic
foliation, 426

normal crossings, 96, 103, 216,
224

of type Ak, 13, 30, 34, 99, 243
of type Dk, 14, 33, 34
of type E6, E7, E8, 13, 34
of type P8, X9, J10, Tp,q,r, 34
parabolic, 34, 76
Pham, 115, 136, 536
Picard–Fuchs, 145
simple, 33, 76, 100, 157
unimodal, 34, 76
Whitney, 18

Skoda H., 252, 539
Soares M. G., 548, 554
Sobolev S. L., 197
solution

periodic, 160, 167
hyperbolic, 161

separating, 184, 185
space

Chebyshev, 170
with accuracy, 170

classifying of Hodge structures,
see space period matrix

Eilenberg–MacLane, 56, 99
Fock, 325

Bose–Einstein, 325
Fermi–Dirac, 325

moduli, 252, 351, 355
of algebraic curves, 255
of analytic varieties, 258, 260
of elliptic curves, 253

of resurgent functions, 361
period matrix, 254, 256, 257
Sobolev, 197
weighted projective, 247

Spanier E., 555
spectrum

of critical point, 148, 252
of ring, 107

Spencer D. C., 259, 547
spherical triangle, 498

Spindler H., 302, 551
stabilizer, 476, 480
star of a vertex, 43, 53
star operation, 196

Hodge, 199
Steenbrink J. H. M., viii, ix, xi, 195,

219, 224, 225, 232, 235, 247,
249–252, 553, 555

Stein K., 221
stereographical projection, 503
Stirling J., 158
Stokes G. G., vii, 53, 555
Stokes phenomenon

linear, 283
Stróżyna E., xi, 426, 555
Strelcyn J.-M., 549
strict transform, 104, 105
structure

almost complex, 336
integrable, 336

complex, 334
Hodge, 196, 224

asymptotic mixed, 251
limit mixed, 224, 225, 229,

232, 236, 237
mixed, 210, 213, 215, 218, 219,

221, 224, 226, 237, 242, 245,
246

mixed on the Milnor bundle,
239, 241, 244, 250

polarized, 255, 257
pure, 214

Study E., 199
subgroup

arithmetic, 257, 526
Borel, 460
isotropy, 480
parabolic, 256

subset
Zariski closed, 196
Zariski open, 195

subspace
holonomic, 327
horizontal, 143, 259
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summability, 366, 378
suspension, 79, 138
Suzuki M., 412, 555
swallow tail, 89, 90
system

distinguished of vanishing
cycles, 63, 75, 79, 101

dual local, 517, 527
Euler–Poisson, 435
Hénon–Heiles, 440
Hamiltonian, 159, 164, 191, 436

completely integrable, 436, 512
Jouanolou, 397, 410
local, 141, 208, 224, 270, 496, 516,

527, 535
Lotka–Volterra, 159, 166, 191
of Fuchs class, 294, 315, 320
Pfaff, 183–185
reversible, 191
root, 82–85

irreducible, 83
reduced, 82, 84, 85

Yang–Mills, 438, 440
Szegö G., 552
Szekers G., 353

Takens F., 164, 341, 426, 555
Tanabé S., 537
Tarski A., 187
Teyssier L., 374, 555
theorem

A’Campo, 115
Abel–Ruffini, 478
about action of monodromy on

limit mixed Hodge structure,
235

about action of monodromy on
mixed Hodge structure on
vanishing cohomology, 245

about analytic classification of
abelian groups, 421

about analytic classification of res-
onant diffeomorphisms, 359

about analytic classification of
resonant saddles, 381

about analytic classification of
solvable groups, 424

about centralizer, 421
about complement of discrimi-

nant, 99
about existence and uniqueness

of Picard–Vessiot extensions,
445

about extraction of roots and
embedding, 358

about first integrals for Riccati
equations, 488

about formal classification of
abelian groups, 419

about formal classification of dif-
feomorphisms, 348

about formal classification of
solvable groups, 423

about formal normal form for
saddle-nodes, 366

about generalized liouvillian ex-
tensions for n=2, 457

about hypercohomology, 205
about integrablity of hypergeo-

metric equation, 508
about limit mixed Hodge struc-

ture, 230
about mixed Hodge structure on

incomplete variety, 221
about mixed Hodge structure on

limit Milnor fiber, 242
about mixed Hodge structure on

semi-smooth variety, 219
about monodromy for holomor-

phic function, 1
about normality of Picard–

Vessiot extension, 449
about primitive elementary ex-

tensions, 460
about regularity of Gauss–

Manin connection, 146
about semi-stable reduction, 108
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about solution in quadratures,
455

about subgroups of Galois
group, 450

about topological classification
of diffeomorphisms, 348

about variation monodromy
group and integrability, 437

Alexander duality, 47
analytic Hadamard–Perron, 367
Baum–Bott, 409
Bautin, 189
Bendixson–Seidenberg–Dumortier–

van den Essen, 342
Bolibruch, 307
Borel–Ritt, 154, 365
Briuno, 381, 382, 385, 386
Chevalley, 446
Chow, 415
Cohen, 431
Darboux, 395
de Rham, 50
Dekkers, 314
Deligne, 215
Deligne–Fulton–Zariski, 96
division, 20, 21, 23
Dolbeault, 198
Dulac–Kapteyn, 191
Ecalle–Voronin, 352
Elizarov, 376
factorization, 28
formal classification in nonreso-

nant case, 279
formal normalization, 280
Frobenius, 334
fundamental of differential Ga-

lois theory, 454
fundamental of Galois theory, 474
Gabrielov, 183, 186, 187
Gelfand–Karpanov–Zelevinsky, 530
Givental, 535
Givental–Schechtman, 535
Griffiths transversality, 258
Grobman–Hartman, 160

