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Preface

The origins of monodromy theory lie in the works of B. Riemann on functions
of complex variables and on complex linear differential equations. Riemann for-
mulated one of the fundamental problems in monodromy theory (now called the
Riemann-Hilbert problem): having given singularities and corresponding mon-
odromy transformations, find a differential equation which realizes these data.
The monodromy groups of linear differential equations and systems were inten-
sively studied in the nineteen century by F. Klein, G. G. Stokes, H. A. Schwarz, L.
Schlesinger, L. Pochhammer, E. Picard, R. Garnier, P. Painlevé, H. Poincaré, R.
Fuchs and others. Schwarz associated the monodromy group of the hypergeometric
equation with the spherical triangle groups, generated by inversions with respect
to the sides of a spherical triangle. Schlesinger investigated deformations of dif-
ferential systems with fixed monodromy. Fuchs associated the equation Painlevé
6 with the isomonodromic deformation equation. Stokes discovered a strange phe-
nomenon (the Stokes phenomenon) of non-uniqueness of constants in the asymp-
totic expansions of systems near irregular singularities.

In his talk at the 1900 International Congress of Mathematicians, D. Hilbert in-
cluded the Riemann problem mentioned above in his famous list of problems for
twentieth century mathematics (as the XXI-th). This problem was solved inde-
pendently by J. Plemelj and by H. Rohrl in the class of systems with regular
singularities. Only in the 1980s A. A. Bolibruch discovered that the Riemann—
Hilbert problem may have no solutions in the Fuchs class of systems with first
order poles. Recently some relations between linear differential systems and quan-
tum field theory was revealed (M. Sato, T. Miwa, M. Jimbo, B. A. Dubrovin).
Near the end of the 19th century, E. Picard and E. Vessiot created an analogue
of the algebraic Galois theory in the case of linear differential systems. The cor-
responding differential Galois group consists of symmetries of the system and is
identified with an algebraic subgroup of the linear group of automorphisms of a
complex vector space (E. Kolchin). In the regular case the differential Galois group
forms the Zariski closure of the monodromy group (Schlesinger). The fundamen-
tal result in this theory states that a differential system is solvable in quadratures
and algebraic functions iff the identity component of the differential Galois group
is solvable. An analogous result holds in the topological Galois theory which is
represented by the monodromy group of an algebraic function. A. G. Khovanski
generalized the latter result to a wider class of multivalued holomorphic functions.
The Stokes phenomenon which occurs in the case of irregular singularity found
complete explanation. Firstly, it was proved that there exists a formal normal
form which is diagonal and contains only a finite number of terms with rational
powers of the ‘time’ (M. Hukuhara, A. H. M. Levelt, H. Turrittin). Next the change
reducing the system to its formal normal form turns out to be analytic in sectors.
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This is done either by solving some integral equation (H. Poincaré, W. Wasow)
or by showing that the normalizing series belongs to some Gevrey class and is
summable in sectors. The moduli of analytic classification are cocycles in some
cohomology group with values in a certain Stokes sheaf and are represented by
‘differences’ between normalizing maps in adjacent sectors.

After publication of “Analysis situs” by H. Poincaré, investigation of the topology
of algebraic varieties began. At that time the first variant of the Picard—Lefschetz
formula, describing change of the topology of a family of algebraic varieties as the
parameter varies around a critical value, appeared. Further rapid progress in this
field occurred in the 1960s—70s. The research proceeded in two parallel streams.

J. Milnor proved that the local level of a holomorphic function near an isolated crit-
ical point has the homotopy type of a bucket of spheres. R. Thom, J.-C. Tougeron,
J. Martinet and V. I. Arnold developed a theory of normal forms of holomorphic
functions and began classification of singularities. The (topological) monodromy
groups of some singularities turned out to be isomorphic with certain Coxeter
groups generated by reflections. Relations with the classification of semi-simple
Lie algebras were revealed.

The other approach was more algebraic and based on the cohomology theory of
coherent sheaves developed by J. Leray, A. Grothendieck, P. Deligne and oth-
ers. Another tool was the theorem about resolution of singularities proved by H.
Hironaka. People studied families of algebraic varieties which degenerate as the
(complex) parameter approaches a critical value. Here the critical points can be
isolated and non-isolated as well. After resolution of the singularity, the singular
variety becomes a union of smooth divisors with normal crossings in the ambient
complex space. Information about multiplicities of these divisors allows us to de-
scribe the action of the (topological) monodromy (C. H. Clemens, N. A’Campo).
The fundamental result (the monodromy theorem) provides information about the
eigenvalues and the dimensions of Jordan cells of the monodromy operator.

The de Rham cohomologies of non-singular algebraic varieties, from a family, form
together a holomorphic vector bundle over the space of non-critical parameters.
A similar bundle, the cohomological Milnor bundle, is defined in the local case.
The cohomological bundle admits sections, defined by the integer cocycles. This
allows introduction of the famous Gauss—Manin connection, such that the integer
cocycles represent horizontal sections with respect to it. The holomorphic forms
on the ambient space form another class of sections of the cohomological bundle,
the geometrical sections. Their integrals along families of integer cycles are holo-
morphic functions which obey a system of linear differential equations called the
Picard-Fuchs equations. The Picard—Fuchs equations are related with the equa-
tions for horizontal sections with respect to the Gauss—Manin connection. They
have regular singularities (P. Griffiths, N. Katz). Together with the asymptotic
of integrals they constitute invariants of the degeneration (B. Malgrange, V. I.
Arnold, A. N. Varchenko, J. H. C. Steenbrink). The asymptotic of integrals is



Preface ix

closely related with the asymptotic and geometry of oscillating integrals appearing
in wave optics and quantum physics (V. I. Arnold, A. N. Varchenko).

The integrals of holomorphic forms along integer cycles found application in the
linearized version of the XVI-th Hilbert problem, about limit cycles of polynomial
planar vector fields. This problem leads to the problem of estimation of the number
of zeroes of certain Abelian integrals (Arnold). Existence of such estimates and
some concrete formulas were obtained by A. N. Varchenko, A. G. Khovanski and
G. S. Petrov.

Any compact non-singular projective variety admits a so-called Hodge structure,
which says that one can represent the cohomology classes as harmonic forms with
their division into the (p, ¢)-types. P. Deligne proved that the non-compact and/or
singular variety admits a so-called mixed Hodge structure. It means that there is
a weight filtration of the cohomology space by an increasing series of subspaces,
such that the quotient spaces are equipped with Hodge structures (arising from
some complete smooth variety obtained after resolution of singularities). J. H.
C. Steenbrink and W. Schmid proved existence of a mixed Hodge structure in
the case of degeneration of algebraic varieties, and Steenbrink constructed such a
structure in the fibers of the cohomological Milnor bundle. The latter structure is
determined by the Jordan cells structure of the monodromy operator and by the
asymptotic of geometrical sections (Varchenko).

In the case of degeneration of algebraic varieties the monodromy and the mixed
Hodge structure are related with singularities of the period mapping, from the
parameter space to the classifying space of Hodge structures (Griffiths). This leads
to the problems of moduli of algebraic varieties and to theorems of Torelli type
(about injectivity of the period map on the moduli space).

Besides the linear monodromy theory there is its nonlinear part. It is represented
by the holonomy groups of some distinguished leaves of holomorphic foliations.
This theory is well developed only in two dimensions, where the foliation is de-
fined as a phase portrait of an analytic vector field (with complex ‘time’). The
singularities were resolved by Seidenberg and after resolution there remain only
foci, nodes, saddles and saddle—nodes. The foci and the nodes were classified ana-
lytically by Poincaré. The classification of saddles leads to the classification of the
holonomy maps associated with loops in one of its separatrices. If the multiplica-
tor of a germ of a holomorphic one-dimensional diffeomorphism is resonant, then
the situation is like the case of Stokes’ phenomenon. The functional invariants of
the analytic classification were found by J. Ecalle and S. M. Voronin. If the mul-
tiplicator is non-resonant, then the analyticity of the formal normal form (which
is linear) depends on whether the multiplicator satisfies the so-called Briuno con-
dition (A. D. Briuno, J.-C. Yoccoz). In the case of a saddle-node the functional
moduli were described by J. Martinet and J.-P. Ramis. Here the main tool of the
proof is certain sectorial normalization which is proved either by means of some
functional analytic methods (M. Hukuhara, T. Kimura, T. Matuda) or by means
of the Gevrey expansions.
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The holomorphic foliations exist on algebraic surfaces; they are defined by means
of polynomial vector fields. J. P. Jouanolou constructed examples of foliations on
the projective plane without algebraic leaves, and A. Lins-Neto proved that such
foliations are typical. M. F. Singer proved that if a polynomial planar vector field
has a first integral expressed by quadratures, then it has a simple integrating factor
(exponent of integral of a rational 1-form). It turns out that, for a typical foliation
with the line at infinity invariant, a generic leaf is dense in the projective plane (M.
O. Hudai-Verenov) and there are infinitely many limit cycles (Yu. S. Il’yashenko).
The latter two results are proved using the monodromy group of the leaf at infinity.
This is a subgroup of the group of germs of one-dimensional diffeomorphisms. The
abelian and solvable groups of this type were classified (D. Cerveau, R. Moussu)
and the non-solvable groups are rigid, in the sense that their formal or topological
equivalence implies their analytical equivalence (J.-P. Ramis, A. A. Shcherbakov,
I. Nakai).

S. L. Ziglin used the monodromy to prove the non-integrability of certain Hamil-
tonian systems, e.g., the Poisson—Euler system.

Among modern developments of the classical monodromy theory we cite gener-
alizations of the Euler hypergeometric integrals to the case with more singulari-
ties (P. Deligne, G. D. Mostow) and to many dimensions (I. M. Gelfand, A. N.
Varchenko). Here the monodromy group realizes a representation of the funda-
mental group of the complement to the discriminant variety and some classical
results (like the theorem of Schwarz) were generalized.

The above outlines the history of the monodromy theory. These topics constitute
the rough contents of this book.

The monodromy theory can be called a clever bifurcation theory. In the usual
bifurcation theory one investigates some objects (functions, varieties, maps, vector
fields) depending on real parameter(s) and their changes as the parameter passes
through the critical values. For example, the Morse theory describes degeneration
of the hypersurface level of a function as the value tends to a critical value. Usually
the objects are defined analytically. In that case clever investigation relies on
observing the transformation of the object as the parameter varies along a loop
around the critical value (in the complex parameter space). Therefore the complex
analogue of the Morse theory is the Picard-Lefschetz theory. The monodromy
approach to the bifurcation problems turns out to be very effective. It allows us
to obtain results out of reach when using the real methods.

There is something mysterious and undefined in the monodromy theory, at least
for non-specialists. Often people use it rather loosely, without providing rigorous
definitions.

The aim of this monograph is to introduce the reader into the complex of notions
and methods used in the monodromy theory. Because these notions and methods
involve large parts of modern mathematics, the book contains a lot of auxiliary
mathematical material. It is written to be as self-contained as possible. We strived
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not to omit technical parts of the proofs. We have included such elements as a
proof of the analytic version of the Hadamard—Perron theorem or the proof of the
Thom—-Martinet preparation theorem. On the other hand, the results which are
not fundamental and constitute generalizations of simpler results are treated more
loosely. In these cases we present only ideas and general arguments.

The book touches practically all branches of monodromy theory. But it does not
contain all known results. Many theorems are not even mentioned. Also the liter-
ature reference list is not complete.

The idea of writing this book appeared in 1996, when the author began to deliver a
two-year course at Warsaw University. The subject was continued in seminars. The
lectures were written down and constitute essential parts of the book. Therefore
the book is addressed mainly to (graduate) students.

Another reason was the author’s self-education. It was a great enterprise which
consumed much of the author’s time and energy during its writing. There is hope
that this effort was not useless and will help others to learn relatively quickly
techniques of the monodromy theory.

In concluding this preface I would like to express my thanks to my students T.
Maszczyk, G. Swirszcz, E. Strozyna, A. Langer, M. Rams, P. Leszczynski, M.
Borodzik, ¥.. Wiechecki, P. Goldstein, M. Bobienski and M. Borodzik for their
patience during lectures and seminars and for detecting many mistakes. I thank
V. Gromak for sending me notes from the lectures of G. Mahoux. I thank A.
Maciejewski for drawing my attention to the works of S. L. Ziglin, J. J. Morales-
Ruiz and J.-P. Ramis. I thank P. Mormul for showing me some references. I thank
F. Loray for giving me preprints of some papers and lecture notes. I would like
also to thank A. Weber, S. Gal, P. Pragacz, Z. Marciniak, Yu. Il'yashenko, A.
Varchenko and J. Steenbrink for their interest in this book.

During the work on this monograph the author was supported by the Polish KBN
Grant No 2 PO3A 022 08, No 2 PO3A 041 15 and 2 PO3A 010 22.



Chapter 1

Analytic Functions and Morse Theory

This chapter is special. Its aim is quick introduction of the notion of monodromy
in applications to multivalued holomorphic functions and their Riemann surfaces.
The classical theorem about monodromy is a theorem about such functions.

The simplest example of a multivalued holomorphic function is the implicit func-
tion defined by means of a quadratic equation in two variables. This leads to the
Morse lemma in two (and more) dimensions.

We apply the Morse theory (in the real domain) to calculate the self-intersection
index of the cycle generating the homology of a noncritical complex level of a
quadratic homogeneous function.

§1 Theorem about Monodromy

1.1. Definition of the analytic element and of the Riemann surface. By an analytic
element we mean a pair (D, f), where D = D, C C is a disc with center at a
and f = f, is a holomorphic function on D, such that the Taylor series of f at a
is convergent in D,. We say that the analytic element (D, f,) has prolongation
to an element (Dy, f) along a path v C C if v can be covered by domains of
analytic elements such that the corresponding functions agree at the adjacent
intersections. The sum of analytic elements obtained from prolongations of (D, f)
forms the Riemann surface of the (generally multivalued) holomorphic function f.

Figure 1

1.2. Theorem about monodromy. If the paths v, v, joining the points a and b are
homotopically equivalent in a domain where the function f is (locally) analytic,
then the prolongations of (D, f) to (D, fi) along 7;’s are the same. It means
that f1 = fo at Dy 1N Dyo.
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Proof. Let v, be a l-parameter family of paths joining e with b and realizing
the homotopy between +v,. Their union spreads over some compact domain E.
We cover this domain by analytic elements, starting from (D,, f), which agree at
intersections. In this way we obtain the Riemann surface of f over E. It is clear
that this Riemann surface is diffeomorphic to F. Thus f is single-valued on £. [

1.3. Remark. The reader can see that the theorem about monodromy bears a
topological character; it informs us about coverings. One can formulate it in the
following way:

Let m:Y — X be a covering of topological spaces and let v;, ¢ = 1,2, be two paths
i X joining the points a and b. If the paths are homotopically equivalent, then
the two maps w~1(a) — w=1(b), defined by lifts of the paths v; to Y, coincide.

If f is a multivalued function on U C C and M is its Riemann surface, then one
has the single-valued function f on M,

SRR

C
Tl Tf
u = U

O
NS

N

Figure 2

Example. f(z) = /2, z # 0. The prolongation of this function around 0 does not
give the same value, but after two turns around 0 we get the same function. In
order to get the Riemann surface of 1/z, we take two copies of the complex plane
and cut them along the closed positive axis z > 0.

We put these sheets one above another, turn the upper one along the real axis and
glue the boundaries. The Riemann surface of 1/z is equal C \ 0 and we have the
diagram

c\o = C
Tl TVz
C\0 = C\0

We can prolong 7 to the map on C, () = 22. Then we say that 7 is a ramified
covering; with one ramification point x = 0.
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We can compactify the complex plane to the projective plane (or the Riemann
sphere)
CUco=CP'=Cx~§?

and we can also compactify the Riemann surface M — M U oo ~ CP'. The
point oo is also a ramification point, because after the change of variables we
have 1/z — 1/z = (1/z)?. In Figure 3 the pole o is sent to the pole co and the
indicated circles are mapped with degree 2.

We shall study the multivalued holomorphic functions and their algebraic and
topological invariants in Chapter 11.

§2 Morse Lemma

Let U C C be a domain containing 0 and let f : U — C be a holomorphic function.

1.4. Definition. We say that the point 0 is critical for f iff f/(0) = 0. The critical
point 0 is called non-degenerate iff f/(0) # 0. The value f(0) is called the critical
value of f.

The Morse Lemma in one dimension. Let 0 be a non-degenerate critical point of
f- Then there exists a local holomorphic change x = ¢(y), ©(0) = 0 such that

Fley)) = £0) + 4.
Proof. We can assume that f(0) = 0.

The Hadamard lemma. If f(0) =0, then f(x) = xg(x) with some analytic func-
tion g.

2:1

X— N——~

Figure 3

Proof. We have f(z) = f(z) — f(0) = fol[;tf(tx)}dt = xfol 1 (tx)dt. O
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We have g(0) = f/(0) = 0. We apply the Hadamard lemma again and we obtain
g(z) = zh(z) and f(z) = 2?h(z), where h(0) = J f”(0) # 0. We put y = z+/h(z),
where we can choose one of the two unique branches of the square root. O

Consider now the multidimensional case. Let f : U — C be a holomorphic function,
UcC*0eU.

1.5. Definition. The point 0 is critical iff D f(0) = 0. It is non-degenerate iff the

Hessian matrix D?f(0) is non-singular or (equivalently) iff det 83281;,» (0) # 0. The

value f(0) is called the critical value of f.

1.6. Morse Lemma. If 0 is not a degenerate critical point of the function f, then
there exists a holomorphic change of variables x = o(y), y = (Yy1,---,yn), ©(0) =
0, such that

fle) = fOO)+ 45+ ... +y5

1.7. Remark. In the real case the thesis of the Morse Lemma says that

fle) =fO)+yi+ ...+ U —Yigr — - — Y2

Using the Morse Lemma we shall investigate the level surfaces of a holomorphic
function in a neighborhood of the non-degenerate critical point. Any such level
surface forms an analytic subvariety in C" of complex codimension 1, or a codi-
mension 2 real subvariety in R?". Let

9W)=vi+... +va

The case n = 1. Here {g(y) = ¢} is either one point 0 for ¢ = 0 or two points ++/c
otherwise.

The case n = 2. We have ys = y/c — y2. The level surface {g = c} is the Riemann
surface of the function /c — y3.

Let ¢ = 0. Then y» = ++/—1y;. We get two complex lines joined at one point.
Topologically it is diffeomorphic to the cone as in Figure 4.

If ¢ # 0, then the function \/ ¢ — y? has two branching points y; = ++/c. When the
variable y; varies, turning once around one branching point, then we arrive at the
other sheet of the Riemann surface. When y; runs around both ramifications, then
we arrive at the same place. In order to get the Riemann surface of y2(y1) we take
two copies of the complex plane cut along the segment joining the ramification
points. We put one sheet above another, turn the upper sheet around the line
passing through the branching points and glue the two sheets along the cuts (see
Figure 5). We obtain a surface diffeomorphic to an infinite cylinder. The image of
the cut forms a closed curve A; it is a cycle generating the homology group of this
surface in dimension 1.
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Iyzl

N\

LD

Figure 4

i

1.8. Proposition (Topology of levels of a Morse function).

(a) If ¢ # 0 then the surface {g = c} is diffeomorphic to TS™~! (i.e. the tangent
bundle to the unit sphere in R™) and the zero section A of this bundle is a
cycle generating the reduced homology groups of this surface.

(b) Moreover, the space {z : 0 < g(x) < 1} is homotopically equivalent to the
space {g(x) = 1} U D™, where D™ is a ball glued to A C {g = 1} along the
boundary. The deformation retraction of {0 < g <1} to {g=1}UD" can be
realized in such way that the part of {0 < g <1} outside some neighborhood
of 0 is sent to the analogous part of {g=1}.

1.9. Remark. In Chapter 3 below we give definitions of the homology groups and
other notions from algebraic topology which will be used in monodromy theory.

Proof of Proposition 1.8. (a) For n = 1 this is obvious. For n = 2 this follows from
Figure 5. Below we present the formulas realizing this diffeomorphism.

Denote y1 = u1 +iv1, yo = ug +iva, u = (u1,us), v = (v1,v2). Assume that ¢ > 0.
The equation y? + y32 = ¢ means that

2 2 2 2
uy +uy =c+ vy + 03, u1v1 + ugvy = 0.

The latter equation means that the vectors w and v are orthogonal, (u,v) = 0.
The diffeomorphism is

(u,v) — (u/\/c—i— |v|2,v) .

(The first component lies in S!, the second component lies in the linear subspace
of R? orthogonal to the first component, i.e. tangent to S1).
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If ¢ = |c|e?® # 0 then we apply the transformation
(Y1, 92) — (eiG/th €i9/2y2)7
which is a diffeomorphism, and use the above arguments.

Let n > 2. It turns out that the formulas obtained in the previous case are in use
in the general situation. Let y; = u; +v/—1vj, u = (u1,...,up), v = (V1,...,0,).
If ¢ > 0 then the equation y? + ...+ 32 = ¢ means that

[ul* = ¢+ vl?, (u,v) = 0.

The map
(u,v) — (u/\/c—|— |v|2,v)

transforms the level surface {g = ¢} to TS"~!, the tangent space to the unit
(n — 1)-dimensional sphere in R™”. We treat the case argc # 0 in the same way as
before.

Here also we have the (n — 1)-dimensional cycle A, the preimage of the zero
section of this tangent bundle. It generates the reduced homology group of the
surface {g = ¢} in dimension n — 1. As ¢ — 0 the cycle A tends to the critical
point.

(b) We note that the space T'S™" ! is contractible, along fibers, to S"~!. Thus the
set {0 < g < 1} is contractible to a disc, the sum of spheres S"~! C {g = r?} with
radii r € [0, 1]. This is the ball D™ from Proposition 1.8(b). Also it is not difficult
to construct the deformation retraction as in the thesis of Proposition 1.8(b). O

(@) (b) (c)

N

Figure 5

1.10. Definition. The cycle A is called the vanishing cycle.

Proof of the Morse Lemma. Here 1 present the proof suggested to me by T.
Maszczyk. Firstly we need a multidimensional version of the Hadamard lemma.

The Hadamard lemma. If f(z), x € (C",0) is a germ of an analytic function such
that f(0) =0, then f(x) = > x;ig:(x) with analytic functions g;.

Let 0 be a non-degenerate critical point of the function f. We can assume that
f(0) = 0. We apply the Hadamard lemma two times, to f and to the g;’s, and
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obtain f(z) =3 h;j(x)x;x; where h;;j are analytic functions. Applying the change
(hij) — (5(hij + hji)) we can assume that the matrix [h;;()] is symmetric. It is
non-singular for small z (because 2[h;;(0)] = D?f(0)).

Consider the quadratic form

£— @) = Zhw(x)fyfj

It is diagonalizable, which means that there exists a linear transformation (£;) —
(n; = > cvij(x)€;) such that ®(£) = 3~ nF. Now it is enough to put y; = cvij(x)x;.
O

§3 The Morse Theory

Consider the tangent bundle to the sphere T'S™. Let A = {(z,v) : v = 0} be its
zero section representing a closed n-dimensional cycle. Is it possible to perturb
slightly the cycle A, to some cycle A in such a way that AN A; = (7
In order to study this problem we reformulate it. We can consider the cycle A as
a map S™ — TS™,

Az — (z,0).

Its perturbation also will be a map from S™ to its tangent bundle of the form
A1 = (y(m),v(x)),

where sup, {|y(z) — x| + |[v(2)|} < e. It is clear that we can assume that y(z) = .
In such case we have a vector field {v(z)} on the sphere and the previous problem
follows: can we comb the sphere? (Is there a vector field on S™ non-vanishing at
any point?)

If n = 1, then the vector field (x1,x2) — (x2, —x1)provides an example. Gen-
erally, if n is odd, then the answer is positive: v(z1,x2, T3, T4, ..., Tak—1,Tok) =
(w2, =1, T4, —23,. .., ok, —Top_1).

If n is even, then the answer is negative.

To show this we need some new notions. Let M be a real n—dimensional manifold
and let {v(z),z € M} be a vector field on it, v(z) € T, M.

1.11. Definition. A point xo € M is called a singular (or critical or equilibrium)
point iff v(zo) = 0. Assume that z( is an isolated singular point.
Take a small sphere S(xg,€) around x of radius € and consider the map

S(ao,6) 30 V) gn-1,

[v()]

The degree of the map ¢ is called the index of the singular point zy and is denoted
by iz,v.



8 Chapter 1. Analytic Functions and Morse Theory

Figure 6

1.12. Remark. If a vector field has non-isolated critical points, then it can be
perturbed, in the class of differentiable vector fields, to such with only isolated
critical points. It is done using the Sard theorem as follows.

The singular point z is called degenerate iff det Dv(xzy) = 0. The non-isolated
singular points are degenerate. The degenerate singular points for v(z) are the
critical points for the maps x — wv(z). Because the critical values form a set of
Lebesque measure zero (the Sard theorem), the vector field v(x) — w for suit-
ably small w € R™ does not have degenerate singular points (in a chart of M
diffeomorphic to a subset of R™).

1.13. Remark. The degree of a map f between differentiable oriented manifolds
M and N of the same dimensions is defined in Chapter 3 below in homological
terms. Here we give the analytic definition.

If the map is sufficiently regular then the degree is calculated as follows. Let y € N
and f~(y) = {z1,...,71}. Then we have

k
deg f = Zil,

i=1

where the sign is +, when D f(x;) preserves the orientation and is —, if it reverses
the orientation.
If the map f is not regular, then we approximate it by a regular map f. and put

deg f = deg fe.

Examples. For the vector field # = z,y = —y (or x 8‘1 -y é?y) the index at 0 is
—1. For the vector field & = x + vy, y = —x + y the index is 1. The examples of
vector fields with index 2 and —2 provide the fields 2 = 22 and 2 = 22 respectively
(written using the complex variable z = = + iy).

Generally, for a linear vector field, given by the non-singular matrix A, the index
at 0 is signdet A.

Consider the vector field 2 = 1 in C ~ R2. It prolongs itself to a vector field in
the Riemann sphere with index at co equal to 2. Indeed, in the variable £ = 1/z
we get &€ = —¢2, which is (up to sign) the same as the vector field from one of the
previous examples.
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For the vector field 2 = z the index at z = 0 is 1 and the index at 2z = oo is also
1. Thus the sum of indices is the same for both vector fields and is equal to 2.

(@) (b) (€)

x(SH) =2
Figure 7

1.14. The Poincaré—Hopf theorem. If the vector field v(x) has only isolated singular
points x1,...,x,, then

Z i(Ej,U = X(M)v
where x(M) is the Euler characteristic of the manifold M.

1.15. Remark. The Euler characteristic is calculated as follows. We take a partition
of the manifold M into cells (or simplices) and we obtain a complex which consists
of mg 0-dimensional cells, m; 1-dimensional cells etc. Then we define

X(M)=mg—mi+mg —mzg+...£m,.

Proof of Theorem 1.14. We sketch the proof of the Poincaré—Hopf theorem based
on Morse’s Lemma. Let X’ be the space of all differentiable vector fields (equipped
with some natural topology). Let Xy C X consist of vector fields with only
non-degenerate singular points, i.e. such that det Dv(z;) # 0. Note that then
iz, v =signdet Dv(x;).

The set Xp is open and dense in X (see Remark 1.12 above). The function v —
> (indices) is locally constant at Xp. It is enough to show that it is the same at
the boundary of Xj.

Let v € X \ X be a vector field with degenerate critical points but isolated and
with finite indices. We take some small perturbation v. € Xy of v. The field v, has
only non-degenerate critical points, where some of them may coalesce as v, — v.
From Figure 8(b) it is seen that the sums of indices of v and of its perturbation
are the same; (the index calculated along the outer cycle is equal to the sum of
indices calculated along the inner circles).

Therefore it remains to calculate the sum of indices of some particular vector field
from Xj.
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1.16. Definition. A twice differentiable function f : M — R which has only non-
degenerate critical points and different critical values is called the Morse function.

Assume that M is a Riemannian manifold, i.e. it is equipped with a Riemannian
metric (-, ). (If M is compact and smooth, then using the partition of unity 1
can always construct such a metric.) This metric tensor defines the isomorphism
T.M 3w — (-,w) € TyM.If fisafunction on M, then applying the inverse of this
isomorphism to df (z) € T, M we obtain the gradient vector field v(x) =gradf(z) =
Vf(z). In local coordinates with the euclidean metric, we have &; = df/0x; and
Dv = (02f/0z;0x;). In particular, the index of the gradient vector field at a
critical point zg is signdet(9?f/0z;0z;). In the case of general metric (-, ), =
(A(x)-,-) we have Vf = A719f/0x, and the same formula for index holds.

Figure 8

Let f: M — R be a Morse function. As the model vector field, for calculating the
sum of indices, we take V f(x).

Now we present the Morse theory about determination of the topology of a man-
ifold using its Morse function (see [Mill]). Its main ingredient is the behavior of
the level surfaces of the function f in neighborhoods of its critical points.

By the real Morse Lemma it is enough to study bifurcations of the level surfaces
for the function

fl@)=fO0)+ai+.. . +a)—aj, —...— 22,
a constant plus a quadratic form. The Morse index of quadratic form is equal to
the number of its minuses; we call it the Morse index of the critical point of the
function f.
We investigate the sets {f = ¢} and {f < ¢} as ¢ varies from its minimal value to
its maximal value. Altogether we construct some partition of M into cells.
If £ = n, then the Morse index of the critical point is 0 and we have a local
minimum. The sets {f < ¢} are discs. We associate with each critical point z; of
index 0 a 0-dimensional cell O’? = {z,} of the promised cell complex.
If Kk =n — 1, then we observe the following bifurcation. Locally the sets {f < ¢},
¢ < f(0) consist of two pieces; they are diffeomorphic to D" x.S°, where D denotes
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the k-dimensional ball with the boundary D* = S*~1. (It is homotopically equiv-
alent to S°.) After bifurcation, ¢ > f(0), the two components became connected
which (up to homotopy) means adding a segment joining the components. With
each critical point of Morse index 1 we associate a 1-dimensional cell (a closed con-
nected curve) a;, which is adjoined to the 0-dimensional skeleton in the way the
bifurcation of passing through this critical value says: do; = S C {f < f(0) —€}.
Generally, near any critical point of Morse index ¢ = n — k the sets {f < ¢},
¢ < f(0) are diffeomorphic to D"~#*1 x §i=1 ~ §i=1 The bifurcation is equivalent
to adjoining to this set the handle D" ~% x D* ~ D?. So we add to our complex an
i-dimensional cell o} glued along the boundary to the (i — 1)-dimensional skeleton
(see Figure 9).

Of course, the FEuler characteristic of M is equal to the number of cells associated
with critical points of index 0 minus the number of cells associated with points of
index 1 plus, etc. This completes the proof of the Poincaré—Hopf theorem. O

1.17. The self-intersection of the cycle A. We have x(S™) = 0 if n is odd, and = 2
if n is even. By the Poincaré-Hopf theorem this means that the odd-dimensional
spheres can have empty intersections with their deformations in their tangent
spaces and the even-dimensional spheres do not have this property.

The sum of indices of a vector field on S™ can be treated as the index of self-
intersection of this sphere in its tangent bundle. We proved that this number is

equal to
(AA) =1+ (—1)".

We shall use these facts in the sequel.

Figure 9



Chapter 2

Normal Forms of Functions

In this chapter we present elements of the theory of singularities of holomorphic
functions. We introduce notions of multiplicity, stability, versal deformation, and
normal form, and we describe their main properties. We present also the beginning
of the list of normal forms for singularities.

This subject is rather standard and well elaborated in many sources. We follow
mainly the first volume of the book of V. I. Arnold, A. N. Varchenko and S. M.
Gusein-Zade [AVG].

§1 Tougeron Theorem

2.1. Notations and definitions. By O,, = O,,(C") we denote the local ring of
germs at zo of holomorphic functions, i.e. functions holomorphic in some neigh-
borhood of xg. Two functions, f at U and g at V, are equivalent iff f = gat UNV.
Usually we put £ = 0 and write O or C{z} = C{z1,...,2,}, instead of Op. It is
usual to write f : (C",0) — C.

By m we denote the maximal ideal of the ring O, m = {f : f(0) = 0}. The ideal
m is generated by z1,...,z, (Hadamard’s lemma).

By j*f = j¥£(0), i.e. the k-th jet of f, we denote the Taylor series of f up to
order k. By J* we denote the space of k-jets.

The gradient ideal of the germ f is generated by df/0x; and is denoted by

Iy =(0f/0x1,...,0f/0xy).
The local algebra of the germ f is
A =0/I;.
The Milnor number, or the multiplicity, of the germ f is
pw=dimAy.

Examples. 1. Let f(z) = 2"™!. Then Iy = (2™), the set of polynomials with zero
first n — 1 derivatives at = 0. The local algebra is generated by the monomials
1,z,22,...,2" 1 and u(f) = n. The functions 2" *! form the series A,, of simple
singularities (see below).

2. Let f(z,y) = 2® + y*, i.e. the simple singularity E¢ (see Theorem 2.38 below).
Its gradient ideal is generated by 22 and y3. In order to calculate the local algebra
of this function we present the situation graphically.
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At Figure 1(a) we have the lattice Zi consisting of points of the plane with
non-negative integer coordinates (7, j). Each such point represents the monomial
z'y? € O. The ideal I contains all monomials from the set represented by

((2,0)+23) U ((0,3)+2%),

i.e. we add to the basic points all the uppe-right quarters of Zi. The remaining
points from the lattice represent the basis of the local algebra. Its dimension is 6.

3. Let f(z,y) = 2%y +y3, i.e. the simple singularity D4 (see Theorem 2.38 below).
Then the generators of the gradient ideal (2zy, 2% + 3y?) are represented by: the
point (1,1) and by two points (2,0), (0,2) which are associated one with another
(see Figure 1(b)).

Of course, Iy contains (1,1) + Z2%. It is also clear that the monomials represented
by (0,0),(1,0),(0,1) are outside Iy and form a part of the basis of the local ring
Ay

The two points (2, 0), (0, 2) cannot lie simultaneously in the ideal as well as cannot
be simultaneously outside of it, (they are dependent in Ayf). So we add one of
them, e.g. (0,2), to the basis of A¢. Considering the quadratic parts of the Taylor
expansions of the functions from our (preliminary) basis and from the ideal Iy, we
see that the monomials (0,0), (1,0), (0,1), (0,2) are independent in Ay. The rest
is in the gradient ideal, which means that J = C + 2C + yC + y*C + Iy = O.

To prove this it is enough to show that the monomials z¢,%’ are in .J. But 22 =
(22 +3y?) —3(y?) € Iy +y*C and 2* = 2" 72(2% +3y?) + 32" 3y(zy) € Is. Similarly
we treat the monomials 37.

Therefore u(f) = 4.

Figure 1

4. Problem: show that u(x?y + 2*~1) = k.
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2.2. Theorem (Isolated critical points). The Milnor number p < oo iff © =0 is
an isolated critical point of the function f.

Parallel with the multiplicity of a function one can define the multiplicity of germs
of vector fields.

Let F': (C™,0) — (C",0), F = (f1,..., fn) be a germ of a holomorphic map. Let
Ar = O/(f1,-.., fn) be the local algebra of the germ F. Then pu(F) = dim A is
the multiplicity of the germ F.

2.3. Theorem. The multiplicity p = dim Ap < oo iff x =0 is an isolated solution
of the equation F' = 0.

2.4. Theorem (Index and multiplicity). When we treat F as a vector field, then
w(EF) =igF where igF is the index of the singular point © =0 of F.

The above two theorems are proved in the next section.

2.5. Theorem of Tougeron. Let f be a germ of a holomorphic function such that
= u(f) < oco. Then there exists an analytic change of variables y = h(x) such
that foh = j*tL1f(0).

2.6. Remark. A jet j* f is called sufficient iff any two germs with this k-th jet are
analytically equivalent. It means stability with respect to high order perturbations.
The theorem of Tougeron says that the jet j#T!f is sufficient.

Proof of Theorem 2.5. Unfortunately here we cannot repeat the proof of the Morse
lemma. We follow the book of Arnold, Varchenko and Gusein-Zade [AVG].
Assume that f has a critical point at 0 of multiplicity x and let ¢ € m**t2. We
shall show that f+ ¢ ~ f.

We use the homotopy method. Namely we join the functions f and f + ¢ by
an arc in a functional space of functions and we seek a one-parameter family of
diffeomorphisms realizing equivalences with f. In other words, we try to solve the
equation

(f +t¢) o hu(z) = f(z), t € [0,1], (1.1)

where h; is unknown.
Introduce the non-autonomous vector field v¢(x) by the formula

dht/dt = ’Ut(ht(l')).

We shall find the vector field v; first and then, integrating the latter equation, we
shall find the diffeomorphisms h;.

Differentiating (1.1) with respect to t we get the equation ¢pohi+ (f+td).-viohs =
0. Thus we have to solve the equation

(f+1td)s- vy =—¢ (1.2)

with respect to v;.
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2.7. Lemma. We have m* € (O(f +1t¢)/0x1,...,0(f +tp)/0xy), which means that
any monomaal of sufficiently high degree lies in the gradient ideal of the function

f+to.

Example. For non-degenerate critical point the gradient ideal coincides with the
maximal ideal and p = 1.

From Lemma, 2.7 the theorem of Tougeron follows. Indeed, because ¢ € m**2, the
equation (1.2) has solution v, = th,iazi. Its components v;; € m? and hence
v¢(0) = 0, Dv(0) = 0. Moreover v; depends smoothly on ¢.

So, in order to find the family of diffeomorphisms hy, it is sufficient to solve the
initial value problem

d
dtht = ’Ut(ht($)), ho = Id.

The assumption ¢ € m**? is needed to ensure the existence and uniqueness of

solutions to the latter problem. Because v(0) = 0, we get h:(0) = 0. O
Proof of Lemma 2.7. Consider firstly the case ¢ = 0. Let ¢q,...,¢, € m. It is
enough to show that ¢, -...- ¢, € Iy where I is the gradient ideal.

Consider the series of functions: ¢y =1, ¢y, ¢109,..., ¢1...¢,. They are linearly
dependent in the local algebra Ay. So, we have

Co+C1¢1+CQ¢1¢2+...+CH¢1...¢HGIf

for some constants c;. If ¢, is the first nonzero coefficient, then ¢, ... ¢,.(c,+...) €
If,or ¢;...¢, € I;. Of course, in this case the product of all ¢;’s also lies in the
gradient ideal.

Consider now the general case ¢ Z 0. Let My, ..., M, be all the homogeneous
monomials of degree u; they form a basis in the space of homogeneous polynomials
of degree ;1. We know already that M; € Iy. This means that

o o o
M; =% M hiy =3 Gy — 50 5 hy.

The last sum in the above formulas belongs to m**! and can be expressed by
means of the monomials M; (Hadamard’s lemma). We get

0

where ag; € m (by the assumption about ¢). We can rewrite this system of equa-
tions in the matrix form

(I-tA)M =B
where tA is a small matrix and the components of the vector B belong to the
gradient ideal. Because the matrix I —tA is invertible, also the components M; of
the vector M are in this ideal. |

2.8. Corollary Any germ of a function of finite multiplicity can be replaced by an
equivalent polynomial.



§2. Deformations 17

§2 Deformations

We have to introduce some notions concerning actions of infinite-dimensional
groups on infinite-dimensional functional spaces. So, firstly we demonstrate them
in the finite-dimensional case.

Let M be a manifold (of finite dimension for a while) and let a group G act on it:
(f,9) — gf, f € M, g € G.Let f € M. We denote its orbit by Gf = {gf : g € G}.

2.9. Definition ([Arn2]). A deformation of f is a map F': A — M, where A is the
base of the deformation with a distinguished point 0 and F'(0) = f.
Two deformations F, F’ are equivalent iff there is a family g(\) € G, A € A, such
that

F'(A) = gWF(N),

i.e. the equivalence along the orbits.
If ¢ : (A',0) — (A,0) is a map between the base spaces, then the induced defor-
mation (from F' by means of ¢) is

i.e. a change of parameters.

A deformation F' (of f) is called versal iff any other deformation of f is equivalent
to a deformation induced from the deformation F'.

A deformation is called mini-versal iff it is versal and the dimension of its base is
minimal.

We can say that a deformation is versal iff it intersects all orbits near f (see Figure
2). In particular, the deformation with the base M and identity map is versal; but
usually is not mini-versal.

F:

Figure 2

In the singularity theory we deal with the infinite-dimensional situation. The role of
the manifold M is played by the space of germs f = f(z) of holomorphic functions
and the role of G is played by the group of local analytic diffeomorphisms h = h(x)
acting on functions by compositions on the right; it is called the right equivalence.
However the definitions from 2.9 pass to the infinite-dimensional case unchanged.
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A deformation of a germ f : (C",0) — Cisagerm F : (C" xC*,0) — C, F(z,0) =
f(x). The equivalence of two deformations is written as F'(x,\) = F(h(x, \),A)
(where h(-,A) = hy is a family from G) and the induced deformation is given by
F'(z,\) = F(z,6(\)).

2.10. Definition. We say that a germ f is stable iff the orbit of f contains a
whole neighborhood of f. We say that a germ f is simple iff a neighborhood of
f is covered by a finite number of orbits. If a neighborhood of f is covered by
[-parameter families of orbits such that max! = m, then we say that the germ f
is m-modal.

By a normal form we mean some (simultaneous) choice of a member from each
orbit. This choice is not unique, so one should do it in a way as natural as possible.

2.11. Remarks. (a) In [AVG| singularities of other objects are considered: of maps
from C™ to C™ with the so-called left-right equivalence (when we can make in-
dependent changes in the source space and in the target space) and with respect
to the so-called V-equivalence (when the change in the target space is linear and
depends on ). There analogous definitions (as in the case of functions) are intro-
duced and analogous results are obtained.

(b) The singularity theory is used not only in local analysis. Usually one has a
function on a manifold, where it has a finite number of critical points. During
deformation of a function the critical points also can move with the parameter.
For example f.(x) = 22 — ex has a critical point at /2. Therefore it is reasonable
to keep some neighborhood of a critical point fixed during the deformation.

The notions of stability and versality have their infinitesimal versions. The in-
finitesimal stability is obtained from differentiation of the equality (f + t¢)(x) =
f o hy(x) with respect tot at t =0

Plx) = gi v (). (2.1)

2.12. Definition of infinitesimal stability. The germ f is infinitesimally stable iff
the equation (2.1) has solution (v;) for every ¢.

In particular, the proof of the theorem of Tougeron is a proof of the implication:
infinitesimal stability = stability (i.e. stability with respect to perturbations of
high order).

In fact, the notion of stability and of its infinitesimal version has greater application
in the theory of maps, e.g. the Whitney singularities of planar maps (see [AVG]):
(2,y) — (22,y) (the fold),

(2.) — (+° + 2,y) (the cusp).

Let us differentiate the equation

F/(%)‘/) = F(g(x,)\/),qﬁ()\/)),
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F' = f(z) + Na(z), g(z,0) = x with respect to A" € C. We get

OF
Ejéha ’ laAj%“ (22)

2.13. Definition of infinitesimal versality. We say that a deformation F'(x,\) is
infinitesimally versal iff the equation (2.2) has solution v;(x) € O, ¢; € C for any
function a(x) € O.

2.14. Theorem (Versal deformations). Any deformation infinitesimally versal is
versal.

Examples. 1. The deformation F(z,\) = 22 + X is versal because the equation
a(z) = 2zv(x) + ¢ has the solution v(x) = (a(x) — «(0))/2z, ¢ = a(0).

2. Similarly the deformation F' = 2% 4+ A1x + \o is versal.

3. Generally, if e;(z),...,e,(z) define a basis of the local algebra Ay of the germ
f, then the deformation

F(z,A\) = f(z) + Mei(z) + ... + dpeu(x)
is versal. It is also mini-versal deformation.

2.15. Corollary. For any germ of finite multiplicity we can choose the function as
well as the mini-versal deformation in polynomial forms.

Remark. In the theory of singularities of functions and maps, theorems about
reductions (to a sufficient jet or to a normal form) are formulated in the analytic
versions. The corresponding changes of variables are analytic. In particular, the
formal classification (reduction by means of formal power series) coincides with
the analytic classification of singularities.

As the reader will see this is not the case in differential equations theory and in
dynamical systems theory. Very often power series, which reduce some singularity
of a vector field or of a diffeomorphism, diverge.

Proof of Theorem 2.14. This proof relies mostly on local algebra.

Let F(x,)\) be an infinitesimal deformation of a germ f and let F'(z,\), X" €
(C*',0) be another deformation of f.

We apply a certain trick which allows us to reduce the problem to the case, when
F’ is a deformation of F' with one parameter. Take the function

Fz, A N) = F(z,\) + F'(z,\) — f(z).

It is a deformation of f with parameters (A, \") as well as a deformation of F with
the parameter ).

Any extension of an infinitesimally versal deformation is an infinitesimally versal
deformation. Consider the chain

Ck c CFl ... c CHH
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of spaces, which define a chain of deformations with one parameter. Now step-by-
step we show equivalence of each of these deformations with some deformations
induced from the previous one.

Consider therefore the following special case
d(x,\, 1), Ne€Cl peC; d(x,\0)=F(z,\).

2.16. Proposition. The deformation ® is equivalent to a deformation induced from
F.

Proof. The property that ® is equivalent to a deformation induced from F' can be
formulated as follows:

(gu(@,A); 0, (N), 1) = F(x, M), (2.3)
where h,,(z,\) = (g.(x, A), ¢, ()) is a I-parameter family of local diffeomorphisms.

(Apply h;l to (2.3) and you obtain the definition from Definition 2.9). The family
h,, defines the non-autonomous vector field dh,/du =V, o hy,

0 0
V= ZHj(vaﬂﬂ)axj + Z&y()‘vﬂ)a)\l

in C" x C!, analogously as in the proof of the Tougeron theorem.
Differentiating the identity (2.3) with respect to u, we get the equation

0d 0® 0d

As in the proof of the Tougeron theorem the problem reduces to that of solving
the equation

0d 0

alz, Ap) = H(z, Ap) - o +EQXH) - 5 (2.4)

for any a.

The assumption of Theorem 2.14, i.e. the infinitesimal versality, ensures existence
of a solution to the equation (2.4) for A = 0, u = 0. We need to extend this solution
to a solution of the equation (2.4) in the general case.

In order to pass from a particular solution to a general solution we need some
preparation theorems. There are three such theorems: the Weierstrass Preparation
Theorem, the Division Theorem and the Thom—Martinet Preparation Theorem.
What we need is the Thom—Martinet Preparation Theorem for modules over local
rings of holomorphic functions.

2.17. Thom-Martinet Preparation Theorem. Let (z,y) € C" x CF, O, =

Op(C™ x CF), O, = Op(CF), O, = Oy(C"). Let I C Oniy be an ideal and
denote I, o = {f(z,0): f€I}.
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If some elements e1,...,e, € Opir are such that the functions e;(x,0) generate
the module O, /1,0 (over C), then the functions e; generate the module Opiy /I
over Oy.

In other words, for any o € O,y there exist germs g;(y) such that

a(z,y) =Y _gi(y)ei(z,y) (mod I).

Finishing the proof of Theorem 2.14. We put y = (\;pu), I = (gi,...,gi,),
e = g/‘\i in Theorem 2.17. Tts thesis says that the equation (2.4) has a solution
in the class of germs of analytic functions. This gives Proposition 2.16 and then

Theorem 2.14. O

Now we make some moves in the direction of the proof of Theorem 2.17. For this
we need two other preparation theorems.

2.18. Weierstrass Preparation Theorem. Let f(z1,...,zm;w) = f(z,w), w € C
be a germ of a holomorphic function such that f(0,w) = w™ + .... Then there
exist a holomorphic function h(z,w), h # 0 and holomorphic functions a1(z),...,
an(2) such that

f=gh, glz,w)=w"+a(2)w" ' +... +a.(2).
The function g is called the Weierstrass polynomial.

Proof. If we denote by b;(z) the zeroes of the function f, then we have the rep-
resentation f = h[[(w — b;(2)), h # 0. The coefficients a4(z) of the Weierstrass
polynomial are symmetric polynomials of the zeroes b;. Moreover the ring of sym-
metric polynomials is generated by the sums of powers of b;. The latter are given

by the formulas
1 af /ow
bl +.. .+ = a. d
! - - " 2mi j{w—constw f .

where the subintegral function is holomorphic in (z,w), if |w| is sufficiently small.
Therefore a, and g are holomorphic functions.
The analyticity of the function h follows from the formula

b 1 % h(z,u)du 1 % (f/g9)du
B 2mi |u|=const u—w B 27 |u|=const u—w ’

where the subintegral function is holomorphic for small |w| and |z]. O

2.19. Division Theorem. Let f(z,w) be as in Theorem 2.18. Then for any germ
o(z,w) of a holomorphic function there exist holomorphic germs h(z,w) and h;(z),
i=0,...,n—1 such that

n—1

¢=hf+> hi(z)w'.
0



22 Chapter 2. Normal Forms of Functions

Proof. Using the Weierstrass theorem we can assume that f is a Weierstrass poly-
nomial. Define the function

h(z,w) 17{ P(z,u)  du 7

- 2m |u|=const f(Z,u) u—w

which is analytic for small |z|, |w|. Now the function

¢_fh: 1% ¢(27u)f(zau)_f(zaw)du
2mi |u|=const f(Z, U) u—w
is a polynomial in w. O
Proof of Theorem 2.17. We follow S. Lojasiewicz’s book [Loj2|. Let I be an ideal
in Op1k and let eq, ..., e, € Opip be such that

(i) for any a € Oy 1y, we have a(z,0) = 3" a;e;(z,0) (mod I,0), a; € C.
We have to show that

(i) for anky a € Opyr we have a(z,y) = > gi(y)ei(z,y) (mod I), z € C™,
y € C"~.

The condition (i) means that

acl+ Zgi(y)ei + m;Ontk,

where my, denotes the maximal ideal in Of. Let M = O,,4/I. It is a module over
O+ (finitely generated) as well as a module over Oy; it is not yet proven that
the latter is finite.

Let N C M be the Og-submodule generated by e;’s. We have

M=N+mM

in the class of Op-moduli. We have to show that M = N.

2.20. Nakayama Lemma. If M is a finitely generated module over Oy such that
M =mM, then M = 0.

Proof. Let aq,...,as be generators of M. By assumption we have a; = ) b;jqa;,
bij €m, or

(I-B)A=0, A=(ai,...,a5)", B=(b;),
and Cramer’s formula gives det(I — B) - a; = 0. But det(/ — B) =1 (mod m)

which means that the matrix I — B is invertible. Therefore a; = 0. O

Finishing of the proof of Theorem 2.17. If we knew that M is finitely generated
over Oy, then we would apply the Nakayama Lemma to the module M/N and
obtain the desired equality M = N.
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So we strive to prove that M is finitely generated. We use induction with respect
to n.

Let n = 1, z € C, y € CF. By the assumption (i) M is finite over the ring
S = O + mp 014 with the generators eq, ..., e,.

Consider the operator of multiplication by z in the module M over S. If a; are
the generators of M (over §) then

ra; = Z’yijaj, vi; €S.

It means that det(z —I') - a; = 0 for I' = (v,;). Therefore there is an element
n=2a" +v,2" " +...+7,, v; €S, annihilating M.

We have n(z,0) # 0, n(z,0) = cpzP + ..., which means that 1 satisfies the as-
sumption of the Division Theorem.

We construct now the generators of M over Oy. They are of the form x/m;, where
my, ..., ms are generators of M over O .

Let u € M. We have u = >, fym;, fi € O14k. From the Division Theorem, applied
to fi’s, we get

fi=gm+>_ aia’, ai; € Ok, gi € Orpx.
0

Because nm; = 0, we obtain
- I
U= E oz my,
]

which ends the first induction step.

The general induction step: Let n > 1 and M = N+myM. Then M = O,,_14 . N+
mp_1+xM. We apply the first induction step (with & replaced by n — k + 1) to
show that the module M is finite over O,,_14 . The induction assumption gives
that M is finite over O. O

Remark. There is one more preparation theorem (not used here).

Note that if an ideal I is generated by components f1(z),..., fn(z) of a holomor-
phic map F': (C",0) — (C™,0) and Ap = O/I has basis e1(z), ..., e,(z), then any
germ « has the representation a(z) =Y ciei(x) + > a;(z) f; (m), ¢; € C. Repeat-
ing the same for a;(x), we get o) = >_(ci+ 20 cijfi)ei(w) + 52 aij () fi(w) f(x),

etc. Finally, one gets the representation

a(@) =Pi(flei(@) + ..+ P (feu(x).
It is also called the Weierstrass preparation theorem (see [AVG] and [Mall]).

§3 Proofs of Theorems 2.3 and 2.4

Here we prove Theorems 2.3 and 2.4 and we give another definition of the index
of a vector field.
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Recall that we consider a germ F' = (fy,..., fn) : (C™,0) — (C™,0) of a holomor-
phic map (or of a holomorphic vector field). By Ap = O/Ir = O/(f1,..., fn) We
denote its local algebra and by multiplicity u(F) we denote the dimension of Ap.
By i = ioF we denote the index of the vector field F on R?"(~ C"), which is
defined as the topological degree of the map  — F(x)/|F(z)| € S?"~1, restricted
to a small (2n — 1)-dimensional sphere around z = 0.

Theorem 2.3 says that u < oo iff F~1(0) = {0}, i.e. iff z = 0 is an isolated solution
of the equation F' = 0. Theorem 2.4 says that in this case u(F) = ioF.

Of course, from Theorem 2.3, Theorem 2.2 (about finite multiplicity of critical
point of a function) follows.

2.21. Proof of the implication: u < oo = 0 is an isolated point in F~1(0).
We have shown that m#* C I (see Lemma 2.7, where the role of f; is played by
0f/0x;). Thus we have

/L_E ;=
T, = hijfj, Z—].,...,n.

We see that the zeroes of F' are contained in the set of common zeroes of the
functions z/, ..., zk. O

2.22. Proof of the implication: F~*(0) = {0} = pu < cc.

We use one classical result, the Hilbert theorem about zeroes (see Theorem 2.23
below).

From it follows that there exists a positive integer N such that z¥ € Ip, i =
1,...,n. This means that any monomial of degree > N lies in the ideal Ir and
the algebra O/Ip is finite dimensional. O

2.23. Hilbert Theorem about Zeroes. Let V = {f1 = ... = f = 0} C (C™,0) be
a germ of an analytic set, i.e. f; € Og(C™) are analytic functions. Consider the
ideal I(V) ={h : hly =0} C Og(C™) of functions vanishing on V.

Then I(V) is equal to the radical of the ideal Ip = (f1,..., fx), defined as

r(Ip) ={h:3r K" €lp}.

(The same theorem holds when we replace the local ring Oyg(C™) by the ring
Clx1, ..., Tm] of polynomials and V by an algebraic set.)

We do not give the proof of this theorem. In fact one can prove it using induction
with respect to the dimensions m — k (of V) and m and applying the Weierstrass
Preparation Theorem (see [Loj2]).

2.24. Proof of Theorem 2.4. We begin with the presentation of some properties.

(a) Properties of the index:

(i) If p=1, theni=1.
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Indeed, if 4 = 1, then Ir = m, which implies that detc DF(0) # 0. The
index of F is the same as the index of the linear vector field DF(0)z. Its
index is equal to the sign of its (real) determinant. It is known, from complex
analysis, that detg DF = | det¢ DF\Q.

The above has the following corollaries:
(ii) ¢ >0,

(iii) i s equal to the cardinality of the set F~1(y) for some noncritical value

y # 0.

Here we use the fact that index is an additive function: the index ioF (calcu-
lated along a fixed sphere) is equal to the sum of indices over singular points
of the vector field F'(z) —y (calculated along very small spheres around these
points, see Definition 1.11 in Chapter 1.)

(iv) If we perturb F and obtain some new singular points, then the index of
F is equal to the sum of indices of the perturbed vector fields.

We notice also the following stability property of the index:

(v) If the components f! of a vector field F' belong to m*+1, then igF =
io(F + F').
Indeed, we have f; = > h;;f;, hij € m. Therefore F + F' = (I + A)F,
where det(I + A) > 0. The map from a small sphere to S?"~!, defined by
means of F'+ F’, is a composition of a map defined by means of F' and of

an (orientation preserving) diffeomorphism defined by the linear vector field
(I+ A)zx.

Properties of the multiplicity.

Proposition (Subadditivity of multiplicity). Let F. be a deformation of F.
Then for small |,

V:#{FGZO}§M~

Proof. Using the main result of the previous section we can assume that
the deformation F,(z) = (fi(x,¢€),..., fu(z,€)) is a polynomial deformation
and the local algebra Ap, (which is polynomial) is generated by polynomials
e1(z),...,eu(x).

Recall that the Thom-Martinet preparation theorem states that

P@a) =Y g5(0)e; (@) + 3 wil, O fila, ).

The coefficients g;(€) and ¢, (x, €) are analytic functions; their domains of an-
alyticity depend on the function P. But when P is a polynomial the domains
of analyticity of g; and ¢; can be chosen not depending on P.
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Indeed, it is enough to fix these domains in the cases P(x)=1,z1,...,z,
and P(z) = x;e;j(x). Then one can apply induction with respect to deg P.

Therefore we can assume that x € U, € € V, where U and V are fixed
neighborhoods of the origins. Moreover we assume that all the zeroes of F¢,
which bifurcate from z = 0, lie in U for e € V.

If Hol(U) is the ring of holomorphic functions on U, then for fixed e € V/
we have the algebra Ap (U) = Hol(U)/(F¢). This algebra contains the image
of the polynomial ring C[z]; we denote it by

Afr, [U].

From the above it follows that dim¢ Ap. [U] < p.

If a1,...,a, € U are the zeroes of F,, then we associate with them the
multi-local algebra

B:@Aaw Aai:Oai/IFea
i=1
and the natural map

II: Ap [U] — B,

which sends a polynomial to its classes in the local algebras at the points a;.
The next lemma completes the proof of Proposition (b). O

Lemma. The map II is a surjection.

Proof. Tt follows from the fact that, having given finite jets at the points a;,
one can always find a polynomial in C™ having just those jets at a;. ]

From Proposition (b) and its proof we get the following corollaries.
() 3 po, (F2) < p(F) and v < pi;
(i) ioF < u(F).

The latter property is obtained by application of Proposition (b) to the map
F. = F — ¢ (with noncritical €) and the equality i = pu = 1 for the new
singular points.

The Pham map. It is defined as

mi My

D (z1,...,2n) = (27", ...,z0™).

Lemma. We have ig® = pu(®) = mq - ma...my,.
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2.25.

Proof. i0® = #{® = €} = #{a" = e1,..., 2" = €,} = #{aT" = e1}-
... #{z" =€, }. On the other hand, the local algebra is generated by the
monomials x’fl xhn 0 <k < m,. O

Continuation of the proof of Theorem 2.4. Take a map of the form . = &+eF
where @ is the Pham map with high exponents. We have:

i9®e = ioF for € # 0 and

to(®e) = po(F) for € # 0.

‘We shall show that
10Pe = (D). (3.1)

Let ay,...,a, be the (small) zeroes of .. We have

to(®) = 1o(Po) = 3- pa, (Pe) (for € # 0 by subadditivity)
> > i, e (because i < p)

=i9®g = ioP (by additivity)

= 1p(®) (it is the Pham map).

Therefore, in the above chain, all inequalities become equalities. In par-
ticular we have i, (®) = iq; Pe. Because the point z = 0 is among the a;’s,
the equality (3.1) follows. O

The index formula in two dimensions and the Puiseux expansion.

Let f : (C2,0) — (C,0) be a germ of an irreducible holomorphic function
and let T' = f=1(0).

Remark. Here the irreducibility of f (or of the anaytic set I') is understood
in any of the following two equivalent ways. Firstly, f cannot be written as a
product f1 fa of two germs vanishing at 0. Another definition says that the set
I'\ sing (T') is non-empty and connected, where sing (T') is the set of singular
points of T', i.e. points where df = 0. Both definitions work for functions on
(C™,0). We say also that the hypersurface I' is irreducible.

Generally any germ ¢ (of function) has a unique (up to permutation of
factors) factorization g = glfl ... gF with irreducible gj-

Below we present some arguments, based on the monodromy theory,

justifying the above statements.

Let us pass to the curve I'. Using the Weierstrass Preparation Theorem
2.18 (in a suitable linear system of coordinates) we can assume that I' is a
zero set of the Weierstrass polynomial

flay) =y" +ai(2)y" ™ .. +an(e), a;(0) =0,
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where a; are analytic germs, a;(0) = 0. The equation f = 0 defines a multi-
valued function y = ¢(x). ¢ has branching at = 0 and its Riemann surface
is isomorphic to the curve T' (see Chapter 1 and Chapter 12 below).

The Puiseux theorem. If the germ (I',0) is irreducible, then it is topologically
equivalent to a disc (C, 0). More precisely, the map (C,0) — (C2,0),

t = (z,y) = (1", 0(1"))

is a homeomorphism onto (I',0) (analytic outside 0). Moreover, the function
¢ takes the form of the Puiseuzr expansion

6 =p(a'/")

with an analytic germ .

The above parametrization of (I',0) by the disc is called the primitive
parametrization.

Proof. We use monodromy properties of ¢. Fix a disc D = {|z| < €} as the
domain of definition of ¢ and a basic point a € D\ 0. Let ¢, 1(z), ..., ¢, ()
be the germs (sheets) of ¢ near a (roots of f = 0 with respect to y).

The variation of the sheets ¢, ; along the loop in (D \ 0,a) surround-
ing the origin results in a permutation of these sheets. Thus the monodromy
transformation o associated with ¢ is an element of the group S(n) of per-
mutations of the n-element set {¢, 1(a),...,d, ,(a)}.

By the irreducibility, I\ 0 is connected. So any two germs ¢, ; and ba.j
can be connected by a path in T'\ 0. The projection of this path onto the
x-plane is a loop in (D \ 0,a). This implies that o acts transitively on the set
of sheets of ¢; ¢ is a cyclic permutation. In particular, c™ = id.

Now one can see that I" is indeed a topological disc. Consider the func-
tion ¢ (t) = ¢("). Its monodromy around ¢ = 0 is the same as ¢™ = id. Thus
1 is analytic outside 0, single-valued and bounded. By the Riemann theorem
about removable singularities, 1) prolongs itself to an analytic function in
D. |

Remark. Using the same arguments as in the proof of the Puiseux theorem,
i.e. the Weierstrass Preparation Theorem and monodromy, one can prove the
factorization theorem g = glfl gk g; — irreducible, and the equivalence of
the two definitions of irreducibility.

The factorization theorem can be used in the proof of the Hilbert The-
orem about Zeroes (Theorem 2.23). The reader can reconstruct this proof as
an exercise.
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§4

Of course, these arguments work well only in the 2—dimensional case.
The proof of the factorization theorem in general n-dimensional case is more
complicated; it relies essentially on the Weierstrass Preparation Theorem (see
[Loj2]).

We pass to the index formula. Let F' = (f1, f2) : (C2,0) — (C2,0) be a germ
of a holomorphic mapping of finite multiplicity.

Assume firstly, that f; is irreducible and let a : (C,0) — f;(0) be
some primitive parametrization of the curve f; = 0. Take the composition
fooa=atP 4+ ..., a#0; (it is not = 0 by the finite multiplicity). We define

wF = w(f1, f2) =p.

If f1 = gfl ... g% with irreducible g;, then we put
L()F = ijbo(gj, fz)

Theorem. We have 1oF = igF'.

Proof. We use the criterion igF = #{Fs = 0} for a perturbation Fs such
that each zero of Fs is not degenerate (see the proof of Theorem 2.4 above).

In the case of irreducible f; we put Fs = (f1,fa —9), 6 > 0. Thus
#{Fs =0} = #{at?(1+...) = §} = p. The same perturbation is good in the
case f1 = gi...gr, g; irreducible.

In the cases when f; contains a factor g* (g irreducible) we replace this

factor by (g + 6h1) ... (g + 6hi), where h; € m¥ (N large) are such that
the curves g 4+ 6h; = 0 are disjoint outside ¢ = 0. (]

Classification of Singularities

In this section we present only the beginning of the list of normal forms for sin-
gularities of functions. We begin with some technical tools. The first result is an
immediate consequence of the proof of Morse’s Lemma.

2.26. Morse Lemma with parameters. Let f(z;\) = f(0;A) + Y ai;(N)aiz; +
... be a function such that the matriz a;;(0) is not degenerate. Then there is a
holomorphic change hy such that

Fa@)i X) = F0;0) + > w7

Consider a function of the form

f(xy, ..., Thy Thg1s .o Tn) = 22 4 ... + 25 + terms of degree > 3.
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By applying a preliminary change of the form x1 — x1 + ¢ (Tgt1,-. -, Tn), ...,
xp — T+ (Tht1, .- ., Tn) We can assume that we are in a situation from Lemma
2.26 (the critical point with respect to (z1,...,xy) is shifted to the origin and
A= (Tg+1,---,%n)). Therefore there exists a change h such that

foh=97+. .+ yi+9Wk+1,---Yn),

where g(0) = 0, Dg(0) = 0, D?g(0) = 0. In this way we have separated the
quadratic part, depending on one set of variables, from the essential non-quadratic
part, depending on the other set of variables.

2.27. Definition. By the corank of the singularity f we mean the corank of the
quadratic form D?f(0), i.e. n — k for the above function.

We say that two germs f(z1,...,zr) and g(y1,...,y) are stably equivalent iff
there is an integer n such that the germs f(z1,...,2x) + x%_H + ...+ 22 and
g1, - 1) +yi, + - +y2 are equivalent (by a change of coordinates).

We study only singularities with corank one and two.
Corank 1. Here we can assume that the functions depend on one variable x.

2.28. Theorem. If a germ f has a singularity of finite multiplicity and of corank
1, then it is stably equivalent to the function x™.

Proof. Let

1
f = an$" + a/n+1-rn+ +.

an, # 0. (Notice that if all a; = 0, then p(f) = 00). We put

“ey

y = h(z) = z(an + anp1z +...)""
and we get f = y™. O
2.29. Definition. We say that a singularity has type Ay iff it is stably equivalent
to zF 1.

Corank 2. Here the functions depend on two variables x,y. Consider such a func-
tion. Its Taylor series begins from cubic terms. Firstly we classify the homogeneous
cubic forms of two variables, az® + bz2y + cxy? + dy?; or the holomorphic sections
of a certain line bundle O(3) above the projective space CP! (see Definitions 8.42
and 10.10). They are associated with the cubic polynomials P = a4bA+cA?4d\®.
There are four possibilities:

(a) P has three different zeroes, which can be moved (via an automorphism of
CP') to 0,4i and the cubic form is equal to 2y + y3;
(b) P has one simple zero (at A = 0) and one double zero (at A = c0): z2y;

(c) P has a triple zero: a?;

(d) P=o.
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We study in detail only the first two cases.
2.30. Theorem. Any function f = 2%y +y> + ... is equivalent to z%y + y°>.
Proof. By applying the substitutions

(z,y) = (z1,91) = (z + &,y + )

into the part z2y + y* of f, we strive to cancel all higher order terms in f. We

have
iy 4yt =@+ (y+v)+ (y+¢)°
= 22y + 4% + [22yo + (22 + 3y2)Y] + h.o.t.

(with respect to ¢,1). We claim that the term x in the square brackets contains
all terms of degree > 4.

We present this situation in a Newton diagram (see Figure 3(a)). There we have
distinguished the monomials appearing in the gradient ideal I 2, s, i.e. zy and
22,92 (joined one with another). It is enough to cancel only the terms of degree 4
and 5; (because u(f) =4 and we can use the Tougeron Theorem).

For the terms of degree 4 in x we have deg(¢,v) = 2. With the term 2* in x, we
associate the term x2 in 1 and with the term y* in y, we associate the term y2/3
in 1. The remaining part, from x as well as from (22 + 3y?)v, is divisible by zy
and can be put into 2xye.

The terms of degree 5 are treated in the same way. O

Now we study the next case. Assume that f = 22y + . ... The further terms of the
expansion of f are ordered by means of the method of rotating line.

2.31. Definition. The Newton support of function f = a;;x'y’ is defined as

supp (f) = {(i,7) : aij # 0}.
The Newton diagram of f is the convex hull of the set supp (f) + (Z4)2.

Take a line in R? with one of its points fixed at (2,1). At the beginning the line
passes through the points (2,1) and (0, 3). We start to rotate it in the clockwise
direction (see Figure 3(b)). We look at the points from the support of f, which
are passed through the left part of the line.

There appear in order the following terms: y*; xv3, ¥°; 3% xy*, v7;.... We have
two possibilities of the first appearance of these terms in supp (f):

(i) There appears (0, k) and we have

f=2y+y"+.. ..

(ii) There appear two points (1,k + 1), (0,2k + 1) and f = x?y + Azy*t! +
By?k+1 4 . Here the leading part is of the form y times a quadratic form
of (z,2), z = y*; one associates with it the cubic form z(2? + Azz + Bz?)
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with zeroes at z = 0, = A; 2z. Assume that they are different zeroes, i.e.
B(A? —4B) # 0. It is clear that some change z — A\x + pz, z — vz reduces

f to

$2y+y2k+1 +....

(Now the dots mean terms whose support is above the rotating line.) Notice
that if u(f) < oo, then the rotating line must sooner or later encounter the
support of f.

Figure 3

2.32. Theorem. If f = 22y +y* + ..., then f is equivalent to x*y + y*.

Proof. Tt relies on the fact that the principal part 2%y + 4" is a quasi-homogeneous

function. 0
2.33. Definition. A function f(z1,...,2,) is called quasi-homogeneous of degree
d with exponents o, ..., a;, (or weighted homogeneous) iff

FOM 1, A ) = X f (. )

for any A € C.

It f = Sape®, k= (k1,... . k), 2% = 2% . aFr then supp(f) ¢ T = {k :
a1kt + ...+ anky, = d}. The set T is called the diagonal. Usually one takes a; € Q
and d = 1.

Example. The function 22y + y* is quasi-homogeneous of degree 1+ 1/(k — 1) and
the exponents 1/2,1/(k — 1).

One can define the (quasi-homogeneous) filtration of the ring O. It consists of the
decreasing family of ideals Ay C O, Ay C Ag for d < d'. Here Ag = {g : degrees
of monomials from supp(g) are > d}; (the degree is quasi-homogeneous).
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When a7 = ... = a,, = 1, this filtration coincides with the usual filtration given
by the usual degree.

2.34. Definition. A function f is called semi-quasi-homogeneous iff f = fy + f1,
where fy is quasi-homogeneous of degree d of finite multiplicity and f; € Ay,
d >d.

2.35. Theorem. Let f be a semi-quasi-homogeneous function\, f = fo + f1 with
quasi-homogeneous fqo of finite multiplicity. Then f is equivalent to the function
fo+ D cker(x), where e1,...,es are the elements of the monomial basis of the
local algebra Ay, such that dege; > d and ¢, € C.

Example. If f = fo + f1 and fo = 2%y + y*, then f is equivalent to fo.

Indeed, the basis of the local algebra O/ (zy, x2+ky*~1) is 1,2,9,9%,...,4* ! and
lies below the diagonal T'. Here pu(fy) = k + 1.

Having Theorem 2.35 we obtain the thesis of Theorem 2.32.

2.36. Definition. We say that a singularity is of the type Dy, iff it is stably equivalent
to 22y + yF L.

Proof of Theorem 2.35. As in the proof of Theorem 2.28 we cancel the high order
terms using the quasi-homogeneous part fy and the changes

1’1:1'+¢, y1:y+¢»

where ¢, 1) are quasi-homogeneous. However the degrees of ¢ and v are calculated
differently.

With such a change one associates the vector field ¢0, + ¥0, (then the change
is approximately induced by the flow map generated by this vector field). The
(quasi-homogeneous) degree of ¢d, is equal to deg ¢ — degx (because x is in the
‘denominator’). Also deg(yd,) = degy — degy.

We obtain

fo , 0o

fo+ {633 o+ ay z/;] + h.o.t.

We use the terms in the square brackets to delete some terms from the power
expansion of f. Because the part in the square brackets belongs to the gradient
ideal Iy,, we can cancel only the terms from this ideal. ]

Recall that a singularity is m-modal iff its neighborhood (in the functional space
of germs of functions) is covered by [-parameter families of orbits of the action
of the group of equivalences (changes of variables) and max! = m (see Definition
2.10). The singularity is simple iff m = 0. From Theorem 2.32 one gets the formula
for the modality.

2.37. Theorem. The modality of a semi-quasi-homogeneous singularity is equal to
the number of monomials ey, from its mini-versal deformation, which lie on the
diagonal and above the diagonal.
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2.38. Theorem. If f is a simple singularity, then it is stably equivalent to one of
the following singularities:

Ak: $k+1,

Dy 2’y +y* Y,
EGZ .133 —|—y4,
E;: 23 + 293,
Es: 23 +4°.

We do not present the proof of this result. In fact it is not that difficult, because
we have all the tools: the choice of monomials using the rotating line, Theorem

2.35 and Theorem 2.37.
We shall present some unimodal singularities. (Outside the list below there remain

14 exceptional unimodal singularities, see [AVG]).

2.39. Theorem. The following series of singularities are unimodal:

Ps: 23 4+ 3 + 22 + axyz,
X : 2t 4+ y* + ax?y?,
Jio: 2% 4+ 8 + ax?y?,

. 1,141
Tpgr: 2P +y?+2" tavyz, |+ 4+, <L

The singularities Pg,Xg,J10 are called parabolic and T, ,, is called hyperbolic.



Chapter 3

Algebraic Topology of Manifolds

This chapter is auxiliary. Here we collect the basic facts from the algebraic topology
of manifolds and fibre bundles which will be used in the further chapters. Special
attention is focused on the notion of intersection index.

We present also the beginnings of cohomology theory with coefficients in sheaves,
e.g. the proof of the de Rham theorem. The other notions from this theory (like
the hypercohomology and the spectral sequence) will be introduced in Chapter 7.

§1 Homology and Cohomology

3.1 Definition of homology groups. Let X be a manifold or a CW-complex. It means
that X is obtained from cells (diffeomorphic to euclidean balls) glued together
in such a way that the lower dimensional cells lie in the boundaries of higher
dimensional cells. A k-dimensional cell in X is an image of the ball D* = {z €
R* : |z| < 1} under a continuous map o : D¥ — X: we denote this cell also
by ¢ = oF. Here the disc D* is oriented (by a choice of some orthogonal reper
v1,. ..,V at one of its points) and the cell o also bears the orientation.

The group of k-dimensional chains Ci(X) is a free abelian group generated by
all possible k-dimensional singular cells, Ci(X) = {¢ =Y a,7 : a; € Z}, where
7 : D¥ — X are continuous maps. It is an infinitely-generated free abelian group.
A boundary O7 of the singular cell 7 is the image of the map 7 restricted to
OD* = Sk=1 The orientation of the boundary 9D is given by a reper wy, . .., wy_1
such that, if n is a vector normal to dD* and directed outside of D*, then the
reper n,wy, ..., wy_1 defines the orientation of D*. By definition

8(2 a,;7) = Z a-0T

is the boundary of the chain c. The operator 9 = 9% acts from Ci,(X) to Cj_1(X).
A chain ¢ is a cycle iff dc = 0.
The group

Hyi(X) = Hi(X,Z) = group of cycles/group of boundaries

is called the group of k-dimensional homologies of X (or the k-th singular homol-
ogy group or simply the k-th homology group). This definition is correct because
we have 0 o d = 0.

The above definition can be modified when, in the definition of the chain, we
assume that the coefficients a, take values from some other abelian group (or
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ring) R. The corresponding quotient groups are denoted by Hy (X, R). Usually the
rings Zy,, Q, R, C are chosen.

Homologies appear in many situations. So, we will give their general (algebraic)
definition. The series of groups and maps

9, Ok—1
Lo OB S

satisfying the property 0x_10r = 0, is called the chain complex and is denoted
by C,. Its homology groups are defined as ker dy/ Im Jx+1. Such a series is called
exact (or acyclic) iff its homology groups are zero.

3.2. Definition of cohomology groups. The group of k-dimensional cochains C*(X)
(of a CW-complex X) is the abelian group of linear functionals on the group of k-
dimensional chains which take integer values at the singular cells. The coboundary
of the chain ¢* is defined by the formula dc*(¢) = ¢*(0c). A cochain of the form
dc* is called the coboundary. A cochain is a cocycle if its coboundary is zero.
The abelian group

H*(X) = H*(X,Z) = cocycles/coboundaries

is the group of k-dimensional cohomologies of X (or the k-th cohomology group).
Analogously to the groups Hi (X, R), we define the cohomology groups with coef-
ficients in the group (ring) R, H*(X, R).
The series

UG Lo NN

satisfying 6**1 0 6¥ = 0 is called the cochain complex. It is denoted by C* and its
cohomology groups are equal to ker 6* /Im oL,

Remarks. The formulas Hy(X,R) = Hi(X,Z) ® R, H*(X,R) = H*(X,Z) ® R,
H¥(X,R) = Hp(X,R)* (= Hom(Hy(X,R),R)) do not always hold. For ex-
ample, we have H*(X,Z) = Hom(Hy(X,Z),Z) ® Ext(Hx_1(X,Z),Z), where
Ext(Hg—1(X,Z),Z) lies in the torsion part of the cohomology group. Recall that
an element x of an abelian group is torsion iff ma = 0 for some m € Z\0.
Although the groups of chains and cochains are infinite dimensional, usually the
homology and cohomology groups are finitely generated. This holds for compact
manifolds and for CW-complexes.

Homology groups were introduced by Poincaré [Poil] at the beginning of the last
century. Starting from the middle of the last century, a great development of
algebraic topology and of homological algebra began. Now homology groups are
used in every branch of mathematics. Usually their definitions and calculations
are very algebraic. We shall focus on their geometrical meaning.

Below we present a practical method of calculation of the groups Hy(X) and
H*(X). Let X be a CW-complex of dimension n. We associate with it the series
XoC X, C...C X, =X of its subcomplexes.
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X is a finite set of points, O-dimensional cells of the complex. X is a 1-dimensional
complex obtained from X by adding 1-dimensional cells (arc from X) joined to
X at their ends. X5 consists of 2-dimensional cells with their boundaries in X3
etc. (All cells here are oriented.)

We have

ok ok
Xk\Xk,1 =0, U...Uoy,,

where o denotes the open cell. The group of k—dimensional chains is replaced by
the group
Zo® + ...+ Zo".

The boundary of the cell o¥ is calculated as follows. If a part of 9D is sent by
means of oF to a?_l, then the latter cell makes its contribution to the (formal)
boundary do¥ with the coefficient 41, depending on the preserving or the reversing
of orientation by this map. We have doF = 3 ajaffl with integer a;’s.

We get the chain complex of finitely generated groups with boundary maps, whose
compositions are zero, and we define the homology groups of this chain complex.
By passing to the dual complex we analogously define its cohomology groups.

3.3. Theorem. ([Spal). The just defined groups coincide with the groups Hy(X,7Z)
and H*(X,Z).

Examples. 1. The circle S! consists of the point ¢° and the arc o! attached to it
at the ends (see Figure 1(a)). We have do” = 0, do! = 0 and the chain complex
takes the form

0-2Z2>7Z 0.

Thus we have Ho(S',Z) = H1(S',Z) = Z.

Figure 1

2. For the torus T? we consider two partitions into cells, presented in Figures 1(b)
and 1(c). In the case of the first partition we get the complex

0-2> 27272 0,
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where 2 1 1 2 1 1
01— 01+t03, 03— —0]—03,
ol —0, o —0,

S N A W B}
Therefore ker 93 = Ha(T?) = Z. Next, Im 0 = Z(o1 + 03), ker 0 = Zot + Zol +
Z(o} — 0}) and hence H;(T?) = Z @ Z. Finally, because Im &y = Z(0 — o?), we
have Hy(T?) = Z.
For the partition from Figure 1(c), where the edges are identified, as usually in
the construction of the torus, the chain complex is much simpler,

0-2222%7 0,

where the boundary maps are zero. Thus the four distinguished cycles az generate
all the homology groups.

3. The 2-dimensional sphere S? = CP? has the partition ¢° U ¢? inducing the
complex
0-7Z—0—7%7—0,

giving H0(52) = HQ(Sz) = Z, Hl(Sz) =0.

Generally, the complex projective space CP™ has the partition c’Uc?Uc*U. . .Ug?"
induced by the chain of immersions CP? ¢ CP! C ... C CP". All these cells are
the cycles generating the even-dimensional homology groups.

Problem. Calculate the groups H;(RP", R) for R =7Z, Z2, Q.
The homology groups have many important properties.

34. If f : X — Y is a continuous map, then it induces the homomorphism
of homology groups f. : He(X,R) — He(Y,R), fro = oo f. It induces also
the contravariant homomorphism of the cohomology groups f* : H*(Y,R) —
H*(X,R).

3.5. If two maps f and ¢ are homotopically equivalent, then they induce the
same homomorphisms between the homology groups and the cohomology groups.
This means that the homology groups of a topological space depend only on its
homotopy type. Indeed, if F': X x [0,1] — Y is the homotopy between f and g¢
and o is a cycle, then f.o — g.o0 = (oo F).

3.6. The Euler characteristic of X (see Remark 1.15) is equal to
X(X)=0bo—b1+ba— ...,

where b; = b;(X) = dim H;(X,R) are the Betti numbers. Indeed, by definition
x(X) =dimCy — dimCy + .... We can write C; = Im 0;+1 ® H;® coker 9;, where
coker 9; ~ Im 0;. Thus, after calculating the alternative sum of dimensions of the
spaces C;, the contributions arising from images and cokernels cancel themselves
mutually.
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A

Figure 2

3.7. If X is a manifold of dimension n, then H,(X,Z) is equal either to Z or to 0.
This follows from the partition of X into the simplices (the simplicial partition).
Let o7, i = 1,2,...,r be the n-dimensional simplices of the partition. Then we
have two possibilities: either it is possible to choose the orientations of all the o7
in a compatible way (so that 9> o = 0), or not.

The first case occurs for an orientable manifold and the indicated cycle, denoted
by [X] and called the fundamental cycle, generates H, (X,Z). In the second case

the manifold is not orientable and there are no nonzero n-dimensional cycles.

3.8. If f is a map between orientable manifolds X and Y of the same dimension,
then f.[X] = d[Y] for some integer d. This number d = d(f) is called the degree
of the map f (see also Remark 1.13).

3.9. We shall use also the relative homology groups defined as follows. Let Y C X
be two CW-complexes. The relative group of k-dimensional chains is the quo-
tient group C, = Cy(X)/Ci(Y). The differential homomorphism acts in the
usual way and is well defined. Thus we get the chain complex and its homol-
ogy groups are called the relative homology groups of the pair (X,Y) and are
denoted Hy(X,Y; R). The relative cycles (generating the relative homologies) are
chains ¢ in X such that Oc is a chain in Y. By passing to the dual complexes we
define the relative cohomology groups.

If we take Y = {p} (one point), then the groups Hy (X, {p}) are called the reduced

homology groups and are denoted by Hy(X). They are equal to the homology
groups of the completed chain complex

..—>O2—>01—>Co—>Z—>O,

where the additional boundary operator counts the coefficients, > m;7¢ — > m;.
Thus the difference between the relative and the non-relative homology groups
lies only in the 0-dimensional group. If X is connected, then Ho(X) = Z and
H(X) = 0. We have also H(X,Y) = H(X/Y), where X/Y is obtained from X
by identifying the points from Y.
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3.10. The relative homology groups appear in the following long exact sequence
of a pair,

Co Hy(Y) S Hy(X) 5 Hy(X,Y) 2 Hy (V) — ...

Here the homomorphisms i,, j, are induced by the natural homomorphisms be-
tween the topological spaces. The ‘boundary’ homomorphism (or connecting ho-
momorphism) 9 is defined as follows: if ¢ is a relative cycle from its class of relative
homology [c] then dc represents an (absolute) cycle in Y and we put 9[c] = [O¢].

3.11. If X and Y are such spaces that their homology groups are without torsion,
i.e. without nonzero elements of finite order, then

Hk(Xa R) = Hk(Xa Z) ®Z R7
H"(X,R) = Hom (Hy,(X, Z), R),

Hy(X xY,Z)= Y Hi(X,Z)® H;(Y,Z),
i+j=k

Hen(X+v,2) = S H(X,2) @ B;(Y,2).
i+j=k

Here X *Y is the join of the spaces X and Y defined as X x Y x [0,1]/ ~, where
the subsets X x {q} x {0} and {p} x Y x {1} are squeezed to points and p, ¢ are the
base points. In particular, the latter two formulas hold for the homology groups
with coefficients in R and in C.
The first isomorphism, called the Kiinneth formula, is realized by means of the
map (0%,07) — o x 0’ € X x Y, where 0" C X and § C Y are cycles. The second
isomorphism is realized by means of the map (o?,”) — o * &”.

§2 Index of Intersection

3.12. Definition (Index of intersection). (We follow mainly [GH]). Let A and B be
two cycles in a two-dimensional oriented manifold X represented by closed oriented
curves, denoted also by A and B. Assume that A and B intersect transversally
one another. If p is such an intersection point, then we define the local index of
intersection of these cycles at p by

ip(A, B) = 1,

depending on whether the two (ordered) vectors tangent to A and B at p, and
defining their orientations, give an orientation of the surface the same as the initial
orientation of X or give the opposite orientation.

The index of intersection of the cycles A and B is

(A,B) = i,(A,B).
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If A=5 m;A;, B =) n;Bj, where A;, B; are 1-dimensional cells (arcs) such
that A; N B; intersect only at their interior points and transversally, then

(A, B) = mej(Al, Bj)

If the cycles are general then, in order to compute their intersection, one should
choose their representatives (in their homology classes) which satisfy the above
requirements. It means that they consist of smooth pieces, which do not intersect
one another at their boundaries and the intersections are transversal. It is achieved
by small perturbations of the initial cycles.

The intersection index is also denoted by A - B, Ao B and (A, B).

In the example from Figure 3 we have (A,B) =1, (4,4) =0, (B,B) =0.

3.13. Lemma. (A, B) does not depend on the homology classes of the cycles. It
means that if A= 0C, then (A,B) =0.

Proof. Assume that the cycles are represented by the curves A and B satisfying
the requirements needed to compute their intersection number. Assume also that
A = 0C, where C is a two-dimensional domain in X. The number of points where
the curve B enters the domain C' is equal to the number of points where B exits
C'. This follows from the fact that B is closed (as a cycle) and that A divides X
into two domains (here we use the orientability of X). From Figure 4 we see that
the orientation defined by 7, A and T, B at an income point p is opposite to the
orientation at any outcome point. This shows that (A, B) = 0.

From this one can easily complete the proof in the general case. O

If X is an oriented surface, then the intersection index of cycles defines the bilinear
map

H\(X,Z) x H\(X,Z) — Z.

Consider now the situation when X is an n-dimensional manifold and A and B
are cycles in X, of dimensions k£ and n — k respectively. The local index of their
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(b)

Figure 4

intersection is i,(A, B) = £1 and the sign is chosen according to the following
rule.

Let (v1,...,vx) be the basis of T, A compatible with the orientation of A and let
W1, ..., Wn—k be an analogous basis of T}, B. Then we look at the compatibility of
the orientation given by wvq,...,vg, w1, ..., w,—x with the orientation of X.

As before, we define the index of intersection of the cycles A and B as (4, B) =
>, ip(A, B) and we have the analogue of Lemma 3.13.

Proof of Lemma 3.13 in the general case. Let A = 9C for a (k + 1)-dimensional
CW-complex C and let B be a sum of closed (n — k)-dimensional CW-complexes.
Assuming that they are in general position, we have that: AN B consists of a finite
number of points of transversal intersection and C'NB consists of a finite number of
connected smooth curves v, with ends at A. Moreover, the intersections between
the cells of A and/or C' and of B are transversal; the intersection between cells of
maximal dimensions occurs along curves, and an intersection occurs at points when
some cell has dimension smaller by 1. It is enough to show that the orientations
given by A and B at the endpoints of any such curve ~ are different.

One can construct a system of vector fields along v : x = x(t)

v1(t), .. ve(t), w1 (t), .. wp—g—1(t)

satisfying the following properties:

vy, ...,V are tangent to C' and to A at the endpoints of ~,

Z(t), w1 (t), ..., wp_k—1(t) define the orientation of B (so these vectors are tangent
to B),

v1(t), ..., vp(t), 2(t), w1 (t),. .., wn_k—1(t) define the orientation of X.

(If we have such a system of vectors at one point z(tg), then we prolong it contin-
uously to the whole curve. Near the endpoints we improve slightly the system (v;)
in order to satisfy the condition of tangency to A.) Therefore vy (t),...,vk(t), (L)
define some orientation of C; (it can agree with the initial orientation of C' or not).
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The boundary A of C is oriented in such a way that the system (n,(orientation of
A)) is the orientation of C', where n is the vector normal to A and directed outside
of C. Now it is clear that the orientations (v1,...,vx) of A at the income point
and at the outcome point of v are different. O

Thus we have defined the bilinear map, called the intersection form
Hy(X,Z) x H(X,Z) — Z.

3.14. Remark. The intersection form vanishes at the torsion part of the homology
groups. Indeed, if A is such a cycle that mA = 9C, m € Z, then m(A, B) =
(mA,B) = (0C,B) =0 and also (A,B) =0

We have also the commutativity relation

(4,B) = (-1)*"=1(B, A).

3.15. Poincaré Duality Theorem. Let X be a compact oriented n-dimensional
manifold. Then the intersection form is unimodular, which means that it is non-
degenerate as a form on the torsion free parts of the homology groups

() : He(X)/Tor x Hy_i(X)/Tor — Z.

In other words, any functional H,_(X)/Tor — Z is an intersection index of some
homology class from Hy(X) and, if a class A € Hi(X) is such that (A,B) =0
for any B € H,,_y, then A lies in the torsion part of Hp(X) (mA =0 for some
m>0).

Proof. Let K = {o%} be some simplicial partition of X. Here the upper index i
denotes the dimension of a simplex afL which is an image in X of the standard (and
oriented in the standard way) simplex {(z1,...,2;): x; >0, Y x; < 1} under a
smooth map. They define the chain complex Co(K) and the cycles, representing
elements of the homology groups, are expressed as combinations of the cells from
K. We shall construct a certain complez dual to the Co(K).

Let {77} be the baricentric partition of K (see Figure 5). In the construction of
the dual complex, we associate to each simplex from K a certain cell consisting of
simplices of the baricentric partition of K.

To a vertex 00 € K we associate the n-dimensional cell (the star of o3)

v S

where the sum runs over simplices 7 adjacent to the vertex o

0,00 € T
To a k-dimensional simplex o we associate the (n — k)-dimensional cell

An k—*O’ mAn

where the intersection is over all n-dimensional cells A7 associated with the ver-

tices of the simplex o*.
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Figure 5

The dual cell to o} is equal to its baricentric center.

The cell A?~* intersects the simplex o* transversally at one point which we denote
by p. We define the orientations of the dual cells in such a way that i,(c;, A;) = 1.
Next we introduce the coboundary operation § on the dual complex C* = {A:} k1.
If Ank = ﬂkH AT, the intersection of k + 1 n-cells, then

S(ApFY =Y "(Ar =) +AriH
J

Ji#y

(as in the coboundary operator in the complex of cochains defining the Cech
cohomology, see 3.26 below). The sign ¢; = %1 before A; is chosen in such a
way that the orientation of the cell A, = Aﬁ_k coincides with the orientation of
the boundary of €;A;; i.e. the orientation of A, differs by the factor ¢; from the
orientation of the boundary of A;.

The thesis of the theorem follows from the identity

3(xoy) = (=1)" * (903),

which says that * is a complex homomorphism.

For its proof one considers o; = "1 the simplices appearing in the boundary of

o, =0k and A; = A?"”l = *O’j]. Assume that o are oriented as the boundaries
of o and that the orientations of A; are as described above. It is enough to show
that

ej = (1"

The latter is proved in the same way as Lemma 3.13. One constructs suitable
vector fields vy (t),...,vk—1(t) (tangent to o,) and wi(t), ..., w,—x(t) (tangent to
A;) along the segment [p, ] which joins the intersection points p = A, N o, and
¢ = A;Noj. One adds to them the vector field & tangent to [p, ¢| and compares
induced orientations at the endpoints.
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We omit the details, which can be found in [GH].

The map * defines an isomorphism between the complex Cq(K) and the complex
C*(K) of cochains of the dual cell partition. Because the cohomology groups of
the cochain complex C*(K') are equal to the cohomology groups of X, we get the
isomorphism

D: Hy(X,Z) — H" *(X,Z)

induced by *. This statement is also called the Poincaré duality.
The isomorphism D has the property that

(D7) A) = (7, )

for any cycles v € Hi(X), A € Hy,—(X). This means that the map D/Tor, i.e. the
homomorphism defined by * on the torsion-free part, is induced by the intersection
form. The invertibility of D/Tor means the unimodularity of the form (-, -).

From this Theorem 3.15 follows. ([

Problem: Calculate the intersection form on Har(CP™) X Hayp—or(CP™).

Figure 6

3.16. Remark. The definition of intersection index and of the Poincaré duality can
be generalized to the relative situation.

Let Y = 0X be the boundary of the manifold X. If 7 is a relative cycle in the
pair (X,Y), i.e. v C X and 9y C Y, and ¢ is an absolute cycle in X, then we can
define their intersection index (as usual) and obtain the bilinear form

Hi(X,Y)/Tor x Hy_(X)/Tor — Z

which is non-degenerate.

Sometimes the chain v — 0y C X —Y is called the cycle with closed support in the
non-compact manifold X \ 'Y (or the locally finite cycle). One also introduces the
homology groups with closed support (or locally finite homology groups) HZ (X \Y')

(or H ]if (X \'Y) respectively) and the intersection index gives the pairing

HY (X —Y)/Tor x H,_1(X)/Tor — Z.
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The corresponding dual groups are called the cohomology groups with compact
support. They are defined by means of the complex of cochains, which are nonzero
only on a finite number of cells in X — Y, and are denoted by H*(X \ Y"). We have
the pairing H/ (X \ Y,R) ® H¥(X \ Y,R) — R.

3.17. The linking number. Let X = S™ be the m-dimensional sphere and let a
and b be two cycles in S™. The dimension of @ is ¢ < m/2 and the dimension of b
ism—1—1 and we assume that 1 <m — i — 1.

Because H;(S™) = 0, the cycle a is a boundary, a = A. If i = 0, then we assume
that @ = 0 in the homology group Hy(X). The intersection number

l(a,b) = (A,b)

is called the linking coefficient of the cycles a and b. It is well defined, because if
a=0A' then A — A’ = 0C, and we use the properties of the intersection index.
There is another definition of the linking number. Of course, the sphere is a bound-
ary of a ball, S™ = 9D™*!. The cycles a and b define the zero classes in the
homology groups of D"*1. Thus a = 0A, b= 0B, where A, B c D™t1,

3.18. Lemma. [(a,b) = (—1)""'(A, B).

Figure 7

Proof. Let us introduce the ‘polar’ coordinates in D™*1: [0,1] x S™ > (r,0) —
r0 € D™t Assume that a, A and b are represented as smooth submanifolds.
Define _

A=[1/2,1] x aU{1/2} x A,

B=[0,1]xb

(see Figure 7). The surfaces A and B intersect at {1/2} x (A N b). Therefore
the number of intersection points appearing in both definitions are the same. It
remains to control the orientations of the chains.
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The orientation of A is the same as the corresponding orientation of {1/2}x A= A.
The orientation of B is given by (0,,orientation of b). Therefore the orientation
of D™+ given by j, E, is the following: (orientation of A,dr,orientation of b).
Because the standard orientation of D™*1 is (8,.,orientation of S™) then we must
move the radial vector to the beginning. From this we get the factor (—1)"*1. O

3.19. The Alexander Duality Theorem. Let K C S™ be a submanifold, p € K,
q € S™\K be some base points. The linking number of cycles defines a duality
between the homology groups H;(K,p)/Tor and Hp—;—1(S™N\K,q)/Tor.

Proof. Repeating the proof of the Poincaré duality theorem we get the duality of
the homology groups H;(K,p) and H,,—;(S™\p, S™\K); (by means of intersec-
tion of relative cycles in (K, p) and in (S™\p, S\ K)).

We use the long exact sequence of the pair (S™\p, S™\ K),

H;(S™K, q) — H;(S™\p,q) — H;(S™\p,S™K) > H;_1(S™\K,q). ..,

to obtain the isomorphism between H;(S™\p, S\ K) and H;_1(S"\ K, ¢); (be-
cause H;(S™\p,q) = 0 for every j).

It is also clear that this isomorphism identifies the intersection index with the
linking coefficient. |

3.20. Remark. Using the Poincaré duality one can associate with a cycle A in
a manifold X a certain cohomology class (with real coefficients). Namely, if the
dimension of A is k and B € H,_,(X,R), then the functional ¢(B) = (A, B) is
an element of H*(X,R) = Hy(X,R)*.

Note that in this definition, the coorientation of A is important. Assume that A is
a submanifold of X. Its coorientation is the compatible choice of a field of repers
in the normal spaces N,A = T, X/T,A. The manifold X and the submanifold A
can be not oriented, but if A is cooriented then it defines the cohomology class.

3.21. Example (The Maslov index and the Morse index). Some cohomology classes
are defined in just the way which we have described above. One of them is the
Maslov index.

Let X be an n-dimensional Riemannian manifold. Its cotangent bundle M = T*X
is a symplectic manifold. It means that there is a closed and non-degenerate 2-form
won M: dw =0 and for each m € M the bilinear (antisymmetric) form w(-,-) on
T, M is non-degenerate. In the case of a cotangent bundle, the symplectic form
is defined as follows. Let ¢1,...,¢, be local coordinates in X and let py,...,pn
be the coordinates associated with them in T,/ X = {p1dg1 + ... + ppdgy,}. Then
w=">Ydp; Ndg; = d(>_ pidq;) = da.. The 1-form « is called the Liouwville form.

An n-dimensional submanifold L C M is called a Lagrangian submanifold iff
1w =0,

ie w|r, L =0.
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If 7 : M — X is the natural projection map, then the fibers of m are Lagrangian
submanifolds, (because then dg; = 0). If S = S(g) is a function on X, then the
set {(p,q) : p = 05/90q} forms a Lagrangian submanifold, (because o = dS and
d?S =0). If Y is a submanifold in X, then N*Y = {(g,p) : p|r,y = 0} is also a
Lagrangian submanifold. Note that for Y = {¢} we get the first example.

The Maslov index, which we are going to define, is a 1-dimensional cohomology
class on the Lagrangian submanifold. It is defined on curves v C L.

The projection 7, restricted to the Lagrangian submanifold L, is a differentiable
map between two n-dimensional manifolds. If L is in general position, then 7|y, is
regular at almost every point of L. Define

Y ={z € L: z s critical point for 7|},

the set of points, where L projects badly at X. The image of this set, 7(X) is
called the caustics of the manifold 3.

If L is in general position, then X forms a subset of codimension one in L, (given
by one equation det D(7|,) = 0). Moreover, typically ¥ is smooth outside some its
subset of codimension two (in ¥). We do not prove this property, we demonstrate
it in the following example.

Example (The A3 Lagrangian singularity, see [Arnl]). Let F(p1,q2) = p} + qap?.
We define a Lagrangian manifold in T*R?,

L ={(q1,92,p1,p2) : ¢ = OF/0p1, p2 = —0F/0q2}.

This manifold can be parameterized by means of the variables p1,g2: (p1,q2) —
(4p3 + 2q2p1, g2, p1, —p?), and the projection 7|7, is the Whitney map

(p1,q2) — (4p3 + 2qop1, 2)

(see Definition 2.12). The set of critical points of the projection is the smooth
curve

¥ = {12p7 + 2¢2 = 0}

and its image is the cusp ¢1 = —8p}, g2 = —6p3 (see Figure 8).

It turns out that 3 has two sides in L. Take a typical point z from X. The kernel
of D7(2) is 1-dimensional and L is given locally as a graphic of the mapping
(P1,492, -+ Gn) — (q1,D2,...,Pn). The critical set ¥ = {0q;/Ip1 = 0}.

We define the positive side of ¥ as that where d¢1/9p1 > 0. The negative side is
defined by the opposite inequality. This definition is correct. We can see that the
sides are well defined in our example. In the general situation one can prove that
typical codimension 2 singularities are of the Aj type.

Hence ¥ is cooriented and defines a 1-dimensional cohomology class. The value of
this class on a curve + is equal to the number of (transversal) passes of v from the
negative side of ¥ to the positive side, minus the number of reverse passes. This
number is called the Maslov index of the curve ~.
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Figure 8

The Maslov index has applications in asymptotic solutions of partial differential
equations and in geometry. Below we present one such application.

Let ¢ € X and let v be a geodesic line starting at ¢ and with end at some point
¢'. (Recall that X is Riemannian).

The Morse index of the geodesic 7y is the number of points in v which are conjugate
with ¢g. Recall that a point ¢; is conjugate with ¢ iff the near geodesics starting
at ¢ are infinitesimally focused at ¢;. One can also define a multiplicity of the
conjugate point.

With this situation one can associate a Lagrangian submanifold L C T*X. We
identify TX with T*X by means of the Riemannian metric. Let

Lo={(¢q,v) e T"X : |v]| = 1}.

It is an (n — 1)-dimensional submanifold such that w|r, = 0.
Let g : (q,v) — (q(t),v(t)) be the geodesic flow; here v(t) = ¢(¢)* is the dual
covector to ¢(t). The n-dimensional manifold

L={Jg'(Lo)

is Lagrangian.
The curve « has lift § = (7,%") to L and we can define the Maslov index of §.

3.22. Theorem. The Morse index of v is equal to the Maslov index of 6.

We do not give the proof of this theorem. We notice only that near the conjugate
point on one geodesic, near geodesics intersect between themselves. This means
that their lifts to the Lagrangian submanifold have bad projections to the config-
uration space X. Thus § passes through the critical surface X.

3.23. Definition (de Rham cohomologies). If X is a differentiable manifold, then
one defines the de Rham cohomology groups of X, H, 5R(X ,R) as the cohomology
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groups of the cochain complex
0—-T(X, &%) L I(X, ) S I(X,62) - ... 5> T(X,E") — 0.

Here I'(X, £¥) are the spaces of all differential forms of degree k defined globally
on X. More precisely, E¥ = €% denotes the sheaf of differential k-forms, defined
locally as

w = Zai1,~~~,ikdxi1 VANIAN d(L’ik.

I'(X, E) denotes the set of global sections of this sheaf, or the set of global sections
of the bundle A*T*X . The operator d is the external derivative

Gy,
dw:ZZ “a’lekdxj/\dxil/\.../\dxik.
J

If the coefficients a;,,.. ;, of the form w take complex values, then we have the
complex de Rham cohomology groups Hj,(X, C).

w is called closed iff dw = 0 and is called exact iff w = dn for some (k + 1)-form 7.
Thus HY,(X,R) = (closed forms)/(exact forms).

3.24. De Rham Theorem. We have H*(X,R) = HX. (X, R).

Before giving the proof of the de Rham theorem we shall give an interpretation of
the intersection index in terms of differential forms.

The exterior product of forms w®,n™ — wk A n™ is compatible with the external
derivative, d(w A 1) = dw A1+ (—1)*w A dn. This defines the bilinear map

H!;R(X’ R) X H(;GL%(X’ R) - Hsgm(va)

In this way we obtain the cohomolology algebra. In the case of singular cohomolo-
gies, this bilinear map coincides with the so-called cup-product.

Examples. 1. The algebra H*(CP™,C) is isomorphic to C[z]/(2"T1), where x rep-
resents the generator of the second cohomology group with integer coefficients.
2. The algebra H®(T?,R) is isomorphic to the exterior algebra ARZ.

The last cohomology group H}n(X,R) is identified with R by means of the in-
tegration along X: (", [X]) = [ £, the value on the fundamental cycle [X] (see
3.7)

Therefore we have (w¥,7"™*) — [, w An. We obtain the pairing

H5(X,R) x HiZ*(X,R) — R.

3.25. Theorem. The latter pairing is dual to the intersection index. It means that if
A, B are cycles of complementary dimensions and w,n are differential forms such
that for any cycles C, D, [,w = (A,C) and [,n = (B, D), then [y wAn= (A, B).
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Proof. Let A : X — X x X be the diagonal mapping, © — (z, ), and let its image
also be denoted by A. If A, B are cycles in X, then their index of intersection in
X is equal to the index of intersection of A x B and A in X x X.

By the Kiinneth formula (see 3.11) H"(X x X,R) = @, H*(X,R)® H" *(X,R)
and it is not difficult to see that

A*(w]@ ) = [wAn].
Combining these two facts, we get the result. O

3.26. Sheaves. If X and Y are manifolds, then a map p : £ — X is called the
fibre bundle iff the manifold X is covered by charts U, such that p~1(U,) is
diffeomorphic to U, x F, where F' is a fixed manifold, a fiber. X is the base of
the bundle. If F is a vector space, then we get a vector bundle. If X is a complex
manifold and F' = C, then we have a line bundle. If F' is a discrete space, then
the bundle is a covering.

Bundles over X with fixed fiber F' are defined by identifications (gluing) of the
domains U, x F and Ug x F' above U,NUg. It is realized by means of the functions
ha,s on Uy N Ug which take values in the group of diffeomorphisms of the fiber.
In the case of vector bundles, this is the linear group Aut(F).

In each chart U, we can define local sections of the bundle £ — X, as functions
on U, with values in F. If s, is a section in U, and sg is a section in Ug, then they
define the section in U, U Upg iff sg3 = ho gsg. With each domain U C X we can
associate its space of sections F(U). In this way we obtain the sheaf F of sections
of the bundle F.

The formal definition of sheaf (of groups on a manifold X) is the following. Firstly,
one has a presheaf, which associates to any open subset U C X an abelian group
I'(U) and to any inclusions V' C U a restriction homomorphism I'(U) — I'(V),
f — flv (with natural properties). A presheaf is a sheaf iff it has the additional
property: if f; € I'(U;) satisfy filu,nu; = fjlvinu;, then there is unique f €
I'(UUj) such that fly, = f;.

There are many sheaves associated with some natural bundles: the sheaf £ of
smooth functions (sections of the trivial bundle X x R), the sheaf £% of differ-
entiable k-forms on X, the sheaf of vector fields, the constant sheaves (where
F(U) =12Z,C,R consists of locally constant functions).

In algebraic geometry there are more natural bundles and sheaves associated with
them. In fact, there the notion of a sheaf is more natural, because it includes some
natural situations with singularities (e.g. when the dimension of a fiber ceases to
be constant).

Important are: the sheaf O(X) = Ox of germs of holomorphic functions and
sheaves F of Ox-moduli; (F(U) is a module over the ring Ox(U)). Such a sheaf
F is called coherent iff it is locally finitely generated and the relations sheaf is
locally finitely generated; for U C X there is a surjection I'(U, Ox)™ — I'(U, F)
and its kernel defines the sheaf of relations.
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In Section 7 we use some natural morphisms of sheaves. If FF : X — Y is a
holomorphic map and F is a sheaf of Ox-moduli on X, then the direct image of
F is the sheaf F.F of Ox-moduli on Y (and of Oy-moduli) such that

(F.F)(V) :=F(F1(V)).

If G is a sheaf of Oy-moduli on Y, then the inverse image of G is the sheaf F~1G
of Oy-moduli on X such that (F~'G)(U) := limpcy G(V) (direct limit over
V’s). One defines also F*G := F~'G ®0, Ox, a sheaf of Ox-moduli on X; here
Oy is treated as a subsheaf of Ox.

3.27. The Cech cohomologies. Let F be a sheaf on X and U = {U,} be its locally
finite covering. We associate with it the following cochain complex.

e Its groups of k-cochains C*(U, F) are the direct sums of the groups F(Uy, N
...NUy,) (with different indices «;’s); its elements are denoted by gq, ... a,
and are anti-symmetric with respect to the indices.

o If o = {04, . a,}, then the coboundary operator acts on it as follows:

k+1

(60)(¥D7~~~»0‘k+1 = Z(_l)jaao7~~-ﬂ_;’—17f¥j+1---Oék+1 .
=0

We define H*(U, F) as the cohomology groups of this cochain complex. If V is
a subcovering of U, (i.e. each V3 lies in some U,), then we have a natural map
H*(Ud) — H*(V). The direct limit of these groups is the Cech cohomology group
H*(X,F).

Examples. 1. The group H°(X, F) is equal to the group of global sections of the
sheaf F. Indeed, if 0 = {0}, then the condition (60)yy = oy — oy = 0 means
that the sections oy and oy coincide at U NV

2. The vector bundles on X with fiber V' are classified according to the elements
of the group H'(X,G) where G is the sheaf of functions on X with values in the
group Aut(F') (of automorphisms of the fiber).

However, if the group Aut(F) is non-abelian, then we have the “non-abelian” Cech
cohomology group H*(X,G), whose definition needs some modification. It equals
{ot : 6ot = e}/ ~, where the cochain o' = (opy) is a cocycle iff (§o)pvw =
ouvoywowy = e and (oyy) ~ (tyv) iff opy = pUTUVp‘_/1 for some 0-cochain
r° = (pv)-

3. If F is a sheaf on X and F,F is the direct image of F defined by a map
F: X —Y, then we have

HI(X,F)~ H(Y,F.F).

Usually the limit in the definition of Cech cohomology is achieved at some suffi-
ciently fine covering. In particular, J. Leray proved that, if the intersections of the
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elements of the covering have the property that their cohomology groups vanish,
then such a covering is good (see [God]).

In this way one obtains the isomorphism of the Cech cohomologies with coefficients
in a constant sheaf, denoted by H*, with the singular cohomologies. The latter
fact is proved as follows. Take a simplicial partition K of X. With each vertex s,
we associate the open subset U, equal to the union of n-simplices having s% as a
vertex (the star with vertex at s0). The system of these stars defines the needed
covering of X. The intersection [ U,, is not empty iff s? are vertices of some
simplex in K. The Cech cochain associates integer numbers to such intersections.
The latter numbers can be interpreted as singular cochains. In this way we obtain
a homomorphism of the cochain complexes. If the simplicial partition is sufficiently
small, then this gives the isomorphism of the cohomology groups.

Proof of the de Rham theorem 3.24. Lemma. We have H*(X,E") =0 for k > 0.

Proof. Tt relies on existence of a smooth partition of unity for a section of the
sheaf of smooth differential forms. The sheaves which admit a partition of unity
are called flabby sheaves. (The holomorphic or algebraic sheaves are not flabby).
Let {U,} be some covering of X and let p,, : U, — R be some associated partition
of unity:

suppp, C Ua, po 20, Zpa =1

If 0 ={0ag.... an} is a Cech cocycle, i.e. do = 0, then we define the Cech cochain
T € C*1 by putting

Toag,.og—1 — Zpﬁgﬁ,ao,--~,ak—1'
B
It turns out that é7 = o.

For example, in the case k = 1 we have 0 = {oyv } such that oyy+oyvw+owy =0
inUNVAW.If ry =), pyovu, then

Or)ov =Tv —Tu = Y _pwowv — Y pwowu = »_ pwouv = ouy. O
w w w

k

709

If wis a k-form, then it defines a singular cochain: its value on the chain ¢ = Y a;c

a; € R, is
(w,c) :Zai/ w.

This homomorphism of the cochain complexes commutes with the coboundary
operator. The latter fact is equivalent to the Stokes theorem

Jur= L
80' (e

which is a generalization of the fundamental theorem of analysis, (the integral of
a derivative is equal to the difference of values of the function at the ends of the
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interval). In this way we obtain a map from Hj,(X) to H*(X,R). We must show
that this map is an isomorphism.
Consider the sequence of sheaves

0-R—-& Lgt 42,

)

where the second arrow is the inclusion.

3.28. The Poincaré Lemma. The above sequence is exact. It means that every closed
k-form is locally equal to the differential of some (k — 1)-form.

Proof. Because the situation is local, it is enough to consider the case when the
closed k-form w is defined in a neighborhood of 0 in R™. Denote by e, = " x;0,
the radial vector field. If x € R™ and vy, ...,v;_1 are vectors tangent to R™ at =z,
then we define the (k — 1)-form 7 as

1
(n, (Ula~~~,vk71)>:/0 (w(tx), (er,v1, ..., v5—1))dt.

One can check that dn = w.

(This is a generalization of the well-known formula from mechanics: if a field of
forces F(z) is such that the work fA/ F - dx depends only on the ends of the path
v, then the field F' is a potential field and the potential energy is given by the
formula U(z) = [} F - ds.) O

Let Z* denote the sheaf of closed k-forms. Poincaré’s Lemma says that the short
sequences of sheaves

0— 2k gk b zh1 g (2.1)
are exact.

3.29. Lemma about the long exact sequence. With each short exact sequence of
sheaves
0-e2rlg—o

one associates the following long exact sequence of their Cech cohomologies (anal-
ogous to the long exact sequence of the homology groups of a pair)

LLCHM(X,E) — HYX,F) — H*(X,6) & HM(X,€)....

Proof (sketch). Here the first two homomorphisms are induced by the maps of
the sheaves and the coboundary operator 6 is defined as follows. If o* is a Cech
cocycle with values in G, then it is the image of a cochain 7% with values in F,
B(7) = 0. Take the coboundary é7. Because of the commutation relation 63 = 39,
67 belongs to the kernel of § and, by the exactness, to the image of a. Thus
0T = a(p) where p is some (k4 1)-cocycle with values in £. The cohomology class
of u is the value of the coboundary operator on o. O
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We associate corresponding long exact sequences with the short exact sequences
(2.1). Using the fact that H?(X,EP) = 0 for ¢ > 0 these sequences give us the
series of isomorphisms

HY(X,R) ~ HF"Y(X, 24 ~ H*2(X, 2% ~ . ..
~ HY(X, 2¥ ' ~ H'(X, 2P)/dH(X, EF1).

The group H°(X, F) is the group of global sections of the sheaf F. Therefore the
latter group in the above series of isomorphisms is identified with the group of de
Rham cohomologies. O

3.30. The Lefschetz fixed point theorem. Assume that f: X — X is a continuous
map of a CW-complex. Define its Lefschetz number

L(f) =Y (=1)ITr (fug: Hyo(X,Q) — Hy(X,Q)).

(i) In the case when X is a simplicial complex and f is a simplicial map, the
number L(f) can be defined as Y (—1)ITr (fq: Cq — Cy) where fy acts on
the space of q-dimensional chains.

(ii) In the case when f is a differentiable map of a differentiable manifold with
isolated fized points, we have L(f) =3_ in(f), where the sum is over the set
of fized points and the index i, f of the map f at p is defined as the index of
the vector field © — f(x) (in a local chart U C R™).

(iii) If L(f) # 0, then f has a fixed point.

Proof. (i) The number L(f) has the same properties as the Euler characteristic;
(and equals it in the case f = id). (ii) This point is the analogue of the Poincaré-
Hopf theorem. (iii) This point is proved by means of a fine simplicial approximation
of the map. For more details, see [Spa]. O

§3 Homotopy Theory

We shall need also a little homotopy theory and we present here some of its funda-
mental notions. Two continuous maps f,g: X — Y are homotopically equivalent
if there exists a continuous map F : X x [0,1] — Y such that F(z,0) = f(x),
F(z,1) = g(x). The fundamental group 7 (X) = 71 (X, z), x € X is the space of
homotopy classes of maps (S*,1) — (X, x), where S! is the circle {z € C : |z| = 1}.
This set has a natural structure of a group; multiplication is a composition of loops
(after a change of parametrization). Often the fundamental group is not abelian,
but we have the identity

Hy(X,Z) = m1(X)/[m(X), m (X)),

where [a, b] denotes the commutator aba~'b~!. The set of homotopy equivalence
classes of maps S* — X is denoted by 74(X). It forms an abelian group (for
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k > 1), called the k-th homotopy group of X . The space X is called the Eilenberg—
MacLane space K(m,n) iff 7,(X) = 7 and 7;(X) = 0, ¢ # n. For example,
K(Z,1)=5' K(Z3,1) =RP>®, K(Z,2) =CP*. Amapp: X —-Y,Y C X is
called the retraction if f|y = id. We say that Y C X is a deformation retract of
X if there is a homotopy X X [0,1] — X which is identity on Y and which joins
the identity map on X with some retraction p : X — Y. The next lemma, though
easy to prove, will be frequently used.

3.31. Lemma (Prolongation of homotopy). Let p : E — B be a fiber bundle with
fiber F and let X be some CW-complez. If there are two continuous maps

G:Xx{0} - E, g¢g:Xx]0,1] - B,

which agree, i.e. po G(x,0) = g(x,0), then there exists a map G:X x [0,1] = FE
which prolongs G and agrees with g, po G = g. Moreover any two such lifts are
homotopically equivalent.

3.32. The long sequences associated with a fibration. Let £ — B be a (locally
trivial) fiber bundle with the fiber F. We have the long exact sequence of homotopy
groups

ook (F) = 1, (E) —» 1 (B) = w1 (F) — ...

In general, there is no analogous sequence of the homology groups. There are such
sequences in the cases when: (i) F = S™

co.Hy_p(B) = Hp(E) — Hy—ppo1(B) = Hi—1(E) — ...
called the Gysin sequence, and (ii) B = S™
Hk(F) — Hk(E) — Hk_"(F) — Hk_l(F) — ...

called the Wang sequence.

For more details we refer the reader to [Spa].



Chapter 4

Topology and Monodromy of Functions

This chapter is devoted to topological invariants of analytic and algebraic functions
and sets. We begin with a description of the homology groups of non-singular levels
of germs of holomorphic functions with isolated singularity (the Milnor theorem)
and with definition of the Milnor bundle over a punctured disc. The action of the
generator of the fundamental group of the base on a fiber defines the monodromy
operator in the homologies of the fiber. Its action is described by the Picard—
Lefschetz formula.

In the case of deformation of a singularity one has a Milnor bundle over a comple-
ment of the discriminant set. The fundamental group of such complement is the
braid group. It also acts on the homology of the fiber. We describe the monodromy
group arising in this way.

To obtain further invariants of the monodromy one resolves the singularities, i.e.
replaces the singular hypersurface by a union of smooth divisors with normal
crossings. This theorem (of Hironaka) holds in the local as well as in the algebraic
situation and in the case of a non-isolated singularity. Sometimes (in the case of
multiple divisors) one needs to apply a certain base change and normalization of
the fiber space. We describe (without proofs) the desingularization process and
the semi-stable reduction.

We present the Clemens’ construction, i.e. the contraction of the fiber space to
the resolved singular fiber. We use it in the proof of the fundamental result, the
monodromy theorem (about eigenvalues of the monodromy operator and the di-
mensions of its Jordan cells), and in derivation of the formula for the zeta function
of the monodromy.

In the appendix (Section 3) we collect basic properties of such objects as root
systems, semi-simple Lie algebras and finite groups generated by reflections. They
have analogies with the monodromy groups.

§1 Topology of a Non-singular Level

Let f: (C",0) — (C,0) be a germ of a holomorphic function with isolated critical
point at 0. We assume that f is a polynomial. We are going to calculate the
homology groups of the surfaces f(z) = z intersected with a small ball. Firstly we
formulate some preparatory lemmas.
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4.1. Lemma. There exists a perturbation of f of the form f + eg (with linear g)
such that the function f+eg has only non-degenerate critical points with different
critical values. In other words, f + eg is a Morse function.

Proof. Consider the map Df : C* — C". A point z( is critical for Df iff
det D2 f(xp) = 0. Thus critical points of Df with value 0 are degenerate critical
points of f. The Sard theorem says that almost all values L € C™ are non-critical
for the map D f. Therefore for the function

fi(z) = f(x) = L-z,

with small non-critical L, 0 is not critical value for D f;. This means that all critical
points of f; are different and of Morse type.

Now it is enough to perturb slightly in L in such a way that we remain in the
non-degenerate case but with different critical values. O

4.2. Lemma. There exists p > 0 such that the spheres S, = {|z| = r} Cc C"* = R?",
0 < r < p, intersect the set f~1(0) transversally.

Proof. The statement of Lemma 4.2 is equivalent to the fact that the function
h:x— |z

restricted to the set f~1(0)\ 0, does not have critical points inside a small ball B,
with center at 0 (and radius p).

The property that h has a critical point at x is a property for an implicit extremum
in R?" and can be expressed as the property of vanishing of some minors of a
certain matrix. More precisely, let f = f; + ifs. Then f~1(0) is given by the

equations f; = fo = 0. Let also y1, ..., y2, denote the real coordinates. Then the
matrix

8f1 /8y1 e 8f1 /8y2n

8f2/6y1 . 8f2/6y2n

should have rank less than or equal to 2. Because h, f1, fo are polynomials we
obtain a system of algebraic equations defining a real algebraic subset V of R?".
If one shows that this set consists of a finite number of points, then one obtains
the thesis of Lemma 4.2. Indeed, one can choose p such that the punctured ball
B,\0 does not contain points from V.

The set V is 0-dimensional; otherwise the function h would be constant along part
of its curve tending to the origin.

If it had a sequence of points accumulating at the origin, then one would choose a
subsequence tending to zero with some definite asymptotic direction. We can as-
sume that this asymptotic direction is such that y; > 0, ..., y2, > 0. In particular,
the complexification V€ C (R?")€ should have complex dimension > 1.

Suppose firstly that dime VC = 1, i.e. VC is a complex analytic curve with definite
asymptotic direction and having a sequence of real points tending to the origin.
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We can represent VC in the form of Puiseux expansion, i.e. the expansion of

Y2,Y3, ... in powers of y}/'j‘ (see 2.25(b)). Thus, putting y; = t¥, we get y =
(t7, 22, az, 07, .., 3 asn jt7), t € (C,0). VC contains infinitely many real points;

we can assume that these points correspond to real parameters t. We claim that
all the coeflicients a; ; are real. Indeed, if some Ima;; # 0 with smallest j, then
Imy;, = Ima; ;jt/(1 +...) # 0 for small ¢ > 0. This means that V is a real 1-
dimensional analytic curve.

Suppose now that d = dimc VC > 1. We claim that:

There exists a (real) algebraic subset Vi C V with dime V€ < d and containing
points arbitrarily close to 0.

Indeed, let g1, ..., gx be the generators of the ideal I(V') of polynomials vanishing
on V. Let SingV = {rank(dgu,...,dgr) < d} be the set of singular points of V.
It is a proper algebraic subset of V. If the point 0 is not isolated in SingV, then
we put Vi = Sing V. Assume then the opposite.

Consider the function h = |y|*. We know that rank(dgs, . .., dgr) = d. But it turns
out that rank(dgs,...,dgr,dg) = d + 1 for y # 0 and close to 0.

Indeed, the complexification of h on VEN\0 is constant on each component of its
critical set and hence hly o has finitely many critical values.

Thus the varieties V N S, (p > 0 and small) are smooth; infinitely many of them
are nonempty. Consider the functions ¢; = y;|lvns,, VNS, # 9. Each ¢; has a
maximum in the domain y; > 0, i.e. a critical point. Therefore the sets W, = {y €
V rank(dgi, . . ., dgk, d|y|?, dy;) < d + 1} are nonempty.

If all W; = V, then this would mean that all the differentials dy; belong to the
space generated by dgj,d|y\2 which has the dimension d + 1 < 2n. Thus some
W; # V and we put V3 = W;. B N

Repeating this we find a variety V' C V with dim V® = 1 and containing points
arbitrarily close to 0.

More details are in Milnor’s book [Mil2]. O

Remark. Note also that the assumption (of Lemma 4.2) that the function f is a
polynomial can be weakened. We can assume that f is analytic. Then one would
deal with local real analytic varieties. In the same way one proves that an analytic
variety in R™ has only finitely many local components and that any two points on
such a component can be joined by a curve which consists of finitely many smooth
analytic pieces. (Here by an analytic subset of R™ we mean such a subset that
near any point y € R™ is given as a common zero of a system of functions analytic
near y).

4.3. Corollary.

(a) If, in the assumptions of the previous lemma, we fix the small sphere S, and
slightly perturb the function f to f, then also f~'(z) is transversal to S, for
small |z| < ¢, e = e(p). In particular, the sets f~(2) N B,, z not critical, are
reqular manifolds with smooth boundary.
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(b) The independence of dfi,dfs,dh implies that the sets (B,\{f = 0}) N
{arg f = 0}, 0 € [0,27) are regular manifolds.

4.4. Remark. Repeating the proof of Lemma 4.2 one obtains the following result:

The function S, N{f # 0,argf = 0} > x — |f(z)| does not have critical points
for p and |f| small enough and 0 € [0, 27].

Indeed, the proof of this statement leads to the real algebraic variety
{rank(darg f,d|f|,dh) = 2} and to showing that 0 is its isolated point.

4.5. Definition of the Milnor bundle. There are two definitions of the Milnor bun-
dle: one as in the second volume of the book of V. I. Arnold, A. N. Varchenko and
S. M. Gusein-Zade [AVG] and the original by Milnor as in his book [Mil2]. Firstly
we present the Arnold—Varchenko—Gusein-Zade definition.

Let f be as above, D, = {|z| < ¢} and B = B, = {|z| < p} with p as in the thesis
of Lemma 4.2. Denote

S=D.\0, V=Bnf9).

The map
vis (1.1)

is called the Milnor fibration associated with the function f. Its fiber over z € S is
denoted by V,. By Corollary 4.3(a) V, is a regular (2n — 2)-dimensional manifold
with regular boundary.

Milnor’s definition is the following. Take a small sphere S, C C" and let K =
S, N f7H0). If p is small, then K is a smooth manifold (see Lemma 4.2). Take a
tubular neighborhood T'of K in S,: T = {x € S, : |f(z)| < €1}, e1 << e. The

map
_ f@)
|f ()]
defines a fibration, also called the Milnor fibration. By Corollary 4.3(b) the fibers
are regular manifolds with boundary.
We shall distinguish the above two fibrations by their numbering, (1.1) or (1.2).
We shall work mostly with the fiber bundle (1.1).

4.6. Proposition. The maps (1.1) and (1.2) really define fiber bundles. Moreover,
they are equivalent in the following sense. For any fiber V, of the bundle (1.1) there
is a diffeomorphism transforming it to the fiber ®=1(0), 0 = argz of the bundle
(1.2). In other words, the bundle (1.1) restricted to some small circle {|z| =€} C S
is isomorphic to the bundle (1.2).

d: S,\T — S', &(x) (1.2)

Proof. We shall prove the local triviality only for the fibration (1.1). By Corollary
4.3(a) the fibers V, and V,» are homeomorphic for 2’ close to z. (In the proof of local
triviality of the bundle (1.2) one uses Corollary 4.3(b)). However, this observation
does not provide a proof because it says nothing about this homeomorphism. The
precise proof goes through phase flows of vector fields.
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Let us fix a point z € S and let the points 2z’ belong to a small neighborhood U
of z (in S). We move from the point z to the points z’ along trajectories of the
vector field €'® - 9/0z = cosa - 0/, + sina - 3/Dz. Here we identify T.C with
C.,1i», and with R? 1.2, and we treat its elements either as complex numbers or
as vectors. The angle a = arg(z’ — z). Thus 2’ = gzma/ay t = |2/ — z| (the flow
map after the time t).

We construct a vector field v = v(x) in f~1(U) C V such that 7,v = 9/0z. More
precisely, identifying T,V with C", we represent v(z) as a collection of complex
numbers, v(x) = (vi(x),...,v,(x)) € C*. Then e'*v(z) is also a vector from C",
representing a real vector field in R?”.

The homeomorphism g : U x V,— f~1(U) is defined as

9(z, @) =2 g(2,2) = giia,(x), 2/ # 2.

The field v(x) should satisfy also another condition; it should be tangent to the
boundary of V, i.e. to the sphere S,. So, we have the conditions f =1, h = 0
(where h(z) =2 -Z, x -y =, z;y:), i.e

v(z)-Vf(z)=1, Re(v(z)-z)=0.

The second condition is essential only for n > 2.

Locally, near a given point z¢ € V., it is easy to construct v(x). We can assume that
J = w1 is a first coordinate from a local holomorphic coordinate system us, . .., uy.
We have v(u) = (1,v3(u), . ..,vn(u)) and h = (8h/Ou) - v(u) + (8h/04) - v(u) = 0
is an additional condition for v. Because dh is independent of du; and n > 2, one
can always find v, ..., v, satisfying it.

Next we take a covering {Wjs} of the set f~!(U) such that in each Wjs one has a
vector field vg satisfying the required properties. Take a partition of unity {¢5}
associated with this covering. Then the vector field v(x) = ) ¢5(z)vs(z) is good.
The reader can notice that the field v(z) is not holomorphic; (i.e. not of the form
> i (x)9/0,, with holomorphic components v;(z)). Generally the Milnor bundle
is not holomorphic. It is only a C'*°-bundle.

Now we give the idea why the fibers of the bundles (1.1) and (1.2) are diffeomor-
phic. Note that they have the same (real) dimensions: V, has complex dimension
n—1and ®71(0) is a hypersurface in a (2n — 1)-dimensional sphere. Assume that
y = 629

Here also we use vector fields. We construct a (real) vector field w(x) satisfying
the properties

w(z)-Vin f(z) >0, Re(w(z)- z)>

If w(t ) is an integral curve of w, i.e. Z(t) = w(w (t)), and 0 = arg f(x) = ImIn f(x),
then dt(ln|f\)+z¢9—dt[lnf]—w Vinf>0,ie

. d
0 = 1
0, ,mlfI>0



62 Chapter 4. Topology and Monodromy of Functions

and p
dt(\x\z) =2-Re(-7)>0.
This means that the phase curve z(t) lies in one fiber ®~1(#) of the map x 2
f(z)/|f(x)| and it eventually achieves the sphere S,. In this way we define a
diffeomorphism between f~1(z) N B, and S, N{arg f =0, |f| > |z]} = 271 (6) N
E
The vector field w(z) is constructed in an analogous way as the vector field v(x)
above. Firstly we construct it locally and then we use some partition of unity to
glue together these local fields to a global field in B,\{f = 0}.
It remains to show that the manifolds with boundary ®=1(0) N {|f| > |z|} and
®~1(0) are diffeomorphic in the sphere S,; (recall that in ®~*(0) we have |f(z)| >
€1. This is also done using vector fields. Because the vector field V(In|f||s,) is
regular in ®~1(0) (see Remark 4.4) we can use it in construction of the needed
diffeomorphism. O

Remark. The above proof of the local triviality of the Milnor fibration works in
the more general case. If f : E — B is a smooth map between real and smooth
manifolds, such that the rank of Df is constant, then it defines a locally trivial
fibration. This result belongs to C. Ehresmann [Ehr|.

Let f be a Morse perturbation of f. Let 1, . .. T, b= p(f), be its set of critical
points and let z1, ..., 2, denote the corresponding critical values.

Denote S = D, \ {z1,.. ., 2, ) and V = Bn f~1(S). The map

f:V—-S5
is also called the Milnor fibration associated with the perturbation f . The fibers
are denoted by V.. It is also a locally trivial fibration (of class C* but not analytic).

(In this section we shall denote by z the arguments of functions and by z their
values.)

4.7. Definition (Vanishing cycles). Let, as before, f be a germ of a function with
isolated critical point, f be its Morse perturbation and z1,...,z,, 4 = p(f) be its
set of critical points with critical values z1, ..., z,.

Choose z9 # 21,...,%, and join it with the critical values z; by means of certain
non-intersecting paths a; : z = u;(t), u;(0) = z;, u;(1) = zo (see Figure 1).

We want to calculate the homology groups of the space Vi, = f~!(z) N B. If
[ is a small perturbation of f, then this space is homeomorphic to the space
V.o = f71(20) N B (one is a small deformation of the other).

In a neighborhood of any critical point x; we can express the perturbed function

in the form 3
f=ztd v

From Chapter 1 we know that some (n — 1)-dimensional cycle vanishes there . In
particular, we get a 1-parameter family A;(t) of cycles in V,,, () defined as follows.
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2

Figure 1

If ¢ is close to 0, then
Aj(t) = \Jus () — 2 - 57

where 577! = {37 ¢? = 1, Imy; = 0}. We see that A;(0) = {zo}.

Using Lemma 3.31 we prolong the local homotopy (Ry,0) x S"~1 — V, {t} x
Sn=1 — A;(t) to a map D; : [0,1] x Si’l — V, Dj({t} x S"71) = A;(t). We
denote by A; the cycle A;(1). It lies in V.

The system Ay, ..., A, is called the distinguished system of vanishing cycles.

4.8. The Milnor theorem. The distinguished system of vanishing cycles generates
a basis of the reduced homology group Hy,_1(Vs,,Z). The other groups are zero.

Proof. The next lemma will be proved later.

Lemma. The space X = f~1(D.) N B is contractible.

Let, as before, f be a small Morse perturbation of f. Let X = fﬁl(DE) N B; it is
diffeomorphic to the space X (because it has the “same” boundary).
Let z1,..., 2, be the critical values and a4, ..., a, be the paths joining the base
point zg with z;. Denote
A= U ;.
1

A is a deformation retract of D.. Let
Y = f~Y(A) N B,

which is a deformation retract of X and has trivial homotopy type.

We delete from A the critical values, A" = AN\{z1,..., 2.}, and we delete from Y
the critical fibers, Y/ = Y\ U ‘72 The fibration Y’ — A’ is trivial, Y’/ ~ ‘N/ZO x A'.
Thus Y’ has the homotopy type of YN/ZO.

The space Y is homotopically equivalent to the space obtained from ‘720 by filling
the vanishing cycles A; by balls K;. Indeed, by Proposition 1.8 (in Chapter 1) the
part of Y near the critical point z; can be continuously deformed to ‘N/ul(to) ubD",
where the point ui(tg) € a1 is close to z1. This deformation can be prolonged to
the remaining part of Y above the arc of = [z1,u1(to)] C a1 with its image in
Vul(to). We do the same above the analogous arcs «; near x;. We obtain that YV
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is deformed to its part above AN\ |J ) and to p balls D™ glued along A;(to). Of
course, the latter can be squeezed to the fiber above zg and to the inserted balls
which we denote by Ki,..., K.

The homotopy equivalence map, from the disjoint union YN/ZD Ull, K; toY, is
identity on the first component. If we represent each K; as Ute[O,l] t-S™ 1 then
the point ¢ - a is sent to the point D;(¢,a) (under the identification of the cycles
A;(t) with D({t} x S"~!, see Definition 4.7).

Let us calculate the homology groups of Y’ = 1720. We use the long exact sequence
of homology groups of the pair (Y;Y”). We have

= Hep1 (YY) = Hept (YY) = Hy(Y) — Hiy(Y) — ...

where the tildes denote the reduced homology groups. Here H i(¥Y)=0(as Y is
homotopically trivial). Therefore Hy(Y') ~ Hyy1(Y,Y"). But the pair (Y,Y’) is
homotopically equivalent to the union of pairs (K;, 0K;) ~ (D™, dD™). We know
that Hy41(K;,0K;) =0ifk#n—1and Z for k=n— 1.

Hence, H(Y') = 0 if k # n— 1 and = Z* for k = n — 1. The generators of
H,_1(Y") arise from the images of the relative cycles (K;, A;) under the “bound-
ary” homomorphism, i.e. from the cycles A;. ([

Proof of the lemma. The set Vo = f~1(0) N B, is contractible, because it is trans-
versal to the spheres S,. For example, we can use the vector field —V(|z|?|r=).
The disc D, is contractible to 0. Therefore the proof will be finished, if we construct
a prolongation of the latter contraction to a contraction X — V;. Because the map
X — D¢ is not a fibration we cannot use directly Lemma 3.31. We must work a
little more.

Take two sequences p > 1y > ... >0, €g =€ > €1 > ... > 0 such that the level
surfaces f = z are transversal to the spheres S, for |z| < ¢;. We restrict f to B —
B,.; above D, they define fibrations F; — D.,. Because the bases are contractible
these bundles are trivial. We can assume that the trivializations are compatible,
i.e. the maps E; — D¢, x (Vo N (B\B,,)) and Eiy1 — D, x (Vo N (B\ Br.,))
are equal at F; N E;1 above D, ;.

The retraction X — V} is constructed as follows. Let p;(¢) be the deformation
retraction of D, to D., (along the rays). We lift it to a deformation retraction
p1(t) of X = f~1(D,) to f~1(D,,) in such a way that it coincides with p;(t) x id
in the fiber space Ej. Next, we lift the deformation retraction of D., to D, to a
deformation retraction of f=1(D,,) to f~1(D,) (naturally in E5). We repeat this
infinitely many times. Every point from X\ V| either eventually falls into one of
the bundles FE;, where the retraction is well defined, or it tends to 0.

We compose all these retractions to one deformation retraction of X to Vj. O

i+1

4.9. Remarks. (a) The reason to use the reduced homologies is simple. If f(z) =
x#*1 then the multiplicity is 4 and the sets V, = {2; = ('xo: i =0,1,...,u},( =
e2mi/ (1) o = xgﬂ # 0 consist of pu + 1 elements. The reduced homology group
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Hy(V2) is identified with Z* = {(my, .. Symy t >.m; = 0} C Z*TL The reduced
cohomology group H°(V.) is identified with the quotient group Z#*+1/(1,... 1)Z.
(b) If one worked more on the above proof, then one would obtain the homotopy
equivalence of the non-singular level surface YN/ZD with the bucket S"~1v...vS"~1
of pu spheres (joined together at their base points). It is the original result of Milnor.
In [Mil2] Milnor proves this homotopy equivalence using the Hurewicz theorem
(to get an isomorphism of H,_1(V.) with the homotopy group 7,_1(V.) for n >
2)) and a Whitehead theorem (to show that the map S"~!'v...v S" ! -V,
induced by the isomorphism of the homotopy and homology groups is a homotopy
equivalence).

=y,
/—Wx/i /sz

Figure 2

§2 Picard-Lefschetz Formula

The Picard—Lefschetz formula describes the change in homologies of the level sur-
face of a holomorphic function induced by variation of the value of the function
around some of its critical values. Firstly we present this change in two examples
(of a Morse critical point and of a family of elliptic curves).

4.10. Example. Let f(z,w) = 22 + w?, z,w € C% Let V) = {f(z,w) = A} denote
the level surfaces of the function f. V) is the Riemann surface of the function
w = VA — 22 (see Figure 2).

Let A(t) = e®™q, 0 <t < 1, @ > 0. We want to see what happens with the
surfaces V)(;) in the process of deformation. They are presented in Figure 3. The
ramification points rotate with velocity two times smaller than the velocity of
rotation of A.

We construct a family of diffeomorphisms I'y : V) — Vi) Let x(r) be a bump
function such that x(r) =1 for 0 < r < 2y/a and x(r) = 0 for r > 3y/a. We put

2(t) = emtx(zD) 5,

It is the action of the family of diffeomorphisms on the z-variable. The w-variable
changes continuously and accordingly to the formula

w(t) = £/A(t) — 22(2).
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[ ] [

Figure 3

)

We put I'; ¢ (z,w) — (2(t),w(t)). We see that if z,w are small, then (z,w)(t) =
e™(z,w)(0) and if they are large, then (z,w)(t) = const.

The map h = I'y is a diffeomorphism of V,, (called the monodromy diffeomor-
phism); it induces some maps in the homology groups.

We have here two homology groups to deal with: the usual homologies H;(V,,Z)
~ 7 and the homology group with closed support H{(V,,Z) ~ Z. The generator
of the first group is the (compact) cycle A and the generator of the second group
is the infinite cycle V as in Figure 4. We can assume that their index of intersec-
tion (V,A) = 1. The cycle V can be also treated as a relative cycle in the pair
(Va,{o0}), where V, is the closure of V,, in CP2.

Figure 4

The deformations of these cycles under the family of diffeomorphisms I'; are pre-
sented in Figure 5. We see that h,A = A and

hV —V =—-A.
Generally, if § is a relative cycle (or a cycle with closed support), then the quantity
vard = h0 — 0

is called the wariation of the relative cycle §. The values of the operator Var lie
in the group of absolute cycles.
The Picard—Lefschetz formula states here that

vard = (A, §)A.
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The formula h.d = 6 + (A, §)A holds also for absolute cycles, e.g. for A (because
(A, A) = 0. Namely, in this way the formula for variation of cycles was introduced
in the books of E. Picard and G. Simart [PiSi] and of S. Lefschetz [Lef].

4.11. Example. Let f(z,w) = y?> +2® —x, V;, = {f = t}. Here V; is the Rie-
mann surface of the function y = v/t + 2 — 3. It has (generally) three branching
points x1, xs, 3. Figure 6 shows that this Riemann surface is diffeomorphic to
a 2-dimensional torus deprived of one point; (to see this one has to squeeze the
boundary circle to a point).

The first homology group of V; is generated by two (absolute) cycles: Ay (surround-
ing 1 and z3) and Ay (surrounding xo and z3 as in Figure 6). They represent
the two basic cycles in the punctured torus and we have (A1, Ag) = 1. The cycles
A1 o are vanishing cycles. They disappear for those values of ¢ at which two of
the branching points x; coalesce. In order to find them, we solve the system of
equations

Px)=t+z—2*=0, P'(x)=1-32° =0,

which gives
T12 = F/1/3, t12 = +2/3V3.

[ [
| I T
S/
AT AN
] ] \
Figure 6

Fix some noncritical value to. We look at the behavior of the cycles A; C V; as
t varies along two loops starting at ¢ty and surrounding one of the critical values
tj. As a result we obtain two monodromy maps in H;(V;,) which generate the
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monodromy group, a subgroup in Aut Hy (V},). The monodromy group is the image
of the representation of the fundamental group 71 (C\{t1,t2}) in Aut Hy(V4,).
The action of the monodromy map corresponding to the loop around ¢; is presented
in Figure 7. Here the cycle A; is vanishing and it behaves like the cycle A from
the previous example. The cycle Ay should be treated as a relative cycle (in a
neighborhood of 1) and behaves like the V. We get

Al - Ala
Ay —  Ag+wvar Ay = Ag + (A1, A2)A1 = Ay + Ay

The monodromy corresponding to the loop around the point 5 is

A= A+ (A, A)Ay = Ay — Ay,
Ay — Ao

Thus, the monodromy group is generated by the two matrices

(1) (A1)

4.12. Remark (The choice of orientation). As we know the intersection index de-
pends on the choice of orientation of the manifold. In the monodromy theory of
vanishing cycles we shall fix the following orientation of C™:

If x1,22,...,Tn, xj = u; ++/—1v;, are the coordinates in C", then the canonical
orientation is given by the order of coordinates

U1,V1,U2,V2,...,Up,VUn.

In applications of Morse’s Lemma (see Chapter 1) we proved the following prop-
erty:
{23 +.. . +22 =2} =TS,

where the sphere is identified with the set S"~! = {v; = ... = v, = 0}. However
the natural orientation of 7.S™~! is given by

ULy .oy Un—1,V1,5 - Un_1- (2.1)

The canonical orientation differs from the orientation (2.1) by the factor

(_1)(7171)(7172)/2

(because we need (n — 1) + (n — 2) 4+ ...+ 1 transpositions).

4.13. Definition (Monodromy operator in the general case). Let f : (C",0) —
(C,0) be a germ of finite multiplicity and let f be its Morse perturbation with the
critical points x1, ..., z, and the critical values z1, ..., z,. As before, we choose the
ball B = B, C C" with boundary S, and small disc D, C C with the distinguished

(noncritical) point zo. Let S = D, — {z1,..., z,} and V=BnfYS).
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Figure 7

The map B _

f:vVv—=_5
defines a locally trivial fibration with fibers V Its restriction to the boundary
S,N 1% prolongs itself to a fibration over the disc D, with fibers oV, = f- lz)ns,
(see Lemma 4.2). Thus the latter (boundary) fibration is trivial (since the base is
contractible) and S, N V is diffeomorphic to the Cartesian product 8‘7,30 x De.
Let v = (t), t € [0,1] be a loop in S with base point at zg, ¥(0) = v(1) = z.
Using the prolongation of homotopy (Lemma 3.31), we can construct a 1-parameter
family of maps (diffeomorphisms)

ry: v,,—B
such that:
1) Ty =id;
2) To(Vzy) C Vys
3) Ft\af/zo is compatible with the structure of Cartesian product, i.e. I'y(zo, ) =
(v(t),x) € De x OV,.

The diffeomorphism
hy =T

is called the monodromy diffeomorphism induced by the loop v and the homo-

morphism A, : H,(V.,) — H,(V.,) is called the monodromy operator induced
by the loop 7. The operator of relative monodromy, denoted by h(ﬁ, acts on the
group H.,(Vs,,dV.,) and is also induced by h~. (Note that h7|8\720 =id.)

The variation operator induced by the loop 7,

vary : Ho(Vay, dV.,) — H.(F,),

is defined as
A—hTIA - A

The monodromy group associated with the singularity f is the image of the fun-
damental group 7 (S) in Aut H,(V,,) for any Morse perturbation f.
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The operator of classical monodromy (or the Picard-Lefschetz transformation ) A,
of the singularity f is the monodromy operator A, . induced by the loop 7, in S ,
which surrounds once and counterclockwise all the critical values z;. Equivalently,
the Picard-Lefschetz transformation of f is defined as the operator in H,(V,,)
(homologies of the level of the unperturbed function), induced by the loop in
(De\ 0, z0) around z = 0.

4.14. Remarks. 1. Let i, : H(V,,) — H,(V.,,dV.,) be the natural map induced by

the inclusion. Then we have
hy« = I+wvaryois,
s

¥ ¥

= I +1i,0var,.

2. If V1,2 are two loops, then h%.% = hA,1 *hA,2 + and the analogous formula holds
in the relative case.

3. VaTy, .y, = VAT, + VAT, + VAT, Ty - VAT, -

4.15. Lemma. If a,b are two relative cycles (with empty intersection at the bound-
ary OV, ), then

(hysa,hyb) = (a,b),
(varya,varyb) + (a,varyb) + (varya,b) = 0,

where (-,-) is the intersection indez.

Proof. The diffeomorphisms I'; preserve the orientation (because they are isotopic
with the identity). So, if the cycles a, b are such that they have empty intersections
at the boundary of ‘N/ZD, then this holds along the deformation I'; and we have
(Tea, Ty d) = (a,b). From this also the second formula follows. O

4.16. Definition. Let «; be paths connecting zo with the critical values z; and let
A; € H.(V,,) be the cycles vanishing at z = z; along «;. The simple loop 7;
associated with «; is the loop as in Figure 8. The operator h; = h;, . is called the
Picard-Lefschetz transformation corresponding to the cycle A;.

Figure 8

In order to describe the Picard-Lefschetz operator we consider the situation near a
non-degenerate critical point. Assume then that f—z; = y5+...+y2, Y; = uj+iv;.
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Take a simple loop (from Definition 4.16) in the form

Tt —z=et te0,1].
The fiber V, is of the form {} 4? = z, Y |y;|* < 4} with the cycle A =
{(u1,v1, .y Upn,Up) 1 V1 = ... =v, =0}

4.17. Lemma. We have

0, n even,
(AA) = 2, n=1 (mod 4),
-2, n=-1 (mod 4).

Proof. By Remark 4.12 and 1.17, this intersection index equals
X(snfl) . (_1)(7171)(7172)/2. 0

Recall that ﬁn,l(Vl) is generated by A = {(u1,v1,...,Un,vp) : V1 = ... =
v, = 0} (with the orientation given by the ordered system wua, ..., u,) and, by the
Poincaré duality, the group H,,_1(V.,0V,) = Z and is generated by the relative
cycle

V= {uQ:...:unzo, vy =0, uy :\/14—1)%4—...—1—11%}.
We choose the orientation of V in such a way that (V,A) = 1.
4.18. The Picard-Lefschetz theorem. In the Morse situation we have the formula

var,V = (—1)"" D2 A (2.2)

In the general situation, for any relative cycle a we have

var;,a = (—=1)"HD/2(g AHA;,
Ka = a+ (—1)"D/2(q, A A,

and for any absolute cycle b we have
Br, b= b+ (=1)"" D2 (b AGA,.

Proof. It is enough to prove the Picard-Lefschetz formula (2.2).

One way to show it is to construct the family of diffeomorphisms I';, appearing in
the definition of the monodromy operators. Unfortunately, this construction is very
technical and rather difficult. Following [AVG], we will avoid these technicalities by
a proper use of the properties of the intersection index and of the linking number
in Milnor’s version of the Milnor bundle (see (1.2) and Proposition 4.6).

The case with odd n.
Take the following lift to the fibration V' — S, i.e. the fibration (1.1), of the loop
7(t) = e?™it:

Qi(z) = e™a.
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This homotopy does not satisfy the property 3) from the Definition of I'; (Defini-
tion 4.13): it is not identity at the boundary dV. Nevertheless we shall use it. The
induced operators ), act correctly on the absolute cohomologies H,_; and this
will be sufficient for us.

We shall use the formula h,, = id + var; - i.. We have Q;(z) = —z and then
Q1A =h A =(—1)"A. So it is enough to calculate i.A, i.e. to find the integer
m in the identity i,A = mV.

We have (i.A,A) = (A, A) = 2(—1)»=Y/2 for odd n. Because (V,A) = 1 (by the
definition of the orientation of V), we get m = 2(—1)("~1/2,

The formula for the action of the monodromy operator gives the relation

~A=A+vary i, A=A+ 2(=1)"" D/ 2yqpr, v

and hence var,V = (—1)"t1)/2A.

The case with even n.

Now i,A = 0 and the above proof does not work. Here we work with the Milnor
fibration (1.2) defined as follows. One takes the sphere S, C C™ and deletes from
it a tubular neighborhood T' of the submanifold f = 0, the fibration projection is
®: SN\T — S, ®(x) = f(z)/|f(z)|. We study the monodromy operator (acting
in H,_1(®~1(1))) induced by the loop 7 : ¢ — €27 in the base S! and by means
of a family of diffeomorphisms I'y : ®~1(1) — ®~!(e?>) which are identity at the
boundary 9T

4.19. Definition. The bilinear form L : ﬁn_l(@*l(l)) x Hy_1(®71(1)) — Z,
L(av b) = l(a7 F1/2 *b)v

is called the Seifert form. Here {(-,-) is the linking number of cycles in the sphere
S, (see 3.17).

By the Alexander duality (Theorem 3.19) the form L is non-degenerate.

We introduce the following matrices. Fix some basis in H,,_1(®~1(1)). Let:

L be the matrix of the Seifert form in this basis,

S be the matrix of the intersection form,

H be the matrix of the monodromy operator I'y 4,

H() be the matrix of the relative monodromy operator (in H,(®~1(1),0071(1))).

4.20. Lemma. We have the following relations:

(a) L(var-a,b) = (a,b) (equivalently, L(a,b) = (var:ta,b));
() (a,b) = —L(a,b) + (=1)"L(b,a) (or S=—L+ (=1)"LT);
v = (=D var, (var; YT (or H=(-1)"L7'LT);

h
hY = (=)™ (war:Y) T var, (or H = (=1)"LTL™!).



§2. Picard-Lefschetz Formula 73

Proof. (a) Let a C ®71(1) represent a relative cycle, i.e. da C 9®~1(1). We denote
here the geometrical cycles and their homology classes by the same letters a, b, . . ..
We define the map

A: 0,1 xa— S, (t,y) — Ti(y).
Its image is an n—dimensional cycle with the boundary consisting of:
I'i(a) — a =wvar;a

and a part in 9®~1(1) C AT. The latter part is negligible, because it has too small
dimension. Thus we can assume that A = var;a. By definition of the linking
number, we have [(0A4, ) = (A,).

Next, if b is some absolute cycle, then the cycle ANTy/5(b) = I'y/2(a) NT'1/2(b)
and lies in the fiber ®~1(—1). We have then

L(varra,b) = l(var-a, 'y j3.b) = (A,T'1/2.b)

where the latter intersection is calculated in the sphere. It is clear that it equals
the following intersection indices (calculated in the fibers ®~1(—1) and ®~!(1)
respectively)

(F1/2 « @y F1/2* b) = (a,b)
(because AN®~(—1) =T /5(a)). So, (a) is proved.
(b) If a,b € H,_1(®~1(1)) then, due to the non-degeneracy of the variation op-
erator (see the point (a)), there exist relative cycles o', b’ such that a = var;a’,
b= wvar.b.
Then, applying Lemma 4.15 we get

(var-a’,varb') + (a’,var;b') + (var;a’,b') = 0
and it is enough to substitute the relations (var-a’,var.b’") = (a,b), (a’,var b)) =

L(a,b), (varya',b') = (a,var=1b) = (=1)""1L(b, a).
(c) Because (¢,d) = (ic,d) from (b) we get

iy = —var '+ (=1)"(var~1) "
and
hyy = id 4+ var - i, = id — id + (—1)"var(var~1)T.
(d) is proved in an analogous way. 0

Proof of the Picard-Lefschetz formula for even n. In the case of the function

22 4+ ...+ 22 we have

(var™ A, A) = L(A, A) = I(A, Ty 2. 8) = (-1)"(4, B),
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where /T, B are cells in the disc D?" with boundaries A and I'1/2(A) respectively
(see Lemma 3.18). The trick relies on the fact that, in order to compute the linking
number [(A,T';/5,A), we do not need the homotopy I'; fixed at the boundary
(because the cycles are not relative). So we choose

Ti(x) = e™x.
As the n-cells we choose
A={v=0}, B={u=0}

with the orientations wy,...,u, and vy,...,v, respectively. (Note that T'y/y is

multiplication by \/—1 and transforms A to B with orientations preserved.)
We have (A, B) = (=1)"=1/2 or (var—*A,A) = (=1)"("+D/2 which means
that

var 1A = (—1)"("+1>/2v.

This completes the proof of the Picard—Lefschetz theorem. O

Recall that the operator of the classical monodromy h. of the singularity is the
monodromy operator A ., induced by a loop in the base S surrounding all critical
values of the perturbation f . If 7; are the simple loops (around critical values z;)
and h; = h;,« are the corresponding monodromy operators, then we have

he=hy ... hy - hy.

4.21. Theorem. The matriz H of the operator h, is determined by the matriz S of
the intersection form and, vice versa, the intersection form is uniquely determined
by the operator of classical monodromy.

Proof. The first part of this theorem follows from the Picard-Lefschetz Theorem.
The intersection matrix S is symmetric when n is odd and is anti-symmetric when
n is even. In the first case its diagonal elements are equal to +2, in the second
case they are equal to 0.

Let V1,...,V, be the basis in H,(V,,,0V,,) dual to the basis {A;} of vanishing
cycles: (Vi, Aj) = 6;;. Recall that h; : a — a + (=1)"("+1D/2(q, A;)A;. Expressing
h; as id+wvar;, - i, and h, as id+wvary - i, we obtain

vary = E Vars, Uk VATT, .y VAT
11 <. <, v <t

Because var,,V; = (—1)"("*1D/25°§5,.A; (8;; — the Kronecker symbol) and var,, -
i+ = 0 for j > 1, we get

varfvi = (—1)"(n+1)/2Ai + ZcijAj.

j<i
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It means that the matrix of the operator vary is upper-triangular, with the same
nonzero diagonal entries. By Lemma 4.20 (the points (a) and (c)) the Seifert
matrix L = var?l is also upper-triangular and H = (—1)"L~'LT is a product of
a lower-triangular matrix and an upper-triangular matrix. We shall show that L
is uniquely defined by H.

We have established that the lower- and upper-triangular matrices have fixed (and
the same) diagonal elements. Multiplying L by some constant, we arrive at the
following problem:

Let A and B be two upper-triangular matrices with 1s on the diagonals and let
C=A-BT. Are A, B defined uniquely by C?

The answer is yes, because for any other such representation C' = A; - B we get the
identity A='A; = BT (B] )~! between upper- and lower-triangular matrices. [

Figure 9

4.22. Definition (Dynkin diagram of a singularity.) Let f be a singularity. We apply
to it some special stabilization. We add a sum of squares of new variables, such
that the number of variables is

n =4k + 3.

The quadratic form of the singularity is the quadratic form defined by the inter-
section form in homologies of a non-singular level surface of the stabilization with
the number of variables n = 3 (mod 4).

The Dynkin diagram of the singularity is the graph defined as follows:

1) Tts vertices are in one-to-one correspondence with elements A; of the distin-
guished basis of vanishing cycles for the above stabilization.

2) The i-th and j-th vertices are joined by an edge of multiplicity (A;, 4;), if
(A, A;) > 0, and by a punctured edge of multiplicity |(A;, Aj)|, if (As, Aj) <
0.

If the number |(A;, Aj)| is small, i.e. = 1,2, 3, then one draws as many
edges as this intersection number says; otherwise one draws only one edge
and puts a corresponding integer above it.
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Remark. The Dynkin diagrams are met in many other situations; e.g. in classi-
fication of the semi-simple Lie algebras, in classification of the Coxeter groups
(see below). Dynkin diagrams provide a very practical way to encode a symmet-
ric matrix with integer entries. Similar procedures are applied to encode integer
anti-symmetric matrices.

4.23. Theorem (Dynkin diagrams of simple singularities). The Dynkin diagrams of
simple singularities are the same as in Figure 9.

4.24. Problem. Show that the quadratic forms of the simple singularities are neg-
atively defined.

As the next theorem shows the (non-distinguished) unimodal singularities have
degenerate quadratic forms. Let pig, ., denote the number of 0 eigenvalues,
the number of positive eigenvalues and the number of negative eigenvalues (respec-
tively) of the intersection form S of the singularity. The parabolic singularities are
semi-definite and the hyperbolic ones are indefinite. This justifies their names. We
do not prove this theorem.

Figure 10

4.25. Theorem. The (non-exceptional) unimodal singularities from Theorem 2.39
have Dynkin diagrams and signature invariants of their intersection forms the
same as in Figure 10. We have pg = 2, u, =0 for Py, Xo, Jio and pg = pp, =0
for Tpgr.

Proof of Theorem 4.23. Because simple singularities are defined by functions de-
pending on only two variables, we begin the proof with an analysis of real functions
on the plane.
Assume that f : (C2,0) — (C,0) is a germ of a real analytic function. It means
that

f|R2 : (R270) - (R,O)
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Very often it occurs that there exists a deformation f which is:
(i) real,

(ii) has only real Morse critical points (local minima, local maxima and saddle
points with real critical values) and

(iii) (iii) the critical values at the saddle points are all equal to 0 (see Figure 11).

Figure 11

Letl=f! (0)NR2. It is a curve with self-intersections. With the above real picture
we associate certain cycles in the (complex) non-singular level surface of f . With
the minima we associate the cycles A; which vanish at these points; with the
saddle points we associate the cycles Ag and with the maxima we associate cycles
AfLTIE {f=2z},2>0, then A} are ovals, i.e. components of {f = z}, surrounding
corresponding points of local maximum. The curve [ divides the neighborhood of
the origin into domains (basins) containing exactly one minimum or maximum
and an outer domain.

Introduce following numbers:

no,—(J, ) is the number of times of appearance of the vertex corresponding to A?
in the boundary of the basin corresponding to A;;

n.o(k, j) is the analogous number associated with the basin of A}

n4,—(k,i) is the number of smooth pieces of the curve [ separating the basins
corresponding to the cycles Az and A; .

4.26. Theorem.

(a) The intersection form of the function f(z,y) is anti-symmetric and defined
by the formulas

(A%, A¥) = 0, #=0%,
(A A7) = mno—(4,1),
(szAO) = n+,0(k7j)7
(A7 A7) = (k).
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(b) The intersection form of the function f(x,y) -+t is a symmetric form given
by the formulas

(Aﬁv A#) = _25mn7
(A;)?A;) = nO,*(jvi)v
(AL A = nyolk, ),
(Az_’Ak) = —7’7,+7_(I4J,’L.).

Figure 12

Proof. (a) Because the cycles A% A# are separated in the Riemann surface f=z
then they have zero intersection index.

When the value z approaches the critical value 0 from below, then the cycle A}
(real oval) approaches the boundary of its basin. Near the vertex corresponding to
A?, the cycle A intersects the cycle A? which vanishes at that saddle (see Figure
12). In this way we obtain the next two intersection indices.

If the basins corresponding to the cycles A;” and Ag have a common piece I of the
curve [, then these cycles intersect each other along this piece at the (singular) level
surface {f = z}, z = 0. Assume that this piece ends at saddle points corresponding
to cycles A? and AU with separatrices I,1y, 12,13 and I, 14,15, s respectively (see
Figure 12).

We perturb them at a near level surface, e.g. for z < 0. The cycle A is real (it
passes near l1, I, lg). The interesting (for us) part of the cycle Ag consists of: two
real pieces close to I3,14, half of the cycle A?, half of the cycle A? and a piece of
A; close to I. The half-cycles of AY and A, are taken simultaneously: if f = xy
near such a point, then for z = ee? we take z = y = \/eew/z. Now from Figure 12,
it is clear that our cycles intersect themselves in an unavoidable way. We cannot
destroy this intersection by a perturbation.

From this the fourth formula follows.
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(b) The proof of this point relies on investigation of what happens with the van-
ishing cycles, when one adds a square to a function.

Let Aq(2),...,A,(2) be the distinguished system of vanishing cycles at the level
surface {f(x,y) = 2z} C C2. We associate with them the following system of
vanishing cycles at the surface {f(x,y) +1> = 2} C C? x Cl:

A= U a=na)x{vrzb U U A0 =7)2) x {—v7z}
T€[0,1] T€[0,1]

In other words, the cycles /Avj are suspensions of the cycles Aj; one adds to A;
two half-spheres.
If we choose appropriately the orientations of the new cycles, then we get the
properties: (A, A;) = —2 (it is automatic) and

(As, Aj) = sign (j — i)(Ai, Aj).

This completes the proof of Theorem 4.26. (]

Figure 13

We apply the latter theorem to the simple singularities.
A . We choose the deformation

2y o (r—x) . (2 — 2g) + 3P

and from Figure 13 we obtain the intersection form and the Dynkin diagram of
this singularity.

k—1

Dj,. The deformation z2y+y — y(@®+(y—y1) ... (y—yr_2)) gives the answer.

Figure 14
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Figure 15

Eg. We choose the deformation in the general form
24yt — 2 = eyt — w4,

where the parameters A, u, v should be chosen in such a way that the polynomials
23 — Az and y* — uy + v have the same absolute values of the critical values. (This
ensures that the saddle points are at the zero level.) It is not difficult to do it; one
can choose the Chebyshev polynomials T;(t) = cos(i arccost) and normalize them
suitably. We act similarly in the case Eg below.

The situation is presented at Figure 15, where the Dynkin diagram differs from
the one from Theorem 4.23.

Era(@®+9%) = (@ - N@* + (y—y)y —y2)(y —y = 3)).

Es: 2% +9° — 2% — \x 4+ ¢° — uy® + vy.

Because the Dynkin diagrams for the E; singularities do not agree with those from
Theorem 4.23, some additional arguments are needed. These arguments rely on
deformations of the curve [, representing the 0-level curve of the real deformation
of the singularity.

There are two kinds of typical bifurcations, occurring in generic one-parameter

families of planar imbedded curves (with possible self-intersections). They are
presented in Figure 17.

Figure 16

\ ) KLXA

Figure 17
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We use only deformations containing bifurcations of the second type (i.e. passing
through triple self-intersection). We call them the proper deformations.

4.27. Proposition. Any proper deformations of the curve | can be realized in a
certain real deformation of the singularity. Its influence on the topology of the
complez level surface relies on some change of the distinguished basis of vanishing
cycles.

-0

Figure 18

Proof. Because the space of all possible unfoldings of f is infinite dimensional, the
first point of this proposition is rather obvious.

To see the change in the topology of level surfaces, we must omit the (real) bifur-
cating point by passing to the complex domain. We look at what happens with
the critical values z; and with the paths a; (which join z; with zp) near the bifur-
cation. The situation is presented in Figure 18, where we get new, deformed paths
B3;. Of course, they also define the distinguished basis of homologies. In [AVG]|
there are formulas expressing the matrices of the base changes in this and in other
analogous situations. O

Applying the above procedure of deformations of the 0-level curve [ to the remain-
ing simple singularities as in Figure 19, we obtain the needed Dynkin diagrams
and we complete the proof of Theorem 4.23. O

-0 -
r@r _* %E
L0

Figure 19
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§3 Root Systems and Coxeter Groups

4.28. The root systems. Let (-,-) denote the scalar product in R™. If 8 € R™\0,
then the map
(a, B)

(5.9)

is the reflection in the plane orthogonal to 8. The root system R is a finite subset
of R™\ 0 such that

B

sgia—a—2

1. ca75:252’23 € Z for any o, 8 € R,
2. s3: R — R for any g € R.

If R is a root system, then the group generated by the reflections s,, @ € R is
called the Weyl group.

From the above two axioms one obtains the following properties of the root system

R.
(i) Ifa € R, then —a € R.
(ii) If a € R, ma € R, then m = +1/2, £1, £2.

(iii) If a,B € R, then copcpa = 4cos?la 5 € [0,4], where 045 is the angle
between the vectors o and (. (If a, B are not parallel, then this number takes
one of the values 0,1,2,3.)

The system R is called reduced if for any o € R the vector ma € R only for
m = +1.

A subsystem & C R is called the basis of the root system R (or the system of
simple roots) if any @ € R has unique representation in the form Y n;a;, a; € S,
where all n; are integers of the same sign. The root « is called positive if all n; > 0
and negative if all n; < 0.

One can construct the basis S in the following way. If the linear space spanned by
R is R™ with the standard basis ey, ..., e,, then we introduce the lexicographic
order in R™: a = (a1,...,an) > 3= (08y,...,0,) if a1 > B, or a1 = B;,a2 > O,
etc. A root o > 0 is called simple if it cannot be represented as a sum of two roots
£ >0 and v > 0. It turns out that the system of simple roots is a basis of R.

(iv) If a, 8 € S, then (o, ) < 0.

If $ = {ay,...,a,} is a system of simple roots of a reduced root system R, then
from (iii) and (iv) it follows that the angles 6;; (between «; and «;) can take the
values 90°, 120°, 135°, 150°, corresponding to n;; = Cayo;Caj,00 = Cigcji = 0,
1, 2, 3 respectively. In this case |;|? = nij|a;|> and the lengths of the (non-
orthogonal) roots o, ov; are determined up to the order; e.g. if n;; = 2, then either
li|? =1, ]a;]? =2 or |ay|* = 2, ]a;]? = 1.

The matrix {c¢;;} is called the Cartan matrix. It is an integer matrix with the
entries 2 on the diagonal and with negative entries outside the diagonal.
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The above situation is encoded in the Dynkin diagram constructed as follows.
The vertices correspond to the simple roots a; € S. Two vertices o; and «; are
connected by means of n;; edges. If n;; # 0,1, then we add an arrow going from
a longer root to a shorter root; (sometimes the authors denote the length of the
corresponding root by putting a number, the square of the length, above it).

A root system is called irreducible if its Dynkin diagram is connected. Otherwise,
R is a union of two root systems lying in orthogonal subspaces of R™.

(There exists also the notion of affine Weyl groups (see [Hum]|.) They are infinite
groups generated by reflections with respect to hyperplanes which do not nec-
essarily pass through the origin. The affine Weyl group W,, associated with a
root system R and corresponding finite Weyl group W, is the group generated by
reflections with respect to the hyperplanes {z : (o, x) =k}, a € R, k € Z).

4.29. Theorem. If R is an irreducible and reduced root system, then it has the
Dynkin diagram of one of the forms given in Figure 20.

Ak o—0——0—----- —o—=
B, o—0—0—--—0—030
C, —o—0o--—0o—axo

|

%

Figure 20

4.30. Examples. (a) The root system Ay, is equal to
Qi; = €; — €5, i£g 5,j=1...,k+1

in the lattice Z**+1. It spans the space R* ~ {3 z; = 0} € R**!. The simple roots
are

Q] =€ —€1, Qg = €3 —€2,...,0k = €41 — €.

The Weyl group is isomorphic to the group S(k+ 1) of permutations of the vectors

€1y €kt1-
(b) The root system Dy, is the set

teite;, i#£j, i i=1,...,k
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in ZF. Its system of simple roots is
€1 —€2,...,6k_1 — €k, €k—1 T €.

The Weyl group is equal to the product of the group of permutations of the vectors
e; and of the group of changes of signs before some vectors e;, where only an even
number of vectors is admitted.

(¢) The root system By, is

+e;,, i =1,...,k; :I:ei:I:ej, 1< J.

Its Weyl group is the product of the group of permutations of the vectors e; and
of the group of changes of signs before ¢;’s.
(d) The root system Cy is

:|:26i; :|:6i + €j-

(e) The root system of the type Eg is the following subset of the space {x € R® :
T = T7 = —.138} C RS,

5
1
keidej, 1<i<j<5+, (eg—e7—66+26iei>,ei::tl,Hei:I.
1

(f) The root system E7 lies in the subspace of R® orthogonal to e7+eg and consists
of the vectors

6
1
tei ke, 1Si<j<6 £, (67—68)§ (7 —es+ » a&:),Hei:—l.
1

(g) The root system Eg lies in R® and consists of the vectors

o1
+e; e, 1 < g 9 (261‘67;) ) Hei =1.
(h) The root system F,4 consists of
+e;; *+e; £ €j, 1< J; (:|:61 +ey ezt 64)/2

in R%.
(i) The vectors

:|:(€1 — 62), :|:(€1 — 63), :|:(€2 — 63),

:|:(2€1 — €9 — 63), :|:(2€2 — €1 — 63), :|:(2€3 — €1 — 62)
in the plane {21 + z3 + 23 = 0} C R3 form the root system Gs.

Remark. The only non-reduced root system is BCy, and is defined as the union of
the root systems By and Cg.
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4.31. Classification of the complex semi-simple Lie algebras. (See [Serl|). Let g
be a complex Lie algebra. It is called semi-simple if the following Cartan—Killing
form

(z,y) — Trady ady,

is non-degenerate. (Here ad,z = [z, 2]).

It turns out that if g is semi-simple, then there exists a maximal abelian subalgebra
h of g, (ie. [z,y] = 0 for z,y € bh and there is no larger subalgebra with this
property containing ). It is called the Cartan subalgebra. (One can choose the
Cartan subalgebra as {z : ad,z = 0} for typical z € g). The Cartan—Killing form
restricted to the Cartan subalgebra is non-degenerate. Due to this, one can equip
also the space h*, conjugate to h, with a non-degenerate bilinear form, denoted
also by (-, ).

The operators x — [h,z], h € h commute and have the same eigenspaces ex-
pansions. The eigenvalues are linear functionals on b, [h,v] = a(h)v. Denote by
g% = {v: [h,v] = a(h)v} the corresponding eigenspaces. Consider the set

A={aech*\0:g" #0}.
Its elements are called the roots.

4.32. Theorem. The system A is a reduced root system. Moreover, any reduced root
system is a system of roots associated with some semi-simple complex Lie algebra
and some its Cartan subalgebra; this correspondence is one-to-one.

Such algebras are classified by means of the Dynkin diagrams from Theorem 4.30.

One can find the proof of this result in the book of Serre [Serl]. Because the classi-
fication of the root systems was completed, in this way the complete classification
of semi-simple Lie algebras was achieved. (Note that the classification of solvable
Lie algebras is not finished yet, see [Kir].)

4.33. Examples. (a) The Lie algebra corresponding to the root system Ay is g =
sl(k + 1,C), the space of traceless (k + 1) x (k + 1)— matrices. Here, (and in the
next example), the Cartan-Killing form is proportional to (A, B) = Tr AB". The
Cartan subalgebra consists of diagonal matrices

b = {diag (M1, Aks1) Z/\z' = 0}.

The roots are a;;(A) = A; — A\; and the corresponding eigenspaces g* are one-
dimensional (it is general property) and are generated by the matrices E;; = {ax}
with a;; = 1 and aj; = 0 otherwise.

(b) The Lie algebra with the Dynkin diagram Dy is so(2k, C), i.e. the Lie algebra
of the group of (2k) x (2k)-matrices preserving some non-degenerate symmetric

quadratic form. (Note that over C any two such forms are equivalent.)

We choose this quadratic form given by the symmetric matrix < 2, g ), where

E is the unit matrix. Then so(2k) consists of matrices < )Z( }(; > such that
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U= -X",Y"T = -Y, ZT = —Z. The Cartan subalgebra is equal to h =
{diag(A1,..., Ak, —A1,. .., —Ak)}. The roots and the generators of the eigenspaces
are the following: a;;(A) = A — A, ( E(;ij ; ), i # j, where E;; is the matrix
J
. 0 Eij — Ej‘ . .
from the previous example, and 3;; = A; + A;, 0 0 s 1< Jy —Bijs

(5,5 o)

(¢) The Lie algebra of type By, is so(2k+1, C). The algebra Cy, is equal to sp(k, C),
i.e. the algebra of the group of (2k) x (2k)—matrices preserving some non-degenerate
anti-symmetric quadratic form.

4.34. The Coxeter groups. (See [Bou| and [Hum]). The Coxeter group W is for-
mally defined by means of (finitely many) generators s € S and relations

2 =e¢, (ss)™*) =e.

m(s,s’) > 2 for s # s’. The matrix M = {m(s,s')}s ses is called the Cozxeter
matriz. It is symmetric, integer, with the entries 1 on the diagonal and the entries
> 2 outside the diagonal.
One can associate with the Coxeter matrix the following bilinear form on R¥ (with
the canonical basis (ey)):

Bles,es) = —cos(m/m(s,s)).

The map
os:x —x— 2B(es, x)es

is called pseudo-reflection. It preserves the form B and, when the matrix M is
positive and non-degenerate, we have the realization of the Coxeter group as a
group generated by reflections.

It turns out that the form B is positive and non-degenerate if and only if the
Coxeter group W is finite (see Theorem 2 in [Bou|, Ch. V, §4).

One encodes a Coxeter group by means of the Coxeter graph defined as follows.
Its vertices correspond to the generators S. Vertices s and s’ are connected by
means of an edge without index if m(s,s’) = 3 and by an edge with the index
m=m(s,s') if m > 3. (If m(s,s’) = 2, then there is no edge).

The Coxeter group is called irreducible if its Coxeter graph is connected.

A group generated by reflections in R”™ is called crystallographic if it preserves
some lattice A C R™, A ~ Z".

4.35. Theorem. If W is a finite Coxeter group then it has the Coxeter graph of
one of the types presented in Figure 21.

4.36. Examples. (a) The Coxeter groups of the types Ay, By, Dy, Eg, Fy,
G2 ~ I5(6) are equal to the Weyl groups of the corresponding root systems.
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Lip) Lo

Figure 21

Note that there is no case Cy, in Theorem 4.35. The reason is that the Weyl group
of this root system is isomorphic to the Weyl group of the system Bg. The map
a — a¥ = 2a/(«, a) transforms the root system of the By type to the system of
the Cy type.

(b) The group Hj is the group of isometries of the icosahedron (and of its dual,
the dodecahedron).

(c) The group Hy is the group of isometries of a regular 120-cell in R* (with 120
3-dimensional cells, 720 faces, 1200 edges and 600 vertices). The groups Hs and
H, are not crystallographic.

(d) The group Iz (p) is the dihedral group of isometries of the regular p-gon imbed-
ded in the space: rotations by the angles 27 /p and reflections along p lines. Often
this group is denoted by D,; (however it is not the Weyl group of the root system
D,).

The groups Iz(p), p = 5 (denoted also by Hy), or p > 7 are also not crystallo-
graphic. All other groups from Figure 21 are crystallographic.

From the previous subsection we get the following result.

4.37. Theorem. The monodromy groups of the simple singularities Ay, Dy, Eg,
E~, Eg of holomorphic functions are isomorphic to the corresponding Weyl groups.

4.38. Remark. Already all other finite Coxeter groups have found applications in
singularity theory.

The Dynkin diagrams of the type By, Ci and F4 appear in the analysis of singu-
larities of functions on manifolds (C™,0) with boundary (z1 = 0): ¥, z122 + 25
and z? + 23. (One treats the manifold with boundary as the 2-fold covering of
(C*,0) — (C™,0) ramified along C*~!. If we pull-back the function f to the
covering space, i.e. f , then it becomes Zs-invariant. The corresponding space of
vanishing homologies is divided into two different representations of Zs: the in-
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variant cycles and the anti-invariant cycles. The Dynkin diagrams of By, Cy, F4
are associated with the anti-invariant component, see [AVG].)

The groups Ga, Io(p) and Hs have found application in symmetric singularities
23 + 23, o) + 25 + 2323 and 2} + 23; as monodromy groups in some components
(character eigenspaces) of representation of the symmetric group in the space of
vanishing homologies (see [VC]).

The Coxeter graphs of the type Hs and Hy appear in certain variational problems
(see [Arn6]).

Below the reader will find another connection between the Weyl groups of root
systems and the singularities.

§4 Bifurcational Diagrams

Let
F:(C"xC* 0)— (C,0)

be a mini-versal deformation of a singularity f(x) = F'(z,0). One can associate
with it several bifurcational diagrams.

4.39. Definition. The bifurcational diagram of zeroes of the deformation F is
Y ={X\:0 is critical value of F(-,\)}.

Examples. 1. The bifurcational diagram of zeroes of the singularity Ay : 22 + A
consists of one point A = 0.

2. A3 : F = 23 + Mz + \o. Here ¥ consists of those A’s for which the above cubic
polynomial has a double root, i.e. it is the discriminant of this polynomial.

We have 23 + \jz + X2 = 0 and Fl = 322 + A1 = 0. Eliminating  we get the
equation of the cusp whose real part is presented in Figure 22(a),

403 42703 = 0.

3. Ay. We have % + 22 4+ Aoz + A3 = 423 + 2\ + Ay = 0. Substituting A,
from the second equation to the first we obtain the parametric representation of
the diagram ¥ (by means of z, A\;):

Ao = =2\ — 422, A3 = Aa2? + 32

We shall study the sections of the surface ¥ by means of the planes A\; =const.
Moreover, due to symmetry, it is enough to study the behavior of the obtained
curves only for > 0. Depending on A; we have three cases:

If A\; =0, then we get the ‘parabola’ with the exponent 4/3: A3 = const - /\;1/3.

If A1 > 0, then the curve A2 3(z), z > 0 is regular, lies in the first quadrant and
the coordinates grow with x.

If Ay < 0, then for small z > 0 our curve lies in the fourth quadrant (A3 < 0 <
A2) and for large x it tends to infinity in the second quadrant (A2 < 0 < Ag).
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Differentiating s 3(z): Ay = —2(A\; + 622), \j = 22(\; + 622), we find that the
curve is singular for z = \/—/\1/6 at Ao = 8(—/\1/6)3/2, Az0 = —A1/12.

The further differentiations give Xy = —241/—\1/6, \j = —4X\; = —/=X1/6- A3,
Ay =24\ = 72\/—)\1/6 at the singular point. This shows that this singular
point is of the cusp type: Ao — Mg o = const - 2% + .. ., \/—/\1/6(/\2 —X20) + (A3 —
A3,0) = const - 23 + .. ..

The real part of this bifurcational diagram, called the swallow tail, is presented at
Figure 22(b).

Figure 22

4.40. Definition (Caustic). The set
{\: F(-,\) has degenerate critical point},

called the caustics, appears in catastrophe theory in the following situations.
Consider the conservative Newton system & = —VV(z), x € R™. This system is
in an equilibrium state iff its potential energy takes a locally minimal value, i.e.
# = 0 and x is equal to a certain critical point of V. If V.= F(x, \) varies with
parameters, then the critical points move and can coalesce for A at the caustics.
Because the physics of the system does not depend on a free constant in the
definition of potential energy, we can consider only the restricted mini-versal de-
formation Fy(z,\) = f(z) + Zf:—ll Xi¢;(z), where there is no constant term; (¢,
form the basis of m/If). Moreover, because our space-time is four-dimensional,
one should study only the singularities of codimension < 5. There are seven such
singularities:

Ay, Az, Ay, A5, D, D, Ds,
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(Here the singularities Djf have the form 3y & y3 and are different, because the
space is real.) These are the seven elementary catastrophes of R. Thom. In his
book [Tho| one can also find the complete bifurcational diagrams (caustics) of
these singularities.

Later it turned out that the bifurcations of the potential energy are not sufficient to
describe changes in the qualitative behavior of the corresponding Newton system
(J. Guckenheimer). Because the gradient is defined by means of the metrics, one
should study altogether bifurcations of the potential as well as of the metric tensor
(see [Arn7)).

The origin of the notion of caustic comes from wave and geometrical optics (see
also Section 5.5 below). If S C R3? is a surface which is a source of light (or of
electromagnetic waves), then some points of space are more intensely lighted than
others. These are the points where rays starting at the surface S are focused. If
we denote by x the points in S, by A the points in the surrounding space and by
F(z,\) the optical length of the light ray from z to A, then the optical caustics
coincides with the corresponding bifurcational diagram of the unfolding F":

{\:32 D,F(z,\) =0, det D2, F(x,\) = 0}.

In [AVG]| the authors introduce also the bifurcational diagram of function as the
set of those parameters of the restricted mini-versal deformation, for which the
function F'(-, A) is not a Morse function. The bifurcational diagram of the function
is obtained from the caustics, by adding the bifurcational surfaces, for which the
function has several Morse critical points with the same value. The latter are called
the Mazwell strata.

4.41. Examples. (a) The singularity A; has no caustic. The caustic of Ay, is ob-
tained by the equations F(z,\) = F” (x,\) = 0 for F = 21 4 \j2b=1 + .+
Ak—1z. In the case of As it is a point, in the case Aj it is the cusp and in the case
A, it is the swallow tail (see Figure 22).

(b) Consider the restricted mini-versal deformation of the singularity D7 :

F =22y +9y3/3+ My + daz + \3y.
The condition for the partial derivatives gives
2zy + A2 =0, (4.1)

22 £ y% 420y + A3 =0. (4.2)

The condition for vanishing of the determinant of the Hessian gives the third
equation
2 Fy? — My =0. (4.3)
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(@)

Figure 23

Let us concentrate on the case D, . As in the case of the swallow tail we draw the
sections of the caustics by the planes A1 =const; thus we fix A\;. From equation
(4.3) we get

z=£y(\ —y)

and equations (4.1) and (4.2) allow us to give a parametric representation of the
caustic by means of the ‘parameters’ A1, y:

Ao = F2y/y(M — ), A3 =y(2y — 3)\1).

If \; = 0, then y = 0 (because of \/—y2) and thus we get one point Ay = Az = 0.
If A1 < 0, then from the formula for A5 it follows that y can take values between
A1 and 0. Near y = 0 we get the cusp type singularity: Ao ~ (—y)%/2, A3 ~ y (here
A3 < 0). Near y = A1, Ao is close to 0, Ag is close to —A? and the curve is smooth.
Differentiation with respect to y gives

(A3/4) =423\ —4y), Ny =4y —3\;.

Thus the point corresponding to y = 3A1/4 is singular. The calculations of the
next derivatives show that it is of the cusp type: (A\5/4)” = —(3A\1/2)%, Ay = 4,
(A3/4)" = =12\ # 0, Ny = 0.

This allows us to draw the complete curve (symmetric with respect to the Az-axis,
see Figure 23(Db)).

If Ay > 0, then the change y — —y, Ay — —XA1, A2 — —A\g returns us to the
previous case.

The complete caustics for D}, the so-called pyramid, is presented in Figure 23(b).
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The analogous analysis can be performed in the case Dj{. The corresponding
bifurcational diagram, called the basket, is presented in Figure 23(a).

4.42. The Milnor bundle associated with a deformation. Let F(z,\) be a mini-
versal deformation of f = F'(-,0) and let ¥ be its bifurcational diagram of zeroes.
Let 56 be the small ball in the space of parameters A, of radius ¢, and let B = B,
be the small ball in the space of variables x, of radius p. Denote ¥ = ¥ N 55,
V={F(z,\)=0,A¢X}NBx D..

The space 156\2 forms a base of the locally trivial fibration

vV EDAS (4.4)

with the fiber V) diffeomorphic to the non-singular level surface of f. It can be
also called the Milnor fibration.

In this section we study action of the fundamental group of the base of this fibration
71 (D2, A« ) on the homology group of the distinguished fiber, H,,_1(V3,); (A« is
the distinguished parameter). It is defined as follows. Any loop in D, around ¥ is
lifted to a deformation of fibers and defines a diffeomorphism of the distinguished
fiber V), inducing an operator in the homology group. We have the following
well-defined homomorphism of groups

(D) — Aut H,_1(Vy.).
Recall also that the monodromy group of the germ f is the image in
Aut H,,_ 1(Vz0) of the fundamental group 71 (Dc\{z1,...,2,},20) of the base of
the Milnor fiber bundle f : V — D\{z1,..., 24} (see 4.13); (here z; are the critical
values of the Morse perturbation f of -

4.43. Theorem. The image of the group w1 (BE\E) in Aut H,_1(Vy,) is isomorphic
to the monodromy group of the germ f.

Proof. One can choose the mini-versal deformation of the germ f in the form
Fo(x, N) —Xo, N ecCrH

where Fy is the restricted mini-versal deformation (without the constant term).
As the Morse perturbation of f we choose

f = Fo(xu )‘:«)7

where ), is some properly chosen parameter in C*~1.

Let 7 : (Ao, ') — X be the projection. Define the 1-dimensional disc D = 7~ 1(\.).
The intersection D NY consists of the points ()\0 Y %) such that Ao ; is the critical
value of f. Let Ag. be a non-critical value of f and denote A, = (Ao, AL). We
have the commutative diagram

m(D\X) — AutH,_1(Vy,)
1 ix T
m(DNE) = m(DAY)
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Figure 24

where i, is the homomorphism induced by the inclusion i : D\ X — ZNDG\E.
We see that the thesis of Theorem 4.43 is equivalent to the following statement:

ix 1S an epimorphism.

(Then the images of the two fundamental groups in Aut coincide.)

We know the structure of the fundamental group of the punctured disc D\
{01, -, Ao,u}- It is the free group generated by p simple loops surrounding the
punctures.

The structure of the second fundamental group is much more complicated. Using
the results of Chapter 2, we can restrict ourselves to the situation when every-
thing is algebraic. In particular, the bifurcational diagram of zeroes X is an affine
algebraic subvariety in C*. So, we would like to know the structure of the funda-
mental group of the complement of an affine algebraic hypersurface. It is partially
described by the theorem of Zariski and van Kampen formulated below (see [Zar]).
Let M"~! C C" be an algebraic hypersurface. If L C C" is a line in general
position, then it intersects M transversally at a finite set LN M = {p1,...,pm}
Ifi: INM — C™"™\ M is the inclusion, then it induces a homomorphism 4, :
T (INM) — 71(C™"\M). The Zariski-van Kampen theorem says that i, is a
surjection and also describes generators and relations in the group 71 (C"\ M).
Let po € L\ .M. We choose loops 7; C L\ M starting at pg and surrounding just
one point p;, e.g. the simple loops as in the definition of the monodromy group.
The loops i,7; are the generators of 71 (C*™\ M). Below we describe the relations
satisfied by these generators.

Let m: C* — C"~! be the projection along the line L, m(z,y) = x. Its fibers are
the lines L, and L, N M = {p(z)1,...,p.(x)}. We take the restriction 7|y and
consider the set of critical points of the latter map. Its image under 7|y, i.e. the
set of critical values of |/, is an algebraic subvariety N in C*~L. If L is generic,
then N is a hypersurface. The surface N consists of those z at which some of the
points p; = p;(x) coalesce (see Figure 24).

Choose a generic point zy from N, e.g. non-singular. Let LcCrlbea generic
line passing through xy and transversal to N. If (for example) for = xy only two
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points p; = p;(z) and p; = p;j(x) coalesce and the point x € L runs around Zo,
along a loop o, then the points p; and p; exchange their positions. This means
that o induces an automorphism 7T, of the fundamental group of the punctured
line L\ M.

Figure 25

Generally, let LON = {q1,...,qx} and let o : 2 = 2(t), t € [0,1] be a loop in
INN. It turns out that

T =1y, L =1,...,m, (4.5)

in 71 (C"™\M).

Indeed, if we fix the base points po(t) = {y = yo} in L, away from the points
pi(t) = pi(x(t)), then the loops 7; are deformed to a family of loops 7; 1 € L,(); the
final loops 7,1 are equal to T,,7;. These deformations do not provide the homotopy
between i, 7; and 4.1, 7;, because the base points in the loops 7; ; are not constant.
But it is not difficult to improve this: the new deformed loops 7; ; start at py € L,
do not lie completely in the lines L, ;) and form small perturbations of the curves
s — (x(st),y:(s)), where {y:(s)}sepo,1] defines 7 ;.

All this is summarized in the following result, which completes the proof of The-
orem 4.43. ]

4.44. Theorem of Zariski-van Kampen. The fundamental group of the complement
of the affine hypersurface M C C™ has the loops i.T; as generators which are
subject to the relations (4.5). In particular, it has m generators i.7; and mk
relations 1.7 = i.T,, 7 (where o; generate 7r1(Z\N) and the homomorphism i,
is an epimorphism).

4.45. Examples. (a) If the hypersurface M is smooth, then 7 (C*\ M) is isomor-
phic to Z. We can assume that the lines L, L and the hypersurface IV are such
that at each point ¢ € L NN only two points p; and p; coalesce. Now we look at
Figure 25. We have 4, 7; = 4.1'7; = i,7; and therefore all the generators are equal.
The other relation i,7; = i, T7; = i*TiTjT;I is now trivial.
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Generally, if the points p; and p; coalesce at a smooth point of M with first order
of tangency of the corresponding line L,, then the generators defined by means of
them coincide, #47; = ,7;.

(b) If p; and p; coalesce at some singular point of M of the type of transversal
intersection of two smooth local components (double point), then for suitably
chosen lines L and L we have M ~ {2? = y?}, where z is a coordinate in L and y
is a coordinate in L. The action of the loop ¢ : © = €e?™* results in a full turn of the
points y; 2 = £x. From Figure 26 we get i, 171 = i*TngTgl which means that the
generators 7,71 and i,7o commute. (The second identity i, 779 = i*TleTle_sz_l
gives nothing new.)

The above commutativity is a consequence of the fact that 71(X xY) = m1(X) x
m1(Y) applied to X =Y ~ C\0.

Figure 26

(c) Consider the curve M = {22 = y*} with the cusp singularity. Here we can
choose the lines as L, = {x = const } and the fundamental group 71(C*\ M) is
generated by the loops i.a, i.b, ixc surrounding the points y; 23 = x2/3 (see Figure
27). The action of the loop o : = ee?™ results in the rotation of the points y; by
the angle 47r/3. From Figure 27 we get the action T of the loop ¢ on the generators
a,b,c:

iva = i.Ta = i,chbc™ 1,

ixb =1, Thb=1i.(cb)c(chb) 7L,

ivc =i,Tc=1i.(cb)a(ch)™L.

The first from the above identities allows us to express i.a by means of i,b, i.c (so
we have two generators). The second identity means that

ixb - inC b = iy inh- iy, (4.6)

The reader can check that the third relation follows from the first two.
We shall generalize this example in Theorem 4.46 below.

(d) The above construction (with the lines L, L) can be generalized to the pro-
jective case. Let M be an algebraic hypersurface in CP". Take a generic point
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z € CP™\ M and a generic hyperplane H C CP™\ z. They define the projection
7w : CP™\z — H; 7(p) is the intersection of the projective line, passing through
z and p, with the hyperplane H. If H is parameterized by x, then the projec-
tive lines L, = 7~ !(x) play the role of affine lines in the previous construction.
Let L be some distinguished (but generic) projective line from this family, let
LNM=A{p1,...,pm} and let i : IN\M — CP™\ M denote the embedding. We
denote the set of critical values of the restriction of the projection 7 to M by N,
it is an algebraic hypersurface in the projective space CP"~! = H. We choose a
general projective line . C H intersecting N transversally at smooth points, say
at q1,...,qk.

As before we choose the generators i.7;, i = 1,...,m. They are subject to the
relations 4, Ty7; = 4.7; for loops o € 71 (L\ V). However there is one more rela-
tion. Note that the composed loop 7., Tm_1 ... 71 is contractible in the punctured
sphere LI\ M =~ S*\{p1,...,pm}. Thus the product of the generators is the neu-
tral element of our fundamental group.

Combining this with the previous examples we get the following general result (see
[Deld|, |Zar]).

Tc
Ta

b

Figure 27

4.46. Definition. We say that the analytic hypersurface S C C™ has normal cross-
ings singularities iff near each point p € S there is a local analytic system of
coordinates z1, ..., x, such that we have

S={xy-x2-... 25 =0},

for some k between 1 and n.

4.47. Theorem (Zariski, Fulton, Deligne). If an algebraic hypersurface M C CP™
has only normal crossings singularities, then w1 (CP"\M) is abelian. If, addition-
allyy M = My U My U ... U Mg, where M; are irreducible components of degree
d;, then the above (abelian) fundamental group has s generators T1,...,7s (each
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representing a loop surrounding just one M;) which are subject to the relation
Tf17'§l2 e

4.48. The braid group and the colored braid group.

(a) (b)

Figure 28

(a) Definition of the braid group. The braid group B(n) has n — 1 generators
g1, -- -, gn—1 with the relations

9i9i+19i = 9i+19i9i+1,
9i9; = 9i%i i —jl>1;

(note that the first of these relations coincides with the relation (4.6) in Example
4.45(c)). This formal definition is not very useful. Below we present the geometrical
definition.

The braid consists of n non-intersecting threads (x;(t),t), t € [0,1] in R? (which
we identify with C x R) connecting the n fixed points, e.g. 1,2,...,n € C, at the
lower base C x {0} with the same points at the upper base C x {1} (see Figure
28). Two braids are treated as equivalent if one can deform one to the other in
such a way that the monotonicity of the threads and non-intersection is preserved
during the deformation. The braids can be multiplied by adjoining one above the
other. They form a group, also called the braid group B(n), whose unit element is
represented by the non-knotted braid, consisting of vertical intervals. The reverse
braid to a given one is obtained from it by reflection with respect to a horizontal
plane.

It is not difficult to see that the group B(n) is generated by (n — 1) elementary
braids g1, ..., gn—1, where g; is presented at Figure 28(b). Moreover, Figure 29
shows that the elements g; satisfy the relations appearing in the formal definition
of the braid group.
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Figure 29

(b) The colored braid group. With every braid a permutation of the set {1,...,n}
is associated: beginnings of the threads to their ends. We have the homomorphism
from B(n) to the symmetric group S(n), i.e. the group of permutations of the
n-element set. Its kernel B(n) is called the colored braid group (or the dyed braid
group or the pure braid group). A braid is colored if it returns to the same point.
In further chapters we shall deal with the braid group as well as with the colored
braid group. For this reason it is desirable to represent B(n) by means of generators
and relations. This was done by E. Artin in [Art] (see also [Mosl1]).

The generators of B(n) are the braids 0ij, © < j presented in Figure 30. The
relations are the following:

r<s<i<j = O';SIO'Z‘jUTS:O'ij,

. - -1 —

1<1r<s<)] = 0,50ip0ps =0450ir0;4 ,
; . -1 _ -1 _—1 -1 _—
1T < J <s = U'rs o—ijo-”‘S - (UiTaiSUir Uis )Jij (o—iTaisair o—is

—1 _ —1
074 0is0rs = 0i50ir0is(0i50ir) 1,
1)—1

(¢) Problem. prove these relations.

(d) Lemma. Let A C C™ consist of points with some coordinates coinciding and
let A = A/S(n), where the symmetric group S(n) acts on C" by permutation of
the coordinates. The braid group B(n) coincides with the fundamental group of
(C”/S(n)\ﬁ and the colored braid group is isomorphic with the group m1(C"\ A).

Proof. The space of subsets {z1,...,2,} of C is equal to C"/S(n). The space of
n-element subsets is equal to (C™\A)/S(n) and the space of colored subsets is
equal to C"™\ A.

If {(z;(¢),t), t € [0,1]} is the braid, then the map ¢t — {z1(t),...,z,(t)} defines

a path in C"/S(n)\A with the beginning and the end in the set {1,...,n}. If,
additionally, x;(1) = x;(0) = ¢, then we obtain a loop in C"\ A.
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The braids 05, ¢ < 7, correspond to loops in C*\ A which run around exactly one
hyperplane z; = ;. When we represent a point in C*\ A as the colored (ordered)
set {z1,...,x,} C C, then the loop o;; defines the family {z1(t),...,z,(t)}, t €
[0,1] such that the point z;(¢) overruns the constant point z;(¢) = x;(0) and the

other points do not move, () = const. g
Gii+1 G,
| i j
Figure 30

(e) The Fundamental Theorem of Algebra allows us to construct a diffeomorphism
between the spaces C™ and C"/S(n), where the first space is identified with the
space of polynomials P, (z) = 2" +a;2" ' +...+a,. One associates with the poly-
nomial P,(x) its set of roots. The coefficients a; form the elementary symmetric
polynomials of the roots z;: a1 =21+ ...+ Tp,...,0n =T1 ...  Tp.

Note that, in this identification, the polynomials with double or multiple roots
correspond to elements of A. The set of (a1, . .., a,)’s corresponding to polynomials
with multiple roots, i.e. the discriminant set, is just the bifurcational diagram ¥
of zeroes of the deformation P,(x) of the function z™, i.e. the A, _; singularity.
The deformation P,(z) is versal but it is not a mini-versal deformation of z™; in
the mini-versal deformation the coefficient a; is equal to zero. The discriminant
set ¥ is diffeomorphic to C x X, where ¥ is the bifurcational diagram of zeroes of
the standard unfolding Ao + ... + Ap—22™ 2 + 2" of the A,,_;-singularity.

This is connected with the fact that the action of the group of permutations S(n)
in C™ is reducible. It is decomposed into the action on the (n — 1)-dimensional
subspace {z1 + ...+ z, = 0} and into the trivial action on the 1-dimensional
subspace {z1 =...=z,}.

4.49. Theorem (Complement of the discriminant). The fundamental group of the
complement of the bifurcational diagram of zeroes of the mini-versal deformation
of the A,,_1 singularity is equal to the braid group B(n).

Moreover, the space C" =1\ X is the Eilenberg-MacLane space K (m,1), where © =
B(n).
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Proof. The first part of this theorem has been just proven.

Recall that the Eilenberg-MacLane space X = K (m, k) is characterized by the
property that 7, (X) = 7 and 7;(X) = 0 for j # k (see Chapter 3, Section 3).
To show the second part of Theorem 4.49, we notice that the space C"\ A forms
the nl-fold covering of the space C"/S(n)\A. The fundamental group of the first
space is the group B (n) of colored braids and the fundamental group of the second
space is the group B(n) of braids. The higher homotopy groups of these two spaces
coincide. (This follows from the long exact sequence of the homotopy groups of a
fibration, see 3.32).

On the other hand, using the fibrations C"\A — C""'NA : (21,...,7,) —
(1,...,2n—1) with the fiber C\{z1,...,2,—1} (which has trivial higher homo-
topy groups), it is easy to show that the space C"\ A is of the type K(E(n), 1).
(Here again we use the long exact sequence of homotopy groups.) O

There is one more approach to topology of the bifurcational diagram of zeroes
3. We recall that the group S(n) is the Weyl group W of the root system of
the type A, _1; it is also the Coxeter group generated by reflections and act-
ing in the space C"~! = {z; + ...+ x, = 0} C C". The reflections are of the
form s, 1 @ — x — 2[(x,e; —¢e;)/|ei — €j|*](e; — €j) = x — (x; — z;)(e; — €;) or
(@1, @iy Ty, ) — (X1, .., T ..., T4y ..., Ty) (the transpositions). The
surfaces of fixed points of the reflections s,, a € R (the root system) are called
the mirrors. Here aw = e; — e; and the mirrors are equal to {z; = x;}. The set A
is an union of the mirrors of the Weyl group W = S(n).

In particular, from the above it follows that the pair (56, ¥¢) (a neighborhood of
zero in the parameter space and the germ of the bifurcational set) is isomorphic
to the pair (C*/W,A/W). V. I. Arnold proved the following result (see [AVG],
[Arn3]).

4.50. Theorem. For the simple singularities Ay, Dy, Ey the pair (lN)E, ) is iso-
morphic to the pair (C* /W, A/W), where W is the Weyl group of the correspond-
ing root system and A is the union of its mirrors.

In [AVG] the generalized braid group Bw (n) = 71 (C"/WN\A/W) is introduced
and the analogous result about K (Byw (n),1) property is proved. These results are
generalized to the case of boundary singularities B,,.

Below we present some general properties of the bifurcational diagrams, which we
will use later.

4.51. Theorem. Let F'(x, \) be a mini-versal deformation of a singularity f of finite
multiplicity. The local bifurcational diagram of zeroes X, is an irreducible analytic
variety. More precisely, there is a germ of a holomorphic map (C*~1,0) — (CH,0)
whose image is (%,0).

Proof. Recall that an analytic set S is called irreducible if the set S\ (singular
points of S) is connected. For example, the set {zy = 0} C C? is reducible. Of
course, the image of a connected set by means of an analytic map is irreducible.
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Consider the set
A={g:(C",0)— (C,0)[ dg(0) =0}

In particular, 0 is a critical value for germs from A. Let G be the group of germs of
analytic diffeomorphisms of (C”,0), i.e. preserving « = 0. The group G acts on the
space A. The orbit Gf forms a subset of A of codimension p — 1; because the orbit
Gf in Op(C™) has codimension p and A lies in the hypersurface {f : f(0) = 0}.

Let us choose a (i — 1)-parameter holomorphic transversal (at f) to Gf in A. It is
a deformation of f, which is induced from the mini-versal deformation. The map
realizing this induction is the needed map onto Y.. Indeed, because all functions
from this deformation have 0 as critical value, the whole neighborhood of 0 € C#~!
is sent to Y. O

This result has interesting consequences.

4.52. Theorem. The monodromy group of an isolated singularity of a function
acts transitively on the set of some system of vanishing cycle of its non-singular
hypersurface level surface (associated with a system of simple loops, see Definition
4.7).

Proof. We have to show that for any two vanishing cycles Ay, Ag there is a mon-
odromy map sending A; to As or to —As.

Let F(x,\) = Fy(x, \')— g, where Fy(x, \') is the restricted deformation (without
the constant term). We choose the Morse perturbation of f in the form f =
Fo(z, \.) for some general fixed \, € C#~ L. Let L = {(z,)\.) : z € C} be the line
in the space of parameters; (here z plays the role of \g).

We define the vanishing cycles A;, i = 1,2 by means of paths «; C L which join
the distinguished point zg with the corresponding critical values z; of f .

Let 7 : (z,\) — X be the projection. The set of critical values of the map ,
restricted to the smooth part of ¥, forms a subset of complex codimension one.
Because X is irreducible, then X\ (set of its singular points)\ (set of critical points
of 7|) is connected. We choose a path « lying in ¥, joining the points (z1, \,)
with (22, \.) and omitting the ‘bad’ points (singular and critical for 7).

We define a loop & C CH\ X: firstly we move along the path a;, then we move
near the path 7 and finally we follow the path as in the reverse direction (see
Figure 31).

Along «; the cycle Ay vanishes (tends to one point), along v it is close to some
varying critical point of Fy(-,\’) and passes to a small cycle vanishing at the
critical value zo. Finally, along as it passes to +Ao. O

4.53. Problems. (a) (A. M. Gabrielov, F. Lazzeri). Show that the Dynkin diagram
of an isolated singularity is connected.
(b) Let f; be some deformation with the critical points p;(¢), ..., px(t). Show that

if fi(pi(t)) = fi(p;(£)), then k = 1.

4.54. Remarks. In this chapter we have omitted many other results concerning
the topology of singularities. It turns out that for the complete intersections, i.e.
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Figure 31

singularities of local maps f : (C",0) — (C™,0), an analogue of the Milnor the-
orem (about the homology groups of the non-singular level surfaces f =const)
holds true (see [AVG]). It means that one can define the vanishing cycles and the
Milnor number.

V. V. Goryunov developed a theory of singularities of projections F ¢ cm,0) 5
(C,0), where E is a complete intersection and 7 is the projection. There also one
can define vanishing cycles.

Analysis of singularities of meromorphic functions leads to classification of pairs
of functions (under some restrictions). This direction was developed recently (see
[Arn9]).

Some work was done in the classifications and the monodromy theory of non-
isolated singularities (see [AVGL]). This subject seems to be important, because
in applications one encounters such situations; e.g. Hamiltonian planar vector
fields with a polynomial Hamilton function. The French school of algebraic geom-
etry (A. Grothendieck, Deligne and others) developed a theory which solves these
problems. We deal with these topics in the next section and in Chapter 7.

§5 Resolution and Normalization

Let f : (C",0) — (C,0) be a germ of a holomorphic function with an isolated
critical point at 0. Denote by X = f~!(0) the germ of a singular hypersurface in
cn.

4.55. Definition (Resolution of singularity). By a resolution of singularity of the
function f (or of the hypersurface Xy) we mean an analytic map of complex
manifolds

m:(Y,Yy) — (C",0)
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satisfying the following conditions:

(i) mly~ v, is an analytic isomorphism between Y\ Yy and C" \ 0, (i.e. between
a neighborhood of Yy in Y (minus Yy) and a punctured neighborhood of 0);

(ii) the sets Yo = 7=1(0) and 7~!(Xp) are unions of smooth analytic hypersur-
faces in Y with normal crossings;

(iii) near any point in Y there exists such a local system of analytic coordinates

Y1,--.,Yn and non-negative integers k1, ..., ky, m1,..., my such that
k
fom(y) = wi*-...-ypm,
det(m)(y) = g@u™ - --yp', 9(0) #0.

4.56. Theorem of Hironaka ([Hir])). Any singularity of complex hypersurface Xo =
F71(0) has its resolution.

The proof of this theorem is very long and technical. Recently E. Briestone and P.
D. Milman [BM] significantly simplified some parts of it. For elementary presen-
tation of this proof we refer the reader to the article [Hau| by H. Hauser. We note
also that when one uses so-called alterations, i.e. typically finite-to-one maps (in-
stead of blowing-ups) , then an analogous theorem about resolution of singularities
becomes very short and simple (see [Oor]).

In fact, the statement of Hironaka’s theorem holds also in the case of real hyper-
surfaces. He proved it for algebraic varieties defined over fields of characteristic
zero.

The general idea of the resolution can be explained in the two-dimensional case.

4.57. Elementary blowing-up. The (elementary) blowing-up (or o-process) in C?
relies on replacing the point z = y = 0 by a projective line CP'. Namely, one
performs a partial compactification of the punctured plane C? \ 0 by adding to it
the directions of lines passing through 0 € C2.

We can write it in coordinates. The map U; = C2 — C?,

('r’u) - (m’y) = (a:,ux),

is a diffeomorphism between U;\{z = 0} and C*\{x = 0} and sends the line
{z = 0} to the point (0,0). Similarly, the map Uy = C? — C?,

(y,v) = (z,9) = (yv, ),

realizes a diffeomorphism between U\ {y = 0} and C*\{y = 0} and sends the
line {y = 0} to the origin. The open sets Uy, Uz form an atlas of some manifold
Y, with the gluing diffeomorphism y = uz,v = 1/u in Uy NU; = U1\ {u = 0}. We
see that 771(0,0) = CP?!, parameterized by (u:1) = (1:v).

Moreover, the self-intersection index of the curve Yy = 771(0,0) in the surface ¥’
is equal to —1, which means that Y is a nontrivial surface. This follows from the
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fact that one can choose a section s of the normal bundle NYy = Ty, Y/Ty, Y} in
form of a meromorphic function on CP?', which has no zeroes and one simple pole:
in U; the section is given by s : z(u) = 1 and in Uy we have s : y(v) = u = 1/v.
Such a section corresponds to the meromorphic vector field 2 = 2~ on CP' N U,
(in the trivialization U; &~ C x C &~ T'C). The latter vector field is replaced by the
continuous vector field 2 = z with index ig = —1.

(One can explain the negativity of Yy -Y,y more geometrically. The positivity of self-
intersection of a complex submanifold means that it can be slightly deformed. If
Y1 # Y, were such a deformation, then, applying to it the blowing-down map 7, we
would obtain a compact analytic variety wholly located in a small neighborhood
of a point in C2.)

In the two-dimensional case (n = 2) the resolution of a singularity consists of a
finite sequence of elementary blowing-ups. In Chapter 9 (Theorem 9.18) below we
present the proof of resolution of a singular point of a planar analytic vector field.
Applying it to the Hamiltonian vector field, with the Hamilton function f, we get
the proof of the two-dimensional Hironaka theorem.

If n > 2, then the elementary blowing-up is given by the system of local maps

j
(w1t upot), @) = (TiUt, oy @y e, TUn)

and has the property 7=1(0) = CP"~!. One adds to C" \ 0 the directions of all
complex lines passing through 0.

Here, as in the 2-dimensional case, the ezceptional divisor 7=1(0) is not movable
in the surface Y = 7=1(C"). However, here we cannot prove it so simply, because
we cannot use the index of self-intersection.

4.58. Example of the cusp singularity.
Y =x°.

Its resolution is presented in Figure 32. We see that 77’1(0) = FhLUEsU E3, where
each E; = CP!(~ S?) and they intersect one another transversally. Moreover,
77 Xo) = (fom)~1(0) =T U E; U E; U B3 with transversal intersections. Here I'
is called the proper preimage of Xy (or the strict transform of Xg).

It turns out that the elementary blowing-ups are not sufficient to prove the Hiron-
aka theorem. One needs the following construction which generalizes the blowing-
up construction. If S C (C™,0) is a smooth analytic surface of codimension k,
then locally its neighborhood is isomorphic to S x DF, where D is a ball. The
blowing-up along subvariety S means replacing S x DF by

S x (DF\0) U §xCP*1

i.e. we add to S x (D" \ 0) the directions of lines in the normal bundle NS passing
through its zero section.
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il —wi2w—1)=0

Figure 32

After resolution we get 771(0) = Ey U...UE, , where F; are divisors (i.e. hyper-
surfaces) with normal intersections and 7 !(Xo) = 1 U... [ UE; U...UE,. The
set 'y U... T is called the proper preimage of X¢ or the strict transform of X.
The Hironaka theorem has many applications. We list some of them.

4.59. Remark. It is not very difficult to show that, if X is a singular algebraic
hypersurface in a projective smooth variety X, then the resolution of singularities
of Xy gives a projective algebraic variety Y with algebraic map 7 satisfying prop-
erties analogous to those from the above definition of resolution. In particular,
771(Xo) has only singularities in the form of normal intersections.

One can obtain even stronger resolution here. If, for example, an irreducible compo-
nent Z of Xy has self-intersection singularity then, resolving this self-intersection,
we obtain a smooth strict transform of Z and some pasted divisors. Thus, we are
able to obtain a resolution such that (f om)~1(0) =Ty UTa U...U Ty is a union
of smooth algebraic hypersurfaces T; C Y with normal intersections.

Moreover, the assumption that the singular point of the function f, defining X, =
f710), is isolated is not necessary. Hironaka’s theorem holds in the general case,
when X, X are analytic varieties and f is an analytic map from (X, Xy) to (C,0).
The fibers X, = f~!(z) can be compact projective algebraic varieties. This situa-
tion, called the degeneration of algebraic manifolds, will be subject of study below
in this chapter and in Chapter 7.

4.60. Remark. If M C CPY is an open smooth quasi-projective variety, i.e. is given
by analytic equations and inequalities, then there exists its algebraic compactifi-
cation M such that N = M\ M is a sum of divisors with normal intersections.
To show this, we notice that the closure M; of M in CPY is a closed algebraic
set. Next, one performs resolution of singular points in M\ M.
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4.61. Remark. One can realize the resolution of a singularity of a function on
the basis of its Newton’s diagram. This leads to a beautiful construction of a
toroidal embedding. The divisors Ej;, I';, and integers k;, m; are computed from
the Newton’s diagram. This is done in [Mum2| and [AVG]. This construction
works well only for germs, which are generic among functions with fixed Newton’s
diagram.

4.62. Resolution and normalization in algebraic geometry. Sometimes the resolu-
tion of a singularity of a hypersurface is not sufficient in its analysis. Note that
Z = m~1(Xy) is a manifold with singularities. These singularities are of two types.
Firstly, as a topological space Z has singular points, intersections of algebraic com-
ponents. The second type of singularity deals more with the language of modern
algebraic geometry.

In algebraic geometry, algebraic manifolds cannot be treated as sets of geometrical
points. They are ringed topological spaces. This means that locally, in any affine
part of CPY, we have a set Z C CV and a ring O of regular analytic functions
on it.

For example, if I C Clzy,...,zn] = C|z] is an ideal, then it defines the affine
algebraic variety (Z,0z) = (V(I),Clz]/I), V(I) = {p: f(p) =0, f € I}. If the
ideal I is radical, i.e. r(I) = I(V(I)) = I (where I(A) = {f € C[z] : fla = 0}),
then the ring Oz coincides with the standard meaning of analytic function on
Z. However, if the radical r(I) = {h : 3, h™ € I} of I is different from I,
then C[z]/I contains functions, which are nilpotents. It means that there are
nonzero analytic functions on Z, which vanish at any point of Z; because the
value of f at a point p is the residue class in the field O, z/m,. (Here the local
ring O, z consists of meromorphic functions on Z (quotients of elements of Oyz),
which are analytic at p and m,, is its maximal ideal of functions vanishing at p.)
If the ideal I is radical, then the ringed algebraic variety (associated with it) is
called reduced. If (Z,0z) = (V(I),C[z]/I), then by its reduced version one means
(Zreds Ored) = (V(I),Clz]/r(I)). This ideology forms a basis of Grothendieck’s
theory of algebraic schemes.

The second type of singularity of Z relies on the fact that Z # Z,..q4.

In order to avoid the difficulties associated with the above type singularities one
introduces the notion of normalization.

4.63. Definition (Normality). Let X be an analytic variety with the subset Sing X
of its singular points. We say that X is normal at x € X iff any holomorphic and
bounded function defined on U\ Sing X, where U is a neighborhood of x, prolongs
itself to a holomorphic function in U.

The space X is called normal iff it is normal in any of its points.

It can be shown that X is normal at z iff the local ring O, x is integrally closed
in its field of quotients. This means that, if f = g/h, g, h € O, x satisfies a monic
algebraic equation

"4 anaf" 4. +a =0, a; € O, x,
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then f € O x. (Note that the leading coefficient equals 1.) In the case when X
is an algebraic variety, its normality is equivalent to the integral closeness of their
affine rings C[X;] of regular (polynomial) functions on the affine parts X; C CV
(see [Shal]).

Moreover, if X is normal, then its set of singular points Sing X has codimension
> 2.

4.64. Examples. (a) If X is smooth in z, then it is also normal at x.

(b) If X = {22 = y?} C C2?, then the function f(z,y) = x/y is equal to &1 in
X \ 0 but is not continuous at 0.

(c) If (X,0x) = ({x = 0,1},Clz]/(2*(z — 1))), then the function f = 1/z is equal
tolat X\ Sing X = {z =1} but f does not belong to Ox.

(d) If X is a normal affine algebraic variety and G is a finite group of automor-
phisms of X, then the quotient algebraic variety Y = X/G is also normal.
Indeed, if C[X] is the ring of regular functions on X, then the ring of invariants
CIX)9 ={f€C[X]:fog=f, g € G} can be identified with the ring of regular
functions on Y. In [Sha] it is shown that C[X]¢ is finitely generated, does not
contain divisors of zero (elements x # 0 such that zy = 0 for some y # 0) and
forms a ring of regular functions on its spectrum SpeccC[X]%, which equals (as a
set) the set of maximal ideals of this ring.

The fields of quotients of the above two rings C(X), C(Y) form the fields of
meromorphic functions on X and Y respectively. We have C(Y') = C(X)%.

Let f € C(Y) be an integer element over C[Y] C C[X], i.e. satisfies a monic
algebraic equation with coefficients in C[Y]. So, f is integer also over C[X] and,
by the normality of X, we have f € C[X]. Because f is G-invariant we have
feC[y].

For example, if G = Z,,, with the generator acting on X = C! as rotation by the
angle 27/m, then Y = X/G ~ C! and the quotient map is z — 2™

If G = Zy with the generator acting on X = C? as the central symmetry (u,v) —
(—u, —v), then X/Zs is the cone {(z,v, 2) : xy = 2%} (because C[u,v]¢ = C[u?,v?,
uv]). By the above the quadratic cone is normal. Note that its singular set is the
vertex (of codimension 2).

4.65. The normalization theorem. For any analytic manifold X there exists a
unique (up to isomorphism) normal analytic manifold X and a holomorphic map
7: X — X such that

(i) 7 is an analytic diffeomorphism between X\7r Y(Sing X) and X\ Sing X,
(ii) #7~*(point) < oo and

(i) 7 H(X\Sing X) is dense in X.

The pair (X, %) is called the normalization of X.
We do not prove this theorem; for the proof we refer to [Sha| and [Loj2]. We discuss
only the normalization in the above examples.
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In example (b) X consists of two non-intersecting lines, X = X1 UX, C C2
X112 ={(u,v) :u=%£1}, 7|x, (u,v) = (v,v), T|x,(u,v)=(v,—v).

In example () (X,05) = ({y =0, £1}, Cly]/(y(y* — 1)), #(y) = y(y+1)/2. This
normalization separates the twofold point x = 0, replaces it by the two points
y=0,-1.

The general difference between desingularization and normalization lies in the fact
that in desingularization we replace the hypersurface together with its neighbor-
hood whereas in normalization we replace only the hypersurface itself.

4.66. The semi-stable reduction. Assume that, after resolution of a singularity
and the change of target (D.,0) to (D,0), D = {|t| < 1}, we get a function
g= fomw:Y — D with local representations g = ylfl ...yFn. When all k; = 0,1,
then we say that the morphism g is semi-stable.

(Note that here we have changed the notation of the target variable, from z € (C,0)
to t € D. This notation agrees with the notation used in other sources. We will
keep it in the sequel.)

The semi-stable reduction means replacing each multiple divisor E; = {y; = 0} by
several copies of single divisors Ej 1, ..., Ej;;, each of which is a ramified covering
of E; (separate from multiple divisors).

The semi-stable reduction is realized in two steps. Firstly, one applies the base
change o : s — t = s', where [ is the least common multiplier of all k;’s appearing
in local singularities of Z = g=1(0), l = lem(ky, ..., k). One takes Y, = Y xpD =
{(y, ) : g(y) = a(s)} and the projection g, : Yo — D, (y,$) — s.

Usually, the space Y, is not normal. So, the second step is the replacement of Y,
by its normalization Y (with the normalization map 7 : Y — Y,).

The map ¢ = go 07 : Y — D = D realizes the semi-stable reduction. We have the
following diagram:

Yy % v, - Y
19 1 ga lg

e}

D = D —- D
We have Mumford’s theorem about semi-stable reduction (see [Mum?2]):

If f:X — D is an analytic map from a smooth projective algebraic variety X
with unique critical value t = 0, then there exists a base change o : s — t = st and
a resolution Y — X xp D such that the induced map g:Y — D is semi-stable.

4.67. Formulas for the semi-stable reduction. (We follow [Ste2]). If near a point
Yo € Y we have f = yfl coyFmom < n, k> 0and a:s — st kl, then locally
we have Y, = {(y, s) : 4 ... ykm = s!}. If the greatest common divisor of the k;’s
is greater than 1, then Y, has several components; (note that ged(ky, ..., &kn)|l).
Thus, in the first step of the construction of }7, one separates these components.
Assume now that ged(ky, ..., ky) = 1. Put l; =1/k;, i =1,...,n, where k41 =
...=1. We define a map from C? (with coordinates z;) to Y, by the formula y; =
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zf, §=21...2n. Of course, the space C7 is normal but it is not our normalization;
it is too big.

One divides C? by the group G C Z;, X ...Z;, (acting diagonally by means
of rotations) and consisting of those rotations which preserve s = z;...z,. By
Example 4.64(d), Y = C?/@ is normal.

Moreover, the quotient group Z;, x ...Z,, /G is cyclic, equal to Z;, and it acts
onY. The quotient ?/Zl is equal to X = Cy x D.

These formulas hold locally in suitable (local) charts. In the general case one covers
X with such charts and performs the normalizations successively in each chart.

4.68. Examples. (a) f(y1,y2) = y3y3. Then Y, = {(y1y2)?> = s} consists of two
intersecting components and the normalization Y consists of two separated smooth
components yys = =Es.

(b) f = y3y2. Then Y, = {y?y> = s} is not normal; because the function s/yi,
smooth on Y, \ Sing X, Sing X = {y1y2 = s = 0}, is not analytic in the whole
Y,. The normalization map is y1 = 21, y2 = 23, s = 2122. Here the group G = {e}.
The divisor F; = {y1 = 0} is replaced by the divisor Ey = {z1 = 0}, with 2-fold
covering over Fy, and Fy = {y2 = 0} is replaced by By ~ Es.

\

M

Figure 33

(c) Semi-stable reduction of the cusp resolution (see [Ste2]). Let X C CP? x D
be given by xoz3 — 23 = tzf and let f = t. In the affine part we get y?> — 2% =t
with the cusp singularity of Xj. After resolution (see Example 4.58) we obtain the
surface Y with the map g = for:Y — D and g~ !(0) = '+ 2E; + 3E, + 6E3
(with multiple divisors). Here o : s — t = s', [ = 6 and the surface Y, is not
normal.

Applying the normalization to each of the intersections of divisors, we obtain
the following: The normalization near I' N B3 : 75(2w — 1) = s5 is the map
7:(r,z) — (r,2w —1) = (r,2%), i.e. we have a local ramified covering of E3 with
ramification index 6 (see the discussion in 11.31 below).
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The normalization near £y N B3 : 7%(w — 1)? = % gives two copies of the plane
C? with the normalization map (r,z) — (r,w — 1) = (r, 23).

The normalization near E; N E3 gives three copies of C? with the map (r,z) —
(r,w) = (r,2%).

Thus 7~ 1(T") = T is one divisor CP', 7 1(Ey) = E11 U Eig, 7 ' (Es) = Ea U
Es U Eos. Finally, F3 = 7 '(E3) is a smooth projective variety and 7 realizes
the ramified covering Es — E3 = CP! of degree 6; (one can see that generically
7 is 6 to 1). Using the Riemann-Hurwitz formula 6y(Es) = x(Es) + 3. (v(p) —
1), (connecting the Euler characteristics and the ramification indices v(p), see
Theorem 11.32 below), we find that Eg is a topological torus, i.e. an elliptic curve.

4.69. Remark (Orbifold character of the space Y). The normalization map 7 :
g — Y is finite-to-one. More precisely, from the formulas in 4.67, it follows that
Y can be covered by charts of the form C"/G, where G C GL(n,C) is a finite
group (of rotations in coordinates).

Such manifolds are called orbifolds (or V-manifolds, see [Ste2]).

It turns out that most of the cohomological theory on smooth algebraic varietes
can be applied to algebraic orbifolds. In particular, one can define the analogues of
the de Rham sheaves, holomorphic de Rham sheaves, hypercohomology etc. (see
Chapter 7).

We will use the above constructions (resolution and normalization) in Chapter 7.

El r Ez Eu E12 E21 EZZ E23
6
E, E,
2 1 I3 r
Figure 34
4.70. The Clemens contraction. (a) Let f : X — D be a holomorphic mapping with
unique critical value ¢ = 0 and such that locally f = x’f L. yFm for some analytic
coordinates 1, ..., Z,, i.e. with resolved singularities. X; = f~1(¢) are projective

algebraic varieties; smooth for ¢ # 0 and with normal intersection singularities
for t = 0. Assume also that X = f~!(D). The map f : X — Xy — D* = D\0
defines a fiber bundle, the algebro-geometrical analogue of the Milnor bundle. Here
the fibers X; have the same homology groups H,.(X;,C); (contrary to Milnor’s
case they have many non-zero components H; in general). One also defines the
monodromy diffeomorphism h; : X; — X; and the monodromy operator (or the
Picard-Lefschetz transformation) M = hy, : H.(X;) — H.(X}).
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C. H. Clemens [Cle| constructed a continuous mapping p : X — Xy with some
special properties. We explain his construction on the special case f(x1,22) = x122
(or X ={z1m2 =tz3} CCP?* xD and f =1t).

Let U = {|z1,2] < 1} be the neighborhood of the origin. We define a certain
family of maps p = p|x, : Xy NU — Xo. We divide X; N U into three parts:
Ay = Xy {2 < Jaa| < 1}, Ay = Xy 0 {|t]V/? < |21| < 1} and Az = {|z1] =
2| = [t}

On A; the map p; is defined as a composition of the projection (z1,z2) — (0, z2)
and of the stretching

(0,22) — (0, [(Jlz2| — [t]"/%)/ (1 — [¢]"/*)]2)

(with the punctured disc 0 x D* as the image). Analogously p; on As is defined
(with the image D* x 0). Finally, p(A3) = 0 (see Figure 35).

On the remaining part X;,\U C CP? one defines p; as the projection onto the
nearest component of X (along some affine coordinate).

The maps p; organize themselves into a contraction (or retraction) of X to X,
i.e. with identity on Xo. Moreover, if 2o € X{ is smooth, then p; *(z¢) is one point
and if x¢ is singular, then p; 1(x0) is a topological 1-dimensional torus.

Note also that this construction can be generalized to the case when f = ¥ z52.
Then p; *(20) consists of k; (or of kg points) for smooth point .

The general result is the following.

(b) Proposition—Definition. ([Cle]) Let f : X — D be a holomorphic map with
only critical value 0 and with resolved singularities. Then there exists a continuous
family of maps pr : Xy — Xo such that the total map p = (p:) is a contraction
of f~YD) to Xq forming a prolongation of the contraction of D to 0 along the
radii.

If near w9 € Xo we have f =z}, then p;*(z0) is an l-element set. If near xq we
have f = a¥' .. xkm m > 1, then p;(xo) is a topological (m — 1)-dimensional
torus T = {(¢1,...,0,,) (mod 27):> k;¢, = argt}.

We call the map p the Clemens contraction.

(¢) Unfortunately, the Clemens contraction p; is not compatible with the action
of the monodromy diffeomorphism h; : X; — X;.

Indeed, if p; ' (20) = {yo,---,yi-1}, y; = ([t|"/lei@&t+2m0/L 0 . 0), then the
natural lifts (to the fibers X;’s) of the path § — t(0) = €¥t, § € [0,27} would be
yjew/ !, Thus h; should realize a cyclic permutation.

The action of h; on the torus 7™~! should be translation (¢y,...,¢,,) — (¢; +
2/ (kam), ..., b, + 27/ (kmm)).

We see that the above ‘action’ cannot be continuous, with discontinuity at the
tori. So, there appears a necessity to improve the Clemens contraction in such
a way that it would be compatible with the action of monodromy. The idea of
this construction is as follows. We replace the target space Xy by another target
space X, which is obtained from X, by replacing each point zy of an m-fold
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C
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Figure 35

intersection by (m — 1)-dimensional simplex A™~! (with baricentric coordinates
(a1, am), > a; = 1). Also the torus T™! = p, ! (zg) is replaced by T™! x
A™~1 We get a new space X;. Of course, this X; has the same homotopy type as
X;.

The action of the monodromy h; on the thick torus 7™ ! x A™~ 1 is

(¢1,...,¢m;a1,...,am) - (¢1 +27ra1/l<;1,...,¢m +27Tam/k'm;a1 ~-~7am)~

These local transformations glue themselves together to a continuous homeomor-
phism ﬁt of X;. It induces the same homomorphism in homologies as hyy.

We call the corresponding map p; the thick Clemens contraction and the homeo-
morphism hy the thick monodromy transformation.

The thick Clemens contraction is compatible with the thick monodromy transfor-
mation: p; o izt = Py.

This construction was used by Clemens in his direct proof of the following funda-
mental theorem in the monodromy theory.

4.71. Monodromy Theorem. For any k the induced homology homomorphism
(he)sk © Hp(X:,C) — Hip(Xy,C) is a quasi-unipotent. It means that all its eigen-
values are roots of unity, (h2A — I)B = 0 for some natural A, B. Moreover, B <
n—|k—n+1| where n = dim X.

The Monodromy Theorem was first proved by Landman in his Berkeley Thesis in
1966 (see [Lan| and 7.26). Besides Landman’s and below Clemens’ [Cle] proofs,
there are three more proofs. One is algebraic by Grothendieck (see [Gro2] and
[DK]), there is a proof by Brieskorn (using the solution of the VII-th Hilbert’s
problem, see [Brie| and 7.37(i)) and Borel [BN| gave another proof using the
period mapping and hyperbolic geometry (see 7.56(d)).

Clemens’ proof of the Monodromy Theorem. Denote by A the greatest common
multiplier of all the multiplicities of the divisors in Xy. It will be the integer A
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Figure 36

from the thesis of the Monodromy Theorem. Denote M = (h).. We have to show
that the operator M# — I is nilpotent with order of mlpotency <n—lk—n+ 1|

Of course, we shall work with the map ht acting on Xt Let the subsets Z; C Xt
consist of points corresponding to (> j)-fold intersections in Xy. Thus we have
X, =217 ...9 Zns1 =0, n=dim X.

If o is a (geometrical) cycle in Zy, then the cycle hi*(0) — o lies in Zy; (because
hy acts periodically on Z1\Z2).

Let us look at the action of h; on Zy\ Zs. Consider a component 7! x Al x Ei(z),
where E(z) is an (n — 2)-dimensional variety, locally of the form z; =z = 0 and
with {f = xl x22} Here the action of A, is homotopically equivalent to the action
in one endpoint of the interval Al : (¢, o5 1,0;2) — (¢ +27/k1, $5;1,0;2). If o is
a (geometrical) cycle in Z, then we can move it homotopically, in any component
of Zy — Z3, to a part of the boundary corresponding to one vertex of the simplex
A'. Tt is not difficult to see that this can be done in a continuous way. The new
cycle o’ represents the same homology class as o.

Because the action of f?t at the boundary of T x Al x E§2) is periodic, the cycle
hAc’ — o’ lies in Zs.

The same construction can be repeated for cycles in Z;, j > 2. The action of
ﬁf —id gives a cycle homologically equivalent to a cycle lying in Z;4;.

Consider the case k£ > n — 1. Because the subsets Z; are homotopically equivalent
to spaces of (real) dimension 2(n—1) —j, then a k-dimensional cycle is sent to zero
after 2n — 1 — k times; thus B < 2(n—1) — k+ 1. In the case kK < n — 1 one should
use the Poincaré duality which together with the above gives B < k + 1. O

4.72. The zeta function of the monodromy. If F' : X — X is a diffeomorphism of
a differentiable manifold X, then the (-function of F is defined as

Cp(s) = [ [det(1 — sFoa)) 70"

q>0
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where Fiq : Hy(X,C) — Hy(X,C) are the induced homology homomorphisms.
(p is a rational function, which can be expressed in terms of the structure of its
set of periodic points. Namely, with this aim it was introduced in the theory of
dynamical systems.

Indeed, let

AFF) = (=1)1Tr (Fea)

q

be the Lefschetz number of the map F¥ = Fo...oF (k times). Let the positive

integers r1, 79, ... be defined inductively by the relations
AFF) = "m,
ilk

eg. 1 = AF), ro = A(F?) —r1, 14 = A(F*) — 1 — ro. Using the identity
det(I — sA) = eTm 108U =s4) — exp[— S7(s7/i) Tr A’] to each factor det(I — sF-q),
we obtain the formula

ORI CERI RS

Recall that A(F*) counts the number (with multiplicities) Ny of periodic points
of F with period divisible by % (see the Lefschetz Theorem 3.30). We get (p =
exp(— 32 (Ni/k)s*).

We apply this to the monodromy diffeomorphism F = h : X; — X; of a fibre
of the cohomological bundle associated with a degeneration of analytic manifolds
g: (X, Xp) — (D,0), where X; = g~ !(t) are smooth analytic manifolds and X is a
sum of smooth submanifolds with normal crossings and near any point of X there
is a system of coordinates such that g = x’fl ...xF The map X* = X\ X, —
D* = D\ is a locally trivial topological fibration, an analogue of the Milnor
bundle. The Picard—Lefschetz transformation acting on H,(Xy,,C) is induced by
the monodromy diffeomorphism h = hy, of a fixed fiber X3, (see above). A’Campo
[A’C2] has found a beautiful formula for the (.

The special case of this situation appears when we have a singularity f : (C*,0) —
(C,0) of multiplicity u; X; = f~'(t) N B,. Thus, we can assume that f is a
polynomial. Let 7 : Y — B, C C" be a resolution of f, g = fom, Xo = g 1(0).
We have g~1(t) ~ V; for t # 0. Because h.o = I on Ho(V;) = C and H,(V;) = 0 for
q # 0,n — 1, we can express the zeta function of h by means of the characteristic
polynomial of the monodromy operator h., P(A\) = det(h, —AI). We have (,,(s) =
(1 — s)~tdet(I — shy)D" = (1 — s)~L[(=s)*P(1/5)] V",

For any natural m we put

Sm ={y € Xo:9=a" near y}.

Denote by x(Sp,) the Euler characteristic of S,,.
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4.73. Theorem of A’Campo ([A’C1|, [A’C2]).

(a) We have
ARy =x(Ve) = 32, mx(Sm),
A(RR) = 3 mX(Sm)-

In particular,
Chl(s) = TLa(1—sm)=xEm,

(=1)% [(s — 1) TL,, (s — 1) =X V"

)
= =
[l

(b) If h is a monodromy diffeomorphism of the Milnor bundle associated with a
critical point of a function with multiplicity 0 < p < 0o, then

A(h) = x(51) = 0.

4.74. Examples. (a) For the cusp singularity we have: Sg = FE3\{3 pts} =
S2\{3 pts}, x(S¢) = —1; Sy ~ S3 = 82 — {1 pt}, x(S2) = x(S3) = 1; S; =
D*,x(S1) =0. Thus p=1-2-3+6=2,(, = (1 —s?)71(1 —s3)71(1 - 59),
P(s)=s*—s+1.

(b) For f = (2® + y?)(2? + y®) we have the resolution process presented in Figure
37.

10 10

5 5
. 1 1 ——>_ 1|5
\ [ 4 4 4
1 —+ 11

Figure 37

[u—y

Here x(S10) = 2+ (—1), x(S5) = 2-1, x(S4) = x(S1) = 0. This gives u = 11,
¢, = (s°+1)2, P(s) = —(s—1)(s% +1)2. This example is considered in [AVG] (v.
2).

(c) The reader can make calculations for f = (2% +%°)(2?y*+25+y°) from [A’C2].
(d) For the Pham singularity f = 2 + ... + 2% we have y = (d — 1)" and after
blowing-up we obtain one divisor CP"~! and only two sets S, i.e. S; ~ X\ 0
and Sy = CP"~ !\ @, where Q is a smooth hypersurface of degree d.

The surface S; € C™ \ 0 can be deformed along the radii to a submanifold S c
$2n=1 But S admits an action of the circle S1. So there is a vector field on S
without singularities and (by the Poincaré-Hopf theorem) x(S) = x(S1) = 0,
which agrees with (b) of the A’Campo theorem.
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Next, by additivity of the Euler characteristic, we have x(S4) + x(Q) =
X(CP"=1) = n. Therefore we obtain the following formula for the Euler charac-
teristic of a general hypersurface in projective space: x(Q) = n+ [(1 —d)" —1]/d.

4.75. Proof of Theorem 4.70. (a) (This part was proved in [A’C2|.) We use the
thick Clemens map p; and notations from the proof of Theorem 4.71. One divides
the variety X; into the following subsets invariant with respect to the monodromy
map hy. Let X™ ~ p71(S,,), m = 1,2,...; thus the set Z; — Zo = X' UX2U. ...
The set Z, — Z3 consists of components of the form T x Al x Ei(z). Generally
Zj — Z;11 is composed of sets of the form T7~! x A7~1 x EU) | where the subsets

Ei(j ) are the connected components of the set of points from X, at which exactly
j divisors intersect themselves.

If £ € Syn, then p; !(x) is an m-point set, at which the monodromy map acts as a
cyclic permutation. Thus (h‘p;l(x))k = id, if m|k and it does not have fixed points
otherwise. So A((h|pf—1(w))k) = x(p; *(z)) = m or = 0, depending on whether m/|k
or not. )

At each set V =Tt x AJ=1 x Ei(J ) the action of h is homotopically equivalent
to a rotation by angles commensurable with 2. Thus (h|p;-1)* = id or it does
not have fixed points. Because x(T') = 0 we have A((hpi—1)F) = 0.

Next, we use some standard properties of the Lefschetz numbers (analogous to the
properties of the Euler characteristic): (i) A(F1 x Fa) = A(Fy) - A(F») for Fy X Fy
acting diagonally on X; x Xy and (ii) A(F) = A(F1) + A(F3), if Fy 5 act on two
subsets X » of a partition of X.

We obtain A(h*) = > mi, MX(Sm) which implies the other formulas from the first
part of the theorem.

(b) (This part was proved in [A’C1].) The proper image of I' = 7=1(f~1(0) \ 0) of
the set £71(0)\0 lies in S; (by assumption that 0 is an isolated critical point). Any
other divisor, i.e. from 7=1(0), belongs (almost completely) to some S,,, m > 1.
It follows from the process of resolution (see the examples). Because f~1(0) N B,
is contractible to 0, one can use this contraction and the Clemens map, to obtain
a contraction of X; to the subset p; *(Xo\.S1).

On the latter set we repeat the analysis from the point (a). On the sets )/(\'m,
m > 1 the monodromy map does not have fixed points. The remaining part has
zero Euler characteristic. ]



Chapter 5

Integrals along Vanishing Cycles

The previous chapter was devoted to the topology of critical points of a holomor-
phic function. This chapter is devoted to its analysis.

The principal objects of investigation are integrals of holomorphic forms (defined
in a neighborhood of the critical point) along cycles lying in level surfaces of
the function and vanishing at the critical point. It turns out that these integrals,
treated as functions of the (non-critical) value of the function, form holomorphic
and multivalued functions with ramification at the critical value. They satisfy a
system of differential equations, the Picard—Fuchs equations.

The holomorphic forms define sections (the geometrical sections) of a certain holo-
morphic vector bundle above the set of non-critical values of the function. This is
the cohomological Milnor bundle, with fibers equal to the cohomology groups with
complex coefficients of the local level of the function. Any such fiber contains an
integer lattice consisting of integer cocycles. These integer cocycles extend them-
selves to sections of the cohomological Milnor bundle. They are sections horizontal
with respect to so-called Gauss—Manin connection. The Picard—Fuchs equations
are related to the equations for horizontal sections (with respect to the Gauss—
Manin connection), expressed in a basis consisting of geometrical sections.

The asymptotic behavior of integrals of holomorphic forms along vanishing cycles,
as the value tends to the critical value, gives us very important information about
the geometry of a neighborhood of the critical point.

The asymptotic of the integrals along vanishing cycles is used in analysis of asymp-
totic of oscillating integrals, which appear in geometrical optics.

In this chapter the values of the function will be denoted by ¢. The reason is that
we shall differentiate the sections of the cohomological bundle with respect to the
‘time’ ¢.

§1 Analytic Properties of Integrals
5.1. Example (Complete elliptic integrals). Let
Vi y2 +a3—x=t

be a family of elliptic curves in C? (see also Example 4.11). If ¢ is typical (different
from the critical values t; o, = +2/3+/3 corresponding to the saddle point and
the local minimum) then the corresponding Riemann surface is diffeomorphic to
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the punctured torus T2 \ {p}. Its first homology group is generated by two cycles
v = (t) and § = §(t), where ~ is represented as the real oval of this elliptic
curve (see Figure 1). The cycle ¢ cannot be deformed to the real part of the curve.
We assume for a while that the geometrical positions of the cycles are fixed. (In
notations from Example 4.11 we have 7 = Ag and § = A;.)

Imzt |
Retr
, t

Figure 1

Consider the following functions, called the elliptic integrals

Io(t):/ ydx, Il(t):/ zydz.
7(?) 7(®)

The integral Iy is equal to the area of the domain bounded by the oval 7, and I
is equal to a moment of the Lebesque measure in this domain. In particular, I /1
defines the position of the mass center of the domain {y? + 23 — z < t}.

5.2. Proposition. The functions Iy, Iy can be prolonged to holomorphic functions
outside the critical value t; = 2/3\/3 corresponding to the saddle point.

Proof. The cycle «(t) is well defined for ¢t € [t2,t1]. The functions Iy1(t) are
differentiable in this interval. Indeed, they can be written in the form

Ig(t)

I3(t)
Iy(t) = 2/ y(z, t)dz, L(t) = 2/ zy(zx, t)dz,
w?(t) Iz(t)

where x5 3(t) are the points of intersection of the cycle v(¢) with the z-axis and
y(z,t) = vt +x — 23 (see Figure 2(a)). We can differentiate these functions be-
cause y(z2,3,t) = 0.

Unfortunately that approach is wrong, because we do not know how to perform
the further differentiations. Above, the subintegral function as well as the con-
tour of integration depend on t. The right idea is to transform this problem to a
problem where the contour of integration is fixed, i.e. does not depend on ¢, and
the subintegral 1-form is analytic with respect to t. In order to do this we must
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(a) (b)
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Figure 2

deform the cycle y(t). The first problem which we encounter is the dependence of
the integral (of the form along varying cycle) on the deformation.

5.3. Lemma. If two 1-dimensional cycles o and o', laying in a Riemann surface V,
are homologous one to another and a 1-form w is holomorphic, then fow = fa, w.

Proof. Let z be a local holomorphic parameter in the Riemann surface V. The
form w is called holomorphic if its local representation is of the form f(z)dz,
where f is a holomorphic function. Such a form is obviously closed, dw = 0,
and represents an element of the first cohomology group H'(V,C) (de Rham’s
Theorem). If 0 — o/ = A, then the values of the class [w] on the two cycles are
equal by the Stokes theorem). O

Continuation of the proof of Proposition 5.2. We choose a loop 4, homologically
equivalent to 7, as the lift to the Riemann surface of the algebraic function z —
y(z,t) of a certain loop 4 in the complex z-plane, surrounding just two ramification
points xs, x3 of the algebraic function y(z,t). We choose the following branch of
y(x,t) along 7 (one of two): it is such that limy(z + ib,t) > 0 for b — 0T,
x € (z2,x3) and t € [t1,ta].

Now the subintegral form y(z,t)dz (or xy(x,t)dz) is single-valued (along %) and
holomorphic with respect to ¢. If the loop 7 is fixed, then the corresponding inte-
grals are locally holomorphic functions of .

If t moves outside the interval [t2,t1], then the roots za3(t) also move in the
complex plane but the analyticity property holds as long as any of the points x5 3
do not coalesce with the third branching point x1(¢). The latter possibility occurs
only when ¢t = t;.

This proves Proposition 5.2. (]
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5.4. Corollary. The functions I;(t) are analytic near the critical value to=—2/3v/3;
they are equal to 0 at to and this is a simple zero.

Proof. The latter statement follows from the fact that, for t—t; positive and small,
the functions I;(¢) are proportional to the area of the domain {y? + z* — z < t}
which is an approximate ellipse with axes of length about v/t — ts. (|

Now we shall investigate the singularity of the elliptic integrals I; at the other
critical value t;. Firstly we try the real methods.

Lemma. Each of the functions I;(t) has the following behavior as t — ti,
caatcet—t)n(t—t1)+....

Proof. We determine the singularity of the derivatives of the elliptic integrals. We

have ) . )
Ij{(t) _ 1 / xIdx _ 3 ) dx .
2 ~E) Y T2 \/t +a3—x

The approximate local equation of the curve (), near the critical point (xg,0),
29 < 0, and for t ~ t1, t < ty, is: y?> — c(x — 29)%? ~ t —t;, ¢ > 0. Thus
we get xo ~ xg + /(t1 —t)/c and I} ~ const - fi [e(z — 20)* — (t1 — t)]fl/2 ~
const - In(ty — ). O

Using the monodromy we can investigate this integral much better. From the
analysis performed in Example 4.11 it follows that, as the argument ¢ turns around
t1, the cycle v changes to v + § (Example 4.11). Thus

I(t):/vw—>l(t2+(t—t1)e2“’?):Lw+/6w.

The function J(t) = fé(t) w is holomorphic near ¢t = ¢; (by the same reason as the
function I(t) is analytic near ¢t = t2).

Consider the function f(t) = I(t) — (2mi)~1J(¢)In(t — t1). One checks that it is
univalent and holomorphic in a small punctured disc around ¢;. It is bounded there
and (by the corresponding Riemann theorem from the analytic functions theory)
it prolongs itself analytically to the whole neighborhood of ¢;. This means that
the only singularity of the elliptic integrals is of the logarithmic type. We have
proved the following

5.5. Proposition. The functions I;(t) have the following representations near t =
tlv
Ii(t) = f(t) + g(t) In(t — t1)

where f and g are analytic near t1 functions.

Now we study asymptotic behavior of the integrals I;(t) for t — co. Here the three
branching points of the algebraic function y(z,t) are approximately equal to the
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three cubic roots of ¢, ) ~ e2™/3¢1/3 Therefore, in the subintegral function, we
have

o~ 3y~ \/t—a:?’wtl/z, dx ~ /3.

This gives the following

x(?)

-

[— 0

Figure 3

5.6. Lemma. Io(t) ~ t°/% I (t) ~t7/% as t — oo.

Let us look now at the action of the monodromy map induced by the variation of ¢
along the loop around infinity. This map is the composition of two maps hr,+hr,«,
where 71 2 are the two loops surrounding the critical values ¢1 2. From Example

4.11 we get that it has the matrix form ( 1 ), or (v,0) — (6, —v +0). The

-1 1
characteristic polynomial is A — X\ + 1 and the eigenvalues are e
of unity of order 6).

IfI = fvw, J = [5w, then we get

+7i/3 (the roots

(I, J)(te*™ ) = (J, =1 + J)(t).

The functions I(t), J(t) generate a 2-dimensional complex vector space. The mon-
odromy operator acts on this space. Let F'(t) and G(t) be the eigenvectors of the
monodromy operator: F(te*™) = e™/3F(t), G(te*™) = e~™/3G(t). We find that

F(t) = tYSE(t), G(t) = t~Y/G(t), where F, G are univalent near 1/t = 0.
Using Lemma 5.6 we obtain the following result.

5.7. Proposition. The functions I;(t) have the following representations near t =
00,

I =50 f(1/t) +17/%g(1/t)

where f,g are analytic functions near 1/t = 0.
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Now we consider the general situation. Let f : (C",0) — C be a germ of a
holomorphic function and let ¢ be a noncritical value for f. Let A(t) be some
(n — 1)-dimensional cycle in the surface f~1(¢), depending continuously on ¢. Let

w = Zhi(a:)dxl At ANdx,

be holomorphic (n — 1)-form on C™. (Here the name holomorphic means that the
functions h;(x) are holomorphic and there are no differentials dZy.)

Define the function
I(t) = / w.
At)

Because w, restricted to the surface f~1(¢), is closed the definition of the function
1(t) does not depend on the choice of the cycle A in its homology class (see the
proof of Lemma 5.3 above).

5.8. Theorem. The function I(t) depends holomorphically on t.

Proof. As in the proof of Proposition 5.2 we want to replace the integration of the
fixed (n — 1)-form along the varying cycle by integration of a varying form along
a fixed cycle. The tool for this construction provides us the Leray coboundary
operator.

5.9. Definition. Let M be a complex manifold and let N C M be its complex
submanifold of codimension 1. Take a tubular neighborhood T of N, take its
boundary 0T and the projection w : 9T — N. This is a fibration with the fiber
St

If 7 is some [-dimensional cycle in N, then 7=1(n) is a (I + 1)-dimensional cycle
in M\ N. The operator 6 : H;(N) — Hj41(M\N):

1] =[x~ (n)]
is called the Leray coboundary operator.

Fix a non-critical value to. We take a tubular neighborhood of f~!(¢y) in C"
(included completely in the set of non-critical points for f). Let A be the image
of the cycle A(tp) under the Leray coboundary operator. If ¢ is close to tg, then
the cycle A plays the role of the value of the coboundary operator also for the
cycle A(t).

Lemma. We have ) J

211 SA f —1
Finishing of the proof of Theorem 5.8. In the latter formula the n-cycle is fixed
(does not depend on t) and the subintegral n-form is analytic with respect to ¢,
for ¢ from a small neighborhood of ¢y. From this the analyticity of I(t) follows. O



§1. Analytic Properties of Integrals 123

Proof of the lemma. The Leray coboundary operator applied to the family of
cycles A(t) has very simple construction. For fixed ¢ consider the small circle
v ={s € C:[s—t| =e}. Then we can choose dA(t) = (U, A(s). Therefore we

get
1 df N\w 1 ds
2mi /(m(t) f—t 271'2'/7 (/A(S)w> s—1
1 ds 1 ds
B 27rz'/7</A(t)w> s—t 2m’[,</A(S)A(t)w> s—t

The first integral in (1.1) equals to [, ,) w. The function (fA(S)iA(t) w) /(s —t)
is bounded. Finally, because v tends to a point as € — 0, the second integral in
(1.1) is equal to 0. O

(1.1)

5.10. Remark. If the function f depends analytically on some parameter y, f =
F(-,y), and the form w = w(x,y) also depends analytically on y then, repeating
the proof of Theorem 5.8, we show that the function

m,y):/w “
Y

depends analytically on all variables. Here A(t,y) is some continuous family of
(n—1)-cycles in {z : F(x,y) =t}.

Let f: C™ — C be a holomorphic function and let w be a holomorphic n-form on
Ccn.

5.11. Lemma and Definition. Let z be such a point that df (xo) # 0. There exists
an (n — 1)-form n in a neighborhood of xy such that the equation

df Np=w

holds. The form n restricted to the surface f = const is defined uniquely.
It is called the Gelfand—Leray form and is denoted by

w/df.

Proof. After applying some holomorphic change of coordinates, we can assume
that f is one of the coordinates, f = z1. Let w = h(z)dz1 A... A...dx,. Then we
can choose

w/df = h(x)dxs A ... A dxy,.

It is also clear that the non-uniqueness in the choice of w/df lies in the space of
forms of the type p Adxy = p Adf. O
Example. If f = y? — 23 + x, w = dx A dy, then

w dx —dx

df 2 2V/ad— w4t
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It is the 1-form appearing in the derivative of the elliptic integral I (see Example
5.1).

The Gelfand—Leray form can be defined in the real domain. The definition is the
same but now the variables x; are real, f is a real function on R™ and w is a real n-
form. The notion of the Gelfand—Leray form is very useful here. It is demonstrated
in the following

5.12. Lemma. We have the formulas

/ﬂ,w:/j;(/f_t;gdt? (1.2)

if the support suppw of w is disjoint with the set {df =0}, and

a ()=

This means that we can differentiate the integrals by means of the formal differ-
entiation of the subintegral form.

Proof. The identity (1.2) follows from the Fubini theorem. Next, we have

t+h
for L= L= ()8
f=t+h f=t t<f<t+h t f=s df

The identity (1.3) holds also in the complex case. Indeed, we have
d/ d 1 / f hw 1 / f Aw 1 / 1
dt A(t) dt 2mi SA f —1 271 SA (f — t)2 271 SA f —1

1 do 1 df A (dw/df) dw
_2m'/mf—t_2m'/(SA f—t _/A(t)df'

In what follows we shall investigate the integrals of Gelfand-Leray forms along
vanishing cycles. If n = h(z)dz1 A ... A dx, is a holomorphic n-form and A(t) is a
family of cycles, then we define the function

I(t) = /A S

The next theorem is analogous to Theorem 5.8.

5.13. Theorem. The function f(t) is a holomorphic function of t and of eventual
parameters.

Proof. We have the formula

~ 1
I'= / ’,
21 (SAf_t

where the Leray coboundary cycle is fixed and the subintegral form is holomorphic.
|



§2. Singularities and Branching of Integrals 125

§2 Singularities and Branching of Integrals

Let f : (C™,0) — (C,0) be a germ of a holomorphic function with the isolated
critical point « = 0 (and the critical value t = 0) and let Aq(t),...,A,(t) be a
family of (n — 1)-cycles at the level surfaces V; = {f =t} N B, vanishing at z = 0
and forming a basis of the space H, . (Vt, C). Let w be a holomorphic (n— 1)-form
and 7 be a holomorphic n-form. Consider the vector-valued functions

1) = ( [ e /Aﬂlmw),
i) = ( /. R /. P n/df> .

5.14. Theorem. There exists an expansion of the function I(t) into the series
Z ag,ot*(In t

where ay.o € C¥, the a’s are non-negative rational numbers such that e2mia form
etgenvalues of the monodromy operator and the k’s are positive integers < mazimal
dimension of the Jordan cells corresponding to the eigenvalue ™.

This series is convergent for |t| sufficiently small and for argt lying in some fized
bounded sector.

An analogous expansion holds also for the function I, only the summation runs
over rational o’s which are > —1.

Proof. We need the following upper bound.

5.15. Lemma. If |t| is small and argt is bounded, the form w is holomorphic and
A(t) is a family of cycles in f =t vanishing at t = 0, then there exists a constant

C Such that
/ t “

Proof. Because the form is locally bounded, the estimates for the integrals follow
from the construction of vanishing cycles (defined in 4.7). Recall that it uses the
mini-versal deformation of f of the form Fy(x, \') — ¢, where Fy is the restricted
deformation (without the constant term). One takes a generic parameter A, and
puts f = Fy(-,\.) as the Morse perturbation of f with critical values ty, ... ,t,.
With the paths a; = ay/ ;, joining some distinguished non-critical value ¢ with ¢;,
one associates the cycles A; = Ay ; vanishing along o;. We see that, when the
argument argt is bounded then, passing with (good) X, to 0, we obtain the cycles
A; = Ap,; vanishing along ag ;. The cycles A; are uniformly bounded as far as ¢
varies within a sector. ]

< C.
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5.16. Remark. An analogous estimate

| e
A(t)

for some integer N holds in the case when f is a polynomial, w is a polynomial
(n — 1)-form, A(t) is a family of (n — 1)-cycles in the level surface f = t and
t = 0 is the critical value for f in some generalized sense; t = 0 is an atypical
value. The latter means that the map f : C* — C is not a local fibration above
a neighborhood of ¢ = 0. In particular, the function f can have bad behavior at
infinity or it can have non-isolated critical points.

In this case it is possible that the cycle A(t) grows to infinity. However this growth
is not too fast. It grows polynomially and, because the form is also polynomial,
the estimate follows.

The results of these kind are known in algebraic geometry. The book of Lefschetz
[Lef] contains description of cycles in complex algebraic varieties in form of real
semi-algebraic sets. The equations and inequalities (involved in the definitions of
the cycles) depend algebraically on ¢ and grow at most polynomially at infinity.

<CltI=

The next lemma is from linear algebra.

5.17. Lemma. Let A be a p X p-matriz such that det A # 0. Then there exists In A,
i.e. such a matriz B that e = A.

Proof. Take the Jordan representation of A: A = A + A,,, where Ay is the semi-
simple part (diagonal in a suitable basis) and A, is the nilpotent part (upper-
triangular in that basis). Moreover, the matrices A5 and A,, commute. From this
the representation (called the Chevalley decomposition)

A=A,A

follows. Here A, = I + A, A;! is the unipotent part of A and also commutes with
As. (An operator C' is called unipotent iff C' — I is nilpotent).
Now InA =1In A, + In A,. For In A,, we get the finite series

A, =In(I+ (A, — 1)) = (A, —I) — (Ay — D)?/24+ (A, —1)3/3—....

The operator A, is the direct sum of its components in the eigenspaces of Ag. If
C=X-I,then nC=In\-1. O

Proof of Theorem 5.14. Let us apply the monodromy to the vector-valued function
I(t) = (fAl(t) PR IN ® w). As the t surrounds the origin, the function ()
undergoes the transformation

I(t) — I(t) - M,

where M is the matrix of the monodromy operator in the basis {A;}.
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Consider the matrix

F(t) =t~ M/ — oxp {— lntlnM] .

27
The monodromy of the matrix-valued function J(t) is
F(t) - M~'F(t).

Therefore the vector-valued function ¢ — ®(t) = I(t)F(¢) is univalent. We shall
show that it is meromorphic.

For this it is enough to show that it has at most polynomial growth as t — 0;
(then, after multiplying by some power of ¢, we can use the Riemann theorem).
Lemma 5.15 says that I is bounded. On the other hand, the matrix-function F'(¢)
has the finite expansion

F(t) = t"*Pu(Int), (2.1)

where e are eigenvalues of M and deg P, is the maximal dimension of any
Jordan cell with this eigenvalue. By Monodromy Theorem 4.71 (Chapter 4) the
exponents « are rational numbers. An analogous expansion (with t*Q, (Int)) holds
for F=1(t). We see that |F(t)| < C[t|~" for some integer N and some constant C'.
Thus we have the convergent Laurent expansion ®(t) = Z;’i_m gzbjtj. From this,
the formula (2.1) for F~! and the formula I(t) = ®(¢t)F~1(t), one gets the expan-
sion Y ag, ot In" ¢ from the thesis of Theorem 5.14.

In the same way we obtain the same general expansion for the function I (t) defined
by means of the integrals of the Gelfand—Leray form n/df.

To obtain a bound for the exponents o we notice that, by Lemma 5.15, the function
1(t) is bounded and vanishes at ¢ = 0. Therefore « > 0.

The functions I; = [ L /df are derivatives of some functions of the type [ N

2mi

for w such that n = dw. (It follows from the holomorphic Poincaré Lemma, which
is proved in the same way as the usual Poincaré Lemma 3.28.) This gives oo > —1
in the expansion of 1.

Theorem 5.14 is complete. O

5.18. Example. Let f = 27 + ... + 22 and let w be a holomorphic (n — 1)-form.
Here we have only one vanishing cycle A(t). The monodromy operator acts on it
as follows: A(t) — (=1)"A(¢).
If I(t) = fA(t) w, then we have

o0
1= E a;t?, for even n,
Jj=0

and ,
I= Zaj+1/2tj+1/2, for odd n.
§=0
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If we take the expansion w = w,_1 +w, + ... into components homogeneous with
respect to the dilations # — Az, then we get [ w, = 0 for p—n odd and = ap/gtp/2
otherwise.

Consider the special case w, = > (—1)7A;z;dxq A 4. A dz,,. Using the formula
fA(t) Wy = fD(t) dwy,, where D(t) is the n-ball with the boundary A(t), we get

pjot™? = fz§+...+$%§t(z Aj)dxy A. .. ANdxy,. This gives a, /o = (3 Aj) x (volume
of the n-dimensional unit ball).

§3 Picard—Fuchs Equations

Before formulating the next theorems we proceed to the study of the elliptic inte-
grals from 5.1.

5.19. The Picard—Fuchs equations for elliptic integrals. As in 5.1 we consider the
family
Vit flz,y)=y*+a° —z=t

of elliptic curves. We take the 1-forms wg = ydz, w1 = zydr and consider the

elliptic integrals
Ioq :/ wo,1, Jo,1 :/ wo,1,
v(t) 5(¢)

where v(t), 6(t) are vanishing cycles; the integrals Iy 1 vanish at the local minimum
and the integrals Jy 1 vanish at the saddle point.

Let w = A(z,y)dx + B(z,y)dy be a polynomial 1-form of the degree degw =
max(deg A,deg B) < n . Our first task is to express the integrals

IAﬂ:L%thwzéw

by means of the integrals Iy 1 (or Jp 1 respectively). The following lemma was first
formulated by G. S. Petrov [Petl].

5.20. Lemma. There exist two polynomials Py(t), Pi(t) of degrees < [(n —1)/2]
and < [n/2] — 1 (respectively) and such that

I, = Po(t)Io + PL(t)I1,
Juw = Py(t)Jo + Pi(t)Jy.

More precisely, if we denote by V,, the linear space of 1,’s with degw < n, then
it coincides with the space of pairs of polynomials Py, P1 of the above degrees. In
particular, dim V,, = n.

Proof. We use three ingredients: (i) the integration by parts [dR = 0, (ii) the

property d(y* + 2 — z) = 0 and (iii) the substitution y? =t +z — 23.
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Thus we have

Jatyldy = (=i/(j+1)) [~y Hda,
[ziy*de = [2i(t+2—a3)rde =0, A
Jaty?tde = [al(t+ 2 —a®)ryde = U5 Q; ()

where I; = [ 2Iydx and Q; are polynomials.
In order to analyze I; we use the property (ii): 322dx = dx — 2ydy. Hence

3, = [297%ydx—2 [27%y*dy
= Lo+ 2(3‘;2) ij’?’y?’dx
= I_o+ 2(j:,,—2) [2I73(t + 2 — 2®)ydx

= Lo+ Y ML s+ Y, — P

Calculating from this I; (with nonzero coefficient), we get the representation of
I; as a combination of I;_» and tI;_3. This shows that the representation from
Lemma 5.20 with some Py ; holds. In particular, we have I = Iy, Is = c1tlp+coly
etc.

Lemma 5.6 says that Iy ~ t°/6 and I; ~ t7/6 as t — oco. This shows that the
functions tI, and t/I; are linearly independent and are good candidates for a
basis of the space V,,. It remains to estimate the degrees of P;’s and show that the
separate monomials in P;’s are obtained from certain 1-forms of degree n. We will
do it also using the asymptotic behavior of the integrals as ¢ tends to infinity.
Because [y"dy = 0 and because of (i) and (ii) it is enough to consider inte-
grals of the forms z¥y'dx with k + [ = n and with odd I. We have [2*y'dz =
O(tl/2+(k+1)/3).

If n is even, then the integral [xy" 'dz = O(t("~1/2+2/3) is dominating and
gives the term ~ t"/2~11;. If n is odd, then the integral [ytdz = O(t™/>+1/3) is
dominating and gives the term ~ t(®~1/2],. O

5.21. Remark. During the demonstration of Lemma 5.20 we proved the following
fact:

The integral I,(t) = 0 if and only if the form is of the type w = gdf + dR
with polynomial functions g and R. This means that w restricted to the surface
f = const is exact.

Such a property is characteristic for other functions f: 22 + y? and for generic
polynomials f.

But the polynomial f = y? + 22(2? — 1) and the form zydx provide an example
where the above property fails. The surface f = ¢ contains one symmetric cycle
vanishing at + = y = 0 and two cycles v, vanishing at the points x = 1,y =0
(see Figure 4). The integral of xydx along ~ is equal to zero but the analogous
integrals along v, are nonzero.
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Y. ) Y.
R
[

Figure 4

Problem. Generalize the result of Lemma 5.20 to the case of hyperelliptic curve
Yo" 4 A2z 2+ Nz =t

Using the Gelfand—Leray form we get the formulas for the derivatives of the elliptic
integrals

dl; g 1 / a:fdx.

dt T2/,
5.22. Lemma (Picard-Fuchs equations). We have

5 = 6tl)+41I;,
2114 414 + 18t17.

Proof. We have
Iy = /dex/y = /(t—i—x — a)dx/y = 2tI} + 21 — /x?’dx/y.

Next, [@3de/y = § [adz/y— 3 [ady = ;(I] +Io). From this we get Iy expressed
by means of I]’s.
The second equation is proved analogously. O

The reader can observe that the determinant of the matrix of the right-hand sides
of the Picard-Fuchs equations is equal to 4(27t? — 4) and vanishes exactly at the
two critical values of the function f.

Solving these equations, one can express the derivatives of integrals as linear func-
tions of the integrals, i.e. one obtains a non-autonomous linear differential system.
Any linear 2-dimensional differential equation is equivalent to some linear sec-
ond order differential equation. Indeed, after some transformations we obtain the
following result.
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5.23. Lemma.
(a) 4(27t% — 4)1}) = —151y;
(b) 4(27152 -4 =211.

From this one can conclude that any integral I, satisfies some second order linear
equation (with rational coefficients).

Note also that all the above (i.e. the representation and the differential equations)
holds also for the integrals J, along the second cycle 4. In particular, we have
two solutions of the Picard—Fuchs system from Lemma 5.22: (5‘1’) and (ﬁ) It is
natural to investigate the determinant of the matrix formed by these solutions

B Io Jo
W(t) = det( Lo ) ,

i.e. the Wronskian of the corresponding fundamental matrix.

5.24. Lemma. We have W (t) = 5, -7 -i-(27t* — 4).

Proof. Firstly we show that W (¢t) is analytic in the whole plane C. For this it is
enough to consider neighborhoods of branching points of the elliptic integrals ¢t =
+2/ 3v/3. However from the Picard—Fuchs formula it follows that, as ¢ surrounds

2/3\/37 the fundamental matrix undergoes the transformation ( Lo Jo ) —

L

Ip+Jo Jo

L+J1 i
—2/3\/3 is analogous.
From the asymptotic behavior of the integrals for large ¢ (see Lemma 5.6) it follows
that W (t) grows like t? and is a quadratic polynomial.
Because one of the integrals vanishes at a critical value and the other integral
is bounded there, then the Wronskian must be equal to zero at this value. Thus
W (t) = K-(27t2—4). (One can obtain the latter formula directly from the Picard—
Fuchs Lemma 5.22.)
It remains to calculate the constant K. We use the asymptotic behavior at infinity.
Let z; = e2™i/3 j = 1,2,3 be the roots of the equation 1 — 2® = 0 and let
A =2 f;j V1 —a3zide, B; = 2 f;f V1 —a3ztdz, i = 0,1. Then we have 27K =
AoBy — A1 By. We represent A;/2 as fom’ — 0“ (along the rays) and similarly we
represent B;/2. Note that passing from one ray to another means change of the
argument in x and in y = V1 —23: for 0 < < 23 we have argz = argy = 0,
for © € [0,22] we have argx = —27/3, argy = 7 and for x € [0,21] we have
argx = 27/3, argy = 0.
We get the result in terms of the Euler Beta-function

). Thus W(t) is single-valued near ¢t = 2/3v/3. The case t =

B(a, 8) = /0 o 11— 7)Pldr = T(a)T'(B)/T(a+ B).
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Namely MK = (4/9) . [(1 _|_6727ri/3)(_6747ri/3 o e47ri/3) o (1 _’_6747ri/3) (_6727ri/3 o
e2™/3)]-B(%,3)-B(3,3). Using the identity I'(2)I'(1—z) = m/sin(rz), after some
transformations, we obtain the result. O

When we add a parameter in the above analysis, i.e. when we consider the curves
y2 + 23 — Az = t, and we pass with \ to zero, then we obtain the formula
det(fAj dw;/df) =const. (Here Ay = 6, Ay = ~.) This property is generalized
in the next theorem.

Let f: (C™ 0) — (C,0) be a germ with isolated critical point.

Let A1(t),...,AL(t) be the system of cycles vanishing at ¢ = 0 and forming a

basis of the (n — 1)-th reduced homology group of the local level surface f = t.
Let wi,...,w, be a system of germs of holomorphic n-forms.

The matrix
(L)
Aj(t) .

i,7=1,...,

is called the period matrix. We study the function

det %t — det ? (/ wi/df> .
A;(t)

5.25. Theorem (Determinant of the period matrix).
(a) The function det?(t) is univalent near t = 0.
(b) It is of the form t*"=2) . g(t), where g is analytic near 0.
(c) If the system (w;) of forms is general, then g(0) # 0.
The proof will be given later.

5.26. Definition. The system wi,...,w, is called a trivialization if det? Z0. It is
called a basic trivialization if g(0) # 0.

(The name ‘trivialization’ will be justified in the next section. Namely, the de
Rham classes of the forms w;/df|f—; are sections of the cohomological Milnor
bundle and define local trivializations of this bundle.)

5.27. Examples. (a) For the function f(z) = z* the level surface V; = {f = t},
t # 0 consists of k points x; = Itk ¢ = e2m/k j =0,... k — 1. The reduced
0-th homology group Hy(V;,C) is (k — 1)-dimensional and is generated by the
cycles Aj = zj11 —xj, j = 0,...,k — 2. If w; = a'dx, i = 0,...,k — 2, then
w;/df = (1/k)z"~*F*! and, after some calculations, we get

det(t) = kI=F. (= Uk)H24tC=1) (¢ o) (2 = 1)L (VR - 1)
xVand (C17F, 37k .. 7Y,
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where Vand(yi, ..., yn) is the van der Monde determinant, equal to HKj (yi —vj)-
Therefore det? =const-t* (=2 1, =k —1, n = 1 and the system (w;) forms the
basic trivialization.

(b) For the function y? + 2 the forms dx A dy and xdx A dy form the basic
trivialization.

5.28. Corollary

(a) If wi,...,wy is a trivialization, then the forms w;/df form a basis of the
reduced cohomology group H"~1(V;, C) for small t # 0.

(b) If w1,...,w, is a basic trivialization and w is a holomorphic n-form, then
there exist holomorphic functions p1(t),...,pu(t) such that for any vanishing
cycle A(t) we have

[t =m0 [ witar

Proof. (a) follows from the fact that det(¢) is nonzero for small ¢ # 0.
For fixed small ¢ # 0 consider u vectors I; = (fAl wi, [df .., [o wi/df). By the

above, they form a basis in C#. Thus the vector I = <fA1 w/df,..., fAu w/df)

is a combination of the vectors I;, p;(t) being the coefficients. Moreover, this
combination is unique. So it remains to show that these coefficients are analytic.
Firstly we notice that the monodromy around ¢ = 0 acts in the same way onto [
and onto I;: I;(te*™) = I;(t)M. Thus we have I(t) = >_ p;(te*™*)I;(t) and, by the
uniqueness, the functions p; are univalent.

Next, we use the expression of p;(t) as the ratios of two determinants, the de-
nominator is the determinant of the matrix formed by the vectors Iy, ..., I, and
the numerator is the determinant of the matrix obtained from the previous one
by replacing the vector I; with I (Cramer’s formula). Because the numerator has
t = 0 as zero of order not smaller than the order of zero of the denominator, the
functions p; can be prolonged analytically to O. O

We see that (b) of the previous corollary forms a local analogue of Lemma 5.20.
The next theorem is the local analogue of Lemmas 5.22 and 5.23.

5.29. Theorem.

(a) Let I,(t) = fA(t)w/df be the integral of holomorphic Gelfand—Leray form
along a vanishing cycle. Then there exist functions qi(t),...,q(t), | < u

meromorphic near t =0 and such that the following Picard—Fuchs equation

holds:
! 1—1

dtl I, +q1 (t) i1

Moreover, any solution of this equation is a linear combination of the inte-
grals fl"(t) w/df along some family of vanishing cycles T'(t).

I,+...+q®)l, =0. (3.1)
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(b) If wi,...,w, is a trivialization, then the vector-valued function
/. A(t) w1 /df
J(t) = e
fA(t) wy/df
satisfies the differential Picard—Fuchs equation
dJ
= A(t)J.
= A

where A(t) is a matriz-valued meromorphic function. Moreover, the space of
solutions of this equation is spanned by J’s of the above type (integrals along
a family of vanishing cycles).

Proof. (a) Let Ay,...,A, be the basis of the lattice of vanishing cycles. Con-
sider the vector-valued function I(t) = (fAl w/df,..., fAu w/df) and its succes-

sive derivatives I'(t), I"(t), I"'(t), . ... For fixed ¢ # 0 we consider the sequence of
subspaces Ly (t) C C* spanned by the first k of the vectors 117,

From the expansion into the asymptotic series (see Theorem 5.14) it follows that
the dimensions of the subspaces Li(t) are constant for small ¢ # 0. Indeed, the
minors of the matrix composed by the vectors I, I’, . .., I*~1 also can be expanded
into series with powers of ¢t and Int¢. Such series is either identically equal to zero
or has some nonzero dominating term.

Let | be the maximal dimension of L;’s. Then I is expressed as a linear com-
bination of the lower order derivatives of I, I) = — 3" q;(t)I (=9 Moreover, this
representation is unique. From this the univalency of the functions ¢; follows.
Indeed, the monodromy around t = 0 acts in the same way onto ¥ and onto I
and (by the uniqueness) the functions ¢; do not change themselves (see the proof
of Corollary 5.28).

Because the integrals have polynomial growth as t — 0 (< C|t|~" within some
sector), then also ¢; have polynomial growth. So they are meromorphic.

By construction each component of the vector I is a solution of the equation (3.1).
Their linear combinations generate the I-dimensional space of solutions.

(b) Let J;(t) € C* be the vectors defined like J(t) but with A(t) = A;(¢). For each
small ¢ # 0 any vector J!(t) can be written as a linear combination of the vectors
J;(t). The coeflicients of these combinations form the elements of the matrix A(t).
Its univalency and polynomial growth is proved in the same way as in (a). O

5.30. Proof of Theorem 5.25. Part (a) is a consequence of the following:
1. Lemma. The function det? is single valued.

Proof. If M is the matrix of the monodromy operator in the basis Aq,..., A,
then the monodromy of the function det?(t) is det® — (det M)? det?.

Notice now that M is an integer matrix and its determinant is an integer number.
Also M~ is an integer matrix (it corresponds to surrounding ¢ = 0 in the reverse
direction) with integer determinant. This implies that det M = +1. O
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Consider a mini-versal deformation F = Fy(x,\') — Ag : C* x CH of f with the
bifurcational diagram of zeroes ¥ = {h(A) = 0}; here A\g = ¢. Let A; = Aj())
be the family of cycles in F~1(0) N {\ = const}, prolongations of the cycles
Aj(t). Define the functions A — fAJ_(}\) wi(z)/d,F, where d, denotes the exterior

derivative with respect to z (A fixed). As above, we define the function det?(\).
2. Lemma. We have det?(\) = h"=2 - g(\) for some holomorphic function g.

From this, (b) of Theorem 5.25 (i.e. that det® is divisible by t*("=2)) follows.
Indeed, if A’ is fixed and generic, then the intersection of ¥ with the plane ' =
const consists of y points ty, ... ,t,. Because det*>(\',t) = (T[(t —t:))" 2 x g(N, 1),
then passing with A’ to zero we get the result.

Proof of Lemma 2. We use the following general rule from analytic geometry:

3. Theorem. If a function f defined outside an analytic subset Z of a domain
Q C C™ of complex codimension > 2 is analytic (in AN\ Z ), then it prolongs
itself to a function holomorphic in 2.

(Its proof reduces itself to the proof of Hartogs theorem, see Figure 5. The pro-
longation is given by the formula f(z1,22) = (1/2m1) f|<|:const f(¢,22)/(C = 21).)

.
>

[z

Figure 5

Using the above principle, we can study analytic properties of the function det?
near those points of the bifurcational diagram X, where exactly one cycle vanishes
at a point which is of Morse type. Other points form a subset of complex codi-
mension > 1 in ¥ and > 2 in C*. Assume that the vanishing cycle is Aq, that
it vanishes at # = 0 and that Fy(-,\") = 22 + ... + 22 near z = 0. The cases of
different parity of n are treated separately.

If n is odd, then the Picard—Lefschetz formula says that the monodromy operator,
generated by the loop around ¢ = 0, acts as the reflection: Ay — —A;, A; — Ay,
where we can assume that Aj, j > 1 lie in the subspace of fixed points of the
reflection. Thus the functions [ A, Wi /d.F, j > 1 are holomorphic.

The integral fAl wi/doF = [ ¢(x)dx1 ...dx,/d(x3 + ...+ x2) is of the form v/t x

(univalent function). The change 2 = v/ty shows that it is of order at least t"/2~1,
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So, also det(),t) is divisible by ¢"/2~1,

If n is even, then all the eigenvalues of the monodromy operator are equal to 1:
Ay — Ay, Aj — A+ (Aj,A)A;. The functions fA1 w;/dy F are holomorphic
and of order at least t"/271,

The functions | A, are expressed as sums of holomorphic parts and of 1225 / A
In calculation of the determinant the parts with logarithm disappear. We get
det(N,t) ~ t"/271,

Therefore Theorem 5.25.(b) is complete. O

Before proving (c) (i.e. the existence of basic trivializations) we present such a
trivialization in the case of Pham’s singularity.

4. Example (The Pham singularity). Recall that this singularity is of the form
f=a"+.. .+,

Firstly we compute the basis of vanishing cycles following the Milnor’s book [Mil2].
We have the Milnor fibration (the Milnor’s version)

SN =0} B ST, @) = f(2)/|f(2)]

and we investigate the homotopy type of the fiber ®~1(e?’).

The diffeomorphisms hy (1, ..., 2,) = (/™ xy, ..., /™ g, ) transform the fiber
d1(e") to the fiber 1 (eH0H+1),

Consider the map (z,7) — (/™ x,...,e"/™rx,) from (S2*"\{f = 0}) xR
to C"\{f = 0}. It is easy to see that this map realizes a homotopy equivalence
between ®~1(e??) x R and ®~1(e'?). Therefore we shall concentrate ourselves on

the fibration C"\ {f = 0} > 2 > f(2)/|f(z)].

Denote by ©,, the set of m-th degree roots of unity, Q,,, = {€2™9/™ j =0,...,m—
1}. Let Q = Q% Quy x... % Qyyy, be the join of the 0-dimensional spaces Q. It
is an (n — 1)-dimensional CW-complex and can be embedded into C" as follows
(see Figure 6)

Q:{(t1W1,tQWQ,...,tnwn) 2tj >0, t1+...+t, =1, wj € Qmj}.

5. Lemma (Pham). The set 2 is a deformation retract of the fiber W=1(1).

Proof. If z € U~1(1), then we vary this point along a curve x(t) in such a way that
the powers of coordinates x; ()™ move along the intervals orthogonal to the real
axis and tend to this axis. After the first step of deformation we arrive at a point
z' such that its coordinates satisfy the property (z)™/ € R. Note that during
the deformation Rex; ()™ = const, which means that f(z(¢)) =const. Thus the
deformation takes place in the fiber ¥ =1(1).

The next step of the deformation relies on a contraction of the coordinates x;
such that the quantities ()™ which are < 0 tend to zero. The other coordinates
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Figure 6

remain unchanged. This deformation is also realized within ®~!(1) and we arrive
at a point 2" such that (/)™ > 0.

We can write x;f = t;w; for some root w; € ;. The final deformation transforms

' tox"/(t1 4+ ... +tn). O

6. Recall that if H,(A) and H,(B) are without torsion, then Hj1(A % B) =

EBHj:k H;i(A) ® ij (B) (see 3.11). Therefore

Hy 1 (®71(1)) = Ho(n,) ® ... @ Ho(Qn, ).

Nope that each Hy (£21,,) is generated by the (m; — 1) cycles Ay, = e2milkt1)/m; _
e2mik/m; f = 0,...,mj; — 2.

The monodromy map h: z — (ezm/mlxl, ey 62”/"’"&0”) induces the homeomor-
phism hy *...%h,, of the complex Q: hjw; = €2™/™iw;. Therefore the monodromy

operator has the form
he = h1s @ ... ® Ay

Because each hj, is isomorphic to the operator of cyclic permutation of coordi-
nates 21, ..., Zm, in the space {)_ 2z, = 0} C C™7, the monodromy operator h, is
diagonalizable with the eigenvalues wiws ... wp, w; € Qmj \ L

This result will be generalized in Theorem 5.31 below.

7. Now we translate the above construction of generators of the homology group
of a fiber of Milnor’s version of the Milnor bundle to the construction of
vanishing cycles in a fiber of the Arnold—Varchenko—Gusein-Zade version of
the Milnor bundle. We use induction with respect to the dimension n.
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Let t > 0. At the surface f =t (where as before f = 2" + ... + z') we have

= [t @+
Let A(t,—1) € C"~! be some family of (n — 2)-dimensional cycles in 7" + ...+
Tt = ty_1, 0 < t,—1 < t. With the cycle A(t,,—1), which is diffeomorphic to
an (n — 2)-dimensional sphere, we associate its suspension A(t) ~ SA(t,—1) C
C"! x C. (If X is a topological space, then its suspension SX is defined as
X % [0,1]/ ~, where we identify X x {0} and X x {1} with points.) Fix an integer
k =k, between 0 and m,, — 2. Then

A(t) = Uinf1:0 A(tn—l) X {627rik,/mn (t _ tn—l)l/m"}
U Uin—lzo A(tn—l) X {e2ﬂ.i(k+1)/mn (t _ tn_l)l/mn}

as a topological space. As an (n — 1)-dimensional cycle it is equipped also with
the corresponding orientation. The projection of A(t) onto the z,-plane consists
of two intervals [0,62”(’““)/”1%1/”1"] and [O,ezﬂik/m"tl/m"] (with opposite ori-
entations).

The (n — 2)-cycle A(t,—1) is also defined as some suspension of a certain (n — 3)-
cycle etc. We see that the choice of an element of the basis of }NIn_l({ f =1t}) relies
on choosing the system K = (ky,...,ky) of integers k; € {0,...,m1—2},...,k, €
{0,...,my — 2}. The corresponding cycles are denoted by Ag ().

8. Lemma. The system
wr :x? ...xﬁl"dxl Ao Ndep, T = (i1,...,0,), 0<14; <my, — 2,
defines a basic trivialization of the Pham singularity.

Proof. Let us calculate the integral I = [ N /df . Tt is a homogeneous function

of t. If we introduce the new variables by means of the formula z; = 1/ ™i X;, then
w; is proportional to t(i1+1)/m1 - 4lint1)/mn qf is of order ¢ and the integral is

I _ C . t(x1+...+an—1

where o; = (i; + 1)/m;. We have to calculate the constant C' in this formula.
Let ¢; = e?™/™;  Representing df as m,z" " 'dx, + ..., we get

C= (1/m)- [df““)(““’—cf:“n“’]
Xfo _q)onm Ldt,,_ lfA(t “ .. z" ldxl cdxn_1/dfn-1,

Qn— 1+ Aar—1 NeXt we

where f,—1 = 2" +...+ 2, "' and fA(tn_l ~ const - £,
act by induction with respect to the dimension. We obtain
Ck7+1 k,j

o (1,73)

XB(ap,p—1+ ...+ a1) - Blap—1,n—2+ ...+ a1) ... - Blag,ay).
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Here the above product of the Beta-functions is equal to B(ai,...,a,) =
T(og)...T(ap)/T(ar + ...+ an).
Now we are ready to calculate the determinant det( [ A wr/df). It is equal to
Cy - t¥, where

v = S (1)

mi Mn

_ [1  (mam ~(m2—1)...(mn—1)} .

mi
+ |:7r}n ' (ml - 1) [N (mn—l — 1) . (m7L;1)m7L:| _y

— uln/2-1)

and g = [[(m; — 1). This power agrees with the statement of Theorem 5.25.
The constant Cy is proportional to the product of Beta-functions, which are non-
zero, and of the determinant of the matrix with the entries
Hj (ggijrl)(zJ-Jrl) _ C?j(zj+1)

of the n matrices associated with a 1-dimensional singularity. The latter was stud-
ied in Example 5.27(a), where it was shown that the corresponding determinant
is nonzero. Therefore, Cy # 0, which shows that the system {w;} is a basic trivi-
alization. (]

9. Proof of Theorem 5.25.(c).

We can assume that the germ f is a polynomial. Take the following deformation

of f

). This matrix is the matrix of the tensor product

P(.’E,p,ﬁ) = f(px) + Z(l + Ej)xé‘v7
where N > p + 2 is a large positive integer and p,€; are parameters. For fixed
p # 0 and ¢; this function is equivalent to f and the hypersurface P(-,p,€) is
non-singular outside the origin.
P can be treated as a deformation of the Pham’s function ) | xév . It is induced from
the mini-versal deformation Q(z,\) = Qo(z,\) — Ao of the Pham’s singularity.
Let i = (N — 1)™ be the Milnor number of the Pham singularity.
The space of parameters of the deformation of the Pham’s singularity contains
parameters A, for which:

(i) the function Q(-, A) has critical point with critical value 0, which is equivalent
to f, and

(ii) Q(-, A) has no other critical points with critical value 0.

Fix such parameter (X\,, o) and let s = A, — Ao« Let Aq(s),...,A,(s) be the
basis of cycles vanishing at this distinguished critical point. We complete this
system to a basis of vanishing cycles for Pham’s singularity. It is enough to show
that:

there is a system of p Gelfand—Leray forms, among the forms defining the basic
trivialization for the Pham’s singularity such that the determinant of the period
matriz of integrals of these forms along A; has the exact order s(n=2)n/2,
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Let D(s) be the determinant of the period matrix for the whole Pham’s singularity.
We proved that it has the exact order h("=2)/2 = 5("=2)1/2 where h()\) = 0 is the
equation for the bifurcational diagram (see Lemmas 2 and 8 above).

On the other hand, we have the formula

p=Y DD’
I

where I are subsets of u elements from the set {1,2,..., i}, D! is the (u x p)-
minor of the period matrix lying in the intersection of the first © rows and columns
with numbers from I, and D' is the algebraic completion of the minor A’. (This
is a generalization of the well-known formula from linear algebra.)

Because each minor D!(s) has order > (n — 2)u/2 and D' has order > 0, (as
expressed by integrals along non-vanishing cycles), then there exists D0 with the
order equal exactly to (n — 2)u/2.

Theorem 5.25.(c) is complete. O

Now we present a generalization of the results proven in points 5 and 6 of the
above proof.

5.31. Theorem of Sebastiani and Thom ([ST]). Let f(z,y) = g(z) + h(y), g :
(C™,0) — (C,0), h: (CF,0) — (C,0) with isolated critical points. Then we have:

(i) the generic fiber VI = f=1(t) N (small ball) of the Milnor bundle is diffeo-
morphic to the join VI x VI w4+ v =t (of non-singular fibers) and hence

u v

H™ =Y V) = A=Y (Vg) @ HF=1(V]);

(ii) the monodromy operator My associated with the function f is equal to My ®
My,.

Proof. This theorem is a generalization of Pham’s lemma (point 5 of the proof
of Theorem 5.25) and of the succeeding description of monodromy for Pham’s
singularity (point 6). The proof in the general case can be easily reconstructed
from the proof in the particular case. O

§4 Gauss—Manin Connection

With any singularity f(x), or with its versal deformation F'(x,\), the Milnor
fibration f : V. = B" N f~4Y(D\ 0) — D\ 0 (or B® x BA\7x~ () — BA\X)
is associated; here B¥ denotes a small ball in C* and D denotes a small disc. In
this subsection we restrict ourselves to the first bundle. We shall use the notation
D*=D\0.

With this Milnor bundle two other (linear) bundles are associated.

5.32 Deﬁnitioll. The vector bundle 7 : ‘H,,_1 — D* with the fiber at a point t equal
to Hy—1¢ = Hy,—1(V4,C) is called the homological Milnor bundle. The analogous
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vector bundle H"~! = HY_| with the fibers H' ™' = (H,_1,)¥ = H"1(V;,C) is
called the cohomological Milnor bundle.

(Here we use the notation V for dual complex space or a dual complex vector
bundle. This notation is widely used in algebraic geometry and it allows us to
distinguish it from a dual to Hermitian space, denoted by *.)

The fiber H = H; = H,,_; ; of the homological Milnor bundle contains the lattice
H; = I;Tn,1(Vt,Z) (of integer cycles) isomorphic to Z* and generated by the
vanishing cycles. Similarly HY = H*~' contains the integer lattice Hy = {w €
HY :w(Hz) C Z} (of integer cocycles).

These lattices have the following properties:

Lemma.

(a) Any basis of Hyz is a basis for H (and similarly for the conjugate space).
The complex space can be written as H = Hy ®7 C.

(b) The monodromy operator preserves the lattice. It means the M Hz, = M~ Hy,
= Hy.

Due to the property (a) we can define the real analogue Hr = Hy ®z R of the
complex space H. We have H = Hy © v/—1Hg.
The linear fibrations defined above have one very important property.

5.33. Lemma. Their transition functions between local trivializations can be chosen
constant. This means that, if 7= (U,) ~ Uy x H, 771 (Ug) =~ U x H and the
map (t,v) — (¢, ha,p(t)v) is their isomorphism over Uy NUg, then ha g = const.

Proof. It follows from the fact that the operators h, g must preserve the lattice
Hy. a

Vector bundles with the above property are called the local systems and will be
investigated later. In particular, they are holomorphic vector bundles (i.e. with
holomorphic transition functions).
The algebraists associate with the cohomological bundle H™ 1! its sheaf of sections.
They denote it by

Ri7(©),
and call it the (n — 1)-th direct image of the constant sheaf C, or the (n — 1)-th
Leray sheaf. In the language of sheaves the sheaf R$, (C) is treated as a sheaf in
the whole neighborhood D of 0 € C! and is associated with the presheaf U —
H*(f~Y(U),C),U C D.
In the completely algebraic situation f : X — S, where X and S are algebraic
projective manifolds (or schemes) and f is an algebraic morphism, the Leray sheaf
is defined on the whole S.

If the transition functions of the homological fibration are locally constant, then
we can easily define the parallel transport of vectors from one fiber to another
along paths in the base.
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Assume that v : 7 — ¢(7) € D* is a path joining ¢(0) with #(1) and that A € Hy (.
Let us represent A as ) a;A(0), where a; € C and A;(0) form a basis of Hy )
(e.g. vanishing integer cycles) and let us prolong the latter cycles to the cycles
A;(7) along the path 7. Then the expression

A(r) =) aili(r)

defines the family of parallel vectors in Hy(r).
Analogously one defines the parallel transport of vectors in the cohomological
Milnor bundle.

5.34. Definition. The parallel transport in the (co-)homological bundle is called
the Gauss—Manin connection.

Remark. The connection, or the parallel transport, in vector bundle p : F — Bis a
very important notion from differential geometry. It allows us to compare vectors
at different fibers.

[T @/
v ()

Figure 7

The connection can be described in the infinitesimal form by means of differential
calculus. If v = y(7) is a curve in the base B and v = v(7) is a family of parallel
vectors in the fibers E; = p~!(7), then v(r + d7r) = v + (V4v)dr, where the
operator V is linear in 4 = dy/dr and in v. One can say that it is a functional on
the space of vectors tangent to B and taking values in the group of automorphisms
of the fiber. If by,..., by are local coordinates in B, then we write the connection

V as the 1-form 4
0=> Al(b)db,
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where A;(b) are matrix-valued functions. In the language of sheaves the connection
is denoted as V : Op(FE) — EL(E), i.e. as a morphism from the sheaf of sections
of the bundle E to the sheaf of 1-forms on B with values in the fiber.

One can say also that at each point v € E above b € B we have distinguished
a horizontal subspace Z, of T, E, which projects isomorphically onto T, B. The
subspace Z, is transversal to the fiber and is generated by vectors horizontal with
respect to the connection, i.e. the vectors ©. This family of subspaces forms the
so-called distribution in T'E and is given as the family of kernels of the systems of
1-forms dv — > (A7 (b)v)db;.

In the linear coordinates vy, ..., v,, the system of 1-forms, defining the horizontal
distribution Z,, is dv; — >, Ajyuidb;. The horizontal family v(7) satisfies the

system of linear differential equations v; = >_, Agl(b(T))l.)jvl. In the particular
case of the tangent bundle I/ = T'B and the Levi-Civita connection, we have the
equation for the geodesics b; = 3. T,b;by, A, =T7,.

Sometimes people write (d — 6)v = 0. This equation is thought of as an equation
for a section v = v(b) of the bundle which would counsist of parallel vectors, i.e.
for section horizontal with respect to the connection. However the latter equation
can have no solution if the dimension of the base is greater than 1. The obsta-
cle to integrability of such an equation lies in the curvature. Namely, when we
transport some vector v along the boundary of a small parallelogram in B with
sides eu and ew, then at the end we arrive at a vector v + € R(u, w)v + . ... Here
R is the curvature, which can be treated as a 2-form with values in the group
of automorphisms of the fiber. The classical Cartan structure equation says that
R=(d—0)? =4df—0N0. (It is equivalent to the Frobenius condition for the
integrability of the distribution Z, in terms of the 1-forms defining it (see Theorem
9.2 in Chapter 9).) If the connection is flat, i.e. with curvature R = 0, then the
horizontal distribution is integrable in the sense that, through every point in F,
there passes a k-dimensional surface that is tangent to the distribution at any of
its points. These surfaces are of the form v = v(b) and consist of parallel vectors.
The above theory is formulated for the real vector bundles over real manifolds as
well as for the complex ones. We are dealing with the complex case (as in [GH]
and [Wel]).

If the dimension of the base is equal to 1, then the curvature of any connection
is equal to zero (no nontrivial 2-forms). In the case of the Gauss—Manin connec-
tion the curvature is also equal to zero, because the formula A(b) = 3 a;A;(b),
a; = const gives the horizontal section. (This especially concerns the case with
multidimensional base, i.e. the homological bundle associated with the fibration
B"™ x BIN7~1(X) — BA\D).

Let us write the differential equations for the horizontal sections of the
(co-)homological bundle with respect to the Gauss—Manin connections. They turn
out to be related with the Picard—Fuchs equations.

We know already some horizontal sections of the homological fibration. They are
of the form A(t) = > a;(t)A;(t), where A; form the basis of vanishing cycles
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and a; satisfy the equations a;(t) = 0. Similarly, the sections AY(¢) = > a;AY
a; = 0 (with {AY(¢)} as the dual basis to {A;(¢)}) are horizontal sections of the
cohomological bundle.

However there are some other natural sections of the cohomological bundle.

5.35. Definition. Let w(x) be a holomorphic n-form in a neighborhood of the origin
and let for each t # 0 the symbol [w/df]|v,] denote the cohomology class of the
Gelfand-Leray (n — 1)-form in H"~!(V;,C). This family of cohomological classes
defines a section of the cohomological Milnor bundle and is called the geometrical
section corresponding to the form w. This section is denoted by s[w] and its value
on a family A(t) of vanishing cycles is equal to

(slw], A) = /A w/df.

The latter represents some multivalued analytic function.

The geometrical sections of the cohomological bundle are not parallel (i.e. not
horizontal) with respect to the Gauss—Manin connection. Indeed, if A(?) is a fam-
ily of vanishing cycles (which represents a horizontal section of the homological
bundle), then (s[w], A(t)) is generally a non-constant function; (thus the condition
(s|w], A) € Z does not hold).

Let wi,...,w, be n-forms defining a trivialization of the singularity. It means that
their geometrical sections sjw;] form a basis in each fiber of the cohomological
bundle. We look for the combinations

s= ZF,(t) slws]

such that s is horizontal with respect to the Gauss—Manin connection.

Recall that in Theorem 5.29(b) we have defined the vector-valued functions J(t) =
T

(fA(t) wy/df, ..., fA(t) wu/df) for a family of vanishing cycles. It was proved that

J(t) satisfies the Picard Fuchs equation J = A(t)J and that any solution of the
Picard—Fuchs equation is of this form.

The cond1t10n for horlzontality of the section s means that for any family A(t) the
derivative § (3" F;(t fA wi/df) =0.If F = (F1,...,F,)" is a vertical vector,
then we get 0 = % (F, J) = (F,J)+ (F,J) = (F + ATF,.J). We have proved the
following result.

5.36. Lemma. The section s = Y F;(t) - s[w;] of the cohomological Milnor bundle
is horizontal with respect to the Gauss—Manin connection iff the vector-function
F=(,..., FM)—r satisfies the non-autonomous linear equation

F=—AT(t)F, (4.1)

where A(t) is the matriz from the Picard—Fuchs equation J = A(t).J.
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Above we have defined the Picard—Fuchs equation and the equation (4.1) for hor-
izontal sections. There appear natural questions about the dependence of these
equations on the choice of the ingredients defining them. These ingredients are the
basis of the lattice of vanishing cycles and the trivialization.

The change of the basis {A,;} is realized by means of a constant matrix R. We get
the change A(t) — RA(t)R™!.

The choice of the trivialization w1, ...,w,, is significant, but not very Let wi,...,
wy, be another trivialization. If J'(t) = ([, w'/df. - -, [aq w),/df)T is the vector-
Valued integral associated with it, then we have J' = QJ for some matrix-valued
function @ = Q(t), which is meromorphic in a neighborhood of the origin and
invertible for ¢ # 0. Differentiating it we get J' = QJ+QJ = (QQ ™'+ QAQ~1).J’
So, we have the following result.

5.37. Lemma. The change of trivialization in the Picard—Fuchs equation results in
the application of the gauge transformation

Alt) — A'(1) = QAQ™ +QQ .

Remark. The terminology gauge transformation is taken from physics. The Yang—
Mills fields are connections in some vector bundles over the Minkowski space-time.
There, quantities not depending on the application of the gauge transformation
are physically important. For example, in electrodynamics the connection is given
by the 4-potential, which is not uniquely defined, but its curvature (describing the
tensor of the electromagnetic field) is gauge invariant.

The Picard—Fuchs equation is characterized by the triple
(Av I/Vv WZ)?

where A = A(t) is the matrix, W is the space of solutions and W7 is the lattice
generated by integrals over the basic vanishing cycles. The application of the
gauge transformation from Lemma 5.36 defines the equivalence relation between
such triples: (A, W,Wz) ~ (A", W',Wy) iff W' = QW, W; = QWz and A’ =
QAQ™' +QQ™".

5.38. Definition. The equivalence class of the triple (4, W, W7) is called the Picard-
Fuchs singularity of the critical point.

In Chapter 8 below we will study the non-autonomous systems of differential equa-
tions 2 = A(t)z, where x € C™ and A(t) is a germ of a meromorphic matrix-valued
function in (C, 0). We shall classify them with respect to the gauge transformations
by means of analytic (or meromorphic) matrices Q(t).

An important problem is to determine the class of meromorphic linear systems,
which form a Picard—Fuchs singularity of a critical point of some analytic function.
The following definition will appear again in Chapter 8.
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5.39. Definition. The point ¢ = 0 of the equation & = A(t)z is called regular iff
any its solutions satisfies the estimate

()] < Clt[ 7Y,

for some constants N, C, as t tends to zero within some fixed sector.

5.40. Theorem (Regularity of the Gauss—Manin connection). The singular point
t = 0 of the Picard—Fuchs equation associated with an isolated critical point of a
holomorphic function is reqular.

Moreover, there is a germ of a meromorphic matriz function Q(t) (with only a pole

_ : ; / _ InM
at t = 0) such that the corresponding gauge transformation sends A to A" = 37 .

Proof. The first part follows from expansion of the integrals along vanishing cycles

into the asymptotic series containing rational powers of ¢ and powers of logarithms
(see Theorem 5.14). The fundamental matrix of solution of the Picard-Fuchs sys-

tem is F(t) = (fAj wi/df) and it has the property F(te?™) = F(t)- M, where M
is the monodromy operator (acting on the fiber H;, of the homological fibration).
As in the proof of Theorem 5.14 we have

.7:(25) — Q(t)tln M/(27ri)7

where Q(t) is a meromorphic matrix function (by the regularity of F(¢) and of
i M/(27)) " Any solution of the Picard-Fuchs equation is of the form J(t) = F(t)v,
where v is a constant vector. We define J' by the formula J = QJ'.

The vector function J’ satisfies the equation jt J = g‘ﬂ% J'. O

Remark. As we have noticed in Remark 5.16, the regularity of the Picard—Fuchs
equation holds not only in the local case of an isolated singularity.

We have seen that the elliptic integrals satisfy certain differential equations defined
in the whole plane (with regular singular points, see Lemma 5.22).

Such equations can be obtained also in the case of non-isolated critical points,
or in the case of critical values associated with bifurcations at infinity; (generally
the Picard-Fuchs equations are associated with the Leray sheaf induced by any
algebraic morphism f : X — S). The regularity of singularities of such equations
are associated with polynomial growth of the integrals along cycles which undergo
bifurcations (vanishing or escaping to infinity etc.). We will return to this subject
in Chapters 7 and 8.

If w is a holomorphic n-form and s[w] is the corresponding geometrical section,
then the asymptotic expansion fA(t) w/df =3, i (@ar/k)-t*(In t)¥ defines some
natural cohomological classes. Notice that the map A — a,,j is a linear functional
and can be treated as a section of the cohomological Milnor bundle. We denote
this section by Aa k= Ay = Aak(?):

Aok = <Aa,k> A>
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We can also write

5.41. Lemma.

(a) The classes Aqi(t) € H* *(f~1(t)) and define the horizontal sections with
respect to the Gauss—Manin connection.

(b) They belong to the eigenspaces of the monodromy operator Mch°™  corre-
sponding to the eigenvalue e~ 2™ of the monodromy operator M = My, in
homologies.

(c) We have Aq ) = (—In MJ/Qm')kAa,o, where M, is the unipotent factor of
the (homological) monodromy operator.

Proof. (a) is a consequence of the fact that (A x, A(t)) = const.

(b) and (c) follow from the action of the monodromy operator onto the asymptotic
expansion.

The monodromy acts on the fibers of the homological bundle and on the fibers
of the cohomological bundle. If M = M}, is the matrix of the monodromy, ex-
pressed in some basis {A; (o)} (of integer cycles) of Hy,, and Mc°h°™ is the analo-
gous matrix expressed in the dual basis {AY (to), then we have My, ~Mehom =T
It is because (AY(t),A;(t)) = const. So, we have Mehom = (MV)~t = (M T)~L.
The same property holds, when we express Mc°°™ in a basis consisting of hori-
zontal sections (like Aq ).

We have

(MT)"tsfw],-) = St*(Int)* (M)~ Ag i /k!
= S (te)(Int + 2mi) Ay /1!
= Dok t*(Int)k - e2mie | S~ (2:2,)7” Ax ktm-

So (MT) tAup = (6727”&)71 (M)A, k, where

(M) Ao =D ((270)™ /m!) Ag hpm = €™ Ag .

m

We see that the action of Mc"*™ relies on multiplying by the eigenvalue (i.e.
the action of M) and of the action of the exponent exp(27ilN) of the nilpotent
Jordan cell N = —In(M,,)". O

5.42. Definition. Let w be a holomorphic form. The smallest number « such that
the coefficient A  is nonzero is called the order of the form w and is denoted by

a(w).
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The principal part of the geometrical section defined by w is the section
Smax[w} = ta(w) (AZ)(W),O + ...+ (ln t)n_lAZ(w),nfl) .

(Note that due to Lemma 5.41(c) all the terms of the above expression can be
expressed by means of one of them, e.g. by A, (),0)-
For the fixed germ f of holomorphic function we denote by

Omin
the smallest of all orders a(w) of germs of holomorphic forms. The number
—(1 + Oémin)

is called the complex index of oscillation of the critical point of f.
The number
n/2 — (1 4 qumin)

is called the complex index of singularity of the germ f.
The system
a;<ax<...<q

obtained as the minimal orders of holomorphic forms generating trivialization is
called the spectrum of critical point of f. It means that a1 = amin = a(w1),
as = min{a(ws) : s|ws] is independent of s[w;]}, ete.

Example. Let f be a quasi-homogeneous polynomial and let w be a quasi-homo-
geneous n-form. It means that f(z) = N fo(y), w(z) = Nwo(y), where (), y) are
such coordinates that z; = A\”'y; and f|x=1 = 1; (the quasi-homogeneous blowing-
up).

After this change the integral fA(t) w/df becomes equal to P fA wo/dfo, where

A is some fixed cycle. Because t = \* we get

aw) = /8- 1.

We see also that the principal part of the geometrical section is equal to the whole
section, Smax|w] = s[w].

The constants 8 and v can be calculated from the Newton diagrams in Ri =
{(k1,...,kn)} of the germ f and of the form w. Let w = g(x)dz1 A ... A dx,. Let
A be the Newton polyhedron of the function f and A; be the Newton polyhedron
of the function 1 ...x,g.

(Recall that the Newton polyhedron of f is the convex hull of the set supp f + R’}
and its Newton diagram I' is the part of the boundary of the Newton polyhedron
not contained in the coordinate hyperplanes. In this example A is the first orthant
cut by the hyperplane Y v;k; = (3.)
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Let v be the smallest number such that vA; C A. It is called the coefficient of
embedding of Ay into A. The number —1/v is called the distance of polyhedrons
of f and of w.

We have v = /v =ord f/ordw and a(w) = 1/v — 1. In particular, the number
—(a(w) + 1) is equal to the distance of diagrams of the function and of the form.
Because the form with minimal order is obtained by putting ¢ = 1, then the above
allows us to compute the index of oscillation of f and its index of singularity.
Take the intersection of the diagonal line k1 = ky = ... = k,, with the diagram I';.
It is one point (7, ...,7) and we have amin = 1/7 — 1. Thus the complex index of
oscillation is equal to 1/7; here v = v = 3/~.

It turns out that the above calculations can be generalized.

5.43. Definition. Fix the Newton polyhedron A and its Newton diagram I' such
that R} \ A has finite volume. I' consists of a finite number of (n — 1)-dimensional
faces, of (n — 2)-dimensional faces, etc. Let (7,...,7) be the point of intersection
of I' with the diagonal k; = ... = k,. The number —1/7 is called the distance of
the Newton diagram T'.

Let w = g(x)dx;...dx, be a germ of holomorphic n-form and let A; be the
Newton polyhedron of the function z; ...x,g. The smallest number v such that
vA; C A defines the distance of the polyhedrons A and A; as the number —1/v.

Figure 8

5.44. Theorem. ([AVG]) Consider the space of germs f with A and T' as their
Newton polyhedron and Newton diagram. This set contains an open and dense
subset of germs for which the following properties hold:

(i) The complez index of oscillation of f does not exceed the distance of T'. If
this distance is > —1, i.e. the diagram is distant, then the index of oscillation
and the distance coincide.

(ii) If w is a germ of a form, then the number —(a(w) + 1) does not exceed the
distance of A and Ay. These numbers are equal if the distance is > —1.

The following conjecture is associated to the spectrum.
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5.45. Semi-continuity of spectrum conjecture (Arnold [AVG], Malgrange [Mal2]).
The spectrum of an isolated critical point of a holomorphic function is semi-
continuous in the following sense:

If a critical point P with the spectrum (a1, ..., ) is deformed to a simpler point
P’ with the spectrum o, ... »O‘:m W<, then oy < af.

The reader interested in more information about the results concerning this con-
jecture is referred to [AVG], [Ste2] and [Kul].

In the next section and in the next chapter we present applications of the theory
developed in this chapter to the asymptotic of oscillating integrals and to the
qualitative theory of planar vector fields. Later we will return to the asymptotic of
integrals in order to define a mixed Hodge structure in the Milnor cohomological
bundle.

§5 Oscillating Integrals

5.46. Definition of the oscillating integral. Let .S be a surface (or a curve or a finite
set of points) in the space R3. Assume that each point of S is a source of light
with fixed frequency w and intensity p(z), depending on the point x € S. We look
at the amplitude of the light at points y in the space (outside S) (see Figure 9).

Figure 9

Using the fundamental solution of the wave equation

0%u
ou?

= 2 Au,

with suitable boundary conditions, we get the formula

( ) eQﬂi(ut—k|m—y|) ( )d
u(y,t z/ plx)dx
s Amlz =y
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for some component of the corresponding strength of the electromagnetic field.
Here c is the light velocity, & = w/c is the length of the wave vector and |- | is the
euclidean norm.

The amplitude of the light at y is the absolute value of the above expression and
equals the absolute value of the oscillating integral

I(r,y) = / FTFED o, ) d, (5.1)

with 7 = =27k, F = |z —y|, ¢ = p(z)/(4m|x —y]|). In the case of light the number

[\

N

Figure 10

7 is large and the principal task is to investigate the asymptotic behavior of the
function I(7,y) as 7 — oo. Here y is treated as a parameter. The function 7F(x, y)
is called the phase.

If the function F(-,y) were regular, i.e. non-critical at S, then we would obtain
that |I| < Cn /7Y for any N (with suitable constants Cy); we prove it below.
This would mean that the amplitude is very small (it decreases faster than any
power) and we could treat the source S as very weak. However, usually S is a
compact surface and the function |z — y| has critical points on it (e.g. minima and
maxima). If these critical points are of the Morse type, which holds for typical
y’s, then I ~ 77"/2 n = dim S. But when y varies, then the function | - —y| can
have even more degenerate singularities on S. In this case the function I decreases
more slowly. The latter points form the so-called caustic.

In what follows we investigate the function (5.1) with real-analytic F(x,y), z €
R™, y € R™ and with the function ¢ smooth with compact support. Thus F is a
deformation of a singularity of some real function. (Using some partition of unity,
we can always reduce any oscillating integral to a sum of integrals satisfying the
latter assumptions.)

If m = 0, i.e. there are no parameters, then we have the integral

I(r) = /ein(I)¢(m)dx. (5.2)

5.47. Theorem. If the support of ¢(x) is compact and f(x) has no critical points
in this support, then the integral I decreases to O faster than any power of 1/7.
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Proof. Tt is enough to consider the case n = 1. We have

/_OO ein(I)(ﬁ(m)dx = ;_ /d(e”f)](?/ = ;_1 /e”f (;ﬁ) dz,

where f’ # 0. Repeating this transformation we get the result. O

The conclusion of this theorem is that the main contribution to the integral (5.2)
comes from small neighborhoods of critical points of the phase function. This
can be seen geometrically when we replace the (one-dimensional) integral by its
Riemann sum (see Figure 10).

Next to consider is the case with Morse critical point. The particular example of
such integral is the Fresnel integral [ cos(T2?)dz, where from Figure 11 it is seen
that the main contribution comes from the first bump and is of order C'/+/7. The
value of the constant C' can be computed in the following way. The Fresnel integral
is the limit as ¢ — 0T of Re [ e(iT=0)2” gy — 7/ (o —it); thus C = \/7/2.

4

Figure 11

5.48. Theorem (Stationary phase formula). Assume that ¢(x), ¢(0) # 0 has com-
pact support containing only one critical point 0 of f(x) which is non-degenerate.
Then the integral (5.2) has the asymptotic

n/2
$(0) - i 0) <27T> | det D2f|’1/2 . i(m/4) signD* f
T

where signD?f(0) is the signature of the quadratic form defined by the second
derivative of f (the number of pluses minus the number of minuses).



§5. Oscillating Integrals 153

Proof. Using Morse’s Lemma we reduce the problem to the case with f = 22 +
c2i—z2, —...—2z2 with the signature k— (n—k). The coefficient 1/+/| det D2f|
arises from the change of variables.

We approximate the exponent '™/ by exp(— " a; ij) with Rea; > 0 and a; — &4,
Zj = \/Tzj. Next we expand ¢(z) as ¢(0) + ¢;(x). Then it is easy to see that the
leading part of the integral, with the modified exponent, comes from the integral
with ¢(0). The latter is a product of the line integrals | exp(—a; ij)de =/7/a;,
which gives the formula from Theorem 5.48. ]

5.49. Remark. The number signD?f appearing in the last term of the asy-
mptotic formula from Theorem 5.48 is equal to the Maslov index, the same as
in 3.21. In terms of the problem from Figure 9 this Maslov index is the Maslov
index associated to a lift (to some Lagrangian subvariety) of the ray ¢ passing
from the critical point = € S to y.

Namely, the light particles (with velocity ¢ = 1) move along straight lines. They
satisfy the system of Hamilton equations ¢ = p,p = 0, with the Hamilton function
H(y,p) = |p|?, and lie in the level hypersurface H = 1. With the surface S a
collection of initial conditions for this system is associated: y(0) € S and p(0)
orthogonal to S.

They form the normal bundle NS to S in TRR?, where the latter is identified with
the cotangent bundle T*R? (by means of the euclidean metric). The 2-dimensional
surface Ag = NS has the property that the symplectic form dydp restricted to it
is equal zero. Ag is not a Lagrangian submanifold (lack of dimension). But the
set A = U {(y(t),p(t)); (y(0),p(0)) € Ag} is Lagrangian. The ray ¢ is lifted to a
curve ¢ in the Lagrangian submanifold A and, using the definition from 3.21, we
can define its Maslov index.

If the interval 0 joining x and y realizes local minimum of the distance from y to
S, then its Maslov index is 0.

If x is a saddle point of the distance function  — |z — y|, then the Maslov index
of the corresponding ray is 1. One can see that this ray must pass through the
envelope of the system of rays starting orthogonally from S. This is the caustic of S
and forms the set of critical values of the projection of the Lagrangian submanifold
to the configuration space.

The Maslov index of a ray starting from a local maximum is 2.

Analogous formulas, with oscillating integral and stationary phase formula (with
Maslov index), appear also in the quasi-classical approximations of solutions of
the Schrodinger equation. There, the role of a large parameter plays the inverse
of the Planck constant 7 ~ h™! (see [Arnl]).

5.50. Caustics in R®. Recall that for the deformation F(z,y) of F(z,0) the caustics
is defined as the set of those parameters y for which the function F(-,y) has
degenerate critical point or

Y={y:3, D,F =0, D2, F =0}.
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If y is three-dimensional, which corresponds to the real space, then we obtain the
five generic singularities of caustics presented at Figure 12 (see [AVG]).

Figure 12

In [AVG] generic caustics in the space-time R* are classified.

The next result applies to about the whole expansion of the oscillating integral.
This expansion turns out to be not convergent, it is only asymptotic.

5.51. Definition. If f(¢) is a function, defined in a neighborhood of 0 in R (or in
(R4+,0) or in (C,0) or in a sector in C with vertex at 0), then we say that f has
asymptotic expansion ) ; f;(t), with well-defined ‘model functions’ f; (such that

[fieal < 1f5] = 0 as j — o0), if [£(t) = 3250, f5(0)] < g () with gn(t) — 0 as

N — oco. We write
£ ~ S fi(0).
J

There is an analogous definition in the case ¢ — co.

We shall meet functions which have asymptotic expansion in some sector S in the
complex t-plane with vertex at 0. Often the function is analytic in such a sector.
For example, f(t) = [ exp[—s* — ts?]dt ~ > T'(2n — 1/2)(—t)" is analytic only
in the half-plane Ret > 0. It turns out that also the reverse statement is true.

5.52. The Borel-Ritt theorem. For any formal power series and any sector this
series is an asymptotic series of a certain holomorphic function defined in this
sector.

Proof. If >~ ant™ is the series, then the new function is

Zan(l — exp[—bnt7])t". (5.3)

The exponent 3 depends on the sector S, which we assume to be symmetric with
respect to the real positive semi-axis and is such that Ret=? > 0in S. The positive
coefficients b,, are chosen in order to make the series (5.3) convergent: because
|1 — €*| < |2| for Rez < 0, the series (5.3) is estimated by 3" |ay| - by, - [t|*~# and
is convergent for b, < |a,|~!. Finally all derivatives of 1 — exp|[—b,t~?] are zero
at t =0. ]

5.53. Theorem (Asymptotic expansion of oscillating integrals). If the support of
the function ¢(x) contains only one critical point 0 of f(x) with finite Milnor
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number, then the integral (1.2) has the asymptotic expansion
e (0) Z G,k (In T)k,
a,k

where the index « runs over a finite set of decreasing arithmetic sequences of
rational numbers and k are integers between 0 and n — 1. The coefficients aq ) =
G,k (¢) are distributions (generalized functions) with support in 0.

Proof. From the Gelfand-Leray formula (see Lemma 5.12) we get

/ eI @)y = / e'mt </ w/df> dt,
n —o00 f=t

where w = ¢dxy ... dx, and w/df is the Gelfand-Leray form.
5.54. Theorem. Let f(0) = 0. We have

/ w/df ~ Y b% 7 (Int)",
f=t B,k ’

as t — 0%. Here the set of indices 3 runs over a finite set of growing arithmetic
sequences of rational numbers.

From this theorem, Theorem 5.53 easily follows. We have
IS ettt D(B+1)/(—ir)P+L,
o0 it c k .
Jo e P (Int)rdt = ddﬁk [D(B+1)/(—iT)PF1].

In our case we replace the integral from the Gelfand-Leray formula by the sum of
two integrals; one over positive ¢’s and the other over negative t’s. Moreover, if |¢| is
sufficiently large, then the function [ F=t is zero (because w has compact support).

Thus we should consider the integrals of the form [~ e'™*t?(Int)*x(t)dt, where
x(t) is a function with compact support and equals identically to 1 near ¢t = 0.
For the latter integral the above formulas hold but are not exact; nevertheless, the
differences are flat functions. O

Proof of Theorem 5.54. In [Jea| this theorem is proved using the resolution of the
singularity of the phase function f (see Chapter 4 above). Here we present a proof
which is suggested in [AVG]. We show only the expansion and omit localization
of the exponents (.

Firstly, using the theory developed in Chapter 2 we can assume that the phase
function f is a polynomial such that = = 0 is its only critical point with the critical
value 0. Assume that the support of w lies in a small ball B,.

Consider the surfaces {f =t} NR™ for ¢ — 0F. It may consist of several pieces.
Some of these pieces tend uniformly to 0 and represent vanishing cycles of the
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complex hypersurfaces f =t¢ C C"; they are elements of H,_1({f = t} N B,).
If we approximate the form w by a polynomial form, then we obtain an integral
of a holomorphic Gelfand—Leray form along vanishing cycle. Then one can use
the expansion from Theorem 5.14. In this sense the theory of oscillating integrals
is connected with the monodromy theory. Other pieces of the real hypersurface
{f =t} N B, can be treated as relative cycles.

Choose one component v, of {f =t} N B,, where we can assume that ¢ > 0. The
union Jy<,«, v, forms a closed n-dimensional set A;, whose boundary consists of:
parts of the hypersurfaces f = 0 and f =t and a part of 0B,.

By Lemma 5.12 we have f% w/df = J4, w- We show that the integral J(t) =

/ 4, w has the expansion
J(t) ~ Z CQthB(ln t)k,
8.k

where all § > 0. The proof of the latter statements uses induction with respect to
the dimension n.

If n =1, then {f = 0} = {0} and ~, is one of the roots of the equation f(z) = t,
(it has the Puiseux expansion v, = 3" ¢;#//¥), and A; is the interval joining 0 and
~;. Here the result follows from the Taylor expansion formula. (Note that if n = 1,
then the expansion of J(t) does not contain logarithms.)

In the induction step we get the integral

v(t)
/ d‘rn / 777
w(t) A(t,an)

where A(t,x,) is the intersection of A; with the hyperplane z, = const. By the
induction assumption for any fixed ,, the integral [ Altn) " has an expansion as
expected. Next, one divides the interval [p(t), v(¢)] into subintervals in such a way
that, for z,, from any of these intervals, the exponents in the expansion of [ 41 are
constant and the coeflicients are smooth functions with algebraic singularities at
the ends of the interval; moreover, the points of partition have Puiseux expansions
in t. From this the thesis of Theorem 5.54 easily follows.

The existence of such a partition follows from the stratification (a kind of par-
tition) of the boundary of the real semi-analytic set A; into strata. Firstly, one
distinguishes the components of the smooth part of 0A;. Next, one takes the set
Sing(0A;) of singular points of dA; and separates the smooth components of
Sing(0A;) etc. We project all the strata onto the z,, axis. These projections have
their sets of critical points (semi-analytic subsets); we stratify them too. The pro-
jections of the strata of the new stratification give the set of intervals in the real
line.

In order to show that a’s from Theorem 5.53 and 3’s from Theorem 5.54 belong
to a finite set of arithmetic rational sequences, one must apply the resolution of
singularity theorem (see Theorem 4.56 in Chapter 4). There the problem is reduced
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to expansion of the integrals
/exp[imz’fl coakn] g™ () da

The results of Theorems 5.53 and 5.54 hold also in the case, when the analytic
phase function f(z) has a critical point of infinite codimension, e.g. is non-isolated.
(Note that in the real case a critical point can be isolated but have infinite Milnor
number; for example in (22 + 3?2)?). O

5.55. The index of oscillation and the index of singularity. From now on we assume
that ¢(0) # 0. The leading term in the asymptotic expansion of the oscillating
integral is of the form

T2 (Int)”,

where —n/2 + (3 is called the index of oscillation and [ is called the index of
singularity (see the definition of the complex index of oscillation in Definition
5.42). For the simple singularities the index of singularity is easy to compute and
its values are presented in the following table:

Sing. Ak Dk E6 E7 ES

ﬁ k—1 k—2 5 4 7
2k+2 2k—2 12 9 5

If f is quasi-homogeneous, then its index of oscillation is calculated as follows.
Take the Newton’s diagram T of f. It is a part of the hyperplane > v;k; = d,
restricted to the first orthant k; > 0. Here v; are indices of the quasi-homogeneity
and d is the degree: f(\"'x1,...,A\""z,) = A’ f(z). If the point (v,...,v) is the
intersection point of the diagonal {k; = k;} with T', then the number —1/v is the
distance of T' (see Definition 5.42).

Proposition. If f is quasi-homogeneous, then the index of oscillation is equal to
the distance of the Newton diagram.

Proof. We have
/e”f ~ / eI At ~ (i) 77,
0
where v = (> v;)/d.
On the other hand, for the diagonal point (v, ...,r) we have

szz/i =d.
Thus v =1/v. O

Using the resolution of singularity the authors of [AVG| proved the following result,
which generalizes the above proposition and is an analogue of Theorem 5.44. If T’
is a Newton diagram of some function, then its distance is —1/7, where (7,...,7)
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is the intersection point of the diagonal with the diagram. The multiplicity of this
point is equal to the codimension of the face of T' which contains it (see Figure
13).

(v.v) T

\

Figure 13
5.56. Theorem. If the germ f is typical among the set of germs with T as their
Newton’s diagram, then:
(i) the index of oscillation of f is equal to the distance of T';

(ii) the degree of Int in the first term of the asymptotic expansion from Theorem
5.54 is equal to the multiplicity of the diagonal point from T .

5.57. The Laplace method. Here we deal with the integrals of the Laplace type

/e_Tf(m)(é(a:)dx,

where 7 — +o00 and f has a local minimum at z = 0. For this integral the
asymptotic expansion formula, analogous to that from Theorem 5.53, holds. We
do not formulate a theorem and we only restrict ourselves to the following example.

5.58. The Stirling formula. The integral defining the Gamma-function I'(a + 1)
can be treated as the Laplace integral

/e*f(t’a)dt,

where the ‘phase’ f(t,«) = t—alInt has the critical point at t ~ o with the second
derivative 1/a. Thus

1
~ —al t— a)?
f ana+a+2a( a)

and we get T'(a+ 1) ~ a®e~%y/271a. If @ = n then we get the Stirling formula for
nl.



Chapter 6
Vector Fields and Abelian Integrals

§1 Phase Portraits of Vector Fields

If M is a smooth manifold and V' € I'(M,TM) is a vector field on M (a global
section of the tangent bundle) then it defines the differential equation on M,

@ =V(x). (1.1)
Here the dot means the derivative with respect to (physical) time.
6.1. Examples.

(a) The Newton equations: mT; = Fi(&1,...,%).
(b) Population of bacteria: i = 2.

(¢) Population of one species: & = (1 — az). Here the factor 1 — ax denotes the
amount of food.

(d) The Lotka—Volterra system (populations of predators and preys): ¢ = ax(1—
by), § = cy(1 — dx).
(e) The Hamiltonian system

& =0H/0y, &=—0H/0x,

where H is the Hamilton function. The conservative Newton system & = y,
§ = —x + 22 is a particular case of a Hamiltonian system.

(@) )

(©) (d)
-

Figure 1

The phase portrait of the vector field V is the partition of the phase space M
into the phase curves of the vector field. The phase curves are the images of the
solutions R 3 ¢ — x(t) of equation (1.1).
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There are three types of phase curves:

— the equilibrium states, i.e. points z; at which V' (z;) = 0. They are called also
singular points, critical points or stationary points.

— closed curves corresponding to periodic solutions of (1.1): there exists 7' > 0
such that z(t+7) = x(t) for any ¢. A minimal such 7" > 0 is called the period
of this trajectory (or of the phase curve).

— immersed embeddings of the real line.

The phase portraits of the vector fields from examples (b), (c), (d), (e) are pre-
sented in Figure 1.
Singular points are the simplest elements of the phase portrait to study. Near such
a point x = 0 we have

i = Az +O(|z])?, z € R,
where A is a constant matrix.

6.2. Definition. The point « = 0 is called hyperbolic if Re A\; # 0, where \; are the
eigenvalues of the matrix A. Otherwise the point = 0 is called non-hyperbolic.

6.3. Grobman—Hartman Theorem. In a neighborhood of a hyperbolic critical point
there exists a homeomorphism y = y(x) which transforms the phase portrait of the
system (1.1) to the phase portrait of the system

U1 =91, Y2 = —Y2,
where y1 € R, Yo € R™F and k is the number of positive Re A; ’s.

In particular, if all Re A\; < 0, then the equilibrium point z = 0 is asymptotically
stable; all trajectories starting near 0 remain there for all ¢ > 0 and tend to 0 as
t — oo.

6.4. Bifurcations of critical points. If we choose randomly a vector field, then
almost surely it will have only hyperbolic critical points. The situations with non-
hyperbolic critical points occur inevitably when we have a family V), of vector
fields depending on a parameter(s). For typical values of p the field V}, has only
hyperbolic stationary points but, for some bifurcational values of the parameter,
V.. encounters non-hyperbolic singularities. The theory describing the change of
the phase portrait near such situations is called the bifurcation theory.

In one-parameter typical families we meet only two types of non-hyperbolicity:

(a) A1 =0,ReA; #0, or
i=p+a®, §==ty
(for n = 2). It is the saddle-node bifurcation (see Figure 2).
(b) Re /\172 =0 7é Re /\j7 or
f‘:T(/,L—T2), 90:1
(in the polar coordinates in the plane). This is the well known Andronov—
Hopf bifurcation (see Figure 3).



§1. Phase Portraits of Vector Fields 161

N N
e agds

NGO

6.5. Periodic trajectories. If v C M is a closed phase curve, representing a periodic
trajectory of the vector field, and .S is a piece of hypersurface transversal to v, then
the phase curves of V starting at S define the map of the first return ® : § — S|,
defined near S N+. It is called the Poincaré map (or the return map).

We parameterize S by y € R"~! and take its linearization at {y = 0} = SN+,

®(y) = By + O(lyl*).

Here the point © = 0 is the fized point for the map ®.

6.6. Definition. The fixed point y = 0 is called hyperbolic iff all |A;| # 1 where \;
are the eigenvalues of the matrix B.
In such a case the trajectory « is called hyperbolic. The numbers v; = In|\;| are
called the characteristic multipliers.

There is an analogue of the Grobman-Hartman theorem for a hyperbolic fixed
point of local diffeomorphisms; we do not provide its formulation. In particular, if
is hyperbolic, then the phase portrait near « is stable with respect to perturbations
of the vector field (it is structurally stable).

We are interested especially in the case of planar vector fields, i.e. with M = R2.

6.7. Definition. Periodic trajectories in R? which are isolated among the set of
periodic trajectories of V' are called limit cycles. The singular point which has a
neighborhood filled by periodic trajectories of V is called the center.

6.8. Theorem (Dulac criterion). If v : © = x(t) is a periodic trajectory (with
period T ) of a planar vector field V =" V;(x)0y, then its (unique) characteristic
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S

Figure 4

multiplier is equal to

T
- / divV (z(t))dt,
0

where divV =Y 0V;/0x; is the divergence of the vector field V.

Problem. Prove it using the Liouville’s theorem det et

— etrAt .

6.9. Bifurcations of periodic orbits. There are three generic one-parameter bifur-
cations of local diffeomorphisms, corresponding to bifurcations of periodic trajec-
tories:

(a)

(b)

)\1:1, |>\j‘75101‘
y—y+up+y

It is the saddle—node bifurcation for diffeomorphisms.

/\1 = —1, ‘)\]‘ 7& 1 or
D*(y) = (1+ py —y°.

This is called the pitchfork bifurcation, or the period doubling bifurcation.
The initial periodic orbit «y lies (as the equator) in a Mdbius band and the
bifurcation relies on creating a periodic trajectory covering v two times.

Ao = eF2me|\;| £ 1. It is the Andronov-Hopf bifurcation for diffeomor-
phisms. The resonant cases, i.e. with rational «, are qualitatively different
from the non-resonant cases. Here periodic orbits of very long period and
many other features, characteristic for the general theory of dynamical sys-
tems, can be observed. (We shall discuss the resonant case below.)

6.10. Separatrix connection. In the qualitative analysis of planar vector fields one
encounters also the (one-parameter) bifurcations of separatrix connection and
separatrix loop presented in Figure 5. The separatrices of a vector field are the
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phase curves which tend to a critical point with definite limit direction (as time
goes to 400 or to —00).

NI
a\a

Figure 5

In the analysis of phase portraits of planar vector fields (or vector fields on two-
dimensional manifolds) important is analysis of: singular points, periodic solutions
(limit cycles) and positions of separatrices. The singular points can be analyzed
using purely algebraic methods, but the analysis of limit cycles and separatrices
needs application of transcendental methods and is difficult in general. Recall that
one of Hilbert’s problems deals with limit cycles.

6.11. The second part of the XVI-th Hilbert Problem. Find an estimate from
above H(n) for the mazimum number of limit cycles of any planar polynomial
vector field of degree n.

Despite its simple formulation the progress in the solution of this problem is very
slow. The history of its investigations is full of errors. For example, in the 1920s H.
Dulac published the mémoire [Dull] with a ‘proof’ of finiteness of the number of
limit cycles of an individual polynomial vector field. This proof remained ‘correct’
until the end of the 1970s, where a significant gap in Dulac’s arguments was
discovered. This gap was filled independently by Yu. S. II’yashenko [I14] and by J.
Ecalle [Ec3|.

6.12. Theorem (Finiteness of the number of limit cycles). If V is a polynomial
vector field on a plane, then it has a finite number of limit cycles.

It is not known whether the number H(n) is finite. The problem lies in proving
a locally uniform bound for the number of limit cycles for any local family of
polynomial vector fields (see [I1Y2], Rou] and [I17])).

Even the number H(2) is not known.

There are many special results in problem 6.11. One case where much was done
concerns perturbations of the integrable systems.
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§2 Method of Abelian Integrals

6.13. Perturbations of Hamiltonian systems. These are the systems V. of the type

&= %Iy{ +eP(z,y5¢), § = —%ZI + eQ(z,y; ),
where € is a small parameter.
Before perturbation, i.e. for € = 0, the phase space contains domains filled com-
pletely with the ovals of levels of the Hamilton function , i.e. the connected com-
ponents of the (real) curves {H (z,y) = h}.
After perturbation usually there remain only a finite number of closed phase
curves. The problem is to count their number. More precisely, if v, is a limit
cycle for V¢ such that v, — v(h;) C {H = h;}, then we say that the oval H = h;
generates a limit cycle. We calculate the number of such h;’s.
This problem can be treated as the linearization of the Hilbert XVI-th problem in
a Hamiltonian vector field.
Such questions appear naturally in the bifurcation theory as the below examples
show.

6.14. Example (Bogdanov—Takens bifurcation). This is the following 2-parameter
bifurcation corresponding to the nilpotent Jordan cell with zero eigenvalues

P=y, §=—p+ pey -+’ +ay.

Here the singular points are y = 0, x12 = &./ity, 1 > 0 with the linear parts

0 1
( 2z [l )
We see that the line p; = 0 is bifurcational, with the saddle-node bifurcation (two
singular points disappear).
Also the line py = 0 (T'r = 0) is bifurcational, with the Andronov-Hopf bifurca-
tion. Thus, after passing through this line in the direction of growing p,, a limit
cycle is born (see Figure 6). The problem is what happens with this cycle, when
the point in the parameter space is away from the line p, = 0. It turns out that
the system can be reduced to a perturbation of a Hamiltonian system.
If the terms p,y and xy are negligibly small with respect to p;, then the system is

Hamiltonian with the Hamilton function ;y2 +pr— éa:?’. Here x ~ \/uy,y ~ ,ui’/4.
This implies zy ~ ,u?/4 << py and pay << py for py, << ,ui/4.

After normalization x = ui/zX, Y= ui’MY and division of the vector field by M}M
we get

X=VY, Y=-1+X*4+ev+X)Y,

1/4
where € = 11", v = py/ /11y
This bifurcation was first completely investigated by Bogdanov in [Bog| who
proved that this vector field has at most one limit cycle and its bifurcations are
as in Figure 6 (see also [Arn5|).
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Figure 6

6.15. Example (A resonant periodic trajectory in space). Let v C R? be a closed
trajectory of an unperturbed vector field V. Assume additionally that the eigen-
values of the linearization of the Poincaré map lie in the unit circle A\; o = ™.
If « is irrational, then we have a singularity of codimension 1 (in principle). In
the resonant case o = p/q one should consider a 2-parameter deformation of this
situation.

The section S transversal to « can be parameterized by points from the complex
plane z € C. We choose such a neighborhood of v, parameterized by (¢ (mod 27),
z), that the linear parts of the natural correspondence maps {p = ¢} — {¢ = 5}
(defined by trajectories of V;) are the homogeneous rotations z — e (P2—e1)P/ay,
This system of linear maps defines the Seifert foliation near ~y. Its generic leaf
makes ¢ turns along « before closing-up.

Now we take the deformed vector field V,, and average its z-component along
the leaves of the Seifert foliation, i.e. we take fozﬂq Z. We obtain a planar vector
field, which is invariant with respect to the rotation by the angle 27/q and whose
dynamics gives a rather good approximation of the dynamics of V,.

The versal families of such invariant vector fields are given in the following formulas
(see [Arn5|):

P=y, g=—p +uy+a®tay, (¢=1),
‘fb:yv y:u1x+u2y+ax3+bx2y, (q:2)7

f=pz+ AP+ B2 =y tips, (> 3).
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We see that the case ¢ = 1 is the Bogdanov—Takens bifurcation. If ¢ = 2, then for
s = b = 0 the system is Hamiltonian with the Hamilton function (2y? — 2,22 —
axt)/4. If ¢ > 3, then for y; = Re A = 0 the system is Hamiltonian. It follows
from the formula divP = 2Re dP/0z for a vector field 2 = P(z, z).

/X

Figure 7

In the cases ¢ = 2,3 the analysis of phase portraits is reduced to analysis of limit
cycles in perturbation of the Hamiltonian system; it was done by E. I. Horozov
[Hor| and by Yu. S. II'yashenko [I11]. The cases ¢ > 5 are called weak resonances
and are simple to investigate (see [Arn5]).

The case ¢ = 4 is still not finished. The Abelian integrals were studied by A.
I. Neishtadt in [Nei], by F. S. Berezovskaya and A. I. Khibnik [BKh] and by B.
Krauskopf [Kra].

6.16. Example (One zero and a pair of imaginary eigenvalues). Assume that an
unperturbed system in R3 has a singular point with these eigenvalues of the linear
part. It is a codimension 2 phenomenon.

Here one performs the averaging along the trajectories of the linear system (circles)
and obtains the following 2-dimensional vector field, where one variable is the
amplitude of oscillations):

&= py + pox +ax® £y° + by, § = -2y

If uy = b =0, then the system has a center. It is not Hamiltonian but it has the
first integral

y* (2> £ y?/(a+2) + py /a).
This bifurcation was analyzed in [Zol] (see also [KoZe]).

6.17. Example (Two pairs of imaginary eigenvalues). This case, after averaging
along the 2-tori corresponding to the two independent rotations (of the linear
part), gives rise to the generalized Lotka—Volterra system

i =a(uy, +ax+by), §=y(uy+cx+dy+ex?).

Here also we obtain a situation with perturbation of a system with the first integral

2y’ (14 kx + ly).
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The bifurcations and corresponding Abelian integrals were studied in [Zo2] (see
also [KoZe]).

6.18. Reduction to zeroes of Abelian integrals. Assume that we have the situation
as in 6.13. Take a section (interval) S transversal to the family of closed curves
H(x,y) = t. We parameterize it by the function H restricted to it, t = H|g.
Beginning from here we denote the values of the Hamilton function by ¢ (not by
h). This notation agrees with the notation used in Chapter 5.

We compute the first approximation of the Poincaré map. If P € S, H(P) =t is
an initial point of the positive trajectory I' of the perturbed system, then the first
intersection of " with S is the value of the return map, Q@ = ®(P) (see Figure 9).
We calculate the increment AH = H(Q) — H(P) of the Hamilton function along
I'. Note that I' is periodic iff AH = 0 and it is hyperbolic stable (respectively
unstable) limit cycle iff additionally (AH)'(P) < 0 (respectively > 0). Using the
representations H, = —y + €Q, H, = & — P we get

AH = [l Hdt= [(Hyi+ Hg)dt = e [(H,P + H,Q)dt = ¢ [(Qi — Py)dt
= €[ Qdx — Pdy.

Figure 9

Because the phase curve I' is close to the oval of H =t (up to the order O(e)) we
get
AH = el(t) + O(e?)
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where

I(t) = Qdx — Pdy

H=t

is the Abelian integral. In fact the path of integration is some real oval (t) of
the curve H = t and the function I is defined in an interval (¢min, tmax) of t’s, for
which the ovals v(t) are compact and smooth.
(Probably this integral first appeared in the work [Pon| of L. S. Pontryagin. It was
used intensively by V. K. Melnikov [Mel| as a tool for detecting sub-harmonic so-
lutions in some periodic non-autonomous Hamiltonian systems. Some people (e.g.
Arnold) claim that it was known already to Poincaré. Therefore in the literature it
appears under different names: Pontryagin integral, Poincaré—Pontryagin integral,
Melnikov integral, Pontryagin—Melnikov integral, generating function.)
We see that:

The necessary condition for existence of limit cycle v, — 06(t;) is the equality
1(t;) = 0.

Under some generic assumptions it is also a sufficient condition.

6.19. The weakened XVI-th Hilbert problem. Consider the space of integrals I(t)
with P,Q, H polynomials of degree < n and defined in the intervals (tmin, tmax)-
Find an estimate C(n) for the number of zeroes of I(t) uniform with respect to
the polynomials P, Q, H.

This problem (stated by V. I. Arnold [Arn5]) is also not solved completely, but
there are many nice results concerning it.

6.20. Results. Firstly, A. N. Varchenko [Var3] and A. G. Khovanski [Kh2| proved
that
C(n) < o0,

i.e. existence of a uniform estimate. However they do not give any formula for C'(n).
The proof of Varchenko is based on the methods developed in the book [AVG],
(asymptotic expansions of integrals along cycles in complex algebraic curves),
and some finiteness results from real analytic geometry. Khovanski observed that
Abelian integrals belong to his class of Pfaff functions and applied his theory of
fewnomials. Below we present some of the Varchenko—Khovanski arguments.
Concrete estimates are given with some restrictions on the Hamilton function.

In the case of the elliptic Hamiltonian y2 + 2% — z, G. S. Petrov [Pet2]| proved the
Chebyshev property of Abelian integrals. We present his beautiful proof below.
In the case of a hyperelliptic Hamiltonian y? + R(z) (with fixed polynomial R)
Petrov [Pet3| proved the linear estimate < a - n + b for the number of zeroes of
any form Qdx — Pdy of degree n.

For cubic H and quadratic P and @, L. Gavrilov [Gavl] proved that the number
of zeroes is < 2 (also around two foci).

Other general estimates were obtained by Yu. II’yashenko and S. Yu. Yakoven-
ko (< 22", ¢ = ¢(H) in [IIY1]) for generic Hamiltonians, by D. Novikov and
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Yakovenko (< 2° in [NY]) and by A. Glyutsuk and Yu. I'yashenko (< 2500
for Hamiltonians with critical points of absolute value < 1 in [GY]).
In 1996 A. G. Khovanski and G. S. Petrov announced the estimate

<a-n+b,

where a = a(deg H) and b = b(deg H) depend only on the degree of the Hamil-
tonian (without an explicit formula). No restriction on H is made. This result is
not yet published, but we present this proof below.

Below we present some estimates, with proofs, for the number of zeroes of I(t) =
I,(t) [;;_, w in the case of a polynomial 1-form

w = A(z,y)dz + B(z,y)dy

of degree degw = max(deg A, deg B) and with concrete H’s. We begin with the
quadratic Morse Hamiltonian.

6.21. Proposition. If H = x2+y?2, then I,(t) is a polynomial of degree < (n+1)/2.
It has at most [(n+1)/2] —1 positive zeroes corresponding to eventual limit cycles.

Proof. Consider the case when w is homogeneous of degree j. Then, putting z =
Vheos, y = vhsinf, we get the trigonometric integral

2m
I:t(j“)/z/ R(cos0,sinf)db,
0

where R is a homogeneous polynomial of degree j + 1. This integral vanishes for
odd 5+ 1. |

Next is the case of the elliptic Hamiltonian
H=y*+2%—2z

studied before. We integrate the real 1-form w along the real oval v(t). The latter
represents one of the two generators of the first homology group of the complex
elliptic curve {H =t} C CP?. It vanishes at the critical point = 1/v/3,y = 0
with the critical value t = —2/31/3. The other generator is §(¢) and vanishes at
(—1/+/3,0) with the critical value t = 2/31/3 (see the points 5.19-5.24 and Figure
10).

The functions I, (t) have analytic prolongation to the complex arguments ¢. They
are multivalued functions with unique branching points at ¢ = 2/3+/3. Thus, in the
complex plane cut along the half-line {t > 2/3+/3}, the functions I, are analytic
and univalent. We denote by §2 the set

C\ ({_2/3¢3} U[2/3V3, oo))
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and consider I, as functions on 2. We further note that €2 contains the interval
(—2/3+/3,2/3+/3) which is of interest for us. All these functions with degw < n
form a finite dimensional vector space W,,.

6.22. Definition. A linear space W of functions defined on a set A, (A C R, C), is
called Chebyshev iff any nonzero function from W has at most dim W — 1 zeroes
in A.

W is Chebyshev with accuracy k iff this number of zeroes is < dim W — 1 + k.

The reader can prove that in a k-dimensional linear space W of functions on A
one can always choose a nonzero function vanishing at any k —1 previously chosen
points.

6.23. Theorem of Petrov. ([Pet2]) The space W,, = {fv(t) w: wreal of degree < n,
t € Q} is Chebyshev.

Proof. In 5.19-5.24 the following properties of the elliptic integrals were proved.

1. I, = Py(t)Ip + Pi(t)]1, where I; = fw(t) x'ydxr and Pyy are polynomials
of degrees < [(n —1)/2] and < [n/2] — 1 respectively. The space W, has
dimension equal to n.

2. 51y = 6t1) + 411, 211, = 41} + 18hI].
3. 4(27t2 — 4)I] = 2114.
4. Iy ~ t5/6, I ~t7/% as t — oo.
Below we prove additional properties of the elliptic integrals.
5. Lemma. We have Im I, (t) # 0 for t > 2/3+/3.

Proof. In order to understand properly the statement of Lemma 5, we must recall
the definition of I; as the analytic prolongation of an integral of a holomorphic
form along the cycle (t). At the point ¢ = 2/3v/3 this function has ramification but
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the limit values of I; along the upper and the lower ridges of the cut [2/3v/3, 00)
are well defined. Thus the Im [; is the imaginary value at the upper ridge.
Because the initial function (i.e. for [t| < 2/3+/3) was real, I; behaves well under
conjugation of the argument. In particular, the value of Im I; at the lower ridge
is equal to minus its value at the upper ridge. The function Re [; is the same at
both ridges.

The difference between values of I; at the upper ridge and lower ridge, i.e. 2Im I,
is equal to the variation of the integral as the value t varies around the critical
value 2/3v/3. By the Picard-Lefschetz formula this variation is equal to the value
of the form zydx at the other generator of the first homology group (). These
arguments show that

Im I,(t) = ;/5( )w, t>2/3V3
t

for any real form w.

Therefore z(t) = ImI; is expressed by means of integrals along cycles. In par-
ticular, it satisfies the equation (see 3.), i.e. 4(27t? — 4)2” = 21z. Moreover,
2(2/3+/3) = 0 (because § vanishes there).

Because the factor 27t2 —4 > 0 we have 2" > 0 iff 2 > 0 and 2" < 0 iff 2 < 0. Thus
z is either positive and convex or negative and concave. In any case it cannot have
Zeroes. ]

6. Lemma. I;(t), t < 2/3v/3, vanishes only at the point t = —2/3+/3 and this is
a simple zero.

Proof. Of course, I;(t) is real in this half-line and vanishes at —2/31/3. Moreover,
because I = [ [,_, zdrdy and the domain H < t is an approximate ellipse

around the point (1,0) with the semi-axes ~ \/t +2/3v/3, then I ~ (t +2/3v/3)

as t — —2/3+/3. This gives the simplicity of the zero.

The negativity of I; at the half-line t < —2/3+/3 is proved in the same way as in
the proof of Lemma 5.

The positivity of I; in the interval (—2/3+/3,2/3+/3) needs application of some
geometrical arguments. Note that the integral I; is proportional to the center of
mass of the domain H < t. It is seen from Figure 10 that this center of mass lies
in the right half of the plane. Also it is not difficult to show it analytically. O

7. Lemma. I, (t) has only one zero in the complex plane cut along [2/3+/3,00).

Proof. Because I is real on R and has only one zero on the real part of the domain
(Lemma 6) the number of its zeroes is odd. It is enough to show that this number
is < 3.

We use the argument principle which says that:

If a contour T' bounds some region of analyticity of a function g, g|lr # 0, then the

number of zeroes of g in this domain is equal to the increment of the argument of
g along T' (divided by 27).
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We take the contour as in Figure 11: a small loop around ¢ = 2/3v/3, a large loop
around infinity and along the ridges of the cut.

The increment of arg I1 along the large circle is defined by the asymptotic of the
integral at infinity (see 4.) and equals to 7/6. Because Im I; does not vanish along
the cut, then the increment of arg I; along the ridges and the small circle is < 1.
Thus Ar(argl;) < 13/6 < 3. 0

Reh

Figure 11

8. Lemma. The function (Io/I1)(t), t > 2/3+/3, does not take real values.

Proof. If that happened for ¢t = tg, then the vectors (%2 ﬁ)) and (gi ﬁ)) would be
parallel. However, both satisfy the same system of linear differential equations
2.; they form two solutions of it. The Wronskian of these solutions would vanish
at tg and then it should vanish on the whole interval. This would mean that
(Io/11)(t) € R for all t > 2/3+/3. By the Schwarz reflection principle, Iy/I; could
be prolonged to an analytic function in the plane outside {2/3+/3}. Because it is
bounded near 2/3+/3 this singularity would be removable and Iy/I; would be an
integer function.

However, its exact asymptotic ~ ¢t /3 at infinity (see 4.) contradicts the above. O

9. Finishing of the proof of Theorem 6.23.

Because I,,(—2/3v/3) = 0 and I; has the only simple zero just at this point, then
the number of zeroes of I, in the domain ) is the same as the number of zeroes
of the holomorphic function

L, /Iy = Po(t) - (Io/11) + Pu(t)



§2. Method of Abelian Integrals 173

in the plane cut along [2/3v/3, 00).

Again we use the argument principle with the same contour I'.

The increment of the argument along the large circle is ~ max(deg Py — 1/3,
deg P1). Along the ridges of the cut, the number of turns of I,/I; around 0 is
bounded by the number of zeroes of the imaginary part of the function at the cut
plus 1; (here we use the reality of the form w). This gives < deg Py + 1.
Summing it up (using 1.) we get the increment < (n — 1). O

6.24. Application to bifurcations. In the case of the Bogdanov—Takens bifurcation
we have the elliptic integral

/(ax + B)ydz = aly + B14.

Thus deg Fy,1 = 0, the space of integrals is 2-dimensional and this elliptic integral
has at most one zero corresponding to the unique limit cycle.

Below we present calculations of the number of zeroes of elliptic integrals appearing
in bifurcations of periodic orbits with 1 : 2 resonance (¢ = 2 in Example 6.15).
In this case we show the divergence from the Chebyshev property (the accuracy
grows with the degree). We also present applications of some real methods. We
follow the work [RZ].

The Hamiltonian is also elliptic (see Figure 12)

H =3 + 2% £+ 222,

@ ) (©) @
6l @® X
Figure 12

In the cases (a) and (b) the corresponding spaces of Abelian integrals are Cheby-
shev (Petrov).

We shall consider the case (¢) with the symmetric form w = Adx + Bdy, i.e. the
polynomials A, B contain only monomials of odd degree.

The Hamilton function H = y? + z* — 222 has three critical points: (£1,0) with
the critical value ¢ = —1 and (0,0) with the critical value 0. At (£1,0) two cycles
~,7' vanish. We study the integral

L) = [lw+t[,w=2[w -1<h<0,

Iw(t) = f,\/// w? h > 0,
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where v = v + 4/ is the cycle presented in Figure 12(c).
Let W,, = {1, : degw < n,w is symmetric}.

6.25. Theorem. ([RZ]|) We have dim W,, = 2[(n—1)/2]+1 and the mazimal number
of zeroes of a nonzero function from W,, in the interval (—1,00) is 3[(n —1)/2].

Remark. We see that the accuracy of the Chebyshev property of W, is about n/2
and grows. However, when one restricts the integrals to the interval (0, c0), then
the Chebyshev property with the accuracy 1 holds (see [RZ]).

Proof of Theorem 6.25. 1. Define the integrals for ¢t > —1,

Ip(t) :/ ydz, I(t) :/ z2ydz.
H=t H=t

We have the following properties (proved like the analogous properties of Petrov’s
elliptic integrals).

2. 1, = Py(t)Ip+ P1(t) 11, where Py 1 are polynomials of degrees < [(n—1)/2] and
<[(n—1)/2] = 1 respectively, thus dim W,, = 2[(n —1)/2] + 1.

3. 31y = 4tl) + 411, 1561 = 4tI} + (12t 4+ 16)I; (Picard—Fuchs equations).

4. Ip(t) = 1 +eatlnft| L + ..., I1(t) = dy + dotInft|™F + ... as t — 0, with
Cl,g,dLQ > 0.

Denote
Q =1/l
The properties 3 and 4 imply the following.

5.Q(t) =er+estlnft|~1+... as t — 0.

Figure 13

6. 4h(t + 1)Q" = 5Q? + 2tQ — 4Q — t and the graph of the function t — Q(t)
consists of the phase curves of the vector field

i=4tt+1), Q=5Q%+2tQ—4Q —t (2.1)

indicated in Figure 13.
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The linear part of the vector field (2.1) at the singular point (0,4/5) is the Jordan

cell ( 34;5 2 ) and all trajectories near it have the form Q@ = 4/5+ctln|t|+.. ..
The singular point (—1,1) is a saddle with the linear part < _14 g > and our

graphic lies in two separatrices of this saddle.
7. Dy ~ 34 I ~ 194 Q ~ 12 as t — oo
8. Q(t) is decreasing for t < 0.

Proof. We have Q'(—1) <0, Q' (0) = —o0, Q"(0) = —co and Q’(t) < 0,Q"(t) <0
as t — —oo.

On the other hand, (4¢(t+1)Q’) |g'=0 = 2Q — 1. But Q\Qzl/g = —3/4 < 0, which
implies Q(¢) > 1/2. This means that the function Q(t) would be concave at each
critical point in the interval (—1,0) and convex at critical points in (—oo,—1).
This, combined with the behaviour at the endpoints, gives the result. O

9. Q(t) has a unique minimum at t, > 0.

Proof. From the asymptotic behaviors at t = 0 and at ¢t = oo it follows that such
minimum exists. The condition Q' = Q" = 0 means intersection of the line 2Q = 1
and the hyperbola 2Q? + 2tQ — 4Q) — t = 0. We have shown that this intersection
is empty, which means that " has the same sign at each critical point of Q. O

Let

Its zeroes are the zeroes of I, which are > —1.

10. We have 4P2t(t + 1)g'|4—0 = S(t) where S(t) is a polynomial of degree <
2(n—1)/2].

11. Upper bound for the number of zeroes. Here we use the idea of Petrov from
[Petl].

We divide the interval (—1, 00) into the subintervals of continuity of g. The number
of such subintervals is < deg P; + 1. In each such subinterval we apply the Rolle
principle to the function g:

Between any two zeroes of a function a zero of the derivative lies.

Thus, by 10, between two zeroes of g there is either a zero of S(t) or the point
t = 0. On the other hand, the zeroes of ¢'|4=¢ are the points of contact of the vector
field (2.1) with the curve @ = —R(¢). There is such a contact point between the
line t = —1 and the first zero of the function g.

We have then

#{g=0} <[(#{S =0} — 1) + 1] + #(intervals) < 3[(n — 1)/2].
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12. Lower bound. The function I, has the following expansion in a neighborhood
of the point ¢ = 0,

I,(t) = by +artIn [t|™* + byt 4+ aot® In [t| ™1 + bot* + .. ..
If t > 0, then the ¢* and ¢’ In|t|~! are positive. We have also
I,(=t) = by — artIn|t| ™" — byt 4+ aot* In |t| ' + bot? — .. ..

We use the Descartes principle:

The number of positive zeroes of a polynomial is bounded by the number of sign
changes of its coefficients. Moreover, this bound is achieved for a suitable choice
of the absolute values of the coefficients.

In fact, this principle holds also in the case when the polynomial is replaced by a
finite sum of functions like ¢* and ¢*In [t|~! and their small perturbations.

We apply this principle to the cases of functions I,(t) and I,(—t) where the
coefficients are chosen in a way to get the maximal number of zeroes. Thus we
have the leading coefficient a,, = O(1) # 0 (or b,, = O(1) # 0) and the absolute
values are chosen in a way to give the number of zeroes in the intervals ¢ < 0 and
t > 0 prescribed by the sign changes, i.e.

0 < |bo| << Ja1] << |b1] << Jazg] << ... << |am].

Note the following property:

The sign change between a; and b; in I(t) leads to a corresponding sign change in
I(—t) and the sign change between b; and a;y1 implies no sign change in I(—t).

Let k1 be the number of sign changes in I(¢) implying the sign changes in I(—t)
and ko be the number of remaining sign changes. The number of positive zeroes
of I, is k1 + ko

If a,, # 0 is the leading coefficient, then the number of sign changes in I(—t) is
k1 + (m — k3). The total number of small zeroes of I is 2k; +m, where k1 < m—1.
This gives the maximal number 3m — 2 of zeroes.

If b,, # 0 is the leading coefficient, then the same arguments give the maximal
number 3m of zeroes.

It remains to show that the coefficients a;, b; in the expansion of the integral are
controlled by the coefficients of the polynomials P ; in the expansion 2. Indeed,
using the properties 4, we see that for Py = at™, m = [(n — 1)/2], P, = 0 the
first nonzero coefficient in the asymptotic expansion of I is b,,. Taking a suitable
Py=at™ ! or P, = bt™ ! we get a,, as leading. Other coefficients are controlled
in the same way.

Theorem 6.25 is complete. |

Below we present the promised proof of the linear bound which is not published
yet. The initial claim of Petrov and Khovanski was the estimate an + b, where the
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constant a can be chosen universal, not depending on n and H, and b depends on
H. The below proof is based on the conception of rational envelopes of Abelian
integrals developed in [Yak] and [IIY1], on the lecture of Petrov in the Banach
Center in Warsaw (1995) and on estimates in the style of Khovanski [Kh2] and
Varchenko [Var3].

6.26. Theorem of Petrov and Khovanski. The number of zeroes of any Abelian
integral I, along a family of real ovals of the curve H = t with degw = n is
bounded by

a-n,
where a = a(deg H) is a constant depending only on deg H.

Proof. 1. We begin with a representation of I, as a combination of given Abelian
integrals with rational coefficients. This proposition (in a restricted form) was
proved by S. Yu. Yakovenko in [Yak] . His proof uses the theorem of Rohrl and
Plemelj (Theorem 8.37 in Chapter 8) about realization of a given monodromy
group by means of a linear rational differential system. Our proof is different and
without restrictions, i.e. the critical points of H can be non-isolated and may lie
at infinity.

2. Lemma (Rational envelopes). There exist real polynomial holomorphic 1-forms
Wi, ... ,wg such that for any real polynomial holomorphic 1-form w of degree n the
following representation holds:

Pot)X 1, = Pi(t)Iy, + ...+ Pu(t)L,,.

Here the integer k = k(d) depends only on d = deg H, P; are real polynomials
such that Py depends only on H, deg P; < c-n, i > 0, the positive integer K < c-n
and the constant ¢ depends only on d = deg H.

Proof. (a) Fix a Hamilton function H. We take the family of complex level curves
{H =t} C C?. They form the locally trivial fibration (an analogue of the Milnor
fibration)

C?\ H™(atypical values) A C\ (atypical values).

Here by the atypical values we mean the usual values of H at the critical points
and the values corresponding to the ‘bad’ behaviour of the family of levels at
infinity.

The generic fibre of this fibration is an open Riemann surface, whose topologi-
cal type is a bucket of circles. Its first homology group is generated by concrete
geometric cycles d1(t), ..., 0x(t).

Fix an atypical value ¢y and the cycles §;(tp). We choose real polynomial forms
Wi, ..., wg such that their restrictions to the curve H = tq generate H1({H = t,}).
It is done by a suitable approximation of holomorphic generators of the first de

Rham cohomology group in such a way that det <f5i(t0) wj) # 0. Later we will

impose other restrictions for the forms w;.
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(Such polynomial generators of the de Rham cohomology of an affine algebraic
variety exist in the general case (A. Grothendieck). This follows from so-called
quasi-equivalence between the holomorphic de Rham complex €2® and the complex
2, of holomorphic forms with regular behaviour at infinity (see the point 7.33(e)
in Chapter 7 and [GH]).)

Repeating the proof of Corollary 5.28(b), we obtain the following, locally unique,

representation
o= w0 [ (2:2)
/(S(t) ZJ: 5(t)

for any polynomial holomorphic form w and any family §(¢) of integer cycles in
H = t. The functions p;(t) do not depend on ¢ and are prolonged to holomorphic
and single-valued functions in

(C\{tlv v 1t'r}7

where ¢; are atypical values. Each function p;(t) is expressed as a ratio of two
determinants, with the denominator equal to det ( / 5 wj) (the same for all p;)

and with the numerator equal to the determinant of the matrix |, 5, wj obtained
from the previous one by replacing the j-th column by féq: Wy W = w, W = wy,
L#3j.
The atypical values t; are of four types:

(i) the critical values of isolated critical points of H in the finite plane C?;

(ii) the critical values of non-isolated critical points of H in C?;
(iii) the critical values of critical points at infinity (in CP?);

(iv) the zeroes of the determinant det [ 5, Wi

In Chapter 5 it was shown that the Abelian integrals are regular near the critical
values of the type (i). Thus p;(t) are meromorphic near them, p; = q;(t)/(t—t;)%i,
where the power K; depends on H and on the forms w; and g¢; is holomorphic.
The same statement is true near the points of the type (iv).

For the points of the type (ii) we apply the resolution of the (non-isolated) sin-
gularities in the finite plane. In some local analytic coordinates Z,§ we obtain
H —t; = zPy?. If (p,q) = ged(p,q) = 1 then the Riemann surface g9 =t —t;
contains the vanishing cycle 7(t) : #(0) = e’ § = ee™™? 0 < 0 < 2,
e = (t— tj)l/(p+q). It is easy to estimate the integrals along 7(t). If p and ¢
are not relatively prime then several such cycles vanish.

Near a smooth part £ of the set of non-isolated critical points, i.e. where H —t; =
P, we do not have vanishing cycles. Here p local components of H = ¢ approach
FE and some part of a cycle §; may pass near F. The corresponding contributions
to the integrals are easy to estimate.

As an example of the function x(1 — 2(y? + 1)) shows, the critical points of H
may lie on the line Lo, = {(z : y : 0)} € CP? (at infinity). We include also
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the value ¢ = oo into the part (iii) of the set of critical values. The foliation
of C? into the level curves H(z,y) = t is a holomorphic foliation which can be
prolonged to a holomorphic foliation F in CP? (see Chapter 9 below). Near a
critical point (z : y : 2) = (20 : yo : 0) at infinity, the function H is rational,
equal to Fp,(u,z)/2™, m = deg H (u and z are local projective coordinates). If
the curves H = t have only isolated (transversal) intersections with L., then
these points are singular points of the foliation F of the node type (see Chapter 9
below).

For the points with bad behaviour of the F we apply the resolution process: by
Theorem 9.18 in Chapter 9, such resolution exists. We obtain either H —t; = zPy4
(a saddle point) or H —t; = #P2~™ (a node). In the first case a certain cycle
vanishes. In the second case the local Riemann surfaces H = t are punctured
discs, with one cycle o(t) generating its local first homology group. However, the
cycle o(t) does not intersect the cycles which have nontrivial monodromy and are
in some way associated with the real ovals of H = t. ¢ is monodromy invariant
and the integral fo 7 equals the residuum of the form 7 at the point £ = z = 0.
The above analysis shows that we have to study the asymptotics of the integrals
along those cycles 6(t), which become large as t — t; or as t — oo. Here we can
either use the general result about regularity of the Gauss—Manin connection (see
Remark 5.16 above or Remark 8.19 below) or apply a priori estimates (as in [Yak]).
We recall Yakovenko’s arguments.

The cycles 6,;(t) can be chosen as lifts to the Riemann surface of the algebraic
function y(z) (defined by H(z,y) = t) of some loops ~,(t) in the z-plane, deprived
of the ramification points zj of the function y(z). The points xp = z(t) vary
regularly, with power type escape to infinity. This implies that the absolute values
of the coordinates along the cycles §,(¢) also have regular growth.

Because the forms w and w; are polynomial their integrals along the cycles d;(t)
also have polynomial growth. The coefficient functions p;(¢) (from the expansion
Jw=">"pi [w;) are expressed as ratios of determinants, which are regular. This
implies that p;(t) = Pi(t)/Po(t)X where P; are polynomials and Py = [[(t — t;).
It is also clear that the degrees of Pj, P, ... grow linearly with n = degw and the
exponent K is linear in n.

(b) So the proposition is proved, but with constants depending on the Hamil-
ton function H. We need some arguments which would show uniformity of these
constants.

The space of real polynomial Hamiltonians of degree < d (and without the constant
term) can be identified with a sphere H C RY, H = SN~1 N = (d+1)(d+2)/2—1:
the Hamilton functions H and AH lead to the same Abelian integrals. So, it is
enough to show that the estimates are uniform with respect to H, locally in H.
H is a real algebraic variety; its complex variant H® is a quasi-projective variety
(a quadric). Consider the space HC x C; (its points (H,t) correspond to algebraic
curves H(z,y) = t). Let M® = HC x CP" be the closure of this set; (here HC is
the projective closure). Denote £ = M\ H® x C; it is a hypersurface in MC.
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(We agree to denote complex varieties by the upper index C, their real parts are
denoted without this index.)

The degenerate curves H = t correspond to points from a bifurcational subset
»S € H® x C. ©F is a proper algebraic hypersurface. The restriction of the pro-
jection C? x (H® x C) — H® x C to {(z,y,H,t) : H(z,y) =t, (H,t) €35} isa
locally trivial (Milnor) fibration over M\ (Xf U ).

The polynomial forms w;, i = 1,...,k are defined as the same for all H € HC.
For generic (H,t) € M™\ (X} UXS) the cohomology classes of the forms w; in
H'({H = t}) form the basis of this space. The integrals [; , , w; and [5 ;@
are well defined for such (H,t); because the cycles §; = §;(H,t) C {H = t} are
well defined there. Denote by £§ € M®\ (Xf UXF) the set of those (H,t) for
which det [ s, Wi = 0. It is an analytic subset; (as we shall see it is also an

algebraic subset of M®). Denote also =€ = £f UXS U XS,

The integrals, treated as functions of (H, t), have singularities along S{UXS. These
singularities are investigated using the resolution of singularities of this variety.
Let m: M® — MC be the resolution of singularities of £ U X5,

Near any point of 771 (X{UXS) there exists a local system of coordinates 21, . .., zx
such that X§ UXS = {z; - 22+ ... 2, = 0}. The integrals are treated as functions
of z=(z1,...,2nN).

They admit the finite expansions

> akalz) 2 (Inz)™ 2 (Inz)t (2.3)
k,a

where the (finite) sum runs over integer vectors k = (ki,...,k,) and rational
vectors & = (g, . .., Q). The exponents ; are such that e2™% are eigenvalues of
the monodromy operators M; associated with the loops {z; = ee?, zj = const (j #
)} (around the hypersurfaces {z; = 0}). The integers k; take values 0 or 1. The
coefficients ax, (z) are analytic functions. The proof of this expansion is the same
as the proof of Theorem 5.14 (with use of the regularity of integrals).

The determinants det (f&(t ) wj) and det (f&(t o J)j) (where J; = w; or =
w) have simple monodromy properties. They remain fixed or change sign when

the z turns around the divisor z; = 0 (as in the proof of Theorem 5.25). They
take the form \/z, ...z, - ¢(z), where ¢ is meromorphic. This shows that X =

{det ( /. 5i(t.H) wj) = 0} has algebraic singularities, and hence is algebraic.

The formula (2.2) is generalized as

w= pl(t,H)/ w;
/é(t,H) Z ’ S(H)

for (H,t) € MO\ XC. The functions p;(¢, H) are holomorphic, single-valued and
regular. Thus they are restrictions of rational functions on M€, with poles at 3C.
Take one function p;. We restrict it to the real lines Ly = {(H,t), t € R},
Pjley = p;(-, H). There are three possibilities:
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(1) pj('v H) = 07

(i) p;(-, H) = oo,

(iii) p;(-, H) = P;(t)/Q;(¢) is a nontrivial rational function.
We must eliminate the case (ii). It corresponds to the situation when
det ( /. 5 wj) |, = 0. We achieve the goal by imposing additional restrictions on
the forms w;.
We deal with two situations: («) the line Ly ¢ Yo (the real part of ©5) and (3)
Ly C X5. In the case («) we deal with irregular position of the component 33
with respect to the fibers of the projection H x R — H : Ly C X3. It is clear that
the opposite property, Ly ¢ X3, is an open condition with respect to the forms
Wiyewo Wk
In the case (8) all the curves {H(x,y) = t, t € R} are non-generic; (e.g. when
deg H < d). It is not surprising that there det féi wiley = 0, but then also
det fé Jilny = 0. Here p;(t, H) is understood as a limit of the ratio of determi-
nants det [; ©;/det [; w; at points (H',t') € H xR\ (X2UX3), (H',t') — (H,1).
This shows that we have to compare the asymptotic expansions of two deter-
minants. The condition that the expansion of the det |, 5, Wi is optimal (i.e. with
smallest exponents) at a general point of the line Ly C 39 is an open condition
for wy,...,wg.
Using the openness of the above conditions for the 1-forms and the compactness
of the set of lines Ly, H € ‘H, we see that there exist forms wq, ...,wy such that
PilLy # oo

(c) Let us pass to the estimation of the constant ¢ from the proposition (in
degP; < en and Q = PX, K < cn). It is clear that it is enough to get a
local uniform estimate for the asymptotic as n = degw — oo of the integral
f5(t,H) w with respect to w and H. Here the forms w belong to the compact space
Q={>i1<n a'y? (aizde + bijdy) : aij, bij € R, Y af; +b7; = 1} and the Hamilto-
nians H belong to the compact space H.

This uniform estimate follows from the expansion (2.3) (at points from X; U 3s),
where the exponents «; are of order O(n) and the coefficients aj (%) are uni-
formly bounded, locally with respect to z and globally with respect to w € Q.
The bound |a;| < const-n is proved using the arguments from the point (a) above.
We represent the cycles 0,(¢, H) as lifts (to the Riemann surface of the algebraic
function y(x) defined by H(z,y) = t) of loops ~,(¢, H) in the z-plane deprived of
the ramification points z; = z,;(¢, H). The points z; = z;(z) escape to infinity in
a regular way as z — 0. O

3. The linear estimate when H has only real critical values. It is enough to study
the zeroes of the real polynomial envelope P17 + ... Py I, or of

Iy,

I
gt)=P,+P, " +...+ P "
I I
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Refz

Figure 14

We apply the argument principle to the contour presented in Figure 14. The
increment of the argument along the large circle is bounded by const-n. Along
the small semi-circles around the singular points ¢; the increment of the argument
is uniformly bounded; note that they are negatively oriented. The increment along
the cuts is bounded by the number of zeroes of the imaginary part of g at the cuts.
The latter imaginary parts are proportional to the combinations

PBKy+...+ P Ky,

where K; are expressed as some simple functions of integrals of w; along the cycles
8; (ie. wecanput Kj = [ <w;- [;w1 — [swj- [ swi). This is done as in the
proof of Theorem 6.25. Here we use the reality of I;’s.

Therefore, the problem is reduced to the estimation of the number of zeroes of a
polynomial envelope of k — 1 functions K; which have regular singularities at the
critical points of H and are real at an interval of the real axis.

We take the function P, + P3(K3/K2) + ...+ Py(K)/K2) and repeat the above
estimation of its argument along contours as in Figure 14.

After a finite number of such steps we obtain the estimate a(d) - n + b(H) for
the number of zeroes of the Abelian integral. Here the constant b = b(H) is
approximately equal to the number of zeroes (in R\ {¢1,...,¢.}) of an expression
A = A(t), which depends on the integrals | 5, wj- A is a combination of products
of such integrals.

Here we find that b depends on H; in the points 5, 6, 7 below we shall show that
b depends only on d = deg H.
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4. The linear estimate in the general case. Assume that H has non-real critical
values.

We construct a polynomial F' such that the composition F'o H has only real critical
values. The function F' is a composition of functions of the form ¢t — (t — a;)?,
where a; £ ibj;, b; # 0 is a critical value of the function obtained in the previous
step. Then the composed function acquires a real critical value —b?. After a finite
number of steps we eliminate all non-real critical values.

Thus F = F,, 0...0 Fy, F;(t) = (t — a;)?. The values of the composition F' o H
are denoted by s.

If m = 1 then we have t = a1 + /s. If m = 2 then t = a; + \/ag + /s. Generally

t=a; + a2+\/a3+...+\/8.

Denote ®,,(s) =+/s, ®r_1(s) = \/am_l +vs ..., 0= \/ag + \/ag ...+ +/s and
I;(s) = I;(t). The functions ®; and I; are multivalued holomorphic functions with
singularities at the set of critical values of F' o H. These singularities are regular
(of power type).

Next, the polynomials P; (from the proposition about rational envelopes) are
expressed as polynomial combinations of products of the functions ®;.

This shows that the problem reduces itself to the problem of estimation of the
number of zeroes of the combination

Qi(s)J1+ ...+ Qp(s)‘]p’

where @); are polynomials of degrees < const-n and J; are multivalued holomorphic
functions with regular real singularities.

For such combinations one can apply the proof from the previous case.

In this point we introduced some definitions and results which are used only in
this proof. Therefore they will appear unnumbered.

5. Towards an estimate of the constant b(H ). Because any form of degree n = 0 is
exact, its integral vanishes and #{isolated zeroes}|,—o = 0. This means that we
should show that b(H) is uniformly bounded with respect to H € H, where H is
the space of Hamiltonians of degree < d.

Here we follow the proof of existence of a general estimate #{I, = 0} < C(d,n)
given by A. N. Varchenko in [Var3|]. The ingredients of the proof are the following:
the asymptotic expansion (2.3) (in its real form corresponding to the real resolution
of a real algebraic variety), Khovanski’s theory [Kh2| (of estimation of the number
of solutions of a Pfaff system by the number of solutions of an analytic system)
and the local uniform estimation of the number of solutions of analytic systems
depending on parameters (theorem of Gabrielov [Gabl).

Recall that we have to estimate the number of zeroes of a function A(s) = A(s; H),
which is a combination of products of Abelian integrals (of forms w;) and of the
functions ®;. Here the argument is s, where s = (... ((t —a1)? —a2)? ... —an)* =
F(t). This suggests that we have to replace the space {(H,t)} = H xR by the space



184 Chapter 6. Vector Fields and Abelian Integrals

N of pairs (H, s). So, we have the algebraic mapping ¥ : M = H x RP! — N and
a new “bifurcational” subset A C A. A is the union of ¥(3; U 35) and of the set
of critical values of W. The mapping ¥ can be extended to a complex holomorphic
mapping from a neighborhood of M in M to a neighborhood of A in its complex
analogue NC.

We apply resolution of singularities of the real hypersurface A. Thus we have a real
manifold N with a resolution mapping N" — N. The function A can be treated as a
function on . Near points from A (the inverse images of A) A admits asymptotic
expansion of the type (2.3).

We cover the (compact) variety N by finitely many charts U;, defined by analytic
inequalities, such that either (i) U; N A = 0 or (ii) A admits expansion (2.3) in Us.
In charts of the type (i) the function A(s; H) is real analytic.

In charts of the type (ii) we have (after eventual multiplication by a nonzero
function)

. -1 -1, J«a XNlry |« Qe
A=Ap(z1,. . zn;(—Inz) 7o (= lnzy) T2 o 2 e oz,
Here the function Ag(21,..., ZN; V1, - U Uity - - - 5 U, ) = Ao(z,0,u), 21,. ..,
Zm > 0 and small, 2,41, ..., 2y small, is analytic in all variables. Note that the

quantities v; = (—Inz;)~! and Usj = z?’, i < m, are also positive and small;
because «;; are rational and > 0 (we can assume it). We assume (for definiteness)
that z;, v;, Uij € (0, 1).

We have the analytic map II : U; — H. Our task is to estimate the cardinality
of {A =0} NII~1(H) locally uniformly with respect to H, e.g. for H € V; where
V; ={H € H : |H — Hp|*> < 6} is a ball in H. For the charts of the type (i) we
have a problem of estimation of local solutions of an analytic equation depending
analytically on parameters. In the next point we show that also in the charts of
the type (ii) the problem can be reduced to an analytic problem of the same type.

6. Separating solutions of Pfaff systems. In this point the equation A(s; H) = 0
(briefly A(s) = 0) is treated as an equation for s depending on the parameter H.
Also the variables z; are treated as functions of s. The exterior derivative, denoted
by d, means the derivative with respect to v, u, s with H fixed.

The equation A(s) =0 can be rewritten in the form

A0|[‘ = 0,
where I' is a separating solution of the following Pfaff system (of M equations),

zidv; = viz dz;,

Zld’u,” = aijuijdzi, (24)

(recall that A(s) = Ag(z(s),v(s),u(s))).

According to Khovanski, a separating solution of a Pfaff equation = 0 in a real
manifold U (where 7 is a 1-form) is a smooth hypersurface I' (with the embedding
i:T'— U) such that:
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(a) i*n =0 (i.e. I" is an integral surface of the Pfaff equation);
(b) T does not pass through singular points of n (i.e. n(x) # 0 for z € ') and

(¢) T is the boundary of a domain D C U and the coorientation of I" by means
of 1 coincides with its coorientation as the boundary 9D.

A smooth submanifold I' C U of codimension [ is a separating solution of a Pfaff
system n; = ... = n; = 0 iff there is a sequence of submanifolds I' = T'g C I'; C
... C Iy = U such that each I';_; is a separating solution of nj\p]. in I';.

There holds the following fundamental statement:

Khovanski-Rolle lemma. Let I' C U be a separating solution of a Pfaff equation
n =0 and let v C U be an oriented curve. Then between any two consecutive
intersection points of ~ with T' there exists a point (in ~y), where the tangent
vector v, (of ~v) lies in the hyperplane n = 0.

Proof. Assume that the intersections are transversal; (if not, then (n,~,) = 0 at
one of the intersection points. In the consecutive points of v N T the values of 7
at -y, have different signs. This implies that (n,v,) vanishes at some intermediary
point. O

The Khovanski-Rolle lemma allows us to replace the non-analytic equation A(s) =
0 by a collection of systems of analytic equations of the type Ao (v, u, s)= A1 (v,u, s)
=...=Aywus) =0in U = (0,1)M x {t : 2(t) € (0,1),i = 1,...,N},
depending analytically on H.

Indeed, the formulas v; = (—In zi)_l, Uj; = zla “ define a 1-dimensional subman-
ifold Ty C U. It is a separating solution of the Pfaff system (2.4). To see this,
it is enough to introduce some order in the system (2.4) and observe that each
hypersurface v; = (—1Inz;)~! (or u;; = 2;*) is a boundary. Thus we have the
sequence 'y CcTy C...CcT'yy=U.

Take the surface I';. It contains the separating solution I'y of the Pfaff equation
M1|r, = 0 and the curve v, = {Ap|r, = 0}. We are interested in estimation of the
number (multiplicity counting) of intersection points v, N T'y. On each compact
connected component of v, this number is equal to the number of contact points
of this component with the field of directions 1; = 0 (by the Khovanski-Rolle
lemma). On each non-compact connected component of 7y, this number is equal to
1 plus the number of contact points of this component with the field of directions
11 = 0. The contact points are defined by the system of analytic equations in I';:
Ao =0,dAg Any =0 (or Ag = A; = 0). We find that

#{A = 0} = #{non-compact components of vy} + #{Ao = 4; = 0}.

The number of non-compact components can be estimated as follows. Following
[Kh2] we introduce the special bump function x(s,v,u) which is positive, analytic
and vanishes at the boundary of U, e.g. x = [[ 2 (1 —2;) [Tvs(1—v;) [T wsj (1 —wij).
Take a small positive value €, non-critical for x. We have #(I'; N {x —e; = 0}) >
2 - #{non-compact components}.
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Consider the 3-dimensional manifold I's. It contains the separating solution I'y of
15 = 0 and the curves Ag = A; =0 and Ay = x — ¢; = 0. As in the previous case
we obtain that #I';N {curve}= #{non-compact components of curve}+#{contact
points of curve}. The number of contact points leads to a system of three analytic
equations. The number of non-compact components is estimated using the special
bump function y and some non-critical value es.

Repeating this algorithm a finite number of times we reduce the problem of esti-
mation of the number of solutions of A(s) = 0 to the problem of estimations of
the numbers of solutions of 2M systems of analytic equations in U.

Recall also that the estimate should be locally uniform with respect to the pa-
rameter H, ie. for H € V =V; C H. It may occur (and occurs) that for some
H the system has infinitely many solutions, the set of solutions becomes a variety
of positive dimension. Because (in the Hilbert’s problem) we are interested in the
isolated periodic trajectories of a vector field, here we are interested in the isolated
solutions of the systems of analytic equations.

We can formulate the problem as follows. Consider a real semi-analytic set W =
{((zyv,u); H) : (z,v,u) €U, HeV, z=2(s,H), Ao(z,v,u) =41 =... = Ay =
0} C U x V. We have the projection IT : W — V| the restriction of the projection
onto the second factor. The problem is:

Show that there exists a constant C such that the number of isolated points in
H-Y(H) is <C for any HE V.

The following result completes the proof of Theorem 6.26. (]

6.27. Theorem of Gabrielov. ([Gab]) Such a constant C' exists.

6.28. Remarks. This theorem is a result from real analytic geometry. Recall that by
definition a subset W C R™ is (real) analytic iff near any point o € R™ (not only
in W) it is defined by a system of equations analytic in a neighborhood of xy. W is
(real) semi-analytic iff near any point xp € R™ it is a finite union of subsets defined
by finite systems of analytic equations and analytic inequalities. Thus the above
sets U, V, W are real semi-analytic. When the equations (or/and inequalities) are
algebraic, then we have real (semi-)algebraic sets. The real semi-algebraic sets form
real analogies of the complex quasi-projective varieties (i.e. Zariski open subsets
of projective algebraic varieties) and of the complex constructible sets (i.e. finite
unions of sets which are Zariski open in their closures).

The complex analytic, algebraic and quasi-projective varieties have some nice nat-
ural properties. A complex analytic variety has locally finitely many components.
The image f(W) of a complex analytic variety W C C™, under a proper analytic
map f, is an analytic set (theorem of Remmert, see [GH]). The equivalent formu-
lation of this statement says that a proper projection of a complex analytic set is
an analytic set. Here the assumption that f is proper (i.e. that the inverse images
of compact subsets are compact) is essential: for example, the image of the hyper-
bola xy = 1 under the projection onto the y-axis equals C*. Also the existence of
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a local uniform bound for the number of connected components of f~1(y) is easy
in the complex case.

In the real case the situation is not that clear. Real (semi-)analytic subsets W C R"™
have finitely many local (e.g. in a cube) connected components (see [Loj1]). In fact,
one can prove this property following the lines of the proof of Lemma 4.2 in Chapter
4. It was shown there that if a real algebraic variety (or real analytic variety) has
a sequence of points accumulating at zg, then it contains a semi-analytic curve
through z(. Real semi-analytic sets can be stratified; they form CW-complexes
with some additional differential properties.

A. Seidenberg and A. Tarski proved that a projection (or equivalently an image
under a real algebraic map) of a semi-algebraic set is semi-algebraic (see [Lojl]).
In the proof they used methods from mathematical logic, but there is an analytic
proof based on algebraic functions.

The Bezout theorem (about estimation of the number of solutions of a system of
complex algebraic equations by the product of degrees) does not hold in the real
case; here is the example:

v=y=a"+y" +[2(" - D+ [t - D)* =0.
The example with the analytic set

W = {(v,y,z,u,8,t) 2?2 +y? +22+u? =1, 2+t =1,
z=uxz-exp[s?/(s? +2t%)] ,tx = sy} C R* x R?

with its projection f onto R*, equal to f(W) = {z = z - exp [2?/(2? + 2¢?)],
22 +y? + 22 +u? = 1} (which is not analytic at (0, 0,0, 1)), shows that proper pro-
jections of semi-analytic sets can be not semi-analytic. This may occur only when
dim f(W) > 2. The subsets of R™, which are projections of relatively compact
semi-analytic sets are called the P-sets, or the sub-analytic sets. Here the assump-
tion of relative compactness replaces the assumption of properness. It is useful
here to have in mind the following example, with the (not relatively compact)
analytic set W = {(z,y,2) : z(2®+y?) =1, |z +iy| = arg(z +iy)} CR? =R2x R
whose projection is the logarithmic spiral.

The sub-analytic sets have the following properties. Their complements are sub-
analytic sets. Near any point they are defined by a system of analytic equations
and inequalities. They are locally arcwise connected (by means of semi-analytic
curves). There holds a sub-analytic analogue of Gabrielov’s theorem (it is in fact
the original theorem of Gabrielov): if Z C [0,1]™ x [0,1]™ is a sub-analytic set
and IT is the restriction (to Z) of the projection onto the second factor, then the
numbers of connected components of the fibers I~ (y) are uniformly bounded.

6.29. Sketch of the proof of Gabrielov’s theorem. Because the original proof of
Gabrielov concerns the general case of projection of a P-set and is rather technical,
we provide an independent proof. We will deal with restricted assumptions (for
simplicity):
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We have an analytic subset W of an open bounded domain U C R™*" = {(z,y)}
such that the restriction II of the projection onto R™ = {y} has fibers either finite
or > l-dimensional, but the typical fiber is finite (maybe empty). We assume also
that the variable x is 1-dimensional (i.e. m = 1); later we will say how we work in
the general case. We denote the fibers by W, = II71(y).

Assume that the thesis of Gabrielov’s theorem does not hold. It means that there
exists a sequence of points y, — y. (which we put = 0) such that the fibers W,
contain a growing number of bounded isolated points xj;. Assume that a point
(@4, yx) (which we put = (0,0)) is an accumulation point of the set {(zx;,yx)}-
Let fi(z,y),..., fr(z,y) be the generators of the ideal (in the local ring O (R"*1))
of germs of functions vanishing at W. If some of the functions f; is such that its
restriction to the line y = 0 is of finite multiplicity, f;(z,0) = az? + ..., then any
fiber W,, does not contain more than d points (by the Weierstrass theorem).
Assume then that all f;(z,0) = 0; in other words the line {y = 0} C W. Here the
essence of the theorem lies. When we treat f; as functions of x depending on the
parameter y, then for y = 0 the point x = 0 is singular of infinite codimension. In
the smooth (i.e. C*°) case an unbounded number of singular points could be born
after perturbation, i.e. for y # 0. In the analytic case this number turns out to be
bounded. We shall meet this phenomenon in the next section (see also [FY]).

Let Z = II(W) C R™. It is a sub-analytic set (maybe not semi-analytic) containing
the origin y = 0. We have a mapping II : W — Z between sets of the same
dimension. The cardinality of the fiber changes. The changes of the cardinality of
II~*(y) occur due to bifurcations. Such bifurcation points are the critical points of
the restriction of the projection II to the corresponding stratum of the stratification
of W (the fold singularity).

These critical points are obtained by differentiation of the generators f; with
respect to z. Indeed, if (locally outside y = 0) W is represented as F(x;y) = 0,
F:R x Z — R, then the Rolle principle says that we should calculate the zeroes
of O, F.

The system of equations F' = J,F = 0 defines a subvariety W7 C W, which can
be defined in an analytic way. Wi is an analytic variety. It contains the line y = 0.
Let Z; = II(Wy) € R® and Wy = II71(Z;) € W. The latter are sub-analytic
sets (in general). The restriction II|g; W, — Z is a mapping with the same
properties as I1 : W — Z. The cardinalities of fibers are unbounded.

We proceed as before, we look for the critical points of IIy. It is not difficult to
see that they form an analytic subset Wa C W1, defined by means of f;, 0, f; and
02f;. We put Zo = I(Wa), Wy = [I~1(Z5). The mapping IT|;, has the same
properties as H\Wl etc.

Due to the analyticity of W, the sequence of varieties W; stabilizes, W), = Wp41 =
... = Wy (because of the dimension argument); assume that p is a minimal such
integer. The generators of the ideal of functions vanishing at W, have the property
that all their derivatives with respect to x are equal to zero; they depend only on
y. Thus W =R X Z.
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For any y € Z — Z the maximal order of zero of the function F'(-,y) (where
W ={F =0})is p—1. Thus 927'F # 0 near x = 0 and there are no more than
p — 1 isolated zeroes of F'.

For example, if n = 2 and W = {F = y191(x,y) + y292(x,y) = 0} then we get
Wy ={y=0}U{F =A =0}, A = g1922 — g2g1,- Assume that the surface A =0
intersects the line y = 0 transversally; then we have W, = {y = 0} and the curve
{F = A = 0} is the curve of non-degenerate fold points. Any fiber Wy, y # 0
contains at most two points.

The general case of multi-dimensional = (z1,...,2,,) can be treated (in prin-
ciple) in the same way. We take the generators fi,..., f., r > m of the ideal
of functions vanishing on W. If the restrictions to the plane y = 0 of some m
of the f;’s form a vector field of finite multiplicity, then we get the bound for
cardinalities of the fibers. Otherwise we look for the critical points of the map
I1: W — Z =II(W). These critical points form an analytic subset Wy, etc. ]

§3 Quadratic Centers and Bautin’s Theorem

The correspondence between zeroes of Abelian integrals and limit cycles of per-
turbations of Hamiltonian systems is not one-to-one. In particular, existence of a
uniform bound for the number of zeroes of Abelian integrals does not lead auto-
matically to a uniform bound for the number of limit cycles. As an example, where
there can be more limit cycles than zeroes of the Abelian integrals, we consider
the case of quadratic perturbation of the linear center.

Consider the perturbation
T=—-y+eP g=x+e€Q,

where P and @ are quadratic polynomials. Without loss of generality we can
assume that the point (0,0) remains fixed during the perturbation and that the
linear part has the canonical form with the complex eigenvalues A &4, A =const-e.
Then the corresponding Abelian integral reduces to

eI:)\/ydx—xdy:D\xarea

and, of course, I # 0. However we have the following result.

6.30. Theorem of Bautin. ([Baut]) The mazimal number of limit cycles appearing
after the above perturbation is equal to 3.

Proof. In order to calculate the number of all limit cycles we have to calculate the
Poincaré return map up to a sufficiently high exactness

AH =€l + %I+ ...
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In order to free ourselves of the parameter ¢ we make the normalization ez — z.
Then the cycles of order O(1) become small cycles, of order O(e), and the system
written in the complex form becomes

=(i+Nz+ A2+ B2z 4+ C7%, z=x+1iy,

where A, B, C' are complex parameters.

Because the real parameter A controls the Abelian integral in the further calcula-
tions of the return map, we put A = 0.

When AH = 0 then all the trajectories of the system near z = 0 are closed.
In particular, the system has a first integral. As H. Poincaré [Poi3] and A. M.
Lyapunov [Lya] have shown (using a priori estimates) this first integral can be
chosen as an analytic function of z,y (or z, z). We try to find this integral.
Assume that it is of the form

F=zz+F5(z,2) + Zamnz

where F}; are homogeneous parts of degree j. We solve step-by-step the equation

. OF )
F = az(zz—i—Az +BZZ+OZ)+82(

which, rewritten in the homogeneous parts, gives

—iZ4+ AZ° 4+ B2z 4+ C2*) =0

(20, — 20z) Fy, + [8Fk71 (Az% + Bzz + CZ?) + conjugate] = 0.

0z

The latter equation gives the recursive equations for the coefficients
i(m — n)amn + (terms calculated earlier) = 0.

We see an obstacle when m = n. The terms (2z)™ cannot be cancelled. This means
that if A =0, then )
F=gilz[" + ga|2|° +

6.31. Definition. The numbers g; are called the Poincaré-Lyapunov focus numbers
and the function F is called the Lyapunov function.

The quantities g; are polynomials of A, A, B, B, C, C of degree j. Moreover they are
invariant with respect to the action of the rotations group A — €A, B — ¢~ B,
C — e739C induced by the rotations z — €¥z. Because the first integral (or the
Lyapunov function) is not defined uniquely (one can add cF* to F) also the focus
quantities are not uniquely defined (one can add fgg, k < j to g;). Well defined is
the series of ideals (g2), (92, 94), - .. in the ring C[A, A, B, .. .]. This series stabilizes
(the Hilbert’s theorem on basis) and the final ideal is called the Bautin ideal.

If F' is not a first integral then it can be non-analytic.

The focus quantities are used to express the Taylor expansion of the Poincaré
return map P : S — S, where S is the positive half-line parameterized by r.
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We can also parameterize S by some high order jet of the Lyapunov function,
¢ =jiNF =72+ ... We have

INTULUN SO

27
~ th ~ 2k+1
dd 2 /0 TR

if g is the first nonzero focus quantity.
In the general situation the condition for limit cycles is

1

7T(73(7“)—7“) =gor(l+..)+ar*(1+..)+. +gur*1+..)=0

where go = (2™ —1)/7 and g1, ..., gy generate the Bautin’s ideal.
If all g; = 0 then the point z = 0 is a center. Thus the system of algebraic equations
A=g¢g1 =...= gy = 0 defines an algebraic variety, called the center variety.

6.32 Theorem of Dulac and Kapteyn. ([Dul2|, [Kapt|) The Bautin ideal is generated
by the first three focus quantities which take the form

g1 = —2ImAB,
—(2/3) Im[(2A + B)(A — 2B)BC],
—(5/4)Im[(|BJ> - |C|2)(2A + B)B"C),

g2

93

and the center variety consists of the four irreducible components

QY : 24+ B=0,

QF : ImAB=ImB’C =ImAC =0,
v B=0,

Qi : A—2B=|B|—|C|=0.

Proof of sufficiency of the center conditions. We shall not calculate the focus
quantities. We shall restrict ourselves to showing that they really describe sys-
tems with center at z = 0. In the notations Qg (of the components of the center
variety) the lower index denotes their codimension in the space of all quadratic
systems.

The Hamiltonian systems. Because Re 02/0z = Re(2A+ B)z2, then the component
QY consists of Hamiltonian systems.

The Lotka—Volterra systems. One can check that in the case Q%Y the system has
three invariant lines [;(z,2) = 0,l2 = 0,l3 = 0 not passing through the origin.
This means that I; = l;g;, where g; are linear homogeneous functions. These g;
are linearly dependent, a3g1 + asge + asgs = 0. This implies that the following
Darboux function I7*15215° is the first integral.

The reversible systems. In the case Q¥ we can apply a rotation of the variable z
such that the coefficients A, B, C become real. Rewriting the differential equation
in the real variables, we obtain

& =—y+ar?+by? y=z+cay.
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1 Re(BJA|/A)

Figure 15

This system is invariant with respect to the transformation : (x,y,t) —
(—x,y,—t) (it is time—reversible). This implies existence of a center.
The codimension four center. In the case Q4 one can reduce the equation to

3 =iz 4222+ |22 + %22

One can check that this system has the invariant conic fo = 2? + 4y + 1 = 0,
x1 = 2Im(e%/22) and the invariant cubic f3 = cos(¢/2)(23 + 6x1y) + 6y + 1 and
the first integral f3/f2.

For more details see [Zo3]. O

Proof of Bautin’s theorem. Recall that the focus quantities g; are polynomials of
the coefficients and are invariant with respect to the action of the group S'. We
consider the ring R of real polynomials of A, A,...,C which are invariant with
respect to the action of St. The following algebraic result is proved in [Zo3].

6.33. Proposition. If f € R wvanishes at the center variety, then it takes the form
f=fig1 + fag2 + fsgs. In other words, the Bautin ideal is radical in the ring R.
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Because all the focus numbers vanish at the center variety then, by Proposition
6.30, they all belong to the ideal generated by the first three of them. This allows
us to write down the Poincaré map in the finite expansion

Ar =gor(14..) 4+ ... +gsr"(1+...).

Next we apply the derivation-division algorithm of Bautin. We divide Ar by (1 +
..) and apply Rolle’s principle to it; we need to estimate the number of zeroes
of the derivative, i.e. of 2g17(1 4+ ...) + .... We divide the latter expression by
r(1+...) and again apply Rolle’s principle. At the end we arrive at estimation of
the number of zeroes of 48g3 + .. ..
We see that we get at most three small zeroes. Moreover, because the coeflicients
go,1,2,3 are independent functions of parameters, they can vary independently and
we can construct the example with three zeroes of Ar. O

6.34. Remark. The analogues of the Dulac-Kapteyn and Bautin theorems hold in
the case of systems with cubic homogeneous nonlinearity

2=iz+4 D2®+ Ez%z + Fz7% + GZ°.

Here we have three cases of center Re E = 3D + F = 0 (the Hamiltonian case),
ReE =Im DF = Re D?G = 0 (the reversible case) and E = D—3F = |G|-2|F| =
0 (the Malkin case). The maximal number of small limit cycles is 5. These results
were proved by Sibirski [Sibi] (see also [Zo4]).

In the general case of polynomial vector fields of degree n, the problem of center
and the problem of small limit cycles are not solved.

6.35. Generalizations of Abelian integrals. When the Abelian integral I,(t) =
f,y(t) w vanishes identically (as a function of t), but the return map is not the
identity, then we have

A(t) = e"My(t) + O(e"1)

where k& > 1 and My, # 0. The function My/(t) is called the higher order Melnikov
integral and can be written in the form of a multiple integral of some polynomial
k-form.

Often M}, can be reduced to the usual Abelian integral. This holds when

w = fdH + dg whenever I, = 0;
here f and g are some polynomials. Such situation takes place for a generic Hamil-
tonian and for the elliptic Hamiltonian (see also Remark 5.21). Then the Pfaff

equation dH + ew = 0 (for the phase curves) reads as 0 = (1 +ef) " dH (1 +<f) +
edg] = d(H + eg) — €2 fdg + O(?). Tt follows that

AH:82/()(—f)dg+....
~y(t



194 Chapter 6. Vector Fields and Abelian Integrals

If Ms =0, then fdg = f1dH + dg, and M3 = ffldgl, etc. This algorithm, called
now the Frangoise algorithm, was introduced by J.-P. Frangoise [Fr]. L. Gavrilov
[Gav2] proved that all higher order Melnikov integrals satisfy some linear Picard—
Fuchs equation with regular singularities (see also [Bob]).

There is a multi-dimensional generalization of the infinitesimal Hilbert problem,
developed by the author with P. Leszczynski and M. Bobieriski [LZ|, [BZ1|, [BZ2],
[Bob|. One deals with the system

i=H,+2R+eP, y=—-H,+25+¢Q, 2= Az+ B.

Here H,P,Q, R, S, A, B are polynomials in (z,y). For ¢ = 0 the surface z = 0
is invariant with a Hamiltonian system. Under some natural assumptions, after
perturbation, there remains an invariant surface of the form z = eg(z,y) + ...,
where g satisfies the equation § = Ag + B. The limit cycles on the latter surface
are generated by zeroes of I(t) + J(t), where I is the standard Abelian integral
and J is the generalized Abelian integral

J(t) = / 9 (S — Ry,

Here g can be expressed in an integral form (with an exponent), so J is a double
integral. Under some assumptions the estimate < const-n, n = deg(P, @, R, S, B),
for the number of zeroes of I + J was proved.
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Hodge Structures and Period Map

The Hodge structure is defined in the cohomology ring of any smooth compact
projective algebraic complex manifold. It presents deep connections between topo-
logical and analytical properties of algebraic varieties. It provides us with new in-
variants of algebraic varieties which are functorial; it means that they are preserved
by algebraic morphisms.

If the variety is not compact, i.e. it is a quasi-projective variety (Zariski open
subset of a closed projective variety), or it has singularities, then its cohomology
group may not admit any Hodge structure. However, P. Deligne proved that such
a manifold admits some structure which is functorial and forms a generalization
of the Hodge structure. He called it the mixed Hodge structure.

The mixed Hodge structure appears also in the situation, when we have an ana-
lytic family of algebraic hypersurfaces Ny C M, t € D with exactly one singular
fiber Ny. Each N; admits a pure Hodge structure. In the limit ¢ — 0 these Hodge
structures degenerate to a certain limit mixed Hodge structure introduced inde-
pendently by W. Schmid and J. H. C. Steenbrink.

Steenbrink has gone further and, using the construction of the limit mixed Hodge
structure, defined a certain mixed Hodge structure in the cohomological Milnor
fibration (of an isolated critical point of a holomorphic function). A. N. Varchenko
has shown that Steenbrink’s mixed Hodge structure can be defined by means of
asymptotic expansions of the integrals along vanishing cycles and by the mon-
odromy operator.

The situation with degeneration of a family N; of hypersurfaces leads to investi-
gation of the so-called period map ¢ — (|, 55(t) w; ), (integrals of holomorphic forms

along basic cycles in N), with values in a period matrix space D (certain ho-
mogeneous space). In the case of curves Ny, the period mapping is an embedding
(Torelli theorem). We have here the Gauss—Manin connection and the monodromy
operator inducing an automorphism of D. The singularities of the period mapping
as t — 0 were investigated by P. Griffiths. In some cases the limit turns out to lie
in a certain natural partial compactification of the homogeneous space D.

We are going to describe general ideas lying in the foundations of this theory.
We cannot present all the details, because they are very complicated and need
advanced knowledge of homological algebra and sheaf theory. Even without these
details this chapter is decidedly more difficult than the others.

7.1. Agreement. By an algebraic variety M we mean a Zariski open subset of
a projective complex variety. It means that M is defined by a finite system of
algebraic equations fi(z) = ... = fi(z) = 0, x = (z0,71,...,2n5) € CVNF! (with
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homogeneous f;) and by a finite system of algebraic inequalities g (z)-g2(x)... #0
(g; also homogeneous). Such a variety is called quasi-projective. If there are no
inequalities, then the subset (of CPY) is called Zariski closed.

In the affine part CNY c CP¥ defined by {zg # 0}, with the affine coordinates
yi = x;/To, we have a variety given by algebraic (non-homogeneous) equations
and inequalities f;(1,y1,...,yn) =0 %# g(1,y1,...,yn). Similarly the other affine
parts in the hyperplanes {z; # 0} are defined.

If the definition of M does not contain inequalities, then such a variety is called
closed.

M is called smooth iff it is of the class C'°° at each of its points as a real manifold.
Equivalently, if the rank of the matrix (df1,. .., dfx) is constant at each affine part
of M.

§1 Hodge Structure on Algebraic Manifolds

7.2. Harmonic forms on Riemannian manifolds. Let M be a real Riemannian
oriented manifold, i.e. with a scalar product ds? = (-,-),, defined in each tangent
space T, M and depending smoothly on x. This product defines the scalar product
in the cotangent space Ty M and in its exterior products /\’c T M. Moreover, there
is defined the volume form VOL € T'(M,E") where n = dim M and £* denotes
the sheaf of smooth k-forms: (VOL, (v1,...,v,)) = %(det({v;,v;)))*/2. Here the
proper choice of the sign + is possible due to the orientability of M.
Locally one can write VOL = ¢; A ... A ¢,, where ¢, = ¢,(z) € T M are 1-forms
diagonalizing the metric: ds? = de)?.
We have also the so-called Hodge star operation * : ¥ — £"~F defined by the
equality

w(z) A*n(z) = (w,n)s - VOL(x).

The metric structure on M allows us to define the scalar product on the spaces of
differential forms on the manifold I'(EF) = T'(M,&E%): (w,n) = [;,{w,n)VOL(x).
Thus I'(M, E*) becomes prehilbert space. We complete it to the Hilbert space
L=1LF

Moreover, if d : T(EF) — T(EF+L) is the exterior derivative, then we have the
conjugate operator d* : T'(E¥*1) — I'(£%). One can check that

d*=—xd *.
We define the laplacian (or the Laplace—Beltrami operator) of M as
A =dd* + d*d.

Sometimes this laplacian is denoted by Ay, as associated with the exterior deriva-
tive. Note that it depends on the metric.
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The forms satisfying the equality Aw = 0 are called the harmonic forms. Because
(Aw,w) = ||dw||* + ||d*w||?, the harmonic forms have the property that dw =
d*w = 0.

Recall that by the de Rham Theorem 3.24 the cohomology group H*(M,R) is
isomorphic to the group of de Rham cohomologies. It is the quotient space of
closed k-forms modulo differentials of (k — 1)-forms. It is desirable to have some
natural way of choosing a form from each cohomology class. In the case of a
Riemannian manifold such choice is given in the following theorem.

7.3. Theorem (Hodge). The group HEY,(M,R) is isomorphic to the space of smooth
harmonic k-forms on M.

Proof. From each class [w] = {w+dn : n € T(€¥1)} we take a form with minimal
|| - ||-norm. Because ;tHw + tdn||*|i=0 = 2(w,dn) = 2(d*w,n) = 0 for any 7 the
minimality of w implies d*w = 0. On the other hand, if d*w = 0 then ||jw + dn||* =
||wl|? + [|dn||> which shows that w is minimal.

These arguments are only heuristic. Note that the minimal element can be found
in the closure of the class [w] in the Hilbert space L = L*. We obtain harmonic
forms in the weak sense, as harmonic generalized functions. To complete the proof
we use some partial differential equations methods.

The operator A is non-negatively definite, (Aw,w) > 0; so, the operator I + A is
strictly positive. One shows (using the Rellich lemma and the Gdrding inequality)
that:

(I +A)~! is a bounded and compact operator in L.

(Proof: I+ A is an isomorphism between the Sobolev space Ly (the completion of
the space of smooth forms in the norm (||w||? + ||dw||?)'/?) and the Hilbert space
L and the inclusion Ly C L is a compact operator (by the uniform continuity of
functions from the ball in L4).)

Thus (I + A)~! has discrete eigenvalues of finite multiplicity. This applies to the
eigenspace corresponding to the eigenvalue A = 1, which is equal to the space
of harmonic forms. This shows that the de Rham cohomology groups are finite
dimensional; (we know it also from topological arguments).

Next, one applies the Sobolev lemma to show that harmonic forms are smooth:

If (I 4+ A)w =mn and n is smooth, then w is smooth.
(See |GH| for details of the proof). O

7.4. The Dolbeault cohomologies of complex manifolds. Now we pass to the case
when M is a smooth complex manifold.

The sheaf of complex differential forms on M can be decomposed into sums of
the sheaves EVI. If 21 = x1 + iy1,...,2n = T, + iy; are local coordinates in
M, then the forms of the type (p,q) (or the (p,q)-forms) have the representation
w=> s asydz! Adz”?, where the sum runs over p-element subsets I and g-element
subsets J of the set of indices and a;; € C*°(M, C).
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There is also the sheaf of holomorphic p-forms on M which are of the type (p,0)
with holomorphic coefficients (see the definition before Theorem 5.8). It is denoted
by QP = QF,.

The Dolbeault cohomology groups are the Cech cohomology groups (see 3.26)

HY(M, QP).

As we shall see, they play a role analogous to the Cech cohomology groups
HF(M,C), i.e. with coefficients in the constant sheaf C.

Recall that the latter groups are calculated by means of (complex) differential
forms (see the proof of de Rham’s theorem). Analogously the Dolbeault cohomol-
ogy groups are calculated using differential forms.

The role of the sequence 0 — C — &° 2 &1, ... which is exact (by Poincaré’s
Lemma) is played by the Dolbeault complexes
0—QF —gr0 % ert

where 0 is the exterior derivative only with respect to the variables Z;. The ana-
logue of the Poincaré Lemma, the O-Poincaré Lemma, says that:

The latter sequences are exact. It means that for any local (p, q)-form w, such
that Ow = 0, there is a local (p,q — 1)-form n such that On = w.
(In one dimension we have the formula f(z) = ,.. [,lg(w)/(w — z)]dw A dw for
the solution of the equation 0f/9z = g; the inductive proof in the general case is
given in [GH].)
Repeating word-by-word the proof of the de Rham theorem we get the following.

7.5. Dolbeault’s Theorem. We have
HY(M,QF) = Hg’q,

where the latter groups are the groups of global 0-closed (p, q)-forms on M modulo
the subgroups of global 0-exact forms.

7.6. The Dolbeault cohomology groups of Hermitian varieties. Assume that M is a
complex smooth manifold equipped with a Hermitian product (-, -), in its tangent
bundle.
We can assume that in each tangent plane the Hermitian form is diagonal and
given by

ds* =3 ;9

where ¢; = ¢;(2) € T; M are local (1,0)-forms. With this metric one associates
the following (1,1)-form w = (i/2) Y ¢; A ¢;. (If ds® = > hij(2)dz; ® dz;, then
w = (i/2) > hijdz; AdZ;). One can say that the real part of the Hermitian metric,
which is a symmetric tensor, represents the Riemannian structure of M (treated
as a real 2n-dimensional manifold) and the imaginary part of the Hermitian metric
is just the anti-symmetric form w.
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One defines the induced Hermitian product on the spaces 75 PDpr
APTIT M (of (p, q)-forms at z) and the volume form as VOL = w" /n!
Repeating the analysis from the point 7.2 we equip the spaces T'(M, EP?) with
Hermitian products and transform them into complex prehilbert spaces.

One defines the Hodge star operation % : EP1 — EM7Pn=9 by £(z) A *n(z) =
(&.n)- - VOL(2).

It turns out that

0* = —x0%,

where 0* is the operator conjugate to 0.
One introduces the d-laplacian
Ay = 00" +0*0

and defines the harmonic (p, q)-forms as those which satisfy the equation Agn = 0.
They satisfy also the equations 9n = 9*n = 0. The space of harmonic (p, ¢)-forms
is denoted by HP:9.

As in the point 7.2 one has the formal isomorphism

H29(M) = HP (1.1)

where one chooses from each cohomology class an element with minimal norm.
The next result is an analogue of Theorem 7.3 (with the same proof which we do
not repeat here).

7.7. Hodge’s Theorem. The isomorphism (1.1) is rigorous. This means that the
space Hg’q(M) is isomorphic with the space of smooth harmonic forms. Moreover,
the spaces HP'? are finite dimensional.

7.8. Remark. The reader can notice that the above spaces HP? are not chosen
canonically, they depend on the Hermitian metric.

7.9. The Kéhler manifolds. A complex manifold M is called Kéahler iff it admits a

Hermitian metric ds? = 5 ¢; @ ¢; such that the (1,1)-form associated with it,
w=(i/2)) ;N o;,

is symplectic. In other words, dw = 0.

7.10. Example. Smooth closed projective algebraic varieties are Kdhler.
Firstly, we introduce a certain Kihler structure in the projective space CPN. It is
given by the Fubini—Study form

W= wepn = ! d01log | Z|?
27

where Z : U — CN*1\ 0, U c CPV, is a local holomorphic section of the
tautological bundle, i.e. the line Z(z)C represents the point x. It is easy to see
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that this definition does not depend on the choices of Z in its class and that w is
closed. Expressing it in affine coordinates we show that it is non-degenerate.

The Fubini-Study form w represents a certain class [w] in the cohomology group
H2(CPY,C). It turns out that [w] € H2(CPN,Z); it takes integer values at the
integer 2-dimensional cycles). To see this it is enough to calculate the value of
the class [w] on the generator of Hy(CP™,Z) which can be represented as any
projective line CP' ¢ CPY. But w restricted to the affine plane C! ¢ CP! is
equal to idz A dz/(1 + |z|?)? and its integral is equal to 1. The class [w] is the
coorientation class of (any) hyperplane CPY~1 c CPY.

If M C CPV is algebraic, then the restriction of the Fubini-Study metric to M
defines the Kéhler metric on M. Indeed, ds?|7y is a metric (hence non-degenerate)
and the corresponding (1,1)-form wys = i*wepny = *w is closed. Moreover, the
Kahler form i*w represents the integer cohomology class of M. The class i*[w] is
the coorientation class of intersection of M with a generic projective hyperplane
of CPY (hyperplane section).

The Kéahler manifolds have the important property
Az = (1/2)Aq4.

It means that the forms, harmonic in d-sense, are also harmonic in the usual sense.
To show this equality one introduces the operators L : n — nAw and d, = —i(9—0)
and the notations: [4, B] = AB— BA (for the commutator) and {4, B} = AB+BA
(for the anti-commutator). Note that d = 9+ 0. Next, one has the following simple
identities which are consequences of the closeness of w:

[L,d] = [L*,d"] =0.
The next two identities are more complicated in proofs,
[L,d"] =d, [L*,d]=d;

they imply {d.,d"} = {d,d} = {0,0"} = {9,0"} = 0.

(In a local chart with the metric ds? = 3. dz, ® dz (where ||dz;|®> = 2) one
introduces the operators eg(-) = dzp A (+), éx = dzi A (-), acting on forms with
compact support. The conjugate operators e act as follows: e (dzr A dz;) = 0 if
k ¢ I and e} (dziNdzp NdZy) = 2dzp AdZ; the operators €}, act analogously. There
are relations such as in the Clifford algebra: {ey, ej} = {€x, €5} = 2 and other anti-
commutators are zero. We have 9 = Y er0r = Y. Orer, 0 = Y. €0k = Y. Orér,
o* = —Zékez, o = — > Oké; (integration by parts) and L = ;Zekék. Now
direct calculations show that [L*,8] = i0* and [L*,d] = —i0*. See also [GH] and
[Well.)

Finally we get

4A5 ={d —id.,d* +id;} = Ag + {d., d} +i{d,d} —i{d.,d*} =274
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(because Ag — {d.,d*} = 2{0,0%} + 2{0,0*}).
This gives the following;:

7.11. Hodge’s expansion theorem. Let M be a Kdhler manifold. We have

Hjp(M,C)= € HP(M
ptg=k

where HP1(M) = {closed (p,q)-forms}/{exact (p,q)-forms}. These groups are
isomorphic to the groups H?9, HI(M,QP) and HE".

In particular, the space HP® ~ HO(M,QP) = T'(M, QP) consists of global holomor-
phic n-forms.

Moreover, we have the following isomorphisms (with n = dim¢ M ):

HP:a Hq,P7

HP9 o~ HPPm—a,

The latter isomorphism is given by the Hodge star x, follows from the Poincaré
duality and is called the Kodaira—Serre duality.

Kahler manifolds admit also another expansion. Introduce the Lefschetz operator
L : HP9 — HPTLa+L defined by (see above)

L:[n)—MAw

(it is correct because w is closed). Moreover, studying the Lie algebra generated
by L and L* one obtains the following.

7.12. Strong Lefschetz theorem. The maps L* : H* % — H"F n = dimc M are
isomorphisms.
If we define the subspace of primitive vectors

P % = Xker L* Y ypnv = ker L*| gpn—«,
then we have the Lefschetz expansion

Hk _ @j Ljpk72j’
Pt = D gt PP
7.13. Example. Let X C CP" be a smooth closed hypersurface of degree d. If
n = 2k is even then we have:
H(X) = P’=C, HYX)=0, H*(X)=LP'=C,
H¥X) = 0,...,H*2(X)=LF'P" H**"}(X) = p?*~1
H2k(X) — LkPO, H2k+1(X) :0,...,H4k_2(X) :L2k_1PO.
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If n =2k + 1 is odd, then

H(X) = P°=C, HYX)=0, H*X)=LP’=C,
H3X) = 0,....,H*Y(X)=0, H*(X)=LFP’ o P?*,
H2k+1(X) _ 0’ H2k+2(X) :Lk+1PO,...,H4k(X) _ LZkPO.

Here dim PP%, p + q = n — 1 is equal to the number of integer points in the
hypercube [1,d — 1]™ between the hyperplanes |k| = qd and |k| = (¢ + 1)d, |k| =
ki, ie. dim PPl =#{keZ":0<k; <d, qd < |k| < (¢+1)d}. See also 7.44(b)
below.

This is not the end of the story. The cohomology spaces of Kéahler manifolds are also
equipped with certain bilinear form, called the polarization Q : H» *@ H"~* — C
and defined as

Q(&,m) =/M£M7Aw’“~

7.14. Theorem. The polarization form has the following properties, called the bi-
linear Riemann-Hodge relations:

(i) QHP4, HY ) = 0 unless p=¢, q=7p,
(i) m9(=1)mm=DRQEE) > 0 for £€ PP m=p+q.

The expansion of these properties to H™ and the identity Q(LE, Ln) = Q(&,n)
shows that @ extends itself to the whole H* and is non-degenerate.

The introduced structures (the Hodge decomposition, the Lefschetz decomposi-
tion, the polarization) are functorial. It means that if M and N are smooth com-
pact algebraic varietes and f : M — N is a smooth algebraic morphism, then the
induced map f* transforms the above structures from IV to the structures in M.

7.15. Example. Hodge structure in the elliptic curve. Let M° = {y?> = P3(z)}
where Pj is a cubic polynomial with three distinct zeroes x1, 22, x3. After adding
the point [1 : 0 : 0] at infinity, one obtains a non-singular algebraic curve M in
CP?. As a Riemann surface it is a torus (with genus 1). Its cohomology groups
are

H°=C, H' =C? H?=C.

These spaces contain also the integer lattices H®(M,Z) and real subspaces
HF(M,R). We investigate the influence of the complex structure on M on the
cohomology ring.
Consider the form

n=dx/y

restricted to M. It is holomorphic and nonzero in the affine part of M. Indeed,
near the points where y = 0 (i.e. (z;,0), P3(z;) = 0) we have x = z; + cy® + . ..
and dr = (2cy + ...)dy. Let us look at the behaviour of 7 near the intersection
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of M with the line at infinity. We apply the change z = 1/y, v = x/y. Then
M = {z = Ps(u, 2)} is smooth near u = z = 0 and can be parameterized by u:
z = au® + .... After simple transformations we obtain n = (=2 + ...)du. This
shows that 7 is holomorphic and nonzero in the whole M.

Of course, n represents an element (nontrivial as we shall see) of the first coho-
mology group, [n] € H'(M, C).

If o’ is another holomorphic 1-form on M, then the ratio n’ /7 is a global holomor-
phic function on M. Such function is bounded and, by an analogue of the Liouville
theorem (the image of a non-constant holomorphic function is open), it is constant.
This means that the space of global holomorphic 1-forms on the elliptic curve is
one dimensional.

We have the property

z/ nAn>0. (1.2)
M

This follows from the local analysis. If locally n = f(2)dz, z = x + iy, then
n A% = |f|?dz A dzZ = —i|f|?dx A dy. This means that the class [n] is nonzero in
H' and generates the subspace H9.

We get the following Hodge decomposition of the cohomology space of M:

H** =C, HY =[5 - C, H*' = H.0 =[5 . C, H"! = [pA7)] - C.

Other spaces are equal to zero.
We see also that the property (1.2) defines the polarization form on H'. It is
non-degenerate and anti-symmetric.

7.16. Remark. Generally, if X is an algebraic curve, then the dimension of the
space of its holomorphic forms, i.e. dim H(X, Q') = dim (X, Q!), is called the
algebraic genus of X. For example, let X = CP! and let i be a holomorphic form.
Then 7n|c = f(x)dxr with holomorphic f. Near infinity we have n = — f(1/y)dy/y?,
y = 1/x and, in order to have holomorphic 7, we should have f(co) = 0 which
implies f = 0. Thus the algebraic genus of the projective plane is zero.

One of the fundamental facts from the theory of algebraic curves says that the al-
gebraic genus coincides with the topological genus, i.e. with the number of handles
of the corresponding Riemann surface.

If an algebraic manifold is singular and/or not complete, then usually its coho-
mological ring does not have Hodge structure, such as the one presented above.
It turned out that the cohomologies of such manifolds admit the so-called mixed
Hodge structures. Before giving the precise definition of the mixed Hodge structure
we present some additional cohomological tools and examples.

§2 Hypercohomologies and Spectral Sequences

7.17. Preliminary remarks. Recall the proof of the de Rham and Dolbeault theo-
rems.
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In order to calculate the Cech cohomology groups with coeflicients in some sheaf
F, one introduces its resolvent (denoted also by F*)

0P L L2
This is a cochain complex (d’*! o d’ = 0) of flabby sheaves which is exact in the
terms F1, F2, ... (ker dj|_7.‘j(U) =Im d‘j71|_7.‘j—1(U)) and the sheaf F is included into
FY as ker d°. One uses sometimes the notation 0 — F — F°.
The flabby sheaves admit a partition of unity that implies H4(M, F7/) = 0 for
g > 0. Then, using the short exact sequences of sheaves 0 — kerd’ — FJ —
kerd’*t! — 0 and associated with them the long exact sequences of Cech coho-

mologies, one obtains the successive reductions H"(M,F) = H"(M, ker d°) ~
H"Y(M, kerd")... and finally one gets the group

HO(M, ker d™)/d"~ HO(M, F—1)
= (global closed sections of F™)/(global exact sections).

Note that the sum of indices in H*(M, kerd’) is constant and equal to n; this
suggests a possible generalization of these theorems.

One can ask what happens when the considered resolvent is not flabby. For exam-
ple, the holomorphic de Rham complex

d d
Qs ots .

is exact (by the holomorphic Poincaré lemma), but is not flabby.
It turns out that in such case the groups H"(M,F) can be calculated using the
so-called hypercohomologies defined as follows.

7.18. Definition. Let F* : 0 — F° s Fi LR F?... be a complex of sheaves on M
on M and let U = {U,} be a covering of M. One considers the double complex
(K**(U),D',D"), where

KPi(Y) = K1 = CP(U, F9)
are the Cech p-cochains with values in F49,
D' =§: KP1 — KPtla
is the Cech coboundary operator, and

D" = (—=1)Pd? : KP1 — KPat1

We have
Ko P g
dolD// dllD//
Kov PET g

! !
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With the double complex one associates the cochain complex (K*(U, D), where

K"U)= @ K, D=D'+D"

p+q=n

(here one checks that D o D = 0).
Let H™(U, F*) be the cohomology groups of the latter cochain complex. Their di-
rect limit, with respect to the system of coverings U/, defines the hypercohomology
groups denoted by

H™"(M,F*) = liLnH”(Z/l,]-").

The next result is an analogue of the de Rham theorem (see [God|, [GH]).

7.19. Theorem (Hypercohomology). If the complex of sheaves F*® is a resolvent of
F, then
H"(M,F) ~H"(M,F*).

We will prove this theorem later.

In order to compute the groups H™ one uses the so-called spectral sequences.
Their idea is to compute the hypercohomology groups not at once but successively,
approximating step-by-step the groups H".
The complex K® = K*(U) has the natural decreasing filtration K* = F° > F! D
F2 > ..., where

FP=K"0 g gn—blq. g@KP"P,

when restricted to K. The differential (the coboundary operator) D is compatible
with this filtration.

At the first step of calculations one restricts the coboundary operator D to F?
and neglects the terms modulo FPt!. More precisely, one considers the following
homomorphism, induced by D,

do : FP/FPTY — pp/prtt

If we denote E}'? = (FP/FP™1)|kpiq (which is equal to KP9), then we have
do : EPY — Eg’q'H. Because D is a differential, we have dy o dy = 0. Here a chain
a € FP is a cocycle with respect to dg iff Da = 0 (mod FP*!); so Da can be
nonzero, but must lie in FP*!,
One has the cohomology groups associated with the differential dy and denotes
them by

EP% =kerdy/Imdy

on Eg?. The group €, """ is the first approximation of H".

Of course, in our situation (from Definition 7.18) the differential dy is equal to D”.
We have EY"? = HY,, (KP-*), the homology groups of the vertical chain complexes.
Thus E7"? can be associated with the block K7%; it is a quotient of some subspace
of KP4 by another smaller subspace.
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In the second approximation one also uses the operator D and its action on terms
from E7’*, (i.e. on cocycles in the first approximation), but now one neglects the
terms from FP which lie in FP*2. This gives a certain coboundary operator

. Psq p+1,q9
d1 . El — El .

If a € FP is a representative of a class [a] from EP'?, then Da € FPT! (as it
= 0 mod FP*!) and we take the class of Da in FP*(mod FP*?), i.e. the coset
Da + FPT2, Because the degree of Da is greater by 1 than the degree of a and
because p grows by 1, we have [Da] = d, [a] € EPT,
As before we define

ED? =%kerd;/Imd;.

One can see that EY? = HY,(H}, (K**)). Here also the term E%"? is more or less
directly associated with the block KP-9.

Before making a generalization let us look at how the differential dy is constructed.
We have dy : E2? — EPT97 ! and dyfa] = da (mod FP*3). Here a € F? is such
element that Da =0 (mod FPT2).

In general we cannot identify the corresponding class [a] € F%? with some element
a, from the space FPK"/FPTIK™ = KP4 p+ q = n. In fact, we have a = a, +
apt1+...,a; € K373 and Da = (D"ap)+(D'ap+D"api1)+ (D apr1+D" apy2)+
... where the summands are in FP, FPT1 . respectively. Because dg[a] = di[a] =
0, we find D'a, = 0 and D"a, = —D’apy1. Thus dsla] = [D"aps1 + D'apyo]
is identified with an element from KP*29=1. We see that there is no direct link
between EY? and KP-1.

Repeating the above procedure we obtain the triply indexed groups EFP¢ and
differentials d,. : BP9 — EPT™4=7+1 Note that the index p grows by 7 (Da takes
values in FP*") but the sum of indices (degree) grows only by 1 (as for D as
expected).

The above process stabilizes at some moment, i.e. EP? = El'Y, = ... = ER1 for

r > 1o, and we have
no_ p,n—p
H" = P ER .
p

In fact, 7o < 2 -dim M in our situation.

7.20. Definition. The system (EP9,d,.) is called the spectral sequence of hyperco-
homology groups.

The complex K*® admits also the reverse filtration: FPr=K'ngKnlg @
K"~PP. With this filtration one can associate the corresponding spectral sequence
EP:9. Here one gets BV = HY,(K*?) and EY? = H},,, (HP, (K**). Therefore the
two spectral sequences converge to the hypercohomology groups.

The reader can also note that the spectral sequence can be introduced in each case
when a cochain complex admits a filtration compatible with the differentials.
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Figure 1

Using the spectral sequence E2* one obtains the following useful result about
independence of the hypercohomology groups on the complex F*.

7.21. Definition. A homomorphism of cochain complexes of sheaves j® : F* — G*
(i.e. a system of maps j* : F* — G¥ commuting with the differentials) is called a
quasi-isomorphism if it induces isomorphisms of their cohomological sheaves

g« HI(F*(U)) = H(G*(U)).

7.22. Proposition. The quasi-isomorphism j induces isomorphism of the hyperco-
homologies j. : H*(M, F*) ~ H*(M, G*).

Proof. j induces isomorphism at the first level of the second spectral sequence
EYT=HY, (KPO(U)) = C1(U, ker dP / Tm dP~1). O

Proof of Theorem 7.19. Consider the two complexes of sheaves: G®* : 0 — F —
0—...and F*:0 — F° — F! — ...  They are quasi-isomorphic, because they
have the same cohomology sheaves: equal to F in the 0-th term and 0 in the next
terms. So, H*(M,F*) = H*(M,G*). The latter hypercohomology group equals
H*(M,F). |

7.23. Examples. (a) In the proof of the de Rham theorem the two complexes
of sheaves R®* : 0 = R — 0 — 0 — ... and £&* : 0 — &£° — ... are quasi-
isomorphic (because both are exact in the right of R). So they have isomorphic
hypercohomology groups.
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The second spectral sequence E: **. applied to the complex R®, gives Eg’q =
HP(M,R) if ¢ = 0 and 0 otherwise; thus E,, = H* = H*(M).

The first spectral sequence Eq**, applied to the complex £°, gives EY'? = HY . (M)
if ¢ = 0 and 0 otherwise; thus E%0 = H" = Hn(M). This is the de Rham
theorem.

(b) The proof of the Dolbeault theorem runs in the same way but with the com-
plexes 0 — QP — 0 — 0... and the Dolbeault complex 0 — EP0 — .. .

(¢) The quasi-isomorphic complexes: trivial
0—-C—-0—...

and holomorphic de Rham
00— Ll

give the isomorphism H*(M,C) ~ H*(M, Q*).

In the case of a Kéhler manifold one obtains additionally that the second spectral
sequence, associated with the resolvent 2°, stabilizes in the second term Fy = E,
which gives the Hodge expansion H" (M, Q®*) ~ @ HI(M, Q" 9).

7.24. The Leray spectral sequence. This is a sequence used in computation of the
cohomology groups of a fibre bundle. Let 7 : £ — B be a smooth fibre bundle, i.e.
the sets m~1(U,) are diffeomorphic to U, x C, where C' is a smooth fiber and (U,,)
is a covering of the base B). The cohomology ring of E is calculated using the
de Rham complex £°* : 0 — &Y — £1.... We introduce the following decreasing
filtration F© > F! O ... of the de Rham complex (and of the complex of global
sections). If locally 7 : (z,y) — = then FPE™ consists of forms Y aryder A dys
with || > p.
The Leray spectral sequence is the spectral sequence of the de Rham complex
associated with the filtration F* > F1 > .. ..
Obviously

Eg,q — Fp5p+q/Fp+15p+q

and consists of the forms n = Y n; A dxr with |I| = p and n; contain only dy;’s.
It is also clear that

don = Zdzﬂ?l ANdxy.

This implies that
EY? =kerd,/Imd, = EL(HIL(E,))

and consists of p-forms on B with values in the g-cohomologies of the fiber E, =
71 (z). More precisely, the groups H?,(E,) are organized into the cohomologi-
cal bundle, called the Leray sheaf RI7,.C (denoted also HY). We have H?(U) =
H(7=Y(U)) ~ U x H4(C). (This sheaf is the analogue of the cohomological Milnor
bundle from Chapter 5). H? is a local system with the Gauss—Manin connection
induced by the lattices H1(E,, Z).
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The second term in the Leray spectral sequence is also easy to compute. If n =
>"n; A dxzg represents an element from EPY i.e. d,n = 0, then

din = dzn.
This shows that EY? = kerd, /Imd, can be identified with
HY. (B, HY).

In general situations, the Leray spectral sequence does not stabilize here. In [GH]
it is shown that Ey # E., in the case of the Hopf bundle S?"+! — CP".

7.25. Theorem (Leray spectral sequence). ([Dell]) If the spaces E and B are
Kahler manifolds, then the Leray spectral sequence degenerates at Fo. In particular

H"(E)~ 5 H"(B,H).

p+g=n

Proof. We shall use the strong Lefschetz theorem 7.12.

Let w be the Kéhler (1,1)-form on E whose restriction w, to each fiber E, is
also Kahler. Let L : n — n A w, be the Lefschetz operator. The action of L is
compatible with the Leray spectral sequence, L : E?9 — EP9+2 and L commutes
with the differentials d,..

By Theorem 7.12: (i) LF : H"=* — H"*k n = dimc E,, are isomorphisms and
(ii) H? = @, LF¥P9=2*, where P~ are the sheaves of primitive cohomologies of
fibers (kernels of Li+1). We have then EL? = @, L*HP(B,P9=2k). In order to
show that dy = 0 it is enough to show that do = 0 on HP(B,P""%). Of course,
de : HP(B,P""%) — HPT2(B,/H"~!). Because Lt : HP*?(B, H"""1) —
HPT2(B,H"***1) is an isomorphism we have to show that L‘*! ody = 0. On
the other hand, L**! o dy = dy o L1 where L*t! =0 on HP(B,P"7Y).

In the same way one shows that the other d, = 0. O

7.26. Landman’s proof of the monodromy theorem using the Leray spectral se-
quence. The Leray spectral sequence is defined also in the situations when the
map 7 : E — B is only continuous (not a locally trivial bundle). For this one uses
the corresponding filtration in the complex of singular cochains.

The second term of this sequence consists of the groups EY'? = H(B, RP7.C),
where RPm,.C(U) = O(HP)(U) = HP(m~Y(U)), U C B defines the Leray sheaf
(the ‘cohomological bundle’ ).

A. Landman in his thesis in 1966 (see [Lan]) applied the Leray spectral sequence
to the case of Clemens contraction map to the proof of the quasi-unipotency of the
monodromy transformation (see Theorem 4.71). His idea of the proof is as follows.
Recall the definition of the Clemens’ contraction from the point 4.70. We have a
holomorphic map f : (X, Xo) — (C,0) such that near any point of X, there is a
system of holomorphic coordinates such that f = xlfl ...xF The Clemens map p;
sends a non-singular hypersurface X; = f~1(¢) to X, such that the preimage of a
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smooth point xg is finite (equal to multiplicity of the corresponding divisor) and
a preimage of a point of r-fold intersection is an (r — 1)-dimensional torus. The
monodromy transformation h : X; — X; is “homologically” compatible with the
map p; and acts either by cyclic permutation (if p; *(zo) is finite) or as a periodic
translation on the corresponding torus.

This implies that the monodromy transformation acts diagonally upon the stalks
of the Leray sheaf (with roots of unity as eigenvalues). Therefore it induces a
diagonal and periodic homomorphism h* on the second terms E5'? of the Leray
spectral sequence and in consequence on the final terms E2? = Gr, HPTI(X,).
Thus the eigenvalues of the monodromy are roots of unity.

If (Ms)* = (Grh*)¥ = I, then the only nonzero entries of the matrix M* —
I are upper-triangular. (Here (M, is the semi-simple part of the monodromy
map and is equal to the graded operator Grh* = @" Gr,h*, where GrPh* =
h*| pr mod Grp41). This shows that the dimension of any Jordan cell is < p+¢+1.
To obtain the Clemens’ estimate (by n — |p+ ¢ —n + 1| where n = dim X) one
should apply the Poincaré duality. O

§3 Mixed Hodge Structures

7.27. Examples. (a) Let X be a closed algebraic curve with singularities in S C X,
where we assume that the singular points are the double points (locally given by
xy = 0).

The singular points can be resolved by means of normalization (see the points 4.63,
4.64 and 4.65). This means that there is a smooth complete algebraic curve X and
a morphism 7 : X — X such that 7 is a diffeomorphism between X \ 7=1(S) and
X\ S and 771(s) is a two-point set {1, 72} for each s € S (see Figure 2).
Consider the constant sheaf Cx on X (see 3.26): it means that Cx (U) ~ C for each
open connected U C X. Analogously we consider the sheaves C g on X and 7.C %
on X. The latter is defined by means of m.C5(U) = Cx(x~*(U)): if UN S =0,
then 7,C4(U) ~ C and if U contains exactly one singular point s € S, then
1.C5(U) =~ CPC. Let Cg be a constant sheaf on X supported in S: C5(U) =0
ifUNS=0and Cs(U)=CifUNS = {s}.

We have the exact sequence of sheaves on X,
OHCXHW*CX—)CSHO.

(Outside S we have 0 = C —-C -0 —0andats€e Sweget 0 - C—->CpC —
C — 0, where the first arrow is the diagonal embedding and the third arrow is the
difference.)

As we know from Chapter 3 (see Lemma 3.29) this sequence induces the long exact
sequence of the Cech cohomology groups

H(X,7.C5) > H°(X,Cg) — H'(X,Cx) — H'(X,m.Cg) — H'(X,Cg).
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Bt
b

T
e
———————— A
x2
Figure 2

Here we have H* (X, 7,.C5) = H*(X,C) (see Example 3 in 3.26) and H*(X,Cg) =
H*(S,C); thus the last group is zero. The first homomorphism is zero because any
element of H°(X,C) is a constant function and the difference of its values at 1,2
(above s) is equal to 0.

Figure 3

We see that the group H' (X, C) contains H°(S, C) as a subgroup and the quotient
group H*(X,C)/HO(S,C) is isomorphic to H(X,C). Because S and X are non-
singular compact algebraic manifolds they admit the natural Hodge structures.
One can introduce the filtration

0=W_ CcW,cW, =H(X,C),

where Wy = HY(S,C). It has the property that the quotient groups W, /W, _;
admit the Hodge structures

Wo/Wo1= @ HP.
pt+g=n

For example, if X = {y?2 = 2?(x — 2)} is a singular elliptic curve, then its
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normalization is a rational curve; X = CPt,
7t — (z,y) = (143 t(1 +1%)).

Here H'(X,C) = C, H'(X,C) = 0, H°(S,C) = C (see Figure 3). Thus W, =
W1 ~ HY(X,C) = H® which means that the first cohomology group of X has
the pure Hodge structure of weight 0.

Of course, H'(X) cannot admit the pure Hodge structure of weight 1 because
then it should be of the form H® @ H%! and should have even dimension.

(b) Let X = C\ {0} be the punctured complex line. Of course, there is no pure
Hodge structure on H'(X,C) = C. However, one can associate the generator a of
HY(X,Z) with the point Y = {0} in the completion X of X. « is the generator
of Wy a~ H°(Y, C). In this (artificial) sense one can introduce the Hodge structure
on WO = Wo/W,1 = HO’O.

(¢) Let X be a curve consisting of two smooth (algebraic) components X; and X,
intersecting transversally one another in two points @1 and Q2. Let, additionally,
X; be not closed; they are obtained from the smooth closed curves X; by deleting
some points Py, ..., Py (see Figure 4).

Figure 4

We distinguish three kinds of generators of the group Hi (X):
— the cycles «;, surrounding the points P;;

— the cycles 3; arising from H;(X;) (they are not defined uniquely, only modulo
elements from the first group);
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— the cycle v which is defined uniquely modulo elements of the first two types.

This argumentation leads to the idea that there should exist a filtration
0C Wy C Wy C Wy =H;(X),

such that the factors W,,/W,,_ arise from homologies of smooth complete mani-
folds.

Analogous filtrations should exist in the dual space H'(X). Due to this we can
introduce the Hodge structure on W,,/W,,_1.

7.28. Definition (Mixed Hodge structure of a finite dimensional space). Let Hg be
a finite dimensional vector space over the field Q of rational numbers. By H we
denote the complex space Hgp ®g C. A mixed Hodge structure on Hg consists of:

(i) An increasing weight filtration W< on Hg :
0c...cwl,cwlc...c Hg.

We denote W; = W]Q ®CcCH.
(ii) A decreasing Hodge filtration F' on H :

H=F’>F'>...00.

Let
Gry = GriyH = Gr]" H = Wy /W._,

be the graded spaces. One introduces the following filtrations on the spaces Gri H,
induced by F,
FPGri,H = (Fp NWy + Wk,1)/Wk,1.

The fundamental condition on the filtrations W, F' is
GriH = FPGri,H ® Fk—r=1Gr, H (3.1)

for any p, k. The conjugation operation is well defined due to existence of the
canonical real subspace Hr = Hg®R. If ey, ..., e, is a basis of Hg, then Y ¢;e; =
> ¢ie; for vectors in He.
If (3.1) holds, then we say that the filtrations W and F define the mixed Hodge
structure on Hg.
The morphism of mixed Hodge structures of weight 2/ is a Q-linear map ¢ : H; —
H, of spaces with mixed Hodge structures which is compatible with the filtrations
in a way that

e(WiHy1) C WiiaHs,

(p(Fle) C FerlHQ.
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N
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—W—
I— n+l — - ------
Figure 5

7.29. Remark. The filtration F'®* = F*Gr, H defines the spaces
HP9=FPNFkP p+q=k,
and the condition (3.1) is equivalent to
HP1 = Hap,

This gives the expansion GTZVH = @quk HP % and we say that the space GriyH
admits a pure Hodge structure of weight k. The dimensions h?? = dim HP? are
called the Hodge numbers.

7.30. The mixed Hodge structure on the n-th cohomology group of a complete
Kahler manifold. If Hy = H™(M, Q) for a smooth complete algebraic variety M,
then the filtrations: weight

0=w2, cW2=Hyg
and Hodge
FO'S>F'>. .. oF",

with FP = H»9 @ H* 11 @ ... @ HP" P, define the mixed Hodge structure.
Moreover, the Lefschetz operator L :  — 1 A w is a morphism of mixed Hodge
structures of weight 2.

In this example the Hodge filtration F' is induced from a certain filtration of the
double complex K** (which leads to the expression of H*(M,C) as the hyperco-
homology groups of a suitable complex of sheaves, see the previous section).
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For example, in the case of smooth de Rham resolvent 0 — £° — ... one introduces
the filtration associated with the expansion of £™ into the sum of £ (of forms
of (p,q)-type). We call this filtration the standard Hodge filtration. Thus

Fres = @ e

r>p,q

and the induced filtration on K**, K™ = C"(U,E*) (the Cech r—cochains asso-
ciated with a covering i) is

FPK** = e, Freh).
s,t

In the case of the holomorphic de Rham complex 0 — Q° — ... and K™* =
C" (U, Q) one puts the so-called filtration béte (or stupid filtration)

FPE> = @ U, ).
ris>p
By Theorem 7.11 both initial filtrations lead to the same Hodge filtration in

H™(M,C). The same alternative in the choice of the Hodge filtration we shall
meet further.

7.31. Theorem of Deligne. ([Del3|) If X is a quasi-projective variety, then its coho-
mology groups H™(X, Q) admit a natural mized Hodge structure. If f : X — Y isa
morphism of quasi-projective varieties, then the homomorphism f*: H"(Y,Q) —
H™(X,Q) is a morphism of mized Hodge structures of weight 0. If X is complete
and smooth, then the mized Hodge structure coincides with the classical Hodge
structure.

In fact, P. Deligne proved existence of mixed Hodge structures on a more general
assumption: X is a scheme of finite type.

One uses the cohomologies with rational coefficients in definition of the weight
filtration for the following reason. Firstly, one has the cohomology groups with
integer coefficients, which have some torsion part. After passing to the complex
coefficients the torsion part is killed, H"(X,C) = (H™(X,Z)/Tor)®C and we have
a lattice H"(X,Z)/Tor C H™(X,C). The weight filtration should be a filtration
of this lattice. The cohomologies with rational coeflicients kill the torsion part and
also contain an integer lattice. Sometimes one considers the weight filtration on
H™"(X,Z)/Tor.

In 7.32, 7.33 we present the ideas laying behind the proof of this theorem. They
will be used in the definition of the mixed Hodge structure associated with a
degenerating family of algebraic manifolds. Finally, we introduce the mixed Hodge
structure in fibers of the cohomological Milnor fibration.

7.32. Mixed Hodge structure on a semi-smooth variety. (a) Here we are dealing
with a d-dimensional manifold of the form

M=MU...UMy,,
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such that any point of M has a neighborhood of the type
{(z1,-.-,2441) € CHY: 2y 29, 2, =0, |zi| < €},

and M; are smooth and compact projective varieties. We call such M a semi-
smooth variety. Its singularities do not need resolution, the are normal crossing
singularities.

(b) Example. Let M = M; U My, where M; are smooth, compact and intersect
one another transversally. The exact sequence of sheaves

0—Cux — Cur, ®Cur, — Corryans, — 0

gives the Mayer—Vietoris long exact sequence

s H N My N M) 25 HM(M) 23 H™(My) @ H™(Ms) 25 H"(My 0 Ms) — ...
where ﬁn(uq D ’LUQ) = ifwl — ’L;’LUQ, ’il,g :MiN My — MLQ.
Let W,—1 = Im~,,_; =coker8,,_;, W, = H*(M). Then W,/W,_1 = Ima,
~ ker 3,,. Because the homomorphisms ~v,,_;, 3, are functorial they preserve the
pure Hodge structures.
Thus one can introduce the pure Hodge structures on W,,_1/W,,_o = W,,_1 (of
weight n—1 induced from H"~*(M;NMz)) and on W,,/W,,_1 (of weight n induced
from H™(M;) ® H"(Ms)).

(¢) Let us pass to the general case. One denotes the k-th skeleton M) as the
disjoint union of the subvarieties M;, N... N M;,, i1 < ... <.

On M) there are the sheaves 511\’/[(,9) of differentiable forms. We identify them with
sheaves on M, i.e. as sheaves of forms with support in M® i, &P i M®) — M
is the inclusion.

One introduces the following double complex of sheaves

K9 = i E7

M(a+1))
with the differentials
D' =d:KP? — gptia
equal to the external derivative, and
q+1
D" = (—1)P Y (=1)/8; : KP4 — Kpatt,

=0

whereéj:Mioﬂ...ﬂMiq HMilﬂ...ﬂMijflﬂM

i1

N...NM;, (combinatorial

differential as in the Cech complex).
The double complex (K**, D', D") defines the cochain complex (K®, D), where

KF= € k7, D=D'+D".

p+q=k
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(Here one checks that D? = 0.) Moreover, using Poincaré’s Lemma one shows
that this cochain complex is exact (as a complex of sheaves). Therefore it forms a
resolvent of the constant sheaf

0—Cy —K°.

(d) Using the theorem about hypercohomology 7.19 we obtain that the group
H™(M,C) is equal to the n-th hypercohomology group of the complex KC*. However
the sheaves K7 are flabby sheaves, admitting partition of unity, and the higher
cohomologies with values in these sheaves vanish (see the proof of the de Rham
Theorem). Thus we are in the same situation as in the case of calculation of de
Rham cohomology. The hypercohomology group of K® is equal to the homology
group of the complex of global sections of K°,

0—T(M,K" - T(M,K") - T(M,K?) — ...
Thus H™(M,C) = H(T'(M,K*))

(e) Let us fix n. One defines three filtrations F, W and W on K* as follows. We
put

F' = @, . F'KP,

Wi, = @ Kra

pig<n—k

where F'® is the natural Hodge filtration in the space of forms on a complex variety.
The filtration F' is called the Hodge filtration and the filtration W is called the
weight filtration.

The Hodge and weight filtrations on K induce the Hodge and weight filtrations on
the space H = H}(I'(M, K*)).

(f) Let us calculate the induced weight filtration on H™(M). We have here a situ-
ation with a filtered cochain complex. The calculation of the cohomology groups
of filtered complexes is performed using spectral sequences. In fact, the weight
filtration is increasing, contrary to the case in the definition of spectral sequence.
So we use the reverse weight filtration W, Wi = W,,_; = @, ;>,;KP1. We call the
spectral sequence associated with the reverse weight filtration the weight spectral
sequence and denote it by w EP? = EP9.

We have El'Y = T'(M, GT%K”+‘1) = I(M,K%P) = T(M®+tD £9) (transposed
indices!) and the differential dy is induced by D' = d. We see that E}? =
Ha(M @),

Since GT%ICPJ”I = GrlV KP4, p+ q = n the index ¢ corresponds exactly to the
index of the weight filtration W,, as well as to the degree of the cohomology group
HY(M®+TY) ~y, EP4. Thus the terms y EY? admit a pure Hodge structure of
weight q.

The second term E5? of the weight spectral sequence is nothing else than the
cohomology group of the complex ... HI(M®) — HY(M®P+D) — HI(MP+2)
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— ..., where the differentials d; are induced by D", which are composed of the
restriction maps for components A € M), B e MU+ A c B.

Of course, the differentials d; are morphisms of pure Hodge structures (of weight
0) and the terms E5'? admit pure Hodge structures of weight n — p. The next
proposition shows that this spectral sequence degenerates here, i.e. H*(M) =
@, wE; "% This expansion gives the weight filtration of H™(M) : GryY H™ (M)

=w E5~ %% with pure Hodge structure of weight g.

(g) Proposition. The differentials do = d3 = ... = 0 in the weight spectral sequence.

Proof. (We follow [KK]). An element from EY? =y, ED? is represented by a
harmonic ¢-form w, on M P+ such that D"[w,] = 0 in HI(MP+2) ie. D"w, is
an exact form on M (P+2),

The class [wy] is defined modulo Wp+1 Thus, in order to show that ds[wy] =0, it
is enough to find a form wpy1 € Wp+1 such that D(wp, + wpt1) = 0 mod Wp+3
Generally, if one finds wp1 € /Wp+1,wp+2 € Wp+2, coey Wpiq € Wp+q such that
D(wp+ ...+ wptq) =0, then one will have all d; = 0. We concentrate on showing
that d2 =0.

The construction of wyy1’s can be done separately in each (r, s)-harmonic sum-
mand. Thus we assume that w, is a harmonic (r, s)-form.

Because each summand in the skeleton M ®+2) is a smooth projective variety we
can apply the differential calculus on Kéhler varieties (see the points 7.10 and
7.11). Thus Ay = 2Ap = 400* = 40*0 = 2A5 = 490* = 40*0.

Because the form n = D"w, is exact on M (1) it represents the zero cohomology
class and has zero harmonic component. Thus p = 4A5177 is well defined and sat-
isfies n = 00*p. Next, as Im 0* L ker Ay, 0*p has also a zero harmonic component
and o = 4A51(8*p) is well defined and satisfies 9*p = 99*c. From this and from
the previous we obtain the representation n = 99y, v = 0*c (the d9-Lemma, see
[KK]| and [GH]).

We put wpi1 = 0v. Direct calculations show that D(wp + wpy1) = D"wpi1 €
Wp+2. But D"wy1 represents the zero 9-de Rham cohomology class (mod Werg).
Hence dy = 0.

The proof of the identity ds = 0 uses the fact that D"w,4 is exact. One can again
apply to it the J0-lemma and repeat the above analysis, etc. O

(h) Above the filtration W was defined only on the complex spaces H™(M,C);
the definition of mixed Hodge structure needs its definition on the rational space
H™(M,Q). We have seen that the weight filtration and the weight spectral se-
quence are associated with the cohomologies of smooth varieties M9 and contin-
uous maps between them. They are well defined over Q.

The rigorous proof uses the spectral sequence of the hypercohomology associated

with the resolution 0 — Qa — . Q) b Namely, one considers the double
complex whose entries are the Cech [-cochains with values in the sheaves 7. Q) .
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We do not present the details and refer the reader to the works of P. Deligne [Del3|
and to the paper of J. Steenbrink [Stel] (see also [KK]). The final result follows.

(i) Theorem (Mixed Hodge structure on semi-smooth variety). The space Hg =
H™(M,Q) admits a mized Hodge structure such that the spaces GriH have pure
Hodge structure of weight k.

(j) Example (b) revisited. Let M = M; U M, with smooth algebraic closed curves
M5 and My N My = {p1,...,px}. Then the group Gr}¥ H'(M) is equal to the
homology group of the complex

0— H'(My) ® H' (M) — H' (M1 N My)
and Gr{" H'(M) is calculated from the sequence
HO(M,) @ H°(My) — H°(M; N My) — 0.

)
Thus Gri HY (M) = HY (M) ® HY(M3) (with h20(M) = h1O0(M;)+h1O(My)) and
GroHY (M) = H*® = CF/C(1,...,1) = CF=1 (with hO0(M) =k — 1).
Similarly GroH?(M) = H?*(M;) ® H*(My) = HY!' = C? and GriH*(M) =
G’/‘QH2(M) =0.

(k) Remark. There is another possibility to choose building blocks for the reso-
lution complex K®. Instead of the flabby sheaves of smooth differential forms on
M®) one can use the sheaves of holomorphic forms
’Cifl = i*9§4<q+1>~

The corresponding complex 0 — C — K., is exact (by the holomorphic Poincaré
lemma). Thus H™(M) = H"(M, K*). The preliminary weight filtration is the same
as in the smooth case but as the preliminary Hodge filtration we use the filtration
béte FPK S = @, , Ko+ This approach is preferred by Deligne.

In the sequel, we shall introduce various mixed Hodge structures in different situa-
tions. In all these cases there is the alternative: either to use the sheaves of smooth
forms with their standard Hodge filtration or to use the sheaves of holomorphic
forms with their stupid filtration. We shall use preferably the holomorphic sheaves.

7.33. Mixed Hodge structure on smooth incomplete manifold. (a) We assume here
that M™ is an open subset of a smooth closed d-dimensional algebraic variety M
such that

M* = M\N,

where M is a closed smooth variety and N is of the form

NiU...UNp,

where N; are smooth closed hypersurfaces with normal intersections (like M; from
the previous point).
The main tools which are used in the analysis of this case are:
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— the sheaf of holomorphic forms with logarithmic singularities along N,
— the Poincaré residuum.
(b) Definition. The sheaf on M,
Q% (log N) = Q" (log),

of holomorphic n—forms with logarithmic singularities along N is locally generated
by the forms

dz1 dzy,
PR ,de+1,...,dZn,
21 2k
where z1 - ... - 2z = 0 is the local equation for N in M. The coefficients are

holomorphic functions on M.

(¢) This logarithmic sheaf admits the following preliminary weight filtration (or
the filtration by the order of poles)

O:W_lcwocwlc...cw7l,

where W), consists of forms of the type n = > n; A (dzg/zr) such that |I] < k.
Here the sum runs over multi-indices and dzr/z; = (dzi, /zi; )N .. . A(dzi, /2i,), I =

(i1,...,4;) and n; are holomorphic forms. Thus Wy = Q%,, W1 =~ {>_n; A(dzi/7)}
etc.

(d) Definition. The Poincaré residuum

.11 n—I
R Wi — QL

is defined by means of the formula

Rl w Adzp/zr) = (2mi)lw

Nil ﬁ...ﬁNil

near points from N;, N...N N;,. In other words, we integrate the form w A dzy/z;
along the [-dimensional cycle {|z;,| = €} in M* = M \ N.

Here we put N(© = M; thus R is the identity. .

The operator R' commutes with the differential d and is equal to zero at W;_;.
The holomorphic logarithmic complex is used to compute the cohomologies of M™.
Namely we have the following.

(e) Proposition. H"(M*,C) ~ H"(M,Q*(log)), where H denotes the hypercoho-
mology groups introduced in §2 of this chapter.

Proof. 1t is known from 7.21 that the cohomology groups of M* are isomorphic to
the hypercohomology groups associated with the complex of holomorphic forms,
H"(M*,C) ~ H"(M*,Q3,.). The sheaves Q% . induce the sheaves j,0Q% . on M,
where j : M* — M; they are meromorphic forms with poles along the subvariety
N. We have H*(M*,Q%,.) = H* (M, j.Q3,.) (see Example 3 in 3.26).
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The isomorphism H™(M*,C) ~ H"(M,Q*(log)) follows now from the following
fact:

The complexes of sheaves j.Q%,. and Q%,(log) on M are quasi-isomorphic (see
Proposition 7.22 about quasi-isomorphism).

To show the above quasi-isomorphism it is enough to show that the complexes (of
local sections) I'(U, Q% (log)) and I'(U, j.2%,.) have the same homologies for U =
D! x D! near a point where N : z; ...2; = 0. The cohomology groups H7%(U N
M*,C) are generated by the forms dz;/(2miz;). Such are also the generators
of H™(T'(U, j.Q5%,.)) and of H™(T'(U,Q*(log))). This induces the desired quasi-
isomorphism. O

(f) Remark. In calculations of the Cech cohomologies one uses usually a covering U
such that H‘I(U,;1 N...NU;.,F)=0for ¢ >1and U; € Y. Then by the theorem of
Leray about calculation of Cech cohomology (see [God|) H(X,F) = HY(U, F). In
all cases considered before one could choose the covering of a manifold by means
of a polydisc U =~ D?. In the case of the sheaf j,Q7, one should consider also
subsets of the form D! x D4~ around the points where N = {x;...2; = 0}. We
have H9(U, j.Q%.) = HI(D*)! x D! Q7). The vanishing of the latter group
for ¢ > 1 is a consequence of the Cartan Lemma B on Stein manifolds, proved in
[GuRo]. (By the Stein manifold one means an analytic submanifold of an affine
complex space.) Similar results are proved in the next chapter (in 8.37 and 8.38).)

(g) We introduce the weight and Hodge filtrations on the sheaf complex 2°(log):
Whar = W,«Q' (log)

(i.e. the shift of indices) and

FPQ* (log) = @ 9" (log).
k>p

(h) Theorem (Mixed Hodge structure on smooth incomplete variety). The above
two filtrations induce a mized Hodge structure on H™(M*,C). Moreover, this
mixed Hodge structure does not depend on the specific compactification M.

Proof. The proof that the above two filtrations define the mixed Hodge structure
relies on the fact that the Poincaré residuum operator realizes a quasi-isomorphism
of the complexes

GT:Z_T = GrV Q*(log) — Z*Q;Vf(:)

Recall that N(©) = M.

(In literature the shift of indices, like 9.0}, is often denoted by adding [—7]
without changing other indices; e.g. .3, [~7]. We prefer direct indication of a
shift, as above.)

As in the previous point one has to introduce the weight spectral sequence. For
this one introduces the reverse weight filtration Wy, = W_y, k= —d,—d+1,...,0
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of the complex Q°(log), reverse to the preliminary weight filtration; (thus GTKAVT =
)
The first term of the weight spectral sequence w EY?, p = —r, p+ ¢ = n is equal
to
wEPY = HY(M,Grl¥ Q*(log))

_ Hn(N(T), Qofr)

= H" " (NM)

= Het2(NP),

Because the Poincaré residuum shifts the Hodge filtration, Rl : F3Q® — Fs—iQe—t
we have FSH" (M, GrW ) = Fs~"H""(N")), where F denotes the natural Hodge
filtration on H™"(N(")) of weight n — r. We obtain

Fan(M’ G?"ﬁ/\r) — ﬁsfanfr(N(r))
_ ﬁnsznfr(N(r))
— F(n+r)—an(M’ GT:VVT)

This shows that

The first terms Efr’"” of the weight spectral sequence admit pure Hodge struc-
tures of weight n + r.

This agrees with our introduction of the weight filtration: GrY,, = Gr:Wr.

Now, we should describe the differential d; : E? — Ef“’q and show that it is a
morphism of pure Hodge structures.

dy acts from H" 2" (N () to H*=2+2(N("=1) and its description is more or less
the following. Assume that a class from H"~2"(A), A — a component from N is
represented by a form 7. Let also A be a hypersurface of B, where B is a summand
of N"=1), Locally A = {z = 0} C B. We take (2mi)~'d(n A dInz) as the “local”
representative of the class dy[n]. In order to improve this definition globally, one
replaces the form dInz by dln|s|?, where s is a global section of a certain 1-
dimensional holomorphic bundle on B, equipped with some Hermitian metric | - |.
This bundle is the bundle [A] associated with the divisor A and the section s has
first order zero on A (see the point 10.10 in Chapter 10 below).

The map d; is known as the Gysin map. It can also be defined as the composition
71'Boj*o7r;11 of homomorphisms, where 77 : H*(Z) — Ha gim z—i(Z) is the Poincaré
duality and j, is induced by the inclusion.

It is not difficult to see that the Gysin map is a morphism of pure Hodge struc-
tures of weight 2. For example, the homology spaces H,,(Z) are equipped with
pure Hodge structures of weight —m, as dual to the spaces H™(Z), and 7z is a
morphism of spaces with Hodge structures.
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The weight spectral sequence degenerates in the second term, i.e. dy =ds = ... =0
and Grp, H*(M*) = EQ_T’”JFT is equal to the homology of the complex

an2r72(N(r+1))_)an2r(N(r))_)Hn72r+2(M(r71))'

This fact can be proved in a similar way as in the previous point (using smooth

de Rham complexes), but we present another proof (from [Del3]).

The Hodge filtration is the filtration béte on the sheaf Q°(log). This filtration

induces Hodge filtrations F'* on wEY'? (and on wEP?, r > 1). One can see that

the differentials dy, ds, . . . are compatible with F'®; d,.F® C F® and der C Fb. ‘We

have B = @ F(Ep) N F'(Epe) = @ F* N F'. But then d, (F*NF")
a+b=q

FonF in EpTma=r+1 Tt is clear that the latter intersection is zero.

Because the Poincaré duality and the Gysin map are well defined over Q, the

weight filtration is induced from a filtration of H™(M™*, Q). We omit the rigorous

proof of this fact.

The second statement of Theorem (h) states that: if we take another embedding

M* C M, with smooth M and with semi-smooth complementNM— M* = N, then

the corresponding filtrations on the sheaf complex Q;\nj(log N) lead to the same

mixed Hodge structure as defined above. We omit the proof of this property. [

(i) Remark. The weight filtration has the form
0= Wn—l - Wn cC...C W2n :Hn(M)

and j* maps H" (M) onto W,,.

(j) Example. Let M* = M \ {p1,...,pr}, where M is a smooth compact curve.
Then Gri H*(M*) is calculated from the sequence

0— HY(M)—0

and GroHY(M*) from
0— P H(p:) —» H>(M).

We find GriHY(M*) = HY(M) with h20(M*) = hYO(M) and GroHY(M*) =
HL1 — k-1,

(k) Remark. Instead of dealing with the holomorphic logarithmic complex with
its stupid filtration we could deal with the smooth logarithmic de Rham complex
En(log) = P EP(log) = P QP (log) @ %4 (of smooth forms containing dz;/z;, dz;
and dzy). The preliminary weight filtration is the same as in the holomorphic case
and the Poincaré residuum identifies the graded sheaves with the smooth de Rham
sheaves on N*)’s. One can show that H™(M*) is equal to the n-th cohomology
group of the complex of global forms from £°(log) with the external derivative as
differential, i.e. to the logarithmic de Rham cohomology group. The natural weight
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filtration and the standard Hodge filtration associated with the expansion into
(p, q)-components induce the mixed Hodge filtrations on the logarithmic de Rham
cohomology group. The latter coincides with the above mixed Hodge filtrations of
the hypercohomology group of the holomorphic logarithmic complex.

§4 Mixed Hodge Structures and Monodromy

7.34. Degeneration of algebraic manifolds and limits of Hodge structures. Consider
a family Xy, t € D = {|¢| < 1} of algebraic closed manifolds degenerating at t = 0.
More precisely, we have a holomorphic map f : X — D with smooth compact
algebraic fibers X; = f~1(¢), t # 0, and such that the non-smooth X, does not
need desingularization (union of smooth divisors with normal crossings). Thus we
have a degeneration of algebraic manifolds (semi-stable or not).

For each t # 0 and any integer n, the group H" (X, C) (with the rational subgroup
H™(X;,Q)) admits a pure Hodge structure. Although the groups H"(X;) do not
change with ¢, the Hodge structure depends on t. The Hodge filtration F D> F}! O
... depends on t.

The spaces H"(X;,C), t # 0 organize themselves into the cohomological bun-
dle H™ above the punctured disc D* = D\0; it is the local system called also
the n-th direct image of constant sheaf and denoted R" f,Cx_x,. On each fiber
H™(X;,C) (of the bundle H™), the monodromy operator M associated with the
simple loop in D* acts. The monodromy operator preserves the integer lattice
H™(X;,7)/Tor and the rational subspace H" (X}, Q). The bundle H* is equipped
with the Gauss—Manin connection V. The Hodge subspaces F} also organize them-
selves into bundles 7P on D*.

One of the aims of this section is to study the limit of the Hodge filtrations in
H"™(X:) as t — 0. It turns out that the limit filtration ceases to generate a Hodge
structure. But one can introduce a certain weight filtration so that both filtrations
together define a mixed Hodge structure called the limit mized Hodge structure.
Of course, in order to compare the Hodge filtrations (for different ¢’s) one has
to fix some (complex) space Ho, with isomorphisms H™(X;) — H.. The Hodge
filtrations in H"™(X;) induce a family of Hodge filtrations in H, and the weight
filtration is defined in H,.

In W. Schmid’s and J. Steenbrink’s approaches the choices of the space H, are
different and the weight filtrations are defined differently. However, their mixed
Hodge structures turn out to be isomorphic.

In the whole section the integers d = dim X and n (for H™(X;)) are fixed.

7.35. The Schmid’s limit mixed Hodge structure. We sketch briefly Schmid’s ap-
proach to this problem (see [Schm]).

This approach is based on the period mapping ® : D* — D introduced in the
next section. Here D is a homogeneous space; it consists of all Hodge structures
(with polarization) on a fixed vector space H = H, modulo action of some alge-
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braic subgroup of GL(H) (like the Grassmann variety). The period mapping is a
multivalued holomorphic mapping. _ _ _

We get a family of Hodge filtrations H = FY D F! D ... FF = ®(F}). Because
® is multivalued, the limit of ﬁtp , t — 0 may not exist. However, after small
modification, the spaces ®(t~ 108 M/2m [Py — (¢~ 108 Mu /27 FP) where M, is the
unipotent factor of the monodromy operator M restricted to H"(X,), tend to
limits FZ . Here the Hodge filtration is invariant with respect to the semi-simple
factor M, of M.

The limit filtration does not generate a Hodge structure in H but it induces a
mixed Hodge structure, when one introduces the weight filtration in H as follows.
Let N = log M, which we treat as acting on H. It is a nilpotent operator and
there exists m such that N™ # 0 = N™*1. The weight filtration is of the following
form (of length 2m — 1 and with W,, in the central place)

0OCWyp_pmC...CW, C...C Wypym =H.

We put W,—p, = ImN™ and W, 4,—1) = ker N™; thus N™ realizes isomor-

. w,
phism between Gry, 4y, = an(:r,:il) and Gry,_,, = W, _m. Next, we define the

. . Wit (m Wi (i 1 W e
following filtration on ~ ;™" one puts "y, """ =Im (Nm e 1)) and

Wn+(7n72) _ m—1 Wn«#(nzfl) : - Wn+(7n—2). Wn—(7n—2)
w. 2 =ker (N | w. ). The same is done with Wiy W)
_o W, _ W, _ _o W, _ .
=TIm (N™2| "2 ) and "7 = ker (N™~2| [ "T"2) ) etc. In this way
an(nzfl) Wn—(nl—l) an(nzfl)

we define the whole weight filtration.
It has the following properties (see Figure 6):

N(Wj) C ijz,
N*:Grpix — Grp_p is an isomorphism.

Thus Schmid’s weight filtration is determined completely by the monodromy op-
erator. We call this construction the monodromy weight filtration with central
index n. It is defined over Q.

The most difficult part of Schmid’s approach is the proof that the filtrations { FZ }
and {W;} define a mixed Hodge structure. That proof is essentially algebraic; it
uses a certain Deligne classification of pure Hodge structures invariant with respect
to action of the Lie algebra sl(2,C).

We do not present this proof and we shall concentrate on Steenbrink’s geometrical
approach.

7.36. The Steenbrink’s limit mixed Hodge structure. We follow [Stel|, [Ste2].

(a) Firstly we define the fixed space H, where the varying Hodge filtration achieves
its limit.

Let H = {Im z > 0} be the upper half-plane which is the universal covering of the
punctured disc D*: z — t = e2™*. We put

XQO =X XD+ H = {(1-’2) . f(l') — eQﬂ'iz}
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n—1je—p+1|l¢e—n+3

' 3

n+1

Figure 6

(i.e. a covering of X \ Xj). We denote 7 : Xoo — X the projection onto the first
factor.
The fixed space H is defined as

H = H"(X.,C).

Of course, the space X, is homotopically equivalent to a non-singular fiber X,
and H ~ H"(X;,C). We can treat H as lim,_,;oc H"(X}).

(b) The limit mixed Hodge structure is introduced in H"(X,) in a way to agree
with the mixed Hodge structure on the singular fiber Xy (see the point 7.32).
Because Xy is a deformation retract of X, we have the isomorphism H"(X,) —
H"™(X). On the other hand, the inclusion X; — X induces the homomorphism
H™(X) — H"(X;). Composing these two homomorphisms and passing to the limit
t — 0, we obtain a homomorphism H"(Xy) — H"(X). The latter should be a
morphism of spaces with mixed Hodge structures.

(c) Define the following sheaf of relative logarithmic holomorphic forms
0% p(log Xo) = Q% (log)

as the sheaf of logarithmic holomorphic forms modulo dt = df. It means that
X -1

O p(log) = Q% (log) / f*Qp, (log 0) A Q% (log).

The restriction of the complex of sheaves Q5 /D (log) to any non-singular fiber X is

the same as the usual complex Q2% of holomorphic forms on X;. (The restriction of
a sheaf F on X to an analytic subset Y is denoted usually by F®p, Oy = FROy.)
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For ¢t = 0 one also has the restriction to Xp, i.e. Q;(/D(log) x Ox,. However here
the sheaf Ox, of germs of regular functions on Xy does not consist of reduced
rings Ox, (U) (they contain nilpotents). For example, near a point xg € Xy where
f=a k > 1, wehave O,, x, ~ Oo(C%)/(2¥) and the function z; is a nilpotent
element of the local ring.

In order to avoid excessive notation we shall sometimes avoid the tensoring by
Ox,.

The next proposition is an analogue of Proposition (e) from 7.33.

(d) Proposition. We have
H"(Xoo, C) = H"(Xo, Q% p (log)).

In particular, the groups H" (X, Q% p(log)) have constant dimension on D and
define a prolongation of the cohomological bundle H from D* to D.

Proof. The second statement follows from the fact that dim H™(X;)=dim H"(X )
for ¢t # 0.

Of course, we have H"(Xo, C) =~ H"(Xoo, 2% __) (the holomorphic de Rham the-
orem). The latter hypercohomology group of X, is the same as the hypercoho-
mology group of X, but with values in the direct image under the map 7. of the
sheaf of holomorphic forms on X: H" (X, 7.Q% ), where 7 : Xoo — X is the
projection (see Example 3 in 3.26).

Next X is contractible to Xo. Thus the group H" (X, 7.Q%_) is the same as the
limit lim_, H"(V, 7.Q% ) where the sets V. = {|f(z)| < ¢} form a system of
neighborhoods of X. The latter limit group can be interpreted as the hypercoho-
mology group of Xy with coefficients in the sheaf complex whose groups of local
sections are germs of m,Q%_ with center at Xo, treated as Ox,-moduli. The latter
sheaf is denoted in literature by i*7.Q%_, where i : Xo — X. (If g: M — N and
F is a sheaf on N, then g*F(U) = lim_, F(V), g(U) C V)

Proposition (d) is derived from the following. O

() Lemma. The two sheaves on Xo: i*m.Q%_ and Q% p(log)) ® Ox, are quasi-
isomorphic.

More precisely, let xo € Xy be such a point that f = x’fl xf’ near it. Let
k= gcd(k1, ..., k) and k; = m;k. Then the stalks at xo of the q-th local coho-
mology groups (i.e. the direct limits of the system of groups HI(T'(U, F*)) over
neighborhoods U of xq) of the above two complexes are generated by the forms:

a .
ok (Hx:") dlnzg, A...ANdlnz;,, t= e2miz

and by
(Hm;ﬂi)adlnml Ao ANdinzg,
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respectively. Here a =1,...,k—1, 1 <1i; <is <... <14 <, the rational forms
dlnz; = dx;/x; are subject to the relation

Zki~dlnxi:0

a/k

and the multivalued function t~ s univalent on Xoo.

Proof. (1) The system of open sets U = V.N{|z| < n} forms a fundamental system
of neighborhoods of zy. We calculate

lim H9(D(U, 7.Q%_)) = im HY(I'(=~1(U), Q% _)).

We have A
7N U) = {(z,2) : Hmfl =e?™ x| <, Imz > C}.

This set is homotopically equivalent to

F={yeC']]u" =1}

The set F' forms a disjoint union of & components each of which is isomorphic to
((C*)lfl.

The function 7 = yi"* ...y generates H(F,C) = C*, treated as a C-algebra.
The forms dIny; € H*(F,C) generate H*(F, C), as the Grassmann H(F)-algebra.
These generators are subject to the relations 7% =1, Y k; - dIny; = 0.

In 7= 1(U) the function 7 becomes t~/* ]2/ and the forms dlny; pass to the
forms dln x;.

(2) Recall the definition of the Koszul complex on a C-algebra A with operators
Dy, ..., Dy (acting on A). It is the complex

0— AF — A%AF — .

where d(fe;, A...Nei,) = > Di(f)ei Neiy A...Ae;, are the differentials. Here
f € Aandey,..., e is the canonical basis in A*. It is an easy fact that:

If at least one of the operators D; is bijective then the Koszul complex is exact,
i.e. it has zero cohomology groups (is acyclic).

Let us calculate for example the first cohomology group. If >° f;e; lies in the kernel
of d, then D; f; = D, fi. Assuming that D; is invertible, we find f; = D;(D;* f1) =
Djg; thus ) fie; = dg.

Let us pass to calculation of the local homology groups of the sheaf complex
Q;(/D(log) ® Ox, near a point zo as above, where f = xlfl x;” We can also
assume that [ = dim X (because we can contract the neighborhood U N X along
the eventual additional directions).

It is easy to see that the complex I'(UN X, Q;(/D (log)) is isomorphic to the Koszul
complex on A = C{x1,...,z;} = Op(CY) (the local ring of germs of analytic
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functions) with the operators D; = x;0,, — (k;/ki)x10z,, i = 1,...,1 — 1. The
cohomology of this Koszul complex is computed monomial by monomial because
D, are homogeneous. One gets a nonzero contribution only from those monomials
on which D; are all zero. Because D;(z7" ... x]") = (a; — ajk; /)= ... )", this

amounts to saying that z{*...z}" is a power of 27" ... x]". O

(f) The case of semi-stable degeneration. We introduce the limit mixed Hodge
structure firstly under the assumption of semi-stability. We know from Clemens’
proof of the monodromy theorem 4.71 (in Chapter 4) that the monodromy operator
is unipotent in this case. In [Stel] the limit mixed Hodge structure is introduced
under the assumption of unipotency of M.
The semi-stability assumption says that locally f = z1...2; and the (ringed)
variety (Xo,Ox,) is reduced. Thus we avoid some algebraic complications.
It is easy to introduce the Hodge filtration on H™(X,,C), it arises from the
filtration béte of the relative holomorphic logarithmic complex.
The weight filtration should arise from the intersections of components of Xj.
Assume that

Xo=V1U...UYyn

(with normal intersections) and denote Y (¥) the k-th skeleton of Xj as the disjoint
union of k—fold intersections Y;, N...NY;, (see 7.32 above).

(g) The complex A®. We want to replace the complex of relative forms (where we
divide by dInt = > dInz;) by some more natural complex. Moreover, this new
complex should be quasi-isomorphic with Q¢ /D(log).

The mapping w — wAdInt defines a homomorphism of sheaves (restricted to Xo)
0 : Q% p(log) — Q*+1(log)/WoQ* ! (log) (forms with at least one pole); here W,
is the preliminary weight filtration of the holomorphic logarithmic complex (by
order of poles, see the point 7.33(c)). But 6 is not a quasi-isomorphism. In order
to get a quasi-isomorphism one should be able to associate with a local closed form
non U C X, a closed form from I'(U, Q;(/D(log)); for this one needs dInt Anp = 0.
So, a natural differential should be D = d' +d”, where d = d and d’ = dIntA(:).
But the image of d” lies in Q*+1(log)/W1Q°+! (log) (forms with at least two poles).
This suggests introduction of the complex

A™ = P (log) /W, (log) = @A™,

q=0

with the differential D = d' + d” as above.
The map 6 : Q5% /D(log) — A*Y induces a homomorphism into .A°®. It is not difficult

to show that 6 is a quasi-isomorphism between Q% p,(log) and A* (sce [Stel] for
details).

(h) Definition of the limit mixed Hodge structure. Let us fix n. Using the quasi-
isomorphism 6 and Proposition (d) we obtain H"(Xs,C) ~ H"(Xy,.A%). The
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mixed Hodge structure on this space is induced from the following two filtrations
on the double complex A4°%°.

The (decreasing) Hodge filtration is equal to F"A™ = P, AP P. Notice that
F(A®) is the stupid filtration induced from the filtration béte on Q% (log). Later
we will interpret the filtration F'* H"(X ) as a limit of the filtrations F*H"(X})
(see the point 7.37(h) below).

The (increasing) weight filtration is equal to W, 4, A™ 97 = (qu+r+1/Wq) on
Qm*1(log); here r can be positive and negative as well, but g +r > 0.

~
W2q+r+1 -----

«—— Ap,q Wq -

|~

/<—“_W ra
W/Wr—l A

Figure 7

(i) Theorem about the limit mixed Hodge structure. The above filtrations induce
a mized Hodge structure in H™(X o).

Proof. We have Wy, /W41 = qu+r+1/W2q+T (on Q™ *1(log)). By Poincaré
residuum this sheaf is isomorphic to Z*Q?}(Efjj: .1 (i-embedding). Therefore

w m _ : ym—2q—r
G’rnJrrA - 6911207—7” Z*Qy(2q+r+1)7 or
w o __ . e—2q—r
Grn+r"4 - @ Z*Qy(2q+r+1)'
q20,—7r

Calculating the hypercohomology of this we get

HY (X, Grogrd®) = @) H'™2 (yCrri0) ~ QI

q>0,—r q

Each component H, , admits a pure Hodge structure as the cohomology group of
a closed non-singular algebraic variety. N

The weight of this pure Hodge structure is calculated as follows. Let F' be the
filtration béte of Q°(log). We have

FrGriv. A

@, FrreriGrly, 19" (log)

. Tp—q—r()®—29—T
EBq (3 Qy<2q+r+1)
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and hence FPH, , = ﬁp*q*THT’q. Because
Fotn—rp = Fr—p—a fn—2q—r(y (2a+r+1))

= ﬁp*q*"'HT’q
= FpH’l‘q

)

the pure weight is n + r.

The groups P, Hy 4 form the initial terms w F;° = E; " of the weight spec-
tral sequence of hypercohomology of A® associated with suitable reverse weight
filtration. The differential d; (of this spectral sequence) acts differently on different
components H,. ,. We have the maps

rn+r

dy : He7207 2 (y Qatrt)y o pam20 =22y Gy g >0, g > 0, + 1

they can be induced by inclusions of components, by Gysin maps between compo-
nents and by compositions of these. This suggests that d; consists of morphisms
of pure Hodge structures.

The weight spectral sequence degenerates at the second term H"(Xo) =~
@D wE,”™ " and wE; """ is the r-th homology group of the complex ... —
@q207_r H , — @q207_r+1 Hy_1,4 — .... Proof of this fact is the same as the
proof of the analogous statement in the case of an incomplete manifold (see the
point 7.33(i)): it uses the fact that the differentials dy,ds, ... are compatible with
the filtrations F* and F". |

(j) The case of not semi-stable degeneration. In this case the monodromy operator
can be unipotent as well as not unipotent. Steenbrink treats the general (not
unipotent) case in [Ste2].
Asin the pomts 4.66, 4.67 in Chapter 4 we apply firstly the base change D=D —
D,s—t=s and replace X by X xp D with the projection f: X xp D — D.
Because X xp D is usually not. normal space, one introduces the normalization
: X — X xp D. Let f= f on : X — D; it plays the role of semi-stable
degeneratlon. We have the diagram

X = Xfo) -~ X
Lf Lf Lf
D = D ~ D

The variety X is an orbifold (or V-manifold); it is covered by subsets of the form
U/G where U ~ C¢ and G is a finite subgroup of GL(d,C).

The V-manifold has singularities of codimension > 2. (The elements of G are
divided into: rotations with smooth quotient and other elements with at least two
eigenvalues different from 1.)

The latter fact allows us to extend the sheaf and Hodge theories to any V-manifold
Z (see Theorem 3 in the point 5.30). In particular, the complex Q°® = j*Q.Zfsing(Z)
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(j - embedding) is a coherent resolution of the constant sheaf and defines the Hodge
structure HP4(Z,C) = H9(Z,QF) C HPT9(Z, Q).

If Z is projective, then the Kéhler form (induced from the Fubini-Study metric)
defines an integer cohomology class w € H?(Z,Z) (as in 7.10). Also the notions of
primitive cohomologies and polarization have the same meaning as in the smooth
projective case (see the points 7.11 and 7.12). For the proofs we refer the reader
to the work of Steenbrink. B

Let us return to the map f : X — D with the fibers X, = f‘l(s). As in the semi-
stable case, one introduces the space X, = X xpH which is the same as X x5 H.
Also analogously one constructs the holomorphic logarithmic sheaves ﬁp(log )~(0) =
Q7 (log) and the holomorphic logarithmic relative sheaves (NZ% /]5(10g). One has

H"(Xo) = H*(Xo, ﬁ;?/ﬁ(log)). The corresponding complex A, with Hodge and
weight filtrations, is defined in the same way. Thus the mixed Hodge structure in
H™(X ) is defined.

(k) The cohomological bundles on D and D. The system of spaces I;T:‘ =
H”(XS,Q;?/f)(log)) (of constant dimension) is glued together to a vector fiber

bundle H* — D (the cohomological bundle). This bundle admits the Hodge fil-
tration FP/FPHl = H”’p(XS,Q%/f)(log)). Using the upper semi-continuity of

dim FP with respect to s (see [HaR]) and (topological) triviality of H", one gets
that the corresponding fibrations FP are also (topologically) trivial; (the sum of di-
mensions is constant). The sheaf of local sections of H™ is the hypercohomological
sheaf: O(H") = R"f;ﬁ)«(«/ﬁ (log).

Applying the finite-to-one maps XX , Qe D — D we transform the bundle H"
to bundle H" above D with the fibers H" (X, QB(/D(log)) and with the analogous
Hodge subbundles FP. The bundle H" and its Hodge subbundles FP? are trivial,
i.e. the corresponding sheaves of sections are locally free of finite rank on D.

7.37. Limit mixed Hodge structure and monodromy. (a) The cohomological bundle
above the punctured disc D*, H"|x» — D* admits the Gauss—Manin connection.
It is defined by the condition that sections represented by continuous families of
cocycles ¢,, taking values in the integer lattices H™(Xy,Z)/Tor, are horizontal
with respect to this connection, Vy,5:¢, = 0.

The Gauss—Manin connection is defined also as a morphism of sheaves on D*,

V:OMH") — QL. ® O(H") = QH(H")

(thus V)9 0¢ is a section of the sheaf of endomorphisms of H").
The Gauss—Manin connection can be defined cohomologically. Note that we have
the exact sequence of de Rham complexes on X* = X — X

0— Qlly ® 5;(_*}]3* AN Exs — 5).(*/]3* — 0, (4.1)
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where 5. . = %,/ ~ (with the equivalence dt A wP~! ~ 0) are the relative de
Rham sheaves. We know also that H} = H}(T'(X;, E%. /D )), cohomologies of the
complex of global sections of the relative de Rham sheaves.

The exact sequence (4.1) induces the long exact sequence of cohomologies

n o n L] 6 n L]
— H"(D(X1,E%-)) = H'"(T(X¢, €% p)) = H'H(T(X4, Qb © E%vjpe)) — -+

Let us calculate the connecting homomorphism 4. If w; is a family of closed forms
on X; (i.e. it defines a closed section of 5§*/D*), then it arises from a form @ on
X* as a restriction, wy = @|x,. Next one takes dw; it belongs to the image of the
map Q! ® " — £ Thus do = dt A7, where = d/dt is the Gelfand-Leray
form. One puts d[w:] = [n].

If A(t) is a family of cycles, which are horizontal with respect to the Gauss—Manin
connection, then we have @ (@, A(t)) = (Vy/9:@, A(t)). But, by Lemma 5.12 and
remarks after it, the above derivative is equal to (dw/dt, A(t)). Therefore the class
[n] = 0[w] is equal to Vg p¢[w], i.e. we have V = 4.

The above can be repeated in the case when the smooth de Rham complexes
are replaced by complexes of sheaves of holomorphic forms Q%., Q%. /D~ and
the de Rham cohomology groups are replaced by the hypercohomology groups.
The Gauss—Manin connection becomes the connecting homomorphisms in the long
exact sequence of hypercohomologies.

The latter (holomorphic) construction has extension to the cohomological bundle
above the full disc. One has to replace the sheaves of holomorphic forms by the
logarithmic holomorphic de Rham sheaves, More precisely, the following is true.

(b) Proposition. The Gauss—Manin connection V : O(H™) — QY(H™) is equal to
the connecting homomorphism in the long exact sequence of hypercohomologies,
i.e.
H" (X, Q}/D(IOg)) — H""(X;, Qp(log0) QB(/D(log))
~ HP (X, 9% (108)),

associated with the short exact sequence 0 — Q5 (log 0)®Q;(_/113 (log) — Q% (log) —

Q% plog) — 0.

(¢) The monodromy operator, called also the Picard—-Lefschetz transformation, acts
on the fibers of the cohomological bundle over D*: M; : H} — H}. Any two of
them are conjugate.

Because the cohomological bundle extends to the whole D, we have the limit
operator M = My : Hyf — H{. The latter can be defined by means of the Gauss—
Manin connection.

Define the residuum of the Gauss—-Manin connection ResV : 'H{ — 'Hy as the
composition res o V, where res : a(t)dIlnt ® n — a(0) - n.

We have tdw/dt = ResV(w) + O(t) and, after performing calculations of the
monodromy operator with ¢ = ee??, e — 0, € [0, 27], we get the following.
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(d) Proposition. My = exp(2miResV).

(e) Let us express the action of M = M, on the limit mixed Hodge structure
introduced in the point 7.36. Assume firstly that the degeneration is semi-stable.
Then X is reduced and M is unipotent. Denote

N =log M = 2miResV.

Because the mixed Hodge structure is introduced by means of the auxiliary com-
plex A® and V has cohomological interpretation, we introduce an auxiliary short
exact sequence of coherent holomorphic sheaves containing .A°®. Namely, there ex-
ists some complex B® and the following commutative diagram with exact rows and
vertical quasi-isomorphisms:

0 — Q%L(og) ™" Q%(og) — Q%(og) — 0

X/D
l dintA lo ldIntA
0 — A1 — B* — A* — 0

Thus ResV is the connecting homomorphism H" (X, 4°*) — H" (X, .A°).
The complex B*® consists of the blocks

B~ 49 — gm—4—1a o A" D

and the homomorphism o : Q% (log) — B™ is defined as w — (w,w A dInt) €
Am=L0 g A™0: (recall that A™ 99 = Qm+1(log)/WqQ7"+1(log)). The differential
dp = dy + d}, dyy : B"09 — Bm-atha g . pm=a4¢ — Bm=04F1 should be
chosen to satisfy 0(Dw) = dpo(w). Therefore dp(w,wAdInt) = (dw,dwAdlInt) €
Am=40 @ Am=a+1.0 The following choice is natural:

dg(wi,w2) = (dwi,dws),
df(wi,w2) = (dlnt Awi 4+ v(ws),dInt Aws),

where the operator
v Am 1, gm—a—Latl
equals (—1)™ times the canonical projection wq(mod Wq) — py(mod Wq+1) (see
the point 7.36(g)).
One checks that:

The connecting homomorphism of hypercohomologies is induced by the endomor-
phism v, i.e.

ResV =v.
We see also that v : W;A* — W;_3A* and that v" : Gr,4,A* — Gr,—,A® is an
isomorphism. Moreover v : FP A® — FP~1 A,
Because the endomorphism v = ResV of H{ is conjugate to N, also the operator
N possesses the above properties.
In the general situation we have the Chevalley decomposition M = M M,,, My —
the semi-simple part and M, — the unipotent part. One has M! = id, where [ is
the order of the ramified covering « : D — D. We put N =logM! =1 -log M,.
The general result is as follows.
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(f) Theorem (Action of monodromy on the limit mixed Hodge structure).

(1) The operator N satisfies the properties

N: W; =W,
N: FpP _ pp—lL

i.e. it is a morphism of the limit mized Hodge structure of weight —

(2) The map N realizes an isomorphism between Gr)Y, . and Gr)Y_ .. In partic-
ular, the weight filtration is completely determined by the unipotent part of
the monodromy and is defined on the rational cohomology H™ (X, Q).

(3) The operator M is an automorphism of the limit mized Hodge structure.

Proof. We have M' = exp(?mResV) where V is the Gauss-Manin connection of
the cohomological fibration H associated with the degeneration XD (see the
point 7.36(j)). Thus the proofs of the points (i) and (ii) are the same as in the
semi-stable case.

To prove the point (iii) one must notice that the semi-simple (i.e. diagonal)
part of the monodromy is the same as the action of an automorphism A* on
H" (X, 0% /ﬁ(log) induced by the diffeomorphism A of X defined as the lift of

the rotation s — e2™/!s of the base D. This is shown using local calculations as
in the proof of Lemma 7.36(e)).

The fact that A* is semi-simple and preserves the mixed Hodge filtrations follows
from the fact that it acts diagonally at the sheaves Q’;? /ﬁ(log) ®0 %, and preserves

the skeletons Y 9). We see also that A* is periodic with period I, which implies
that the eigenvalues of M, are roots of unity of order [. O

(g) Corollary (The monodromy theorem). We have (M' — I)"+1 = 0.

(h) The Hodge filtration on H™(X ) as limit of Hodge filtrations on H™(X;). We
consider the case of semi-stable degeneration; in the general situation one must
change notation by adding the tildes.

The Steenbrink’s Hodge filtration on H™ (X ) = H{ is defined as F§ = F*|:=o,
where FP C H™ are holomorphic subbundles. The fibers of the corresponding
graded bundles are H" P (X, Qﬁ(/D(log)) = GrizH"(X}). In this sense the Steen-
brink’s Hodge filtration is a limit of the Hodge filtrations arising from smooth
closed varieties.

Schmid introduced the limit Hodge filtration in another way. If z € H (upper
half-plane) and t = e2™* ¢ D*, then the inclusion X; — X+ = X xp H induces
varying Hodge filtration in H"(X ), which we denote by F;?. This family is multi-
valued, but the switched family ﬁt‘ = e *NiFe =t~ N/2mipe N, = log M; defines
a single-valued map from D* to the corresponding variety of flags of subspaces of
H"(Xs). Schmid proved that the limit F3 = lim;_o F; exists.
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Note that the Steenbrink’s filtration F is invariant with respect to the action of
the operator e =*N =T — 2N +...+ (—2zN)?/d!, N = log My: e "N F§ = FF. Tt is
because e *N = M~% and M preserves F°.

We compare the two families of filtrations of H™(X,): t~N/2"Fg and
t~Ne/2mipe The distance between F§ = FO and F? is of order O(\t|) also
IN —Ny|| = O(Jt|). Because [|t=N¢/27|| = O(In? |¢|) we get that dist (Ft',FO) — 0,
ie. Iy =F.

By Theorem (f) the Steenbrink’s limit weight filtration is the monodromy weight
filtration with the central index n. It coincides with the Schmid’s limit weight
filtration (see its definition in the point 7.35). Therefore:

The Steenbrink’s limit mized Hodge structure coincides with the Schmid’s limit
mized Hodge structure.

(i) Brieskorn’s proof of the first part of the monodromy theorem. We use here
an opportunity to present a clever proof by E. Brieskorn [Brie| of the fact that
eigenvalues of M are roots of unity (the first part of the monodromy theorem).
Its ingredients are: the affirmative solution (by O. A. Gelfond [Gel] and T. Schnei-
der [Schn]) of Hilbert’s VII-th problem (if & and €2™** are both algebraic numbers,
then a € Q) and algebraicity of the eigenvalues of the residuum of the Gauss—
Manin connection.

One has to prove algebraicity of the eigenvalues «; of the operator ResV (see the
points (a), (b), (c) and (d) above). It is done as follows.

Let 0 : C — C be an automorphism of the number field C. Applying o to coef-
ficients of the Taylor expansions of functions and of differential forms, we obtain
the extension of o to the sheaves Ox, Qk(log0), Q’;(/S(log) and to the Leray
sheaves O(H™), O(HP?) = qu*Q’;(/S(log). The automorphism o commutes with
the action of V. In particular, it permutes the eigenvalues of Res V.

If some eigenvalue «; is not algebraic, then for any other non-algebraic number 3
there is an automorphism o sending o; to it. One can choose 3 such that e2mif
is non-algebraic. However, we know that 2™ is algebraic, hence the number
o(e*™9) is algebraic too. We have a contradiction. O

7.38. Example (The Morse degeneration). Consider a degeneration g : Z — D such
that the Z; = g~1(t), t # 0 are smooth closed algebraic varieties and Z has unique
Morse singularity; i.e. locally g = 2% +. ..+ 22. By applying the blowing—up (once)
one obtains a degeneration f: X — D satlsfylng the assumptions of this section.
One has Xy = Zy + E, where ZO is the smooth strict transform of Zy and F =
CP? ! is the exceptional divisor with multiplicity 2: locally f = 2%(u? +...+ ud),

€ (C,0), u € CPI1, Zo N E is a quadric in CP9~!. Application of the base
change t = s2 gives X xp D = {z (W +...+u?) = 52} The normalization of the
latter space is a smooth variety X = {zv =svP=ud+... + ud} with f = 20,
Xo=Y; + Yo, Vi ~ Zo and Yy = {z=0,0"=ud+ ...+ ud} a 2-fold covering of
E ramified along 20 NE=Y1NY5.
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In calculations of the weight filtrations on H"™(X ), one uses the cohomologies of
Y@, where YY) = Y] Y, (disjoint union) and Y(?) = ¥; NYs. The components
of the first term of the weight spectral sequence of H"(Xj,.A*) (associated with
the weight filtration) are F; """ = Ugso,—r H"=r=24(y 2a+7+1)) (see the points
(h) and (i) in 7.36). One gets the table (a part of the weight spectral sequence)

0 — E;1,n71 — HYYW®) - HL(Y®@) - o,
0 — H7L—2(Y(2)) N Hn(Y(l)) — Hn(Y(Q)) — 07

0 — H"Y(Y®) — Hryl) - pprtt ~ 0.

Here the horizontal arrows denote the differential d; of the spectral sequence.
In particular, d; : HI(Y()) = HI(Y;) @ H/(Yy) — HI(Y; NY3) acts as the
difference of restrictions of cohomology classes. Other differentials are the Gysin
maps. Because this spectral sequence degenerates at E5’®, the weight gradation
groups Gry,_1 H"(X ), Gron H"(X o), Grpe1 H™(X ) are the homology groups in
the diagonal terms (with the sum of indices equal to n + 1).

Assume firstly that d = 2. Then Z; are curves, Zy has double point, £ = C,
ZNE = {p1,p2}, Y2 = C with double covering over E. The spaces H°(X,)
and H?(X.) have pure weights 0 and 2 respectively. An interesting happens with
H'(X). We have GroH'(Xo) = coker(H° (Y1) @ H(Y2) — H°(Y1NYs)) =C
(because the cycle [p1] — [p2] # 0 in Y1 NYa, but is ~ 0 in Y7 as well as in Y3).
Next, GriH (Xo) = H(0 — H'(Zy) — 0) = H'(Z). Finally, GroH'(X,,) = C,
because of the isomorphism N : Gro — Gry.

Here the monodromy operator has all eigenvalues equal to 1 but the monodromy
is unipotent and nontrivial M — I # 0= (M — I)2.

Note that in this degeneration not one but two cycles from H;(Z;) disappear at
Hy (20). One is the vanishing cycle and the other is removed after desingularization.
For example, an elliptic curve acquiring a double point is rationally equivalent to
the projective line.

The same holds in the case of general even dimension d.

If d is odd then all the spaces H"(X ) have pure weight n. If n = d — 1 then
exactly one of the eigenvalues of the monodromy operator is equal to —1 (at the
vanishing cycle). The reader can check these properties in the trivial case d = 1.
Here Zo has the same cohomologies as Z;.

The reader can find more information about degenerations of curves and surfaces
in [KK].

7.39. Relation between the limit mixed Hodge structure and the mixed Hodge
structures on Xy and on X\ X,. The mixed Hodge structures on cohomology
groups of complete intersections (e.g. X) and of open smooth varieties (e.g. X* =
X\ Xp) were introduced in the points 7.32 and 7.33 respectively. It turns out that
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all three mixed Hodge structures are related. In order to avoid complications we
assume the semi-stable case.
One has the exact Wang sequence (see the point 3.32)

L HY(XY) — H'(X,) "5 HvX) — ..., teD*,

(here M = M;). This sequence is obtained from the long exact sequence of the
pair (X; x [0,1], X; x 0U X, x 1), when we identify (homotopically) X* with the
quotient space X; x [0,1]/ ~, where (z,0) ~ (h(z),1) and h is the monodromy
diffeomorphism of the fiber.

When we replace X; by X, then the corresponding Wang sequence is still exact.
We have H™(X™*) = H"(X,Q°%(og)) = H"(X,B*) (see the points 7.32(e) and
7.37(e)). The complex of sheaves Q2°*(log) is equipped with the Hodge and weight
filtrations defined in the point 7.33(i). Analogous filtrations are introduced in the
complex B; they are analogous to the filtration in the complex A from 7.36(h).
The final result follows.

(a) Proposition. The limit Wang sequence ... — H™(X*) — H"(X) M

H"(Xo) — ... is an exact sequence of spaces with mized Hodge structures.

If M is unipotent, then the operator M — I can be replaced by N = log M.
The operator N in the Wang sequence is induced by the operator v : A —
A which, when restricted to A™~ %9, is equal (up to a sign) to the projection
QM+ (log)W, — QM+ (log)/Wyy1 = AP~14+1 The kernel of v consists of the
sheaves Grq 19" (log) ~ 0.0y, 1,). The latter sheaves form the building blocks
KP4F1! used in the point 7.32(c) in construction of the mixed Hodge filtrations in
H™(Xy). We have the following result.

(b) Proposition. The composition of maps H™"(Xy) — H"(X) - H"(X) is a
homomorphism of spaces with mixed Hodge structures.

The first map above H"(Xy) — H"™(X) is the map induced by the Clemens
contraction. Identifying X, with X; one gets the next result.

(c) Invariant cycle theorem. Let f : X — D be a semi-stable degeneration. Then
ker(M; — I) = ker N = Im(H"(Xy)) in H"(X;), i.e. the cocycles on X; upon
which the monodromy acts trivially arise from cocycles in the singular fiber Xg
under the Clemens contraction.

In the case of general family X; = f~1(t) with degeneration (not semi-stable)
we have ker N = Im(H™(X,) in H™(X,), where X, are identified with the fibers
fY(s), t = s* of the semi-stable reduction. Thus the cycles in H,(X,) upon which
My acts semi-simply are identified with certain cycles in the reduced fiber )70.

This result was first proved by Deligne [Del3| in the case when we have a de-
generation F' : X — S over a general algebraic manifold (scheme) S as a base.
Here the degeneration occurs along a subvariety Sy C S and we have the action
of the fundamental group 71 (S\Sp) on X;. Deligne also proved that the action
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of m1(S\So) on H™(X;) is completely reducible (i.e. any invariant subspace has
a complementary invariant subspace). It is a generalization of the invariant cycle
theorem and its proof also uses mixed Hodge structures.

7.40. Mixed Hodge structure on the cohomological Milnor bundle.
(a) The Milnor fibration and degeneration of algebraic varieties. Let

g+ (C™,0) = (C,0)

be a germ of a holomorphic function with isolated critical point. For a small disc
D, (with center 0 and radius €) in the image, we choose a small ball B, in the
preimage such that the varieties g~!(t) are transversal to the sphere dB,. Thus
the family V; = B, N g~ !(t), t € D} organize themselves into the locally trivial
topological bundle V' above the punctured disc, called the Milnor bundle (see
Chapter 4).

The spaces H"(V;,C) are fibers H} of the (holomorphic) cohomological Milnor
bundle H"™ over D} (see Chapter 5). Our aim is to introduce a mixed Hodge
structure on the fibers Hy.

Using the results of Chapter 2 (Tougeron’s theorem and its corollaries) we can
assume that: (i) ¢ is a polynomial (of degree N); (ii) D = D; (iii) ¢ = 0 is the
only critical value of g and the projective closure (in CP"*!) of g=1(0) has only
one critical point 0. N

Thus we take the variety Y = {(z,t) € CP"™! x D : g(z) — tz,; = 0}, where
g is the homogenization of g. We have the map g; : Yy — D, defined as the
projection g¢1(z,t) = t. The varieties Y; = gfl(t) intersect each other at Y =
{9(2) = zy+1 = 0} at infinity. So, we blow up the set Y°. Denote by Y the
obtained space and by g the morphism to D induced by g;. We have V; =V NY;,
Y, = g5 ().

There is a contraction Y — Y{, the prolongation of the radial contraction D — 0
(see Chapter 4). Next the singular fiber V4 (of the Milnor bundle) can be contracted
to the singular point; we prolong it to a map Yy — Yy such that Vy — 0. The
composition of these two contractions gives the following.

(b) Contraction Lemma. There are contractions Y; — Yy such that V; — 0. Thus
Yo ~ Y. /Vi. Moreover, these contractions are compatible with the action of the
monodromy transformation.

(c) The exact sequence. The long exact sequence of cohomology groups of the pair
(Y, V1) gives the exact sequence

0 — H™(Yy) — H™(Y;) — H™"(V;) — H" " (Yo) — H™(Y;) — 0,

because the only nonzero reduced cohomology group of the Milnor fiber is H (V).
We apply the resolution o : X — Y of the singularity of Yy. We put f = go 00 :
X — D. Thus f~1(0) = Xo = Ey + E1 + ... + E, with smooth divisors E;
intersecting one another normally. Here the strict transform (desingularization) of
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Y, Y,

D

Figure 8

Yy is the divisor denoted by Ey and E; + ...+ E, = o~ %(0). Of course, X; =
fHt) =Y, for t #0.

Therefore, we are in the situation of degeneration of a family of algebraic manifolds
as in the previous several points. We define the limit spaces X, = X xp H and
Voo = V xp H, where H — D is the exponential map ¢t = 2™, They are
homotopically equivalent to X; and to V; respectively.

Passing to the ‘limit’ ¢ — 0 in the above exact sequences (with Y; replaced by X;)
we get the exact sequence

0— H"(Yy) — H"(Xoo) — H" (Vo) — H" 1 (Yy) — H" (X)) — 0. (4.2)

This sequence is monodromy invariant.
We shall introduce mixed Hodge structures in each entry from this complex.

(d) The mixed Hodge structures on H’(X,) and on H(Yp). The limit mixed
Hodge structure on H7(X,,) was introduced in 7.36. We recall shortly its basic
ingredients.

We deal with the semi-stable reduction

ViVo) — (V\Yo) < (X,Xo) < (X,Xo)
Ly 1 g2 L 1f
(D,O) — (D,O) = (D,O) — (D,O)

Here one applies the base change D — D, t = s' and introduces the space X
(normalization of X xp D) with the map f : X — D. The singular fiber X, =
Do+ Cq + ...+ Cs, where Dy ~ Ey (desingularization of Yj) and the divisors C}
have multiplicity 1 and are sent to some divisors F; by the map X — X. (We use
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the notation C7,C5,Cs, ... in order to distinguish them from Dy, but below we
also use the notation D; = C;, i =1,2,....)

The cohomology group H7(X ) is the same as the j-th hypercohomology group of
the sheaf complex Q;? y 5(10g) on )?0. This complex is quasi-isomorphic to the com-

plex A® composed of the building blocks AP? = Q?{r/{gl(log) / Wq with the prelim-

inary filtration W by the order of poles). The Hodge filtration F'" = -, , A7

and the weight filtration W, , = qu+r+1 / Wq induce the limit mixed Hodge
structure on H*(Xo).

Our next aim is to introduce a sheaf complex A4°(Yp), with Hodge and weight
filtrations, such that it forms a subcomplex of A® and its j-th hypercohomology
group is equal to H7(Yj).

The reduced cohomology group HY (Yo) = H7(Yp,0) is the same as the relative
cohomology group HI (XO,C), where C = C; 4+ C3 + ... is the preimage of 0
under the map X — Y. Both spaces XO and C are semi-smooth varieties. In
7.32 the double complex K**®, to calculate the cohomology of such a semi-smooth
variety, was introduced. This cohomology is equal to the hypercohomology of the
corresponding simple complex K®. On Xy we have KP9(X,) = Z*QD(Q_H), where
we use the notation D; = C;, ¢ = 1,2,.... Analogously on C' we have the double
complex KP4(C) = i.Q7, .1, The second sheaf is a direct factor of the first sheaf.
We define the mized Hodge compler on Yy by means of the building blocks

i, (¢ =0),

Pa(Y,) = KP9( X))/ KCPa(C) = .
AP(Yy) (Xo)/K4(C) {Z*ngcm, (q>0).

The Hodge and weight filtrations on A**(Y}) are given by

Fr = @pzw Ap,q(yo)7
W7l+7" - Gap,qur Ap,q (Yo)

Because the corresponding simple complex A®(Y}) is a resolvent of a constant
sheaf, we have H"(Yy) = H"(Xo, A®*(Yy). As in the case of mixed Hodge structure
of a semi-smooth variety the weight spectral sequence of this hypercohomology
degenerates at the second term, w EY? = GrlV (HPT(Yp)).

(e) Definition of the mixed Hodge structure on H"(V,,).The sheaves AP9(Y))

are subsheaves of the sheaves i, QP Dea+n - The latter sheaves are isomorphic to

Gr$19%+q+1(log) = q+1 / Wq (via the Poincaré residuum) which in turn are

direct factors of the sheaves AP? = Wp+q+1 / Wq. Therefore there is an inclusion
APA(Yy) C AP,
The mized Hodge complex on the limit Milnor fiber is given by

A* (Vo) = A®JA*(Y))
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with the Hodge and weight filtrations induced from the filtrations on A and on
A(Yp).

(f) Theorem (Mixed Hodge structure on the limit Milnor fiber). We have
H™(Vso) = H"(Xo, A*(Vao)) and the Hodge and weight filtrations of the complex
A* (Vo) induce a mized Hodge structure on H™ (V) such that the exact sequence
(4.2) (see the point (c) above) is the sequence of spaces with mized Hodge structures
and their morphisms.

Moreover, the weight spectral sequence of hypercohomology of A®(Yy) degenerates
at the second term.

Proof. The fact that H"(V4) is the same as the hypercohomology of A°®(Yp) and
the statement about the sequence (4.2) are consequences of the short exact se-
quence of the sheaf complexes

0— A*(Yy) —» A®* - A(Vx) — 0.

The sequence (4.2) is the long exact sequence of hypercohomology associated with
this short sequence.

Also the statement about weight spectral sequence can be obtained from this and
from the fact that the weight spectral sequences associated with complexes A°®,
A*(Yy) degenerate at the second terms. O

(g) The first terms of the weight spectral sequence. The weight spectral sequence
of hypercohomology is associated with the reverse weight filtration of the complex
A*(Vio). Tts first terms are equal to wE; """ = H"(Xo, GrV,, A* (Vio)). Here

GrYV A (Vo) = Gr)l A% GrY A% (YD)
— @qZO i*Q;;(qu:r:l)’ ) (T > O)v
Qe ) ® Doy e Qhgirsnys (1 < 0).
Therefore
Efr,n+7“ _ @qzo Hn72q7T(D(2q+T+1))7 (7‘ > O)a
w Ly HnJrr(Cf(fT«Fl)) D ®q>—r Hn72q7T(D(2q+T+1))’ (’l" < 0)7
(where DU) consist of intersections of all divisors D; = Cj, i = 1,2, ... as well as

of Dy). In other notations

i { @y BT (DE), (< 0),
wiyp = Hu(C(u+1)) D @q>u H2n7v72q(D(2q7u+1))’ (’LL > 0)

The weight of the factor H™*"(C(="*1)) is n 4 r and, from the proof of Theorem
7.36(i), it follows that the weight of the other factors is also equal to n + r. So,
the weight of w E; """ and of w E; """ is n 4 r.
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(h) Example (The homogeneous singularity). (We use example 3.12 from [Ste2]).
Let ¢ = P, where P is a homogeneous polynomial on C"*! of degree d with
isolated singularity. The blowing-up of the point 0 € C**! gives a manifold X
with holomorphic map f : X — C; (in an affine chart C x CP™ > (y,u) —
r = yu, f = y?P(u : 1)). The singular fiber Xy consists of two components:
Ey (the normalization of P~1(0)) and E; ~ CP™ of multiplicity d and Ey N E;
is a_hypersurface of degree d in CP". The semi-stable reduction gives X with
f : X — D and Xo = Do + C1, where Dy ~ Ey and C; = D1 is a d-fold covering
of F; with ramification along Eq N Ey; (here X ®p D = {y¢P(u : 1) = 59} and
X = {yv = s, P(u: 1) = v} is smooth with Dy = {v = 0}, D; = {y = 0, P(u :
1) = v?}). In Steenbrink’s construction, X should be chosen compact but it is not
essential.

We have

AP0 = QPO (log) /Wy ~ (Qf, @ QF, ) @ Qb L APt~ Qb
and other blocks vanish. Next,
APO(Yp) ~ QF, and dAP! (Vo) ~ QY .-

Hence AP°(Vy) ~ Qf, @ Q’E];Dl, AP (Vo) = 0.

This gives A*(V) ~ QF, @ Q;;Drl.ml with the weight filtration G}/, A®* (V)
~ Q% Lp, GriV A (Vo) ~ Q3

One can check that this mixed Hodge complex coincides with the mixed Hodge
complex used by Deligne to calculate H™(D1\ Dy), where D1\ Dy = {P(u) =
1} € C™*! is an affine (open) variety.

2 1 1 o Co Dy, D,

Figure 9

(i) Example. Let g = 2* + 32 be the A3 singularity (see Figure 9). The resolution
consists of two blowing-ups: z = 2&,y = 29, (T : §) € CPY, g = 22(2%23* + §?)
and the blowing-up of 2z = 0,Z = 1,§ = 0 by means of z = rZ,§ = rY, g =
rZ%(Z +iY +...)(Z —iY +...)). We find the divisors: Eo1, Ep2 (normalizations
of g71(0)), By ~ CP! (of multiplicity 2) and Ea ~ CP* (of multiplicity 4). Next
the variety X xpD = {r1Z2(Z%2+Y2+...) = s*} is normalized. The neighborhood
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of r = Z = 0 has two preimages, each of the form rZ = sla+...),Z = Z2. The
preimage of a neighborhood of any point E» N Ejp; has one component of the form
rV =s(a+...), Z4+iY +... = V4. This shows that Xo = Do; +Dgo+C11+C12+Cy,
where Dg ; ~ Ey;, Cij = Dyij ~ CP! (sent to E1) and Cy = Dy is a 4-fold covering
of E with branching points at D1 N Dy; (of index 2) and at Do N Dy; (of index
4). The Riemann-Hurwitz formula (Theorem 11.32) shows that C5 is an elliptic
curve.

We are interested in H'(V,.). We find part of the weight spectral sequence in the

form
EfY = HUCW) - HU(CP) -,

0 — HY (W) — o,

0 — HYD®) — HXCW) — E*

We see that Grl’ H (Vo) = HO(C®))/Tm HO(C™M) = 0 (it is equal to C?/ Tm C?),
GrYV = HY(CW) = HY(Cy) = HY* @ H%! =~ C? and GrY = ker(H°(D?)) —
HO(CM)) = ker(C* - C?) =C = H"',

In [Ste2] (Example 3.13) the reader can find calculations for general singularity
(C2%,0) — (C,0).

7.41. Mixed Hodge structure on Milnor bundle and monodromy.

(a) The cohomological Milnor bundle over the punctured disc D* is prolonged to
a bundle H" over D with the central fiber H{} equal to H" (V). The monodromy
action M; : H! — H has limit M.

One expects that the action of the monodromy operator M = My on H" (V)
should be analogous to the action of the monodromy on the limit mixed Hodge
structure on H™(X ). As the reader will see this is not completely true.

Indeed, by the Thom—Sebastiani theorem 5.31, the monodromy of the singularity
g = z* + y? is equal to the tensor product of monodromies of the component
functions:

00 —1
My=Mu@Mgz=[1 0 -1 | ®(-1)
01 -1

with the eigenvalues 1, +i. Thus M = M, (is semi-simple) and N = log M,, = 0.
We should expect that N™ : Gr{%,, — Gr{" . are isomorphisms. But N' = 0,
Gry #0=aGrY .

(b) If a root of unity A is an eigenvalue of an operator M acting on a space H,
then we denote by H) the invariant subspace corresponding to this eigenvalue. By
H1 we denote EBA# H,.

Recall the exact sequence (4.2)

0— H™"(Yy) — H"(Xs) — H" (Vo) — H" 1 (Yy) — H" 1 (Xo) — 0.

We have H’(Yy) = H’(Yy)1. This shows that

H"(Voo)r ~ H"(Xoo)a, A # 1,
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and that M acts on H™(V,)»1 in the same way as it acts on H"™(Xoo)1.

(c) Consider the restriction of the sequence (4.2) to the subspaces corresponding to
the eigenvalue A = 1. As usual we denote N = log M,,, where M, is the unipotent
part.

We can represent H"(V,,)1 as

(H™(Xoo)1/Im H™(Yy)1) @ Im (H™ (Vao)1 — H™ 1 (Yo)1) .

(d) We have H’(Yy) C ker N|H?(Vy,);1. The invariant cycle theorem 7.39(c) says
even more, ker NV is equal to the image of Hj()?o) where )?0 is the reduced semi-
smooth variety associated with X, (via base change and normalization). But X,
consists of divisors Ey (with multiplicity 1) and FEj, Es,... (with multiplicities
> 1); respectively X, consists of divisors Dy = Ey and Ci; (preimages of Ej,
j > 0). The cycles from |JC;; lie in the subspaces corresponding to eigenvalues
# 1 (see also the proof of the monodromy theorem). This leads to the equalities

Hi(Yy) = kerN|IH"(Vio)1,
H™(Xoo)1/ImH"(Yo)1 = H™(Xoo)1/ker N.

The space H"(X )1 has weight filtration being the monodromy weight filtration
with central index n; i.e. defined by N : W; — W;_, and the operators N" :
Gr).. — GrYV_ are isomorphisms. In the quotient space H"(X)/ker N we

delete all blocks GrV_ = at which N = 0. It means that the central index is shifted
to n+ 1 (see Figure 10).

(e) Let us study the weight filtration on Im (H" (V)1 — H"™(Yp)1). One can
avoid this term by suitable choice of the polynomial g : C**! — C defining the
singularity. In [SS] it is argued that, if the degree of g is sufficiently high, then the
map H"(X;) — H™(V;) is surjective; (equivalently: any n-dimensional cycle in V;
is not a boundary in X3).

(In [Ste2] it is proved that, in the general case, the space H"*1(Yy) (and
Im (H"(Vao)1 — H"™'(Yy)1)) has pure weight n + 1. The proof is based on the
exact sequence ... — H"(EyUEyU...) — H"(Yy) — H""(Xy) — ..., on the
fact that the combinatorial complexes ... HP(E@) — HP(EtD) — | are exact
in terms ¢ > 1 (as E; appear in successive blowing-ups), showing that H?(E, U. . .)
have pure weight p, and on a similar proof that H"*!(X,) has pure weight n +1.)
The above gives the following result.

(f) Theorem (Action of monodromy on mixed Hodge structure in vanishing coho-
mology).

(1) M, is an automorphism of the mized Hodge structure.
(2) The maps
Nt: GV H (Vo)1 —  GrlV H™(Vio)p1,

n—r

N": G?"ml_;,_an(Voo)l - Grml—an(VOO)l

are isomorphisms of weight —2r.
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< n+2<iv n+4

3

n+1 n+3

«—|n+2

n+1

Figure 10

(g) Corollary. Symmetries of the Hodge numbers. We have

pq  _ q,p
Wyt = ni?,

pq n—p,n—q

W29 = Y , A#£
p.q _ n+l—p,nt+l—gq
hl - hl )

where 59 = dim HY?.

(h) Corollary. The dimension of a Jordan cell of M does not exceed the dimension
n + 1 of the ambient space in the case of eigenvalue different from 1 and is < n
for eigenvalue 1.

7.42. The mixed Hodge structure and the intersection form for a quasi-homogene-
ous singularity. (We follow mainly [Ste3] and [Varl]).

Assume that ¢ is a quasi-homogeneous polynomial, i.e. g(A*xq,..., A% x,) =
Ag(xo, ..., xn), where a; are rational numbers.

Let {2* : k = (ko,...,kn) € I}, I C (Z4)"*! be the set of monomials whose
classes form a basis of the local algebra Og(C"*1)/(0f/0x). For k € I we put
I = Y i o(ki + 1)a; and associate with it the form

Wk :xkdxo A...Ndx,.

We denote [I] =integer part of [j.
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The next theorem of Steenbrink solves a conjecture of Arnold about intersection
form for quasi-homogeneous singularities [Arnd4].

Theorem of Steenbrink about quasi-homogeneous singularities. ([Ste3])

(1) With the system of forms wy, k € I, one can associate a basis in H™(V})
consisting of eigenvectors of the monodromy with eigenvalues e* .

(2) The Hodge numbers are equal to

hPd = #{k:q<lk<q+1}7 p+qg=mn,
Wt = #{k = q), prg=n+l

(3) The zero space of the intersection form on H™(V;) has dimension

po=F#{kel:l,eZ}

and, if n is even, then the number of pluses and of minuses in the canonical
representation of the intersection form are equal to

py = F#kel:lx ¢Z,[l]even},
p. = #{kel:lp &2l odd).

Proof. () We introduce the notion of weighted projective space. Let the weights
be aj = a;/b;. We put b= lem (bo, ..., bn), ¢; = a;b (integers).

Let G be a subgroup of PGL(n+1, C) consisting of elements represented by the di-
agonal matrices diag (e2™™0/% ... e2™mn/cn) m; € 7. The weighted projective
space is the space M = CP"/G. Its structural ring is C[zq, ..., 2,] and consists
of quasi-homogeneous polynomials. The space M is an orbifold and is a normal
space (by Example 4.64(d)).

(8) As in Example (h) in 7.39, one shows that H"(Zs) ~ H"(Z*), where Z* =
{g(z) =1} C C"*1. We treat Z* as a subvariety in its weighted-projective closure
Z C M. Thus Z* = Z\ Zw, where Z, lies at infinity. Because Z* is diffeomorphic
with any nonzero level g~1(¢), t # 0 (and is homotopically equivalent to the fiber
Z; of the Milnor fibration), we shall study the mixed Hodge structure of the fiber
g==t.

The mixed Hodge structure of H™(Z*) is defined as follows (with the Gysin ho-
momorphisms):

Gr'V H"(2*)
Gri¥,  H™(Z*)

coker [H"%(Z) — H™"(Z)],
ker [H" "1 (Zx) — H"T1(Z)].

On the other hand, we know that GrY H"(Zs) = H" (Vo) 1, GrVV  H" (Zso) =
H™"(Voo)1.

(7) Let us pass to description of the Hodge filtration. Its definition by means of
the filtration béte of the complex Q% (log Z,) is not useful in calculations. The
same is with the stupid filtration of the complex A*(Z).
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In 7.45 below the Hodge filtration on H™(g~1(t)) is introduced in another way.
So, we use that filtration, leaving aside (for a while) explanation of its equivalence
to the standard Hodge filtration.

If w is a quasi-homogeneous holomorphic (n+ 1)-form and [ > 0 is an integer, then
w/(g—t)" is a meromorphic quasi-homogeneous form with pole at the hypersurface
g = t. We associate with w/(g —t)! its residuum n = Resw/(g—t)!, an n-form on
g = t, as follows. Let U be a tubular neighborhood of ¢ =t and 9U its boundary
with projection 7 : OU — {g = t}. If A is an n-dimensional cycle in {g = ¢}, then
77 1(A) is an (n + 1)-dimensional cycle in OU C C"1\{g = t}; it is the Leray
coboundary 0A (see Definition 5.9). We put

[ reswio—nt= [ | wltg—1

One can easily check that Resw/(g—t)! = (lzfli), (Vayor)' ~s[w](t), where s[w] is the
geometrical section (of the cohomological Milnor bundle) defined by means of the
Gelfand-Leray form w/dg and Vg9 is the Gauss-Manin connection. The map
Res is the extension of the Poincaré residuum homomorphism to meromorphic
forms with high order poles.

With any form wy = xkdzg A . .Adx,, such that z¥ is an element of the monomial
basis of the local algebra Clz]/(0g/0z), we associate the element n, = Reswy(g—
t)[_lk]_l, I, = > ai(k;+1). One shows that the geometrical sections satisfy sjwy] =
t'* Ay, where Aj, are horizontal sections of H" (by quasi-homogeneity). They form
a basis of H"(g~1(t)) (see Chapter 5). Therefore, the classes

N, = const ~tl’“+[*l’“]Ak, kel,

also form a basis.

In 7.45 below it is shown that the Hodge filtration on the space generated by
classes 7, is the same as the filtration by the order of pole —[—I;] + 1 of the space
generated by forms wy(g — t)[=*1=1. Thus F? = span[n, : lr <n — pl.

Next, the elements 7, are eigenvectors of the monodromy with eigenvalues 27
and hence W,, = span [n,, : I € Z] (corresponding to €27k £ 1).

In this way the mixed Hodge structure on H"(g~'(t)) is defined. The Hodge
numbers are the same as in the theorem.

(0) In order to calculate the invariants of the intersection form on H™(Z*) we use
the cohomologies with compact support H(Z*). H*(Z*) is the dual to H"(Z*)
and is equipped with a mixed Hodge structure (with W,,_y C W,,) such that the
pairing morphism H?(Z*) ® H"(Z*) — C = H™" is a morphism of mixed Hodge
structures. We have W,,_1H? = {w : (w,n) = 0 for any n € W,,H"}. Consider
the commutative diagram, where ¢ : Z* — Z is the inclusion and all arrows are
morphisms of mixed Hodge structures,

HMNZ®) % HMZ)
1J 1=
H7L(Z*) P Hn(Z)
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Let S be the bilinear form on H?(Z*) given by S(«a, ) = (o, j(8)) = [a A B.
We get S(a,8) = 0if a« € Wy,_1H? (or if 8 € W,,_1H"); because jlw, , =0 :
Wy1HY — W,,_1H" = 0. This shows that W,,_;H is the zero space of the
intersection form.

Next, i, identifies Gr)Y H?(Z*) with P"(Z), the primitive part of the weight-
ed-projective variety Z C CP™/G. Recall that the primitive cohomology classes
are those classes which have zero intersection with suitable power of the Kéahler
class, dual to a hyperplane section [H N Z] (e.g. at infinity, see Theorem 7.12).
In particular, the forms with compact support do not touch infinity and hence
represent primitive classes, H?(Z*) C P™(Z). By the point (ii) (of the theorem
under proof) Gr,H"(Z*) = coker (H" %(Zs) — H™(Z)) and the arrow is the
Gysin homomorphism. Using the Poincaré duality we identify it with the space of
cycles in Z modulo cycles in Z. Because Gr, H?(Z*) is dual to Gr, H"(Z*) we
find that it equals P™(Z).

Now we use Theorem 7.14. The form S is non-degenerate on P™, which shows
that the dimension of the zero subspace p, = dim Gr)Y,; H"(Z*) (by duality). If
n is odd, then the form S is symplectic on P™(Z). If n is even, then we have
the Hodge-Riemann relations on P"(Z) = @ H?9: (i) S(«o, ) = 0 if o € HP9,
B e H™, (p,q) # (s,7) and (ii) (—1)""~1/2jP=48(z,7) > 0 for x € HP7\ 0.

If n is even, and we consider cohomologies with real coefficients, then the form
S| pn(zr) is diagonalizable with 1, =3 hZ{ pluses and with u_=3"_ .4 h2]
minuses. (I

q even

7.43. Remarks. (a) Steenbrink in [Ste3] introduced the Hodge filtration by means
of the identity FPH"(Z) ~ T(M, Q4 (n + 1 —p)Z))/dT(M,Q%,((n — p)Z)) and
an analogous identity for FPH"~1(W). Here Q7 (kZ) is the sheaf of meromorphic
k-forms with poles on Z of order k (see below). In order to prove this he used a
theorem of Bott about vanishing of Cech cohomologies of the projective space.

(b) The filtration F? = span[n, : Iy < n — p|, from the proof of the theorem of
Steenbrink, is equivalent to the following filtration, called the asymptotic Hodge
filtration, in the space spanned by the geometrical sections s[wy], k € I:

FP = span [s|wi] : I <n—p)].

Because s|wy] ~ t!* this is the filtration determined by the asymptotic behaviour
of the geometrical sections.

(c) In [Ste2] Steenbrink calculated the invariants pg, gy in the general situation.
We have

!/ !

/
o= S W= S T2 Y ey w

ptg=n+1,n+2 p+g=n+2 ptg=>n+3

where 3’ runs over even (respectively odd) ¢’s for even n.
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From this it follows in particular that: if n is odd then u — pg is even, if n =
2 (mod 4) then yp — p_ is even, if n =0 (mod 4) then p — p is even.

7.44. Applications of the mixed Hodge structure on the Milnor bundle. (a) The
Petrovski—Oleinik inequalities in real algebraic geometry. V. 1. Arnold [Arnd| ob-
served that certain classical inequalities obtained by I. G. Petrovski and O. A.
Oleinik [PO] can be interpreted in terms of the mixed Hodge structure on vanish-
ing cohomology.

The Petrovski—Oleinik inequalities are the following:

Ix(A) —=1] < II,(d), n even,
Ix(By) —x(B-)] < 1II,(d), nodd, deven,

where A € RP""! is a projective algebraic hypersurface given as f = 0, By =
{£f > 0}, f is a homogeneous polynomial, x is the Euler characteristic and
IL,(d) = #{k : > k; = dn/2}.

The same inequalities in Arnold’s interpretation take the form
‘an| < h;t/2,n/2’ ‘an| < h[1n/2],[n/2]’

where ind = iV f is the index of the gradient vector field and h’f’k are the Hodge
numbers of the mixed Hodge structure in the vanishing cohomology defined by
f(z) (n even) and by f(z) + y? in C"*! (n odd).

The proof uses the theorem of Steenbrink about quasi-homogeneous singularities
(from the point 7.42).

Arnold conjectures that the mixed Hodge structure should play an important role
in topology of real algebraic manifolds.

(b) Hodge numbers for hypersurfaces in projective and affine spaces. Using the
Lefschetz theorem about hyperplane sections and the Steenbrink theorem about
quasi-homogeneous singularities, applied to a hypersurface Z ¢ CP"*! defined by
generic homogeneous polynomial equation § = 0 (e.g. §(z) = g(x) — foH), one
can show that P"(Z) coincides with Gr)V | (Z,,). In this way one computes the
Hodge structure on Z (see Example 7.13 above).

The Lefschetz theorem about hyperplane section says that:

If X c CP"™ is smooth compact variety of (complex) dimension m and Y =
X N H is smooth, where H C CP™ is a projective hyperplane, then the restriction
homomorphism HY(X) — HI(Y) is an isomorphism for j < m — 1 and is an
embedding for j =m — 1.

The dual version of this statement says that the Gysin homomomorphism HI(Y)—
HI*2(X) is an isomorphism for j > m — 1 and is epimorphism for j =m — 1.

From this it follows also that:

The affine variety Z* = {g(z) = 1} C C"T! has the only nontrivial reduced
cohomologies in dimension n.
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Thus we have a generalization of the Milnor theorem to an algebraic situation.

7.45. The asymptotic mixed Hodge structure. A. N. Varchenko [Varl] has de-
fined the following asymptotic mixed Hodge structure on a fiber H; = H"(V;) of
the Milnor cohomological fibration, associated with a singularity g : (C"*1,0) —
(C,0).

The asymptotic weight filtration W, is the same as the Steenbrink weight filtration;
it is the monodromy filtration with central index n on H"(V;)x1 and with central
index n+ 1 on H™(V});.

The asymptotic Hodge filtration F'* is defined by means of the geometrical sections
slw] = (-,w/df) of the cohomological Milnor bundle H™. We have

FP = FPH"(V;) = span{sw] : wof order <n —p}.

It means that, if slw] € FP and fA(t) w/df =32, % Ag.o(A)t*(Int)*, then there
exists ag < n — p, k such that A, # 0.

Theorem. ([Varl|, [SS]) The above two asymptotic filtrations define a mized Hodge
structure equal to Steenbrink’s mized Hodge structure.

Varchenko [Varl] proved this result in special cases (semi-quasi-homogeneous, two
variables, f(z)+ g(y)). J. Scherk and J. H. C. Steenbrink [SS] gave a proof of this
theorem using F. Pham’s [Ph3| description of so-called Gauss—Manin moduli (via
filtrations on some D-moduli). V. S. Kulikov in [Kul] translated the proof from
[SS] into the more standard language of sheaves and hypercohomologies.

We will see that the asymptotic Hodge filtration is analogous to the asymptotic
Hodge filtration, which we have met in the quasi-homogeneous case.

The idea of the proof of this theorem is to equip the hypercohomologies of a
complement X\ Y of a hypersurface Y C X with a filtration which arises from a
filtration of some sheaf complex, but is different from the standard filtration into
forms of (p,q)-type (when we use H*(X\Y) = H"(X,£*(log))) and is different
from the stupid filtration (when H™(X\Y) = H"(X, Q*(log)). This idea belongs
to P. Griffiths [Gri3|.

We have the short exact sequence

0— Q% — Q%(logY) & 4,007 =0

(R — the Poincaré residuum), which shows that one can calculate the cohomolo-
gies of X\ Y by means of hypercohomologies of the holomorphic logarithmic com-
plex on X. The complex Q*(logY’) is quasi-isomorphic to the complex Q(xY") of
meromorphic forms with finite order poles on Y. The above short exact sequence
becomes quasi-isomorphic to the sequence

0— Q% — Q%(+Y) & DR*"(Byx) — 0,

where DR®(By)x) = Q% ® Bjy)x is the de Rham complex of the ring Biy1x =
Ox (xY)/Ox and consists of classes of meromorphic forms with poles at ¥ modulo
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holomorphic forms. Here, by Ox(kY) we denote the sheaf of meromorphic func-
tions on X with poles at Y of order at most k. Ox (xY) is the union of such rings,
Ox C Ox(Y) C Ox(QY) C... Ox(*Y)

The complexes Q%, Q% (logY), i*Q;,_l are equipped with the filtration béte F'*°.
For example, we have FPQ(logY) = Q™ (log) if m > p and = 0 otherwise. We
want to introduce a filtration P* on Q*(+Y) (and on DR*~!(Bjy|x)) such that the
inclusion map a : 2°(log) — Q°(xY") is a filtered quasi-isomorphism (and the maps
.0y " — DR*(Bpyx) and Q% (+Y) — DR*~Y(B}y|x) are filtration preserving).
For fixed n we put the filtration by the order of pole P*® :

PPQ™(xY) = Q™(n+1-p)Y), p=1,...,n,
= Qm(xY), p=0.

Then we have a(FPQ™(log)) C PPQ™(xY), p = 0,1,...n. The filtration P*® on
the complex DR*(B[y)x) is defined analogously.

It follows that the filtrations by the order of pole induce the Hodge filtrations on
H™(X,Q*(+Y)) and on H"(X, DR*~*(By)x)); the latter coincide with Deligne’s
Hodge filtrations on H"(X\Y) and H"~(Y) respectively.

(In [Ste3] the above filtered quasi-isomorphism is derived directly in the case X is
a weighted projective space and Y is a (quasi-homogeneous) hypersurface. Steen-
brink uses long exact sequences associated with short sequences 0 — Z(Q971(kY))
— QI EY) — Z(Q4((k+1)Y)) — 0and 0 — Z(Q%) — Z(Q4(Y)) — Z(ngl)—>
0 and vanishing of some cohomology groups H?(X, Q% ® O(k)) (Bott theorem).)
One applies this construction to the cases X = V (small ball around the origin in
C"tl)andY = V4, t # 0). Due to the quasi-isomorphism between DR*® (Bry)x) and
Q5,, which is analogous to the map Res from the proof of the theorem of Steenbrink
in the point 7.42, the induced filtration on H™(Y") becomes the asymptotic Hodge
filtration.

The detailed proof is much more complicated. We refer the reader to the book
[Kul]. O

The asymptotic mixed Hodge structure is closely related to the spectrum of the
singularity and the conjecture about its semi-continuity (see the point 5.45, [AVG],
[Ste2] and [Kul]).

Varchenko in [Var2| proved that the operator N = log M,, acting on H"(V};) ~ C*
has the same structure as the operator of multiplication by f in the local algebra
Clz]/(0f /0x) ~ CH. Tt follows from the proof of the previous theorem (see [SS]
and [Kul]). In particular, f**! € (9f/0z), where n + 1 is the dimension of the
ambient space. The later property was first proved by J. Briancon and H. Skoda
[BS].

§5 Period Mapping in Algebraic Geometry

7.46. Example. The moduli space of elliptic curves. An elliptic curve E can be
identified with the quotient C/A, where A = {mz1 +nza : m,n € Z} is a lattice.
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The automorphisms of C, i.e. z — Az, define isomorphisms between lattices C/A
and C/AA. Thus one can assume that z; = 1, Im z3 > 0. Usually z is here denoted
by 7.

The generators of A ~ Z2? are not defined uniquely. One can apply an automor-
phism of Z2, i.e. an element of the group SL(2,7Z) to them. Because 7 = 21 /2 is
the coordinate in the projectivization of the complex plane generated by z1, 22, the

. b . . — .
action of ( Z d € SL(2,7) is equal to its projective representation: 7 — fzis

Therefore the space of all elliptic curves is identified with H/PSL(2,7Z), where
H is the upper half-plane. There is one-to-one correspondence between the space
M, of moduli of elliptic curves and H/PSL(2,7Z).

The map E — 7(F) is called the period map. It can be defined by means of
integrals of holomorphic forms along cycles in E. The space of holomorphic forms
is 1-dimensional, H°(E,Q') = HYY(E) ~ C and is generated by w = dz. The
integer homologies Hq(E,Z) are generated by the cycles v = R/A and 6 = TR/A
with the index of intersection (v, ) = 1. The intersection matrix is < _01 (1) )
The period mapping is identified with the map F — (f,y w, [sw)=(1,7).

The intersection form of cycles is dual to the external product on de Rham coho-
mologies, Q(¢,v) = [, ¢ A 1. In the basis (1, u) of HY(E,Z), dual to (v,9), we
have Q = ( _01 (1) ) Here n = dx — (71/72)dy, n = dy/72 where z = x + iy,
T=7T1+1T2.

Moreover w = dx +idy =n+ 7= (n, )", Q= (1,7).

If a curve C C CP? is given by a quartic equation y? = Py(x) (in the affine
part) then C is a topological torus (elliptic curve). One can choose a basis (y,d) of
H1(C,Z) with (7,6) = 1 and a 1-form w = c¢-dz/y € H°(C, Q) such that fvw =1
and Im [5w > 0. Thus the period mapping (fww, Jsw) = (1,7) coincides in both
models of an elliptic curve.

There is a holomorphic diffeomorphism between C' and E. It is the Abel-Jacobi
map p — f;; w (mod A), where pg is a fixed point. The curve E is called the
jacobian of the curve C.

7.47. The period mapping for general algebraic curves. Let C' be a smooth closed
projective curve of genus g.

For example, the curve defined by Q(z,y) = 0 (in C?), where @Q is a generic
polynomial of degree d, has smooth compactification in CP? to a Riemann surface
of genus g = (d—1)(d—2)/2. The compactification of the affine hyperelliptic curve
y? = Pagio(x) (Pagio —a generic polynomial of degree 2g+2 > 4) is singular at one
point at infinity. The resolution of this singular point gives a general hyperelliptic
curve of genus g. Here the hyperellipticity means existence of a 2-fold ramified
covering above the projective line.

Then HY(C,C) = H%!' @ H'O where h®! = h10 = g and H? is identified with
the space of global holomorphic 1-forms.
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Let Q(¢,v) = fc ® A 1 be a bilinear anti-symmetric form on H'(C). It has the
property
iQ(a,a) >0, a € HYO\ 0, (5.1)

(because locally a A o = —2i|f|2dz A dy for a = f(2)dz).
There exists a basis 9y,...,1,, 4y, ..., p, of H'(C,7Z) such that

Q= ( _OIg {)9 ) (5.2)

in this basis. (I, is the identity matrix of dimension g.) This basis is dual to a
basis vy,...,74,01,...,04 of the lattice of integer cocycles. We choose a basis of
holomorphic forms w,...,w, € H°(C, Q') such that

/ Wy = (51]
5.

i

The integrals [ w of a holomorphic form along 1-cycles are called periods. The
representation of the forms w; in the basis 7, ..., u, has the form

(W1,...,w9) = (nlv"'vng‘ﬂlv"'aug)QT

where Q = ([4|Z) and Z = X +iY is a complex g x g matrix (X,Y real). Q is
called the period matrix: Q = (f'm wil f5, wj)-

The form Q|g1.0, in the basis wj, is equal to QOOT = ZT — Z where Q is in the
form (5.2). Because Q|g1.0 =0 we get the first Hodge—Riemann relation:

(i) the matriz Z is symmetric, Z = Z .

The Hermitian form (¢,v) — iQ(¢,v) restricted to H™C is equal to iQQQT =
2 Im Z = 2Y. Because of (5.1), we have the second Hodge—Riemann relation:

(ii) the matriz Y is positive definite, Y > 0.

The space
H,={Zcgl(g,C): Z=Z",ImZ >0}

is called a Siegel upper half-plane of genus g.

Here the Siegel upper half-plane is identified with the period matriz space or with
the classifying space of Hodge structures (see below).

A B
C D
SL(2g,7), which preserve the (symplectic) form @ in the basis 7, y; (GQGT = Q)
acts on the space Hy:

The (arithmetic) Siegel modular group Sp(g,Z) of matrices G = €

G(Z)=(AZ + B)(CZ + D)™ *.
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The space H;/Sp(2¢, Z) is the proper space for values of the period mapping; (to
be correct one should write Sp(2g,Z) \ Hy, since we have the left action of the
modular group). However it is more useful to work with the space Hy.

With the curve C' one can associate a certain torus J(C) called the jacobian of
C and defined as H'°/rH'(C,Z), where m : H* — H'0 is the projection along
H%'. Thus J(C) is a 2g-dimensional real torus. The Abel-Jacobi mapping from
C to J(C) is defined as p — (f;; wl,...,f]i wg)" (mod A), where the lattice
A ~ 729 is generated by the periods (the columns of the matrix ).

(The jacobian J(C) turns out to be an algebraic variety, i.e. abelian variety with a
Kahler (1,1)-form (polarization). It has other interesting invariants reflecting the
geometry of the curve C'. We refer the reader to any book on algebraic geometry
to get more information about this interesting subject.)

Denote by M, the space of moduli of algebraic curves of genus g. Two such curves
are treated as equivalent iff there is an analytic diffeomorphism between them.
We have defined a canonical map

o, : My — H,/Sp(29,Z).

7.48. The Torelli theorem for curves. ([Tor|) The map ®, is an embedding. It
means that if two curves have the same period matriz modulo the Siegel modular
group, then they are analytically isomorphic.

The proof of this result needs introduction of some additional algebro—geometri-
cal notions (canonical curve, ©—divisor) (see [GH] for example). So, we omit this
proof.

At this moment it is worth citing some results of D. Mumford and P. Deligne
[DeMu]. It turns out that the space Mg, g > 1, admits a structure of irreducible
quasi-projective algebraic variety of dimension 3g — 3. Its closure M, is a smooth
variety consisting of classes of curves admitting at worst double point singulari-
ties. The same concerns the space Mg, (of moduli of curves of genus g with n
punctures) and its closure (which forms a so-called algebraic stack). The intersec-
tion numbers of certain cycles in M, ,, (the Gromov-Witten invariants) generate
so-called partition function of conformal 2-dimensional field theory (see [Dub],
[Voi]). These topics are in the frontiers of modern mathematics. They reveal deep
connections between algebraic geometry and mathematical physics.

We leave these interesting themes aside and we pass to definition of period matrix
space in the general situation.

7.49. Definition of polarized Hodge structure. Let Hz be an integer lattice in its
complexification H = Hy ® C. Assume that H admits a pure Hodge structure of
weight n, ie. H =@, ., H?? with HP? = HoP. Let Q : Hy, ® Hz, — Z be a
non-degenerate bilinear form satisfying the Hodge—Riemann relations

QoY) = (=1)"Q,9),
Q(o,) 0, o€ HM, e H, p#s,
P71Q(¢, 0) 0, ¢ € HP\ 0.

V
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The triple (Hyz, HP?,Q) is called the polarized Hodge structure of weight n. We
introduce the Hodge numbers h?>? = dim HP'? and the Weil operator C : H — H,
C|Hp,r1 = ’ip_q.

Example. Let X be a smooth complete projective variety of dimension d. Let
[w] € H%(X,Z) be its Kéhler class and let L : H(X) — H/*2(X), [n] — [w A 7]
be the Lefschetz operator.

We define Hz as P"(X,Z) = ker [L4="* : H™ — H??="2] 'n < d, the subspace
of primitive vectors (see Theorem 7.12). The spaces H?? are P"(X,C)N HP4(X)
and the form Q(¢,1) equals (—1)™(+1)/2 [x @A Aw?™™. Due to Theorem 7.14,
these data define a polarized Hodge structure of weight n.

7.50. Definition of the classifying space of polarized Hodge structures. Let an
integer n, a lattice Hz and a bilinear form @ (on the lattice) and positive integers
hP9 (equal to the dimensions of H?:?) be given. Define the space D as the space
of all polarized Hodge structures Hy, HP9, () with dim H?? = hP'? and call it the
period matrix space.

The space D can be constructed explicitly. The space F of all filtrations F° D
F! > ... with fixed dimensions f/ = dim F7 (= h™° + h"=bt 4.+ W) s a
flag variety and forms a subvariety of a product of Grassmann varieties (i.e. spaces
of all subspaces of H of fixed dimension) with the natural complex structure.
The first Hodge—Riemann condition

D: Q(FP,F" Pty =0

defines a closed complex analytic subvariety D of the flag variety F. The second
Hodge-Riemann condition

D: Q(C¢,¢) >0, ¢#0,

defines the period matrix space D as an open subvariety of D.

The spaces D and D have also other algebraic descriptions. Let G = Aut (H, Q)
be the group of linear automorphisms of the space H preserving the form Q. G¢
acts on the flag space F and the subset D is an invariant subset with respect to
this action. The action of G¢ on D is transitive; for any a,b we have b = g(a),
g € Gc (there is only one orbit). This shows that D is a homogeneous space and
can be represented in the form

D =Ge¢/B,

where B is a stationary subgroup of one point, of a fixed flag F* > F! O .... In
a suitable basis of H attached to this flag, the elements of the group B consist
of block-triangular matrices. Such a group is called a parabolic subgroup. (The
definition of parabolicity of an algebraic subgroup of a linear affine algebraic group
requires that the quotient space be a compact projective variety.) This shows that
the space D is smooth.
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In order to give a similar description of the space D one takes the subgroup
Gr = Aut (Hg, Q) C G (the real variant of G¢) and its subgroup K = B N Gg.
K turns out to be compact (because its restrictions to the quotient spaces FY /F? +
are orthogonal groups). We have

D =Gg/K.

One has also the discrete arithmetic subgroup Gz = Aut (Hz, Q) C Ggr. We treat
this subgroup as acting on D from the left (induced from left multiplication in
GRr), whereas the cosets in Ggr/K are cosets of the right multiplication of elements
from K on Gg. So one has the left quotient Gz \ D as the proper classifying space
of Hodge structures. Because analytic description of the latter space is not explicit,
one prefers to deal with D. However, when one has a family of Hodge structures
depending on a parameter s € S then one has a map from S to Gz\ D, which can
be multivalued. In order to get single-valued mapping one uses the period matriz
space in the form
r\D

where I' C Gz is the monodromy group, the image in Gz of the fundamental group
of S.

Let us demonstrate the construction of the space D in the case of curves of genus
g. Each such curve is C* diffeomorphic to a fixed curve Xy. The lattice Hyz is the
space H1(Xg,Z) ~ Z*9 with the basis 7, . .. sMgs s - - - 5 fbg and with the standard
symplectic form @. The Hodge structures on H = C?9 are defined by choices of
the subspaces F!' = H'9(X, C). The subspaces F'! form graphs F'' = {(n, ) : p =
Z™ny, n= > a;n;, g =y bju;. This means that the space of flags H D F' of
this form is the same as the space of matrices Z. This space forms an affine part
of the Grassmann variety G(2g,g) of all flags. The space {Z : ZT = Z} is the
affine part of D and {Z € D : Im Z > 0} is the affine part of D.

7.51. The general period mapping. Consider an analytic morphism f : X — S of
complex analytic manifolds and such that X ¢ CP"N x S, f is the projection and
the fibers X = f~1(s) C CPY x {s} are compact smooth projective varieties. Fix
a positive integer n. For each s we have the data (Hz)s, (HP9)s, Q5.

Fix sg and Hyz = (Hz)s, = H"(Xs,,2Z), H?? = (HP?),,, Q = Qs,. Because f
is a locally trivial fibration (in the topological and C° categories) there exists a
family of diffeomorphisms ¢, : X5, — Xs. The induced homomorphisms ¢ allow
us to identify the lattice (Hz)s with Hz and the form Qs with Q. In fact this
identification is unique modulo the monodromy, i.e. the action of the fundamental
group 71 (S, so)-

However the spaces HP*? = g*(HP?); can differ from HP'? (because the fibration
should not be an analytic bundle). We obtain a family of polarized Hodge struc-
tures, i.e. a family of elements in D modulo the action of 71 (S, s¢). Denote by T'
the image of 71(S, sg) in Gz. The resulting map

or:S—-T\D



258 Chapter 7. Hodge Structures and Period Map

is the period mapping of the family X;.

In applications one uses § = D* or S = My, where My is the space of moduli
of analytic varieties topologically equivalent to Y.

Griffiths [Gril] proved that ®r is locally liftable to D. It means that there are
neighborhoods U (of points in S) and local maps ® = &y : U — D such that
®p|y is the composition of ® and of the quotient map.

We have the locally trivial vector bundles: H — S and FP — S, with the fibers
H(X;,C) and FPH(X,C) respectively, where F'* is the Hodge filtration. The
cohomological bundle is equipped with the Gauss—Manin connection; it is a holo-
morphic bundle.

7.52. The period map and the Gauss—Manin connection. (a) Assume that we have
a family f : X — S of algebraic varieties X as above and let ® : U — D be
a local lift of the period mapping. We want to differentiate ® with respect to
vectors v € Thor,s,8 = T, S (vectors of type (1,0)). Because the lattice Hz does
not depend on s, such a derivative is in fact the derivative along the Gauss—Manin
connection, d®/9v = V,®. Let us first differentiate the classes [n] € H"(X4,, C).

(b) Griffiths Transversality Theorem. (|Gril]) If [n] € FP and v € Ts,S then
V.[n] € FP~1.

The property V : Og(FP) — QL(FP~1) is called the tranversality condition (or
the infinitesimal period relations). It says that, although the subbundles FP are
not horizontal with respect to the Gauss—Manin connection, this non-horizontality
is relatively small.

(c) Corollary. The subbundles FP are holomorphic and the period map ® is also
holomorphic.

Proof. V,® is a tangent vector to the complexification of D, treated as a C'**° real
manifold. The affine part of the Grassmann variety G(H, f?) of fP-dimensional
subspaces FP of H consists of the graphs of linear maps from Ff = F? to the
quotient space H/FP. Therefore the (holomorphic) tangent space to this Grass-
mann variety at the point d = ®(sp) is identified with the space L(FP, H/FP) of
linear maps. We have V,®(sg) € L(FP, H/FP)c. The transversality theorem says
that V,®(sg) € L(FP, FP=Y/FP)c in fact.

The derivative of a section [n] along the conjugate vector v € (Ts,5)c is equal

to A[n)/0v = d[n]/Ov, where [n] € F*~P and d[n]/0v € F"P~1. Hence 9[n]/0v
€ FP*L. This shows that 0®/0v € L(FP, FP*1/FP) =0 (as FPT! C FP).

(The analyticity of the bundles Gr?. follows also from their definition as the Leray
sheaves qu*Qg(/S.) |

(d) Proof of Griffiths Transversality Theorem. Let us choose the representative
7 as a harmonic form on X;,, a sum of components of the type (n,0),(n —
1,1),...,(p,n —p). We extend 7 to a form 7 in a neighborhood of X, in X with
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components of the same type. We use the C°° trivialization f~1(U) ~ U x X,,.
The (Gelfand-Leray) form

1d1),
where i, is the internal product, defines the class of V,[n]. Because d7 is of the
type (n+1,0) + ...+ (p,n —p+1) and v is of the type (1,0) the form 4,d7 is of
the type (n,0)+...+ (p—1,n —p+ 1), i.e. it lies in FP~L O

(e) Definition. The horizontal subspace T}, 4(D) of the (holomorphic) tangent space
TyD is defined as

L(FP,FP~'/FP) C L(FP/H/FP),p=1,2,...

The horizontal subbundle T} (D) is the subbundle of T'D with the fibers T}, 4(D).
Griffiths Transversality Theorem says that ®, takes values in the horizontal sub-
bundle.

7.53. The Kodaira—Spencer mapping. Again we have the family f : X — 5,
deformation of Y = X;,. The Kodaira-Spencer map is a linear map

p: TS — HY(Y,TY)

defined by means of the connecting homomorphism H°(Y,NY) — HY(Y,TY)
associated with the short exact sequence 0 — TY — TX|y — NY — 0. Here
NY is the normal bundle to Y in X and one identifies the vectors & € T,,.S with
global sections o (y) of the normal bundle; o(y) = [w] with any w € T, X such that
fow =¢&.
One can describe the Kodaira—Spencer class p(9/0s) more explicitly. Let U = (Uy)
be a covering of a neighborhood of Y in X by sets U,,, equipped with holomorphic
coordinate systems (zq1,-...,%a,d,5), d = dimY. The vector 9/Js from TS
has representations v, in the coordinate system in U,. v, is a vector field in U,
which allows us to construct a holomorphic diffeomorphism between X, N U,
and X, NU,. If we had a global vector field v, defined in a neighborhood of Y
(projecting itself to 9/0s), then the phase flow maps g57% : X;, — X, would
define a local analytic trivialization of the bundle f. The obstacles to prolongation
of v, are the differences tog = vo — vg in U,y N Ug. These differences satisfy the
1-cocycle condition and take values in TY (the s-components are the same). The
cohomology class of the cocycle (tag) € C1(U,TY) is the value of p(9/ds).
We see that the Kodaira—Spencer class constitutes the first obstacle to holomorphic
triviality of the bundle f : X — S. The elements of H1(Y,TY) are called the
infinitesimal deformations of Y.
It turns out that the component ®° : TS — L(Grb Gl =
L(HP4, HP~1.4F1) of the tangent ®, to the period map is equal to the compo-
sition

Ty, S & H'(Y,TY) — LHI(QP), HTHL(Q07),
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where the first map is the Kodaira—Spencer map and the second map is the internal
product in cohomologies.

The space H(Y,TY) is a candidate to the space of moduli of analytic varieties,
which have the same topological invariants as Y. Here by a moduli space My we
mean the following. Either one associates to a point from My a variety (as in
the case of the moduli space M, of curves) or one fixes the manifold Y, treated
as a C*° manifold, and varies the complex structure on Y. The second approach
is better because the variation of various invariants (of the complex structure)
can be expressed in terms of objects (e.g. cohomologies) living on Y. One looks
for deformations that are versal, which means that any complex structure on
Y is among those from the deformation; (like versal deformation of a germ of
holomorphic function).

Not always H! (Y, TY) is a base of the versal deformation. Sometimes an infinites-
imal deformation, which forms the first term of the Taylor series of a deformation,
cannot be completed to the whole Taylor series. The obstacles lie in the group
H2(Y,TY). In [KNS]| it is proved that, if H?(Y,TY) = 0, then the Kodaira—
Spencer mapping is an isomorphism between the base space of versal deformation
(which exists) and H'(X,TX).

The versal deformation was constructed by Kuranishi [Kur|. It turns out that
there exists a mapping v : H*(Y,TY) — H?(Y,TY) such that My = y~1(0).
Another approach to the problem of moduli of algebraic varieties runs through def-
inition of quotients of actions of algebraic groups and was developed by Mumford
[Muml].

7.54. The mirror symmetry. The deformations of complex structures play crucial
role in the mirror symmetry conjecture for Calabi-Yau varieties (see [Dub], [Wit],
[CoKa] and [Voil).

A Kihler manifold X is called Calabi-Yau iff its canonical bundle Kx = Q4mX is
trivial. Calabi—Yau manifolds with the same Hodge numbers as X form a family
with the moduli space M x. Examples of the Calabi—Yau manifolds constitute the
K-3 surfaces (i.e. 2-dimensional complex analytic varieties with H!(X,Z) = 0 and
trivial canonical bundle Kx = Q2 ~ Ox).

The mirror symmetry relies on ‘existence’ of a family X/, s € M x/, of Calabi—Yau
varieties such that the moduli space M x/ is parametrized by a subset K (X) C
HY(X) (Kéhler cone) and conversely, M x is parametrized by K (X').
Existence of pairs (X, X') of families of (complex) 3-dimensional Calabi-Yau va-
rieties was discovered by physicists [COGP] and it led to fantastic mathematical
predictions. Namely, if Q € T'(X,Q%) is a global holomorphic 3-form, then one
can define the following Yukawa potential on (TMx)®® = (H(X,T10)®3 .

(51762763)—)/)(Q/\V£1V£QV£3Q’

where V is the Gauss—Manin connection. By some arguments, taken from super-
symmetric string theory, it turns out that the Yukawa potential should ‘coincide’



§5. Period Mapping in Algebraic Geometry 261
with the so-called following Gromow—Witten potential on (H?*(X',Z))®3 :

(11, M25m3) — Zeiw’mN(ah g, az; B).
8

Here w € H''(X’) is a symplectic form (imaginary part of the Kéhler form), a;
are cycled dual to 7;, the summation runs over homology classes 3 € H X(X".7)
and N(aj,az,as;3) is the number of holomorphic curves ¢ : CP! — X’ with
o, [(CPl] = [ and incident to the cycles «; (the Gromow—Witten invariants).

In [COGP] the case when X’ is a quintic hypersurface in CP* and X = {af + ...
+x3 + sx1... x5 =0} /(Z5)® is considered. Here H?(X’) and Mx are 1-dimen-
sional; so for fixed generators § = £, , 3 and n = 1, 5 5 the above potentials depend
essentially on one variable. The mirror symmetry predicted equality of the Yukawa
and Gromow—Witten potentials as functions of one variable. P. Candelas, X. de
la Ossa, P. S. Green and L. Parkes calculated the Yukawa potential (it is rather
standard) and predicted the number of rational curves in a quintic. The rigorous
proof of all this was eventually found by A. B. Givental [Giv2].

For more details on this subject we refer the reader to [CoKa] and [Voi].

7.55. The Torelli theorems. By the notion of Torelli theorem we have in mind
certain analogues of the Torelli theorem for curves (Theorem 7.48). These are
results about embeddings of the moduli space My into the period matrix space
D. If ® : My — D is an embedding, then we say that the global Torelli theorem
holds. If @, (s) is an embedding (for any s € My) then we say that the infinitesimal
Torelli theorem holds.

The global Torelli theorems were proved for: curves, cubics in CP* and Calabi-Yau
manifolds.

The infinitesimal Torelli theorem holds for hypersurfaces in CP™.

For more information we refer the reader to [KK]| and [Voil.

7.56. The hyperbolic geometry methods. (a) Consider a degeneration f : X* — D*
of varieties, parametrized by the punctured disc and associated with it the period
mapping &r : D* — I'\ D. Here I is the cyclic group generated by the monodromy
automorphism.

The space D is the homogeneous space Gr/ K. It is equipped with invariant metric
ds%, induced from the Cartan-Killing form on the Lie algebra g = T.Gg. (The
Cartan—Killing form (-, -) satisfies ([z,y], z) + (y, [z, 2]) = 0, defines an invariant
metric on the group and is unique up to normalization for a simple Lie algebra,
see [Serl|).

(b) It turns out that (see [Gril], [Gri2]):

The period mapping is negatively curved. It means that the sectional curvature in
the direction ®,T;D* is negative; after suitable normalization we have

Kp(v,v) < —|v|3, ve @ T,D"
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In other words, the horizontal subbundle T3 (D) (see 7.52(e)) is negatively curved.
On the other hand, the punctured disc D* also admits a negatively curved metric,
the metric |dyt|> = |dt|?>/(|t|In[t|)? (induced from the hyperbolic metric |dz|?/
(Im 2)2 on the universal covering H).

(¢) There is a generalization of the classical Schwarz theorem, which says that if
f:(D,0) — (D,0) is holomorphic, then |f(¢)| < |t|. This generalization says that:

The period map is hyperbolic distance decreasing, d(®r(t), Pr(t')) < du(t,t').

We cannot explain here the above two results. We refer the reader to the works
of Griffiths [Gril] and [Gri2]. Below we have their application to the monodromy
operator.

(d) Borel’s proof of the first part of the monodromy theorem. We want to show
that the eigenvalues of the monodromy operator M are roots of unity. _
We apply the covering map ® : H — D = Gr/K. We have ®(z 4+ 1) = Md(z),
z € H. B
Consider the points ni,ni+1 € H,i = /—1,n = 1,2,.... The elements ®(ni) € D
are cosets g, K, g, € Gr and 5(m’+1) = Mg, K. The hyperbolic distance between
nt and ni+ 1 tends to zero, dy (ni,ni+ 1) = 1/n. By the point (c) above, we have
d(gnK, Mg,K) < 1/n, which means that d(g,, ' Mg, K, K) — 0. Thus the elements
gt Mg, from the conjugacy class of M, have accumulation point in the subgroup
K.

The group K is compact. If M would have an eigenvalue \; with module different
from 1, then the groups generated by g, ! Mg, would be non-compact. This shows
that all |\;| = 1.

Because \; are algebraic numbers they are roots of unity. O

7.57. The Baily—Borel compactification and limit of period mapping. Let f: X —
D be a degeneration of a family of algebraic varieties. It means that X, t # 0, are
compact and smooth and Xy is singular. We have the period mapping ®r : D* —
'\ D.

The punctured disc D* is open. The space I\ D is also open, because of openness
of the second Hodge-Riemann relation.

If the monodromy operator is periodic, i.e. M = My and N = log M,, = 0, then
after applying the semi-stable reduction one obtains a situation with holomorphic
single-valued map D* — D. After showing that it is bounded one obtains analytic
prolongation of ®r to the full disc with values in I'\ D (see [Gri2]).

In the general case one cannot obtain prolongation with values in I'\ D. However,
one can try to obtain a prolongation in the form ®r : D — {T'\ D}*, where
{T'\ D}* is some (partial) compactification of the space I'\ D. A natural candidate
for {I"\ D}* is the so-called Baily—Borel compactification (see [BaiB]) which can
be described as follows.

The boundary D = D\ D C D is a union of disjoint subsets Fi,..., F,.. They
are complex submanifolds in D. The action of G prolongs itself to an action on
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0D, but the varieties F; can be permuted. Denote N(F;) = {g : g(F;) = Fj},
the normalizer of Fj, and Z(F;) = {g : g|r, = id}, the centralizer of F;. We have
F; ~ Gp;/KF;, where G, = N(Fj;)/Z(F;) and K, are their compact subgroups.
Assume also that the discrete groups I'; = I'N N (F}) act properly discontinuously
on Fj; (i.e. elements from I'; \ Z(F}) have no fixed points in F}).

The Baily—Borel compactification (see [BaiB|) is equal to

{L\ D} = (F\D)UU(FJ \ Fy,

where the induced topologies on I' \ D and on T'; \ F} are the natural topologies
and T'\ D is an open subset in {I"\ D}*.
The following result belongs to Borel (according to Griffiths [Gri2]).

Theorem. The period mapping can be extended to a map ®r : D — {I'\ D}* in
the cases when the varieties X are: curves, cubic threefolds and K-8 surfaces.

7.58. Example of extension of the period mapping for curves. This result is due
to Mumford (unpublished). We follow the exposition in [Gri2].

(a) We have F' : X — D with fibers X, ¢ # 0, which are curves of genus g. Without
loss of generality we can assume that the monodromy operator is unipotent, (M —
?=0.

(b) We begin with a proper choice of the basis of rational cycles in Hq(X;,Q). By

the monodromy assumption there exists a basis =1,...,ZTm, Y1,--->Ym,
Z1,...,%2g—2m such that
Mx; =z +y;, My; =vy;, Mz;=z. (5.3)

Because the intersection form is monodromy invariant we have Q(x;,y;) =
Q(Mz;, My;) = Q(xi+yi, y;) and hence Q(y;, y;) =0. Similarly we get Q(y;, 21) =
0. Next from Q(x;, ;) = Q(x;+y;, xj+y;) it follows that Q(x;, y;)+Q(yi, z;) = 0.
Therefore

0 A 0
Q= -AT B C |, A=AT,
0 -C' D

in the basis (y;, xi, z). By means of the change z} = z; + (1/2) Y. (A7 B);;y; we
reduce B to 0. Similarly we reduce C to 0. Then D = —DT.

The further substitution 2’ = Fz, y' = Fy gives a similar matrix @, with B = 0,
C =0and A = EAFT. Thus one can transform A to I,,, using symmetric and
commuting matrices F and F' with rational coefficients. Because Q), restricted to

{#1,...,229—2m} (the space spanned by z), is symplectic we can assume that
0 I

D= ( ol )

So in the basis y1,. .., Ym; 21, -3 Zg—ms T1y -+ > Tm, Zg—m+1, - - - » 22g—2m WE Obtain

the standard form for Q.
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However the formulas (5.3) for the monodromy do not hold now; (because we have
replaced z; and y;). In the new basis {y;, 2k, T, Zg—m+1} we have

I m O A 0
[ o I,.. 0o 0
M=1"9 "0 1, o

0 0 0 Iym

, A=EF'=AT. (5.4)

(¢) Let us pass to the cohomologies and the period mapping. We choose a basis
Py, ... g, of HY(Xy, C), depending holomorphically on ¢ € D* and such that the
integrals |; v, along horizontal cycles (e.g. xi,y;, 2) have the form

a(t) + b(t) - (27i) " logt,

with holomorphic a(t) and b(¢) near ¢ = 0. The existence of such a basis follows
from the regularity of the Gauss—Manin connection. In Chapter 8 it is proved that
a germ of a regular linear non-autonomous system with unipotent monodromy is
analytically reduced to the system ¢ = (Cp + O(t))u, Cy nilpotent. The solutions
of such a system have just the above type singularities.

The period matrix, i.e. the matrix of integrals of holomorphic forms along the
cycles from the above basis, takes the form Q(t) = Qo(t) + (2mi) Qo (t) Int =
Qo + (2m) L Int - Q(M — I), where Qo and € are holomorphic. (This follows
from the monodromy action Q@ — QM = Q + €y.) Writing Q = (Q1]0s) (Q; -
(9 x g matrices) one finds from (5.4) that € is holomorphic and single-valued.
The Hodge Riemann relations imply det Qi (t) # 0 for ¢ # 0. Application of Q7!
gives the standard form Q = (I;|Z(t)) where

Z(t) = Zo(t) + 121;2 ( 3 8 )

with meromorphic Zy and A the same as above (the only nonzero part in M —I).
Next we know that Z(t) takes values in the Siegel upper half-plane H,. If Zy(t)
would have a pole at t = 0, then the image of Z(t) could not be restricted to Hg,
which is biholomorphically equivalent to a bounded domain (like H ~ D). Thus
Zy is holomorphic. But then the dominating term in Z(t), t — 0, is A;r’; Because
Im Z > 0 we find that A > 0.

(d) Recall the weight filtration of the limit mixed Hodge structure associated with
the degeneration f. It is the monodromy weight filtration with central index 1 and
is defined by Wy = Im (M — I), Wy =ker(M —I), Wy = H*(X,).

We choose a rational basis 1y, ..., m,, tty, - - ., p, of H'(X;,Q) such that the period
matrix is equal to (I|Z(t)), the exterior product form @ has the standard form
and the monodromy acts as follows:

an — 771"‘2;”:1/\%3/13» izl,...,m,
= M J=>ms
Mp; = py

5
|
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Then we have

GT% = {7717~~~777m}7
G’rl = {77m+17-~-»779§/~Lm+1>~-~,/ig},
Wo = {fg,- eyl

(e) The Hodge filtration FY D> F! D {0} defines subspaces F}! = H%(X;,Q!) in
H'(X;). With fixed basis we obtain a family of g-dimensional subspaces S; C C29.
Each such subspace S = S is an element of the Grassmann variety G(2¢, g) and is
isotropic with respect to the symplectic form @Q. The isotropic subspaces form the
subvariety D C G(2g, g). We know also that if ¢ # 0, then the form iQ(S,S) > 0,
ie. SeD.

The basis of the space S; comprises of the forms w; = n; + >27_1 (Z(t)) jxpy-

We pass to the limit ¢ — 0 with S;. Thus we normalize the above basis of
Sy as follows: 1;(t) = Y., Njrpy, + O(ln't), j = 1,...,m; Y;(t) = n; +
S0 _(Zo(t)jkptg, 5 = m+1,...,g. Here the vectors 0,y are fixed and the
matrix Zy(t) is holomorphic.

We see that the limit Sy = lim S} is a subspace containing Wj.

(f) The limit Sy turns out to be an element from the boundary D \ D. The
boundary D\ D C D is divided into components as follows. Each component F;
is characterized by the dimension of the kernel of the form iQ(S, S).

If Wy is a rational (i.e. defined over Q) isotropic subspace (i.e. Q(Wy, Wy) = 0)
of (C?9,Q) of dimension m, then we put F(W) as the set of all S € D with
Wy C S and such that iQ(S, S) has rank g — m. Equivalent conditions state that
Wo =SnNS, or that (Wy)t =5+ 8.

We have

So € F(Wy) in the above limit.

Indeed, we can assume that

g g
So = {pis it > Zmerk (O ng Y 2ek(0)p ),
k=m+1 k=m+1
g g
So = {/’[’17 s By Ml + Z Z7n+1,k(0)ﬂk7 sy + Z Zg,k(o)/’[’k}
k=m+1 k=m+1

Moreover, the matrix Im(z; (0))?’,€:m+1 is positive definite. This means that SoN
SO = {:ulv"'wu’m} = WO'

(h) Each space F'(W)) is isomorphic to the Siegel upper half-plane H,_,,: F'(Wy) 3
S — S/Wo C (Wo)J‘/Wo.

Moreover, any two m~—dimensional isotropic rational subspaces of (C29, Q) related
by a transformation from the modular group I'y ~ Sp (2g, Z) are treated as equiv-
alent. This means that we have set theoretically

{F\D}* = (Pg \Hg) U (Fgfl \Hgfl) u...u (FO \HO)v
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where I, is the modular group acting on H,,.
This is the Borel-Baily compactification of T'\ Hy. In this special case it is also
called the Satake compactification (see [Gri2]).



Chapter 8

Linear Differential Systems

§1 Introduction

The subject in this chapter is the non-autonomous linear differential systems
z2=A(t)z, ze€C" (1.1)
and the linear higher order differential equations
2™ +a; ()2 Y + .. 4 a,(t)z =0, zeC. (1.2)

In the above two equations the ‘time’ ¢ usually takes values in the complex plane
C. Sometimes t € S, where S is some Riemann surface. In the latter case the
equation (1.1) is treated as an equation for horizontal sections of some holomorphic
vector bundle with respect to a certain connection in it. Often we will consider
the equations (1.1) and (1.2) locally, then ¢ € (C,0).

The entries of the matrix A(t) and the coefficients a;(t) are meromorphic functions.
The equations of this type are met very often as the following examples show.

8.1. Examples.

(a) The Gauss-Manin connection on the cohomological Milnor bundle. Recall
that, if A(t) is a family of vanishing cycles (in fibres of the Milnor fibration
associated with an isolated critical point of a holomorphic function) and
wi,...,w, define a trivialization (of the cohomological Milnor bundle), then
the vector function J; = ([ wi/df, .-, [aq w,/df) T satisfies the Picard—

Fuchs differential system (see Theorem 5.29)
J=A(t)J.

(b) The particular case of the Picard-Fuchs equations for the elliptic integrals
are the following (see Lemmas 5.22 and 5.23) 2(9t* — 4)Iy = 45ty — 421y,
2(9t2 - 4)[1 = —10.[0 + 63tI1, or 4(9t2 - 4)[0 = —15]0, 4(9t2 - 4)[1 = 21[1.

(¢) The Gauss hypergeometric equation
tt—1i+[(a+ B+ 1)t — ]t + afz = 0.

We shall study this equation and its generalizations later. Most of the equa-
tions written below are obtained from the hypergeometric equation by appli-
cation of some limit process.
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(d) The Bessel equation
23 +ti + (2 — v¥)z = 0.

(e) The Weber equation
i+ (a® —t*)z =0.

(f) The Legendre equation

(t* = 1)@ + 2tz —v(v + 1)x = 0.

(g) The confluent hypergeometric equation

ti + (¢ —t)& — ax = 0.

(h) The Hermite equation
T — 2tz + 2nx = 0.

(i) The Laguerre equation

tt+ (a+1—t)i+nz=0.

(j) The Gegenbauer equation

(1 —tH3 4+ 2X+ 1)t + n(n+ 2\)z = 0.

(k) The Jacobi equation

(1-tHi+[B—a—(a+B+2)ti+nn+a+p+1)z=0.

(1) The Mathieu equation d*u/dz* + (1 + acos(2z))u = 0, after the substitution
t =sin? z, z(t) = u(z), takes the form

(1 -3 +2(1-2t)¢+ (1 +a —2at)z =0.

(m) The Airy equation
T —tx=0.

(n) The algebraic function x = /¢ satisfies the equation

ntr = x.
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(o) The algebraic function z(t) = v/t + </t — 1 also satisfies the linear differential
equation

(t—3) dt(Gt(t —1)z) =3(3t — [3(t — 1)& — =] + 2(4t — 3)[2tz — «].

d

(Hint. From the formula for = and from 6t(t — 1)@ = 3(t — 1)/t + 2t/t — 1
express v/t and ¥/t — 1 by means of x and i.)

It turns out that any algebraic function is a solution of some linear differential
equation. It follows from the Riemann theorem about multivalued holomorphic
functions with regular singularities (see Theorem 8.35 below).

8.2. Definition. A point ¢; at which the matrix A(t) in (1.1) or one of the coefficients
a;(t) in (1.2) has a pole is the singular point for the equation. In the local case
we shall assume that ¢; = 0. The first rough classification of singular points is the
following.

The singular point ¢ = 0 of the equation (1.1) or (1.2) is called regular if any of its
solutions ¢(t) has at most polynomial growth in any sector with vertex at ¢ = 0.
It means that

()] < Cn/ItN, |t| =0, a<argt<b.

Otherwise the singular point is called irregular.

Example. The Picard—Fuchs equations have regular singularities at their singular
points (which are the critical values of the holomorphic function, see Theorem
5.40).

8.3. Definition. Let ¢y be a non-singular point of the equation (1.1) or (1.2) (defined
near the singularity ¢t = 0). Let V be the space of its solutions defined near ty. As
t turns around the point 0, with the beginning and end at t(, the solutions are
prolonged analytically and define the monodromy operator M : V — V: if ¢(¢),
t near to, is a solution, then M¢(t) = @(e2™t).

Let ¢4(t),...,¢,(t) form a basis of V. We define the fundamental matric F =
(¢1,-..,0,) in the case (1.1) and

o O
oY e

in the case (1.2). Then the monodromy operator, written in this basis, is the
monodromy matrix M satisfying F(t)M = F(e* ).

Here the matrix M depends on the choice of F but not on the point ¢y. Note also
that the matrix M acts in the same way onto any row of the fundamental matrix.
If the system (1.1) or the equation (1.2) is defined on a compact Riemann surface
S with singular points ¢, . .., ¢y, then any loop v € 71 (S\{t1, .- ., tm}, to) defines
(in the same way as above) the corresponding monodromy operator M., € Aut V.
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These operators generate a subgroup in Aut ) called the monodromy group. The
correspondence v — M., satisfies M5 = M, Ms, i.e. it is an anti-representation.
The operators M., define also a certain vector bundle on S\ {t1, ..., ¢} with lo-
cally constant transition operators (equal to M, ). It is the local system associated
with the linear equation.

§2 Regular Singularities

We begin the study of singularities of meromorphic differential equations with
one-dimensional phase space, n = 1. It means that we have the equation

t"z=a(t)z

where a(t) is an analytic function near 0.

If r = 0, then the solutions are analytic (by the theorem on existence and unique-
ness of solutions in the analytic version).

If » > 0, then we assume that the coefficient ag # 0 in the expansion a(t) =
ag + a1t + . ... Of course, the general solution is written in the form

(1) = C - exp Ut a(s)s’“ds] .

If r = 1, then we get z(t) = Ct% X analytic function. This means regularity of
the singular point.
If > 1, then z(t) = CeP’ /Dt x analytic function, where

ao
1—

ai

N 724 —ao),
2—r + 4r=2

P(\) = AT
r

b= a,_1. Here the singularity is irregular, because for Re agt! ™" < 0 the solution

diverges faster than any power of ¢t. We have proved the following.

8.4. Proposition. If n = 1, then the singular point of equation (1.1) is regular if
and only if the function A(t) has a pole of order exactly 1. In general, equation

1.1) is analytically equivalent to the equation t"z = "l astd]z.
0o 4

Consider now the case of an n-dimensional system with the singularity
tz = Az,
where A is a constant matrix. The fundamental matrix of solutions of this system
is
tA — €A Int
which grows at most polynomially (regularity). This result is generalized in the
following way.

8.5. Proposition. If A(t) = Ao/t + A1(t), where Ay = const and A;(t) is a holo-
morphic matriz-valued function, then the point t = 0 is regular.
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Figure 1

Proof. We put t = pe'®, where § =const and p tends to 0. Let ¢(p) = 2()
and 7(p) = ||¢(p)||. From the identity do/dp = ez = (A(t)/p)¢ (where A is
holomorphic) we get the inequality
Cr dr Cr

< <
pdp p
for 0 < p < p, with some constant C' and p,.

From this and Figure 1 we see that the graphic of the function 7(p) must lie in
the distinguished domain. Thus r < p~¢ near p = 0. ]

8.6. Definition. The system (1.1), i.e. 2 = A(t)z, has a singularity of the Fuchs type
at t = 0 if A(t) has a simple pole at 0. The equation (1.2), i.e. 2™ +... 4+ a,(t)z =
0, has a singularity of the Fuchs type at ¢ = 0 if all the functions t/a;(t) are
holomorphic near 0.

Proposition 8.5 says that, if the system (1.1) has singularity of the Fuchs type,
then this singularity is regular. The following example shows that the converse is
not true.

8.7. Example (Euler equation).

"™ 4 bt e o ba =0,

— d _ ,~ud d> _
where 22 are constants, by means of the change t = e*, J = e ™ [, 5. =
e 2u( g, — &9, ... is reduced to the equation

d"z A"tz
+c +...+cr =0
du™ dun—1

with constant coefficients. Its general solution has the form z = Zda’ke““uk =

Y da kt*(Int)*. Thus the point ¢ = 0 is regular.
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On the other hand, if we rewrite the Euler equation in the form of the linear
system

0 1 0 ... 0
. 0 0 1 ... 0
z = z
—b, /" —b,_ "L =by/t

(where 21 = x, 29 = &,...) then the corresponding matrix A(t) has a non-simple
pole.

In the case of a linear equation of n-th order the situation is much more clear.

8.8. Theorem. The singular point t = 0 for equation (1.2) is regular if and only if
it is of the Fuchs type.

Proof. (We follow the proof of Theorem 5.2 in [CL].)

1. Assume that the Fuchs conditions, i.e. all #/a;(t) are holomorphic, hold. Follow-
ing the latter example we perform a transformation reducing equation (1.2) to a
system (1.1) with a Fuchs type singularity. Then Proposition 8.4 will give us the
regularity property. The change is as follows:

2=, 29 = (td/dt)x, 23 = (td/dt)?z,..., 2, = (td/dt)" 'z.

It gives 21 = (1/t)z2, 22 = (1/t)23,..., 201 = (1/t)z, and z; = 20+ combina-
tion of t*2®) k < j. Thus t/2() can be expressed as a linear combination of zy,
k<j.

The last equation from the promised system is 2, = jt (t”’lx(”*l)) + combina-
tion of 2;, i < n. The term gt (t"=tz(=1) contains (n — 1)z, /t and t"1z(") =
—t" 13 ) = 713 (at7) (2" ¢"77). The functions a;t? are holomor-
phic by the assumption and z(™~9¢"~J are expressed by means of z;’s. All this
shows that ¢z, is analytic in ¢ and z.

2. Assume that ¢ = 0 is a regular point. We want to show that the functions

bj (t) = ajtj

are analytic.

We use the monodromy operator. If F is the fundamental matrix, 7 — FM is the
monodromy operation and G(t) =t~ ™ M/27 then the matrix-function FG is uni-
Valer}‘c. By regularity of F it is meromorphic. Thus F = (meromorphic matrix ) x
tlnM 27ri.

The matrix M has always some (left) eigenvector v = (v1,...,v,), vM = av.
Using it we can find a solution ¢(t) = Y_ v;¢; of the form t* x analytic function);
here 2miA = «a — (integer). The importance of this solution is that it does not
contain logarithms in its expansion.

Other solutions are searched for in the form x = ¢ - y. For z = § we obtain an
equation of order n — 1.



§2. Regular Singularities 273

Indeed, if D = (d/dt)" + Y aj(d/dt)"~7 then D(¢y) = D(¢) -y + expressions
depending on g. This equation is of the form

Z dnflfj (t)Z(j) = 0,

where
dj = aj + const-a;_1 - ¢/p+ const-a;_o-¢/Pp+..., do=ag=1

and ¢ /¢ ~const-t~!

Next we use induction with respect to the order n. In the case n = 1 the statement
has been proven in Proposition 8.4; regularity implies the Fuchs property.
Assume that we know that any regular equation of order n — 1 satisfies the Fuchs
conditions and consider our system.

Let 9, be the system of independent solutions of the equation for z. Then ¢, =
(¢;/®) -, where ¢, are independent solutions of the equation for z. Because all ¢,
are regular (by assumption) and ¢ ~ t*, then also v;(t) behave regularly. Thus
the equation for z has regular singularity at ¢ = 0. By the induction assumption
the coefficients d; have good behaviour, d;t/ are analytic. Because of the above
relation between a;’s and dj’s we find that also ajtj are holomorphic. O

8.9. Definition. If ¢t = 0 is regular for the equation (1.2) and a;(t) = p;t~" + ...,
then the equation

PO =AA=1) ... =n+1D)+mA...A=n+2)+...4p,=0

is called the defining equation for (1.2). In particular, its roots and multiplici-
ties allow us to determine the first terms of the asymptotic of solutions of the
differential equation.

8.10. Example (Elliptic integrals revisited). (See [BE], vol. 3, and [Gol]).
(i) The complete elliptic integrals (those which are given in tables and are used
by engineers) are defined by the formulas

K(k) - fo \/1 s2 1 ks2)
) —

1/k ds
K/(k fl \/(1 €2)(1 k‘S2)7

E = fol\/ 1ki252d
B = fll/k\/ll—fzfds.

As one can easily see, they define the periods of the incomplete elliptic integrals

F(k, ¢) fO \/1 k251n2t
k¢) = [y V1 - k2sin® tdt.

E(F,
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One should apply the substitution s = sint. The periods are 4K and 2iK’ (or 4F
and 2iE’ respectively). They are integrals along two cycles in the Riemann surface
y? = (1 —2)(1 — k%a2?).

(ii) One has the formulas K = F'(k,7/2), K' = F(k',n/2), E = E(k,7/2), E' =
E(K',m/2), where k' = /1 — k2. (One should apply the changes 1 — k?s? = u? and
u=Fkv.)

(iii) These integrals can be expressed by means of the elliptic integrals along
the curve y? = P3(z), which have been investigated in Chapter 5. Namely the
substitution s = 1 — 1/z gives (1 — s?)(1 — k%s?) = P3(2)/2* and the integral K
becomes [(Ps(z))~'/2dz, with which we are acquainted.

(iv) The functions K, K', as functions of ¢ = k?, satisfy the differential equation

#(1 — )i + (1 — 2 — w/4 = 0. (2.1)
This equation, after the change ¢ = (1 — 7)/2, becomes the Legendre equation

d? d
(7'2—1)qu: —1—27'0;1_} —v(v+1w=0

for v = —1/2.

To obtain the equation (2.1) one takes the expressions
K= [ (=) —t2) 2ds, K =(1/2)[5* (1) 2 (1 - ks?)
E=23[st(1-s2) 2 (1—ts2) "

—1/2 —3/2

and substitutes them into the left-hand-side of the differential equation. One ar-
rives at an integral of the expression [tu? 4+ 2(1 — t)u — 1] - (u(1 — u))~/2 - (1 —
tu)~%/2 where u = s2. The latter is the complete differential of the function
u/?(1 —u)"/?(1 — tu)~%/? and gives zero integral.

(v) Here is a good place to explain to the reader the origins of the name Gauss—
Manin connection. Yu I. Manin in [Manl| considered the family of elliptic curves
y? = z(z — 1)(z — t); (he treated this family as an elliptic curve with the basic
field C(t)). He studied integrals of the holomorphic form w = dx/y along inte-
ger cycles in this curve. These integrals are integer combinations of two basic
periods (integrals along the generators of the first homology group) and satisfy
the Legendre differential equation 4t(t — 1)I — 4(1 — 2t)I + I = 0 (the same
as (2.1)). Because this equation is a special case of the Gauss hypergeometric
equation, Manin called it the Gauss equation. The form w satisfies the equation
[4t(t — 1)(d?/dt?) — 4(1 — 2t)(d/dt) + 1w = d(—2y/(z — 2)?).

In the same paper Manin generalized this situation,. He considered integrals of
a holomorphic 1-form w along integer cycles in a family C; of algebraic curve of
genus g, and called the obtained differential equations Pw = df and PI = 0 the
Picard—Fuchs equations; (here P = P(t,d/dt) is a linear differential operator, f is
a function on C; and I is an integral). Next he introduced the Picard—Fuchs equa-
tions in the case of a family of multidimensional varieties depending algebraically
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on a parameter; the latter was formulated in algebraic terms of functional fields
and their extensions. Since then the operator P is called the Gauss—Manin op-
erator, the corresponding connection in the cohomological bundle is called the
Gauss—Manin connection and the equation PI = 0 is called the Picard-Fuchs
equation (see also [Davl]).

(vi) Equation (2.1) has three singular points ¢ = 0, 1, co; (we treat it as an equation
in C).

The point ¢ = 0 is regular, because we have -+ (¢t =1 +.. )+ (—t"1/4+..)w = 0.
Its defining equation is A?> = 0, which implies that one of its solutions is analytic
(it is K) and the other solution contains a logarithm (it is iK”).

Similarly the point ¢ = 1 is regular with the defining equation A\* = 0.

After some transformations one checks that the point ¢ = oo is also regular, with
the defining equation (A —1/2)? =0

(vii) The elliptic functions appear in Newton’s equation & = —V’(z), where the
potential V' = 2% + az® + bx? + cx has two local minima. If ©2/2 + V(z) = E is
the equation of a trajectory oscillating around one such minimum, then the period
of the oscillations is given by the elliptic integral T = [ dac/\/QE — V{(z), which
(after some changes) can be expressed by means of K’. The reader can show that
the periods of oscillations around both minima of the potential, with the same
total energy E, are equal.

(viii) The Weierstrass function @(t) is the inverse of the elliptic integral ¢ =
[ ds/+\/4s3 — gos — gs. It satisfies the equation (p)? = 4p* — gop — g5 (which
is obvious). It represents a meromorphic function of ¢ and is two-periodic. Namely
when one adds to t one of the two periods 2w = f7 ds/y, 2w’ = f5 ds/y, y =

\/ 452 — go9s — g3, represented as complete elliptic integrals along two basic cycles
7,9, then the value of p(t) does not change. Usually one chooses the periods in
such a way that Imw’/w > 0. Another representation of the Weierstrass function

where the sum 3’ runs over the incomplete lattice {w = 2mw + 2nw’ : (m,n) #
(0,0)}. In this case go = 603 w™*, g3 = 1403 w .

8.11. Definition. Two local differential systems 2; = Ay(t)z1, 22 = Aa(t)z are
called holomorphically equivalent (respectively meromorphically equivalent or for-
mally equivalent or formally meromorphically equivalent) near the singular point
t = 0 if there is a holomorphic matrix H(t) (respectively meromorphic matrix
H(t) or the formal series H (t) ~ 7%, Hjt/ or 302 H;t/) such that, after the
change zo = H(t)z1, the first system is transformed to the other system. In the
formal cases this holds at the level of formal expansions of these systems in powers
of t.

Remark. If the equation 2 = A(t)z is treated as the equation for the horizontal
section with respect to the connection d/dt — A(t), then application of the change
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z — H(t)z means application of the gauge transformation
A—B=HH '+ HAH .

8.12. Theorem. The point t = 0 is a regular singular point for the system 2 = A(t)z
if and only if this system is meromorphically equivalent to the system z = (C/t)z,
where M = e*™C is the monodromy transformation.

Proof. The proof that regularity implies meromorphic reducibility repeats the
analogous proof of Theorem 5.40. If F(t) is the fundamental matrix of the sys-
tem with the matrix A, then the conjugating transformation is equal to H(t) =
F(t)t=C. It is univalent and meromorphic (by regularity).

The reverse implication is obvious. ([

In order to develop the theory of formal classification of meromorphic systems we
need to say something about the Poincaré—Dulac theory of normal forms. This
theory will be used in further parts of the book.

Consider a germ of vector field in (C™,0)

T=Ax+...,

where A is a constant matrix of linearization of the vector field at 0. Let A1,..., A,
be the eigenvalues of A.

8.13. Definition. We say that the eigenvalues satisfy the resonant relation of the
type (i; k) if
ANi = Ak + o+ ANk,

where k = (ki,...,k,) and k; are non-negative integers.

8.14. Poincaré—Dulac Normal Form Theorem. There exists a formal change y =
T+ ... such that
Ui = (Ay)z + Zai’kyk, 1=1,...,n,

where the sum runs over the multi-indices k such that the eigenvalues satisfy a
resonant relation of the type (i;k).

Proof. We apply a series of changes of type x — =’ = z + ¢(x), where ¢ is a
homogeneous transformation of degree m,

(@)i = Y bixa".

|k|=m

The inverse map has the form 2/ — x = 2/ — ¢(2’) + .... We strive to cancel all
possible terms in the vector field of homogeneous degree m.

We have &, = (old part of degree < m)+ (old part of degree m)+ (L¢);(z')+. . .,
where

(Lo)i = 0(d(x))i/0x - Az’ — (Ag);
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is called a homological operator.
If the matrix A is diagonal, then L is also diagonal:

L(z*e;) = (O kjdj — Ni)(aPey),

where e; form the standard basis in C™. Because the eigenvalues of L vanish only
at the resonant terms, then all non-resonant terms in the vector field of degree m
can be cancelled in this way.

If A is upper-triangular then, taking the suitable ordering of the basis z¥e;, we
get the triangular form of the operator L,

L(xkei) = Ai,kxkei + Z const - xlej. O
j<il
8.15. Examples for n = 2. The resonance means

(1) A = k1M1 + ka)s and/or (11) Ao = k1M1 + ka)a.

Next we divide the problem into several subcases.

(a) If Ay = Ay = 0 then all terms in the expansion of the vector field are resonant
and nothing can be reduced (by means of Theorem 8.14).

(b) If Ay = 0 # A2 then in (i) we must have k2 = 0 and in (ii) we must have
ko = 1. Thus the Poincaré—Dulac formal normal form is

@ =a’f(x), §=Ay(l+g(2))

(¢) If Aa/A1 > 1is arational number, then (i) cannot hold and (ii) can hold with
k1 = A2/A1, k2 = 0 provided that A2/A\; = m is integer. The normal form is
either a linear system or

=Mz, U¥=mM\y-+ax™.

(d) If Aa/A1 = —p/q is rational then the normal form is
&= a(l+ f(z")), g =yl + g(z%y")).
(e) If Ao/A1 is irrational then the normal form is linear.
We apply the Poincaré-—Dulac theorem to the non-autonomous system
t"2 = B(t)z, B(0)#0, (2.2)

with an analytic matrix B(t). This system is associated with the autonomous
system in the extended phase space

2 =B(t)z, t'=t", (2.3)
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where ’ = d/dr. (The graphs of solutions of the equation (2.2) form the phase
curves of the equation (2.3)). We apply Theorem 8.14 to the second system. As-
sume also that A1,...,\, are the eigenvalues of the matrix B(0).

If r = 1, i.e. in the Fuchs case, then the eigenvalues of the system (2.3) are
ALy An, L. If > 1, then the eigenvalues of the system (2.3) are Ay,..., \p,0.

8.16. Definition. The system A1, ..., \, of eigenvalues of B(0) is resonant if:
(a) X\i —\j € Z for some i # j in the case r = 1;
(b) A; —A; =0 for some i # j in the case r > 1.
The reader can notice that these resonant relations imply resonant relations be-

tween the eigenvalues of system (2.3). They are of type (4;0,...,0, i,O, .., 000),
1,7 =1,...,n, because in the linear changes we use only ¢’s of the form tlzjei.

If the Fuchsian singular point is non-resonant, then the Poincaré-Dulac theorem
says that the system (2.2) is formally equivalent to the system ¢z = B(0)z.

On the other hand, Theorem 8.12 is about meromorphic equivalence. But formal
equivalence means that, in the meromorphic matrix H(t) = H_gt~% + ..., all the
terms with negative power of ¢ vanish. This gives the following result.

8.17. Theorem (Normal form for Fuchsian singularity). The system tZ = B(t)z
with non-resonant Fuchsian singular point is analytically equivalent to tz = B(0)z.

8.18. Remark. If a Fuchsian singular point is resonant, then it is analytically
equivalent to the system

tZ; = \jz; + const - thj, 1=1,...,n.

After reordering the variables z; we obtain a system, where B(t) is of the form
(constant diagonal) + (strictly triangular). Such a system can be integrated (see
also [CL]).

8.19. Regularity of the Gauss—Manin connection. Consider a degeneration of alge-
braic manifolds f : X — D such that X; = f~1(¢), t # 0 are smooth compact and
X is a divisor with normal intersections (as in Chapter 7). For given n we have the
cohomological bundle H™ over D* with the fiber H" (X, C) and the Gauss-Manin
connection; (such that the integer cocycles form a horizontal section of the coho-
mological bundle). The Gauss—Manin connection is regular iff the corresponding
Picard—Fuchs differential system for integrals along horizontal families of cycles
A(t) is regular. The regularity of the Gauss—Manin connection can be proved in
three ways.

The first method relies on description of the integer cycles A;(t) in H, (Xy,Z) by
means of real semi-algebraic subsets of X; depending in a regular way on t. Such a
description is given in the book of S. Lefschetz [Lef]. One can use the geometrical
sections s[w;] = (-,w;/df) as basis in H"(X}) (w; - holomorphic (n + 1)-forms in
X). Thus the integrals I;;(t) = (9;(t), sjw;]) have regular singularities.
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The second method uses the regularity criterion following from Theorem 8.12: a
system y = A(t)y, y € C™ has a regular singular point iff there is a meromorphic
change z = B(t)y such that t2 = C(t)z with holomorphic C(t). This means that
one should find a system of vector-valued functions v;(t) satisfying tVy/a.v; C
spanf{vy,va,...} over Oy(t). In [Brie] and [Kul] it is said that there is a lattice
in the Ogp(t)-module of germs of holomorphic vector-functions y(t), generated by
v; and invariant with respect to the operator tVy,s;. This lattice is called the
Brieskorn lattice.

The Gauss—Manin connection is defined also as the connecting homomorphism,
associated with the short exact sequence 0 — Q. ®Q;(_*1/D* - Q% = Q% p- —
0 of sheaf complexes over the punctured disc (see the point 7.37). This exact
sequence is completed to the exact sequence of complexes of holomorphic sheaves
with logarithmic singularities, i.e. Q%. (log) instead of Q%. and Qi (log0) instead
of Q.. The corresponding cohomological bundle is prolonged to a bundle (denoted
also by H") on the whole disc D. This bundle is trivial H™ ~ D x CM = {(¢,y)}
and the condition Vy,9:y = 0 is the corresponding Picard-Fuchs equation (for
components in a certain basis).

However, in our case the sheaf O(H") = R" f.Q% p(log) (the Leray hypercoho-
mological sheaf) and the connection V already satisfy the property V : O(H") —
Qp (log 0) @ O(H™). This means that V4, has only a first order pole, when acting
upon sections of H". Any Oy (t)-basis of the module O(H") satisfies the regularity
criterion following from Theorem 8.12.

We see that the essential point in this proof lies in the proper extension of the
cohomological bundle to the whole disc. Similar arguments work also in the case
of Gauss—Manin connection in vanishing cohomologies.

An interesting proof of regularity of the Gauss—Manin connection , using its ‘nilpo-
tency in characteristic p’, was given by N. Katz (see [Kat2] and [Gri2]).

§3 Irregular Singularities

8.20. Formal Classification Theorem in Non-resonant Case. If r > 1 and B(0) is
non-resonant, then the system t"2 = B(t)z is formally equivalent to the system
t"w = C(t)w, where the matriz C(t) is diagonal, C = diag (c1(t),...,cn(t) and
¢i(t) are polynomials of degree at most r — 1.

Proof. By the Poincaré—Dulac theorem all the terms tkzj e;, 1 # j can be cancelled
(are non-resonant). There remain only the terms #*z;e; which are diagonal. Next
one applies Proposition 8.4. O

If we write C(t)t™" = D,t™" + D1t " Tt + ...+ Dot=2 + Et™1, where D; and
FE are diagonal matrices, then the formal fundamental matrix of the system from
Theorem 8.20 takes the form

F() = GOtF exp |3 D;/(G+ D]
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where G is a formal power series.

In the resonant case there is also a diagonal formal normal form, but the gauge
transformation generally cannot be expanded into a formal power series in t. In-
stead one should change the local ring C[[t]] (of formal power series in t) by the
ring C[[t'/?]], where b is some positive integer. This was first observed by E. Fabry
in [Fab].

8.21. Example of Fabry. (|Fab|, [Vara|) The system
2 = (aft)zs, zo= (1/t})z1, 23 = (1/t")z

(with a # 0) is of the form t22 = B(t)z, where the matrix B(0) is nilpotent.
Let us try the substitution y; = t*z;. Simple calculations give

o= at™ s ys 4 (a1 /t)y,
Y2 = 272y 4 (ag/t)ya,
U3 = 197272y, + (ag/t)ys.

If we put a; = —1/3, aa = 0, ag = 1/3, then the first terms in the right-hand
sides of the above equations have the same power of ¢; namely —5/3. Thus we get
y = (t~53D +17'E)y, where

0 0
D=|10 . E=diag(—1/3,0,1/3).
0 1

o O Q

We see that the leading matrix D has three distinct eigenvalues, the cubic roots
of —a. Transforming it to the diagonal form and applying the series of transfor-
mations from the proof of Theorem 8.20 (with power series in ¢ = ¢'/3) we can
diagonalize also the remaining part of the system for y.

The general result concerning normal forms in the case of a resonant irregular
singular point belongs to M. Hukuhara [Huk|, H. Turrittin [Tur] and A. H. M.
Levelt [Lev] and is formulated in the next theorem.

8.22. Formal Normalization Theorem. If ¢t = 0 is an irregular singular point of
the system z = A(t)z, then there exist:

— a positive integer b,

— rational numbers (with the common denominator b) 11 < re < ... < Ty <
-1,
— diagonal matrices D1,...,Dp, E,

— a change y = H(t'/") in the class of formal series in t'/°
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such that H transforms the system for z to the system
§ = (Dit™ 4 ...+ Dpt™ + Et 1)y, (3.1)

Two forms (3.1) with Dj, E and D, E" are formally equivalent (over C[[tM*))) iff
the matrices D; and D; and E and E’ are mutually spontaneously conjugated by
means of some matrix from GL(n,C).

In the variable s = t'/° system (3.1) takes the form

dy/ds = b(Dls_R1 +...+ D, s m 4 Es™ ')y

for some integers Ry > Ry > ... > Ry, > 1.

Remark. The numbers r; are called the canonical levels, the principal level r; is
called the Katz invariant and the smallest integer b is called the ramification index.
Katz in [Kat2] gave an algebraic interpretation of the canonical level 1 (see also
[Del2)).

Problem. Calculate the Katz invariant in the case of the equation P(t,t;t)m
= 0 in terms of Newton’s diagram of the function P(z,y).

Proof of Theorem 8.22. We present a sketch of this proof based on the paper [Sibl]
of Y. Sibuya.

Assume that we have t"2 = B(t)z.

1. Repeating the proof of Theorem 8.20 we show that division of the matrix B(0)
into diagonal blocks corresponding to different eigenvalues A; can be extended to
formal splitting of the system into several independent systems, which are charac-
terized by having only one eigenvalue.

2. Let Ay = ... = A\, = A\ The change z = e’\/(l_r)trfly leads to the system
t"y = A(t)y, where

0 dy ... 0
0o 0 ... 0
A(0) =
0 0 ... dn_1
0o 0 ... 0
where d; =0, 1.
3. Assume that all d; = 1. We introduce the variables u1 = y1, us = t"1,...,u, =

t"t,—1. Then we obtain the system " = B(t)u, where

0 1 0
0 0 0
B(t) = o
0 0 1
bi(t) ba(t) bn (1)

where each b;(t) = O(t).
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Now the substitution u; = t%/v;, with suitable rational exponents a;, leads to
the equation ¥ = (t~*C + ...)v where the matrix C has a form like the matrix
B(0) but with at least one constant b;(0) # 0. This means that C has at least one
nonzero eigenvalue and we can apply induction with respect to the dimension of
the eigenspace.

4. If some of the d;’s in the matrix A(0) are equal to zero then, using the change
y — u (analogous to 3.), we reduce the matrix A(t) to the matrix

By Ep
FEyy By ... ,

where B; = B,(t) are of the form of the matrix B(t) from 3. and

Eij = ( ex(t) 0 es(t) )

One can show that, after applying a suitable change u — v of the same form as in
3., we obtain © = (t~“C + ...)v where either:

(i) the matrix C' has nonzero eigenvalue (if some b;(0) becomes # 0 or some
e;(0) # 0 in some E;;, i > j), or

(ii) the matrix C' is nilpotent but its Jordan normal form contains more nonzero
d;’s than in the matrix A(0) from 2. (here some ¢;(0) #0in E; ;, i < 7).

Next we apply induction with respect to the dimension of the eigenspace and to
the number of nonzero d;’s. (See also [Vara]). O

Remark. From the proof of Theorem 8.22 it follows that the case when the matrix
D1 (from its thesis) has a pair of coinciding eigenvalues occurs when some row is
identically equal to zero in the block-matrix from 4. This means that the system is
analytically separated into two independent subsystems. Such a phenomenon has
infinite codimension.

So, in what follows we assume that the eigenvalues of D; are different.

Having solved the problem of formal classification of meromorphic systems with
irregular singularity, we pass to analytic classification. It turns out that formal
solutions of such systems (or higher order equations) can be divergent. The series
from the formal normal forms are only asymptotic in the sense of Definition 5.51.

8.23. Example of Euler ([Eul2]). The series S k!t* formally satisfies the equation
2% + (3t — 1)@ + = = 0, but is divergent.

As we shall see, equations with irregular singular points can be reduced to their
formal normal form (from Theorem 8.20 or Theorem 8.22) by means of analytic
gauge transformation only in some sector in the complex plane of variable t. How-
ever, two such gauge transformations (defined in adjacent sectors) are different in
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the intersections of sectors. This phenomenon is called the Stokes phenomenon.
Stokes discovered it when studying the Airy equation and the Bessel equation
in [Stol], [Sto2] and [Sto3] (sece also [Hea]). A rigorous treatment of the Stokes
phenomenon allows us to construct certain functional invariants of analytic clas-
sification of such systems.

Assume that the system ¢"2 = B(t)z has an irregular singular point. In the case as
in Theorem 8.22 we apply the change of time ¢ — t'/%; (and the new time we again
denote by t). We apply a polynomial change z — Z;V:O H;(t)z, which reduces the
polar part of the matrix A(t) = B/t" to the diagonal form. Thus we get a system
t"2 = B(t)z, where B(t) = C(t) + O(t") (we do not change notation of B) and
whose formal normal form is ¢"y = C(t)y (C(t) diagonal and polynomial). Assume
also that the eigenvalues of B(0) satisfy the condition (see the remark above)

i FXj, 1#].
8.24. Definition. The rays in the complex ¢-plane defined by
Re[(\ =\t 7] =0, i # 5,
are called the rays of division corresponding to the pair (\;, A;).

8.25. Sectorial Normalization Theorem. Let S = {|t| < ¢, a < argt < [} be
a sector in the t-plane not containing two rays of division (corresponding to any
pair (Ai, Aj)). Then there exists a unique matriz function H(t) = I+O(t) analytic
in S and transforming the equation t"% = B(t)z to the formal normal form system
thy = C(t)y.

Proof. We follow the book of W. Wasow [Was|. The essential fact, which has to
be proved, is the following. O

Proposition. Let the eigenvalues of B(0) be divided into two groups
Al ooy Ap and Appa,..., Ay such that Ay # Aj for © < p < j. Then there is
a matriz H(t), holomorphic in S, which transforms the system to an analogous
system with the matriz C(t) of the block—diagonal form

< Clé(t) ng(t) )

Moreover, we can assume that the sector S is symmetric with respect to the real
positive semi-azis and with the magnitude < w/(r —1).

Proof. If z = H(t)y, then y satisfies the equation t"Hy = (BH — t"H)y and we
have )
HC =BH —t"H.

So we assume that B(0) is in the block—diagonal form B(0) = diag(B''(0), B*(0))
and we seek H(t) in the form

< HQ{(t) Hlj(t) )
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In what follows we will deal only with H'2. The analysis for H?! is quite analogous.
The matrix X (t) = H'2(t) satisfies the nonlinear differential equation

t"X = BUX — XB?> + B2 - XB¥'X (3.2)

where B%(t) are the corresponding block-matrices.
The latter equation is a particular case of the nonlinear equation

t"i = Au+ p(t,u) (3.3)

where A has nonzero eigenvalues Ay (equal to A; — A; for (3.2)) and the term p is
nonlinear.
The equation (3.3) is equivalent to the integral equation

u(t) =V(t)D —l—/f V)V (s)s " p(s,u(s))ds (3.4)

where V(t) = M (=D and D is some constant vector.

In fact, the constant vector D and the limit ¢y of integration are in some way
connected one with another. One can replace the integration in (3.4) by integration
along some contour I'(#) in the complex s-plane in such a way that it ends at
t. In this case the constant vector can be put equal to zero. Moreover, for each
component of the equation (3.4) we can choose the integration path independently.
The main trick of the proof is to choose the path T'(¢) in such a way that the
expression V (t)V ~1(s) is not too big along the path of integration; then we will
be able to apply the principle of contracting maps. In particular, we want that the
expressions

exp [Re (Ak(tl_r —s'7)/(1 - r))] )

associated with the k-th components, are not big.

We fix for a while the index k and some point ty € RN .S. We shall consider only
such #’s that |t| << to. Moreover it is useful to pass to the chart ¢ = s!~"; then
the sector S is replaced by a sector with vertex at infinity.

Assume that S does not contain any ray of division corresponding to Ay. It means
that Re Ax(/(1 — r) has definite sign in the whole S. Depending on this we choose
either:

— the straight semi-line v from ¢ = oo to ¢ = t'~" with constant arg¢, if the
sign is positive, or

~ the interval § joining 5" with t'~" otherwise (see Figure 2(a)).

In both cases we have Re A, (t!=" — ()/(1 —7) < 0.

If S contains a ray of division L (only one by the assumption) then the choice of the
path ¢ remains unchanged but the path v passes along a straight half-line parallel
to L (from infinity to ¢! =", see Figure 2(b)). Here we have Re A, (t1="—()/(1—7) =
0 along 7.
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(a)

Figure 2

The further proof uses the standard analytic methods and we describe it only
shortly, without detailed estimates.
We solve the fixed point equation

w="T(u),

where T'(u) is the nonlinear integral operator [V (£)V ~1(s)s™"p(s, u(s))ds and the
integration runs along the paths described above.

In order to apply the method of contracting maps, we must define some Banach
space of holomorphic functions u and get an estimate for ||T(u1) — T'(u2)|| (i.e.
the Lipschitz continuity of p(t,w) with respect to u).

The class of u’s consists of those which satisfy the estimate |u(t)| < c[t|™ with
certain fixed m. This m is defined as the order of p(¢,0) = const - t™ + .... One
shows that, if u satisfies this estimate, then |T'(u)(t)| < Kc|t|™ with a constant K
not depending on u (see Lemma 14.2 in [Was]).

The Lipshitz estimate |p(t,u1) — p(t, u2)| < plu; — uz|, with p arbitrarily small,
follows from the fact that p contains only terms of the form O(t™)u°, O(t)u and
O(jul).

Next, one chooses the sequence ug = 0, u1 = T'(ug), uz = T'(u1) ... of successive
approximations. We get |u1]| < c[t|™ and |upy1 — un| < - K - |y — tp—1|. If
pu < K~ then this series converges to a function, holomorphic in some sector Sp
of small radius.

Another proof of Theorem 8.25 uses the Gevrey expansions and multi-summability
(see Section 4 in Chapter 9 below) and is given in the paper of B. L. J. Braaksma
[Bra]. O
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8.26. Definition of Stokes operators. Let S; and Sy be two adjacent sectors (i.e.
with nonempty intersection) satisfying the assumptions of Theorem 8.25. Let Hg,
and Hg, be the corresponding operators guaranteed by this theorem. From The-
orem 8.20 it follows that these two matrix-functions have the same Taylor expan-
sions. Because these Taylor expansions are only asymptotic, then Hg, are generally
different in the intersection of the two sectors.

One defines the matrix function

Gs(t)=Hg Hg!, t€S=50NS5%.

It has the property Gs(t) = I +O(t") as t — 0 for any N. Moreover it preserves
the normalized system, i.e. "y = C(t)y with diagonal C(t).

Let Lg be the space of solutions of the normalized system. The gauge transfor-
mation induced by Gg transforms solutions from Lg to solutions from the same
space. Therefore it defines certain automorphism Cg : Lg — Lg, which is called
the Stokes operator.

8.27. Properties of the Stokes operators. We choose a basis of Lg in the form
¢; =a;(t)e;, aj(t) =exp [Nt' 7T/ (1 —r)+..],

where (e;) is the standard basis of C". The Stokes operator expressed in this basis
is a constant matrix C's = (c¢;;) and is called the Stokes matrix.

If ¢, = Gs(t)9;(t) = Cs¢; = >_; cij¢; then the matrix Gg acts as follows: Gge; =
¥, /a;(t). We have

(Gs)ij = a; ' (t) - cij - aj(t) = cij -exp [Ny = M)t 7 /(1 =r) +...] .

Because Gg ~ I then ¢;; = 1, and if Re(\; — A\;)t!™" — —oo then ¢;; = 0. After
suitable ordering of the basis (e;) we obtain the property that:

The Stokes operators Cs are unipotent.

8.28. Definition of the Stokes sheaf. The system of Stokes operators can be nat-
urally described using the cohomological language. Take the circle S', which we
treat as the circle {r = 0} in R4 x S* = {(r, 0)} where r, § are the polar coordinates
of the t = re?? € C (the boundary circle in the polar blowingup).

The Stokes sheaf St is defined by the presheaf of groups St(U), where U C S! are
open connected arcs. With each such U one associates a germ of sector S = Sy in
(C,0) with base at U (see Figure 3).

St(U) consists of matrix functions S > t — Gg(t) satisfying the following proper-
ties:

(i) Gs(t) ~ 1,

(ii) Gs(t) preserve the normalized system.
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Figure 3

Note that the Stokes sheaf is associated with some normalized diagonal system.
There are many such functions Gg; for example, if &1 = a1(t)z1, 2 = aa(t)z2
then the changes are of the type (z1,z2) — (21,22 + ce®® =0 ®)g),

8.29. Remark. St is not a standard sheaf with which we are acquainted. The groups
St(U) are (generally) non-abelian groups and the Cech coboundary operator, co-
cycles and cohomologies must take another meaning. Here we recall the definition
of the first cohomology group of sheaves F of non-abelian groups (see Example 2
in 3.27).

The cochains are the same as in the abelian theory. In particular, a 0-cochain
associated with a covering U = {U} is a system (Gy)vey with Gy € F(U). The
1-cochains are the systems (Gyy) with Gyy € F(U N V) such that Gyy = G(}‘l/.
This 1-cochain is a cocycle iff GyyGyw Gwy = e. Two 1-cochains (Gyy) and
(G1;y,) are equivalent iff there is 0-cochain (Ki;) such that

by = KuGuv Kyt

The first cohomology group H'(F,U) is defined as the set of classes of 1-cocycles
with respect to this equivalence.
Next, one takes the direct limit with respect to the coverings.

Now we pass to the description of moduli of analytic classification of linear systems
with irregular singular point. We fix the normalized system Sy : "2 = C(t)z and
consider the space M = M of systems S : "2 = B(t) which are formally
equivalent to Sp. On the space M we introduce the following equivalence relation:
S ~ &' iff there is a matrix function H(¢) holomorphic in a (whole) neighborhood
of t = 0 and realizing the equivalence between S and S'.

The following fundamental in this theory result was proved by B. Malgrange [Mal3|
and Y. Sibuya [Sib2]|. It is called also the Malgrange—Sibuya Theorem.

8.30. Analytic Classification Theorem. The space of equivalence classes defined

above coincides with the first cohomology group of the circle with coefficients in
the Stokes sheaf.
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In other words, the group H'(S*, St) parameterizes the orbits of the action of the
group of analytic equivalences on the space of germs of meromorphic linear systems
with fized formal normal form.

This property holds in the non-resonant case as well as in the resonant case with
the normal form the thesis of Theorem 8.22.

Proof. Let M be the above space of the equivalence classes. We define a natural
map from M to H(S!, St).

Take a system S € M. By the sectorial normalization theorem there exists a cov-
ering of a neighborhood of the point ¢ = 0 by sectors S; such that S is transformed
to Sp by means of holomorphic maps H;(t) in S;. Let U; be the bases of the sectors
S;. Then the family of operators H; H; L defines a Cech cocycle associated with
the covering {U,}.

If two systems S (defining a cocycle H,;Hj_l) and 8’ (defining a cocycle H!(H!)~™1!)
are equivalent by means of a holomorphic matrix H(t), then H; = H;H (by the
uniqueness in Theorem 8.25) and the cocycles define the same cohomology class.
This gives the map ® : M — H!(S!, St).

The injectivity of the map & is simple. If H;(HJ’)_1 = G;IH,;HJIGJ', then
H'GH = H j_lGjH - The latter matrix is thus univalent and defines the holo-
morphic conjugation between the systems S’ and S.

The surjectivity of the map @ is the most difficult part of the proof. Here we
follow [BV], but we omit the details. Probably the first proof of this surjectivity
was given by G. D. Birkhoff [Birl].

Let (Gij) = (Gu,u;) be a cocycle with values in the Stokes sheaf. If we could find
a system H; = I + O(t) of holomorphic matrices in sectors S; (with bases U;) and
such that Gy = H j_lHi, then this would give us a corresponding meromorphic
linear equation z = Az.

Indeed, let Fy be a fundamental matrix for the normalized system Z = Agz,
Ag = t7"C(t). The matrices F; = H;Fy define the fundamental systems with
matrices 4; = .7%.7-'[1 in the sectors S;. We have 4; = H,;Hi_1 + HiAOHi_l,
Ay = ]'-'0]-'0_ L Calculations which use the fact that Gi; preserve Ay (as gauge
transformations) show that A; = A; at the intersections of sectors. Thus A;’s
define one univalent matrix A(t). Because H; = I + O(t) the matrix A(t) has the
same order of pole as Ay, A(t) =t~ "B(t) with analytic B.

To prove the existence of such H;’s we use the apparatus of sheaf theory. It turns
out that the fact that the Stokes sheaf (and the sheaf £ defined below) is not
abelian is not a serious obstacle to apply the results from the abelian theory to
our purposes.

Firstly we solve the system of equations G;; = G;lG,; in the class of smooth
(C*°) matrix-valued functions G; = I + O(t) in sectors S;. To do this one in-
troduces the sheaf £ (on S') of germs of smooth matrix-functions in sectors,
E(U) = C*(Sy,GL(n)). It is a flabby sheaf, admitting the partition of unity,
and therefore has trivial higher cohomology groups, H*(S',£) = 0, i > 0. In the
abelian case it is proved in 3.27, in the non-abelian case it is proved in [BV].
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Assume that we have such G;’s. Because 5Gij = 0, we have G} -G;l = 5Gj -G;l.
The latter expression defines a univalent in a punctured neighborhood of ¢ = 0
smooth function F'.

Now, applying a variant of the Poincaré d-lemma, we find a matrix function G =
I+ O(t) such that 0G-G~' = F

The functions H; = G~'G; are holomorphic and satisfy the relation H 5 'H, =
Gij. O

Remark. The Stokes cochain can be interpreted as a cocycle of Stokes operators.
If Fy is the fundamental matrix of the normalized system, then

Cij = foGijfgl

is a cocycle of constant matrices. Two Stokes cocycles (C;;) and (Cj;) are called
equivalent iff there exists a system (C;) of constant matrices such that C}; =
C7r0y4C;.

If we calculate the cohomology group of the Stokes sheaf using Cj;, then we see
that it is finite-dimensional.

Moreover, for a generic system with irregular singular point the formal normalizing
transformation is not convergent.

Theorem 8.30, together with Theorems 8.20 and 8.22, gives a complete solution
of the problem of analytic classification of systems with irregular singularity. The
formal normal form is determined in an analytic way (using a finite number of
polynomial transformations). This formal normal form gives the moduli space. A
separate problem constitutes the task of computations of the Malgrange—Sibuya
moduli, i.e. how to calculate the elements from H'(S!, St) from data of the initial
analytic system. In the below examples we show how it is done in special cases.

8.31. Examples. (a) The first example comes from the work [Zo7].
(i) Consider the function

= [ e e | s

We ask when this function is of the local Darboux type
F(t) =t 11, (3.5)

with analytic .
To get the answer we introduce the loops o; as in Figure 4(a). The punctured
neighborhood of ¢ = 0 is divided into sectors of fall and of jump of e~/ " as
|t| — 0, argt =const. Each path starts and ends at successive sectors of fall (at
t =0) and ‘surrounds’ one sector of jump.
We define the quantities
A= [ fsas
o
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(@) (b)

rays of
division

Figure 4

We have the following property:
The function F has the form (3.5) iff all A; =0.

The values of F(t) in neighboring sectors (from Figure 4(b)) differ by the constants
Aj.
(ii) Consider the linear system

. —k  thtlp(t
thtls = < 0 atf( ) )z (3.6)

Its general solution is z; (t) = Del/t" +Ce/!" [* f(s), zo(t) = Ct*. Because the sin-
gular part of the matrix A(t) is in the diagonal form Ag(t) = diag (—kt=*~1,at™1),
then such is also the normalized system.

We choose the system of fundamental solutions of the normalized system in the
form w; = el/tk, wg = t% Therefore z1 = wy + n(t)wa, 22 = wy where 7n(t) =
tael/ F(t).

In different sectors S; (see Figure 4(b)) we have different branches of the function
F' (see (i)) and different branches 7; of n. We have 1, =7, + Ajt’“el/tk.

Therefore the normalizing matrices take the form H; = < (1) 771j > and the Stokes

cocycle Cj 41 is given by the matrices < (1) fij >
We have H'(S!, St) ~ CF and the Stokes cocycle associated with the system (3.6)

4—a k
is equal to G j11 = ( (1) Ajt ei(p(l/t ) )
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(b) The Bessel equation. We follow [BV| and [Hea|. Recall the Bessel equation
23 +ti + (2 — vz = 0.

We see that the point ¢ = 0 is regular (see Definition 8.6 and Theorem 8.8). The
point ¢ = oo turns out irregular.

We introduce the notations 7 = 1/t, u(r) = (x(1/7),4(1/7)) T and below by the
dot we denote the derivative with respect to 7. Then we get the system 72

B(7)u, where
(0 -1 0 0 0 01\ o
s=(0 3 ) (0 0 ) (e o)

In order to get the formal normal form, we have to transform only the first two
terms of B(7) to diagonal form. The matrix By has distinct eigenvalues =i, i.e.
we have the non-resonant case. The transformation matrix is chosen in the form
H(t) ~ Ho(I + Hy7 + ...), where only the first two terms are important.

We have H, = < Lo > and HyBoH;' = Cy = diag (i, —i). Next Cy =

’iL:

-3 —1
Ho(By + [Hy, Bo))Hy' = HoByHy ' + [Hy, Col, Hy = HoHy Hy . The commuta-
tor in the latter expression acts on the non-diagonal entries (because Cy is diag-
onal) and, choosing suitable Hy, we can obtain C in the diagonal form. Because

1 =x

-1 _ 1 1

HOBlHO = 5 ( £ 1 ),then 01—2[.

Thus the basis of solutions of the normalized system is u; 2 = 7‘1/26ii/761,2 =

t—1/2pFitg
Recall that the Stokes sheaf consists of such matrix functions G(t) that G ~ [
and GCG™! + 2GG~! = C (preservation of the normalized system). In view of

the fact that 2C; = I this is equivalent to the following condition. Let x(7) =
—i/T 0
e _

< 0 il ) Then f (x"'Gx) = 0.

Therefore the map G — G = x 'Gyx defines an isomorphism of the sheaf St
with some sheaf of subgroups of GL(2,C). The first condition for the Stokes sheaf
xFx~! ~ I implies that the matrix elements of F fulfill the conditions Fj; =
Foy =1, Fyre 2/ ~ 0, Fi2e?/™ ~ 0. Therefore, depending on which part of the
T-plane we are, the matrix F takes one of the two forms

(é ff),lmwo; (J} ?),Imt<0. (3.7)

The parameters fi parameterize the space H'(S!,St) and form the moduli of
analytic classification of equations which are formally equivalent to the Bessel
equation.

In the above description of the moduli space we followed the book of D. G. Babbitt
and V. S. Varadarajan [BV]. Unfortunately, the authors of [BV] do not give any
hint how to compute the moduli fi for the most interesting case of the Bessel
equation.
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These constants were in fact computed by Stokes himself in [Sto2]. We present
these calculations following the book of J. M. A. Heading [Heal].
One uses the basis of solutions of the Bessel equation consisting of the Bessel
functions
o (—1)7(t/2)%r
Jen(t) = (=1)7(¢/2) =t P, (t?). (3.8)

STy +5+1)

Here the function P is integer. Assume that a solution AJ,(¢) + BJ_,(t) has
the asymptotic expansion ~ t~1/2¢% for argt = 0 and t — oco. After analytic
prolongation of this solution to the rays argt = m and argt = 27, with use of the
formulas (3.7) and (3.8), we obtain

Ae™ J,(t) + Be "™ J_,
Ae?™ J,(t) + Be %™ ] _,

(t) ~ e—i7r/2t—1/2€—it’
(t) ~ e imt1/2emit 4 f eming=1/2¢it
as t — +o0. Together with AJ, (t) + BJ_,(t) ~ t~'/2¢™ this gives the value

f— = 2icos(mv).

Similar calculations give fi = —2icos(nv).
We encourage the reader to find the moduli space and the Stokes operators in the
cases of the Airy equation and the Weber equation.

Remark. We see that the Stokes constants are nontrivial for some classical equa-
tions. The problem of explanation of the non-uniqueness of representation of solu-
tions in a given (asymptotic) basis constituted a great challenge and mystery for
the nineteenth century mathematicians.

In March 19, 1857 Stokes was writing to his future wife: “... I have been doing
what I guess you won’t let me when we are married, sitting up till 3 o’clock in the
morning fighting against a mathematical difficulty. Some years ago I attacked an
integral of Airy’s, and after a severe trial reduced it to a readily calculable form.
But there was one difficulty about it which, though I tried till I almost made
myself ill, T could not get over, and at last I had to give it up and profess myself
unable to master it. I took it up again a few days ago and after two or three days’
fight, the last of which I sat up till 3, I at last mastered it. ...” (The citation
comes from [Hea] and [StoH]).

8.32. Note about the algebraic approach. Above we presented the theory of local
meromorphic linear equations in analytic and geometrical terms. Some specialists,
usually from algebraic geometry, reformulate this theory in purely algebraic terms.
This theory is now called the theory of D-moduli.

In particular the books of P. Deligne [Del2] and of Babbitt and Varadarajan [BV]
or the articles [Man2|, [Vara|, [Ber| are written in the algebraic language. We
present here one result of N. Katz obtained in the algebraic way.

Let O be the local ring of germs of holomorphic functions in (C,0) and let K be
its field of quotients, i.e. the field of germs of meromorphic functions.



§4. Global Theory of Linear Equations 293

Let V be a finite-dimensional space over K, V = K"; it corresponds to the space
of germs of meromorphic vector-valued functions.

The linear non-autonomous differential system takes the form V,,4;Y = 0, where
Vajar = jt — A(t) is a connection in V = K"; here A is a matrix with coeflicients
in K.

Next one fixes a certain lattice Ly C V which is a free O-module of rank n. In our
situation it can be O", the space of germs of holomorphic vector functions.

The ring O is a ring of discrete valuation. The valuation v : O — Z is defined
as v(g) = r iff g(¢t) = t"h(t), h(0) # 0. If L C V is any lattice, then one defines
v(L) =max{v: L C t'Lo}.

Let Lid/dt =L+Vigal+...+ Vid/dtL. Katz [Katl], [Del2] proved the following
result.

There exists a rational negative r such that for any lattice L the series of numbers

—7ri — U(Lid/dt) ,1=1,2,..., s bounded.

The number r is called the Katz rank. The principal level (or the Katz invariant)
r1 from Theorem 8.22 is expressed by means of the Katz rank. The case r = 0
corresponds to the case of regular connection. Therefore the irregularity can be
detected asymptotically; in that case the application of the connection V4, 4; many
times to holomorphic vector-functions gives meromorphic functions with linearly
growing order of the pole.

One says that a module V is Fuchsian iff there exists a lattice L such that
Vil C L (see [Man2]). In our (analytic) case it means that tZ = D(t)z (D -
holomorphic), after some change of coordinates (depending meromorphically on
t). Thus the definition of the ‘module Fuchsiani’ is an algebraic reformulation of
Theorem 8.12.

All this is generalized to the situations, where the objects O, V, V, L, Lg are
replaced by abstract algebraic objects. We will not develop this subject.

§4 Global Theory of Linear Equations
In this section we consider the differential systems
Z2=A(t)z
and the differential equations
2™ 4 a ()Y 4 fan )z =0

where the ‘time’ ¢ belongs to the Riemann sphere CP! and A(t), a;(t) are mero-
morphic.

Remark. The above situation has a natural generalization to the case when the
‘time’ t takes values in a general Riemann surface S. In that case the operator
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d/dt — A(t) is treated as a connection in a certain vector bundle over S. In dif-
ferent charts we have different operators A(t) and in intersections of two such
charts the corresponding operators are related by means of gauge transforma-
tions. The space of horizontal sections of this connection defines a local system
on S\ (singularities). This leads to some general theory developed in [Kat3| (for
example).

We shall not study this general subject.

8.33. Lemma.
(a) The equation z = Az has singular points t1,. .., t, of only Fuchs type iff

A=Y , fjtj .

(b) The equation x(™4by ()2~ V4. . 4b,(t)x = 0 has singular points t1, ... tm
of only Fuchs type iff
Py(t)

S Qi)
where Q(t) = (t—1t1) ... (t—tm) and P; are polynomials of degree < (m—1)j.

b;(t)

Proof. This proof includes the definition of the Fuchs singularity at the point
t = 0o0. One has to introduce the change 7 = 1/t and the transformed system
dz/dr = —772A(1/7)z should have a Fuchs type singularity at 7 = 0. Thus
dz/dT = (Ao /T + ...)z, which means that A(t) ~ —Ay/t as t — oo.

If A; are the residues of A(¢) at the points ¢;, then the above shows that A(t) =

> A;/(t—t;) and
Ao ==Y _Aj.

The case of a differential equation is treated analogously. O

8.34. Definition. The systems and equations satisfying the conditions of Lemma
8.33 are called systems of the Fuchs class and equations of the Fuchs class.

Consider a meromorphic system or a meromorphic equation in CP* with singular
points t1,...,tm,00. (Usually the point at infinity is singular; if not, then we
underline it.) Thus we have an analytic equation in Q@ = C\{¢t1,...,tmn}. By the
theorem on analytic dependence of solutions of differential equations on initial
conditions, the solutions z = ¢(t) (or z = ¢(t)) are locally analytic functions in .
They can be prolonged to multivalued functions in {2 or to single-valued functions
#() in the universal covering Q of Q. Here £ € Q is projected to t € Q.

If tg € Q and we choose some basis of the space of solutions of the equation in
a neighborhood of ¢y, then we can define the monodromy group of the equation
as a subgroup of GL(n,C) (see Definition 8.3 above). Let 7, be simple loops
in Q starting at ¢ and surrounding just one point ¢; (in the counterclockwise
direction). In the basis of solutions the monodromy operators associated to 7, are
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matrices M; € GL(n,C). They generate the monodromy group, a subgroup Mon
of GL(n,C).

Thus the differential equation gives rise to a monodromy group of multivalued
functions as solutions of this equation. It turns out that this situation can be
reversed in some sense