Grothendieck–Birkhoff, 299, 302
Hartogs, 135
Hilbert about zeroes, 24
Hilbert on basis, 190
Hironaka, 103
Hodge, 199
Hodge expansion, 201
Hudai-Verenov, 413
Hukuhara–Kimura–Matuda, see

theorem about sectorial nor-
malization for saddle–node

Il’yashenko, 416
invariant cycle, 238
Jouanolou, 398
Koebé, 386
Kolchin about algebraic struc-

ture of Galois group, 449
Kostov–Bolibruch, 314
Lappo–Danilevskij, 314
Lefschetz

about hyperplane section, 250
fixed point, 55
strong, 201

Leray–Schauder–Tikhonov, 377
Lins-Neto, 408
Liouville, 162

about elementary functions,
461, 468

Liouville–Arnold, 435
Malgrange–Miwa, 324
Malgrange–Sibuya, 287
Martinet–Ramis, 372
Milnor, 63
monodromy, 112, 235, 262
Newlander–Nirenberg, 337
normalization, 107
of finiteness of number of limit

cycles, 163
Perron–Frobenius, 439
Petrov, 170
Petrov–Khovanski, 177
Phragmén–Lindelöf, 433

for functional cochains, 433, 465
Picard, 507
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Picard–Deligne–Mostow, 523
Picard–Lefschetz, 71
Plemelj, 434
Plemelj–Röhrl, 297
Poincaré duality, 43
Poincaré–Dulac, 276

for diffeomorphisms, 347
Poincaré–Hopf, 9
Prelle–Singer about elementary

first integrals, 469
preparation

Thom–Martinet, 20
Weierstrass, 20, 21, 23

Puiseux, 28
Ramis

about differential Galois group,
464, 465

about rigidity of non-solvable
groups, 433

Remmert, 186
Riemann about multivalued func-

tions, 295
Schlesinger

about Galois group, 462, 475
about isomonodromic deforma-

tion, 316
Schwarz about holomorphic map-

ping, 262
Schwarz about spherical triangle,

497
Sebastiani–Thom, 140
sectorial normalization

for diffeomorphisms, 353
for differential system, 283
for saddle–node, 369

Shcherbakov–Nakai, 432
Siegel, 381
Singer about liouvilian first inte-

grals, 469
Steenbrink about quasi-homo-

geneous singularities, 247
Stokes, 53
Takens, 426

Torelli, 261
for curves, 255
for multidimensional hyperel-

liptic integrals, 528
infinitesimal, 261

Tougeron, 13, 15
Varchenko about basis, 527
Yoccoz, 381, 382, 389, 391
Zariski–van Kampen, 93, 94
Ziglin about Euler–Poisson sys-

tem, 436
theory

bifurcation, 160
catastrophe, 89
Galois, 441

algebraic, 473
differential, 441
topological, 471

homotopy, 55
Khovanski, 183
Morse, 7
quantum field, 324
Ziglin, 435, 512

Thom R., viii, 20, 90, 140, 411, 429,
554, 555

Tikhonov A. N., 377
Tikhonov topology, 480
Torelli R., 255, 261, 555
torsion, 36

of almost complex structure, see
tensor Nijenhuis

torsion element, 36
torus

algebraic, 452, 526
exponential, 463

Tougeron J.-C., viii, 13, 15, 360
Touzet F., 539
transform

Borel, 360, 363
Laplace, 360, 362

transformation
elliptic, 335
gauge, 145
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holonomy, see transformation
monodromy

hyperbolic, 335
monodromy, 28, 374
parabolic, 335
Picard–Lefschetz, 70, 110, 114,

233
thick monodromy, 112

trivialization, 132, 134, 144
basic, 132, 138

Turrittin H., vii, 280, 555

Ueno K., 323, 546

V-manifold, see orbifold
valuation, 293

Levelt, 304, 308
value

atypical, 126, 177
bifurcational, 160
critical, 3, 4, 58, 62, 68, 92

Varadarajan V. S., 291, 292, 538, 555
Varchenko A. N., viii–xi, 13, 15, 168,

177, 183, 195, 251, 252, 491,
531, 538, 555, 556

variation of cycle, 66
variety

abelian, 255
algebraic, 195

closed, 196
quotient, 107
reduced, 106
smooth, 196

Calabi–Yau, 260
center, 191
flag, 256
Grassmann, 256, 258
Hermitian, 198
normal, 106
normal at point, 106
quasi-projective, 196
semi-smooth, 215

Vassiliev V. A., 538, 556
vector

horizontal, 143
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[23] W. Sierpiński, Algèbre des ensembles, 1951
[24] S. Banach, Mechanics, 1951
[25] W. Nikl iborc, Równania różniczkowe, Cz. I, 1951
[26] M. Stark, Geometria analityczna, 1951
[27] K. Kuratowski, A. Mostowski, Teoria mnogości, 1952
[28] S. Saks, A. Zygmund, Analytic functions, 1952
[29] F. Leja, Funkcje analityczne i harmoniczne, Cz. I, 1952
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[38] W. Sierpiński, Teoria liczb II, 1959
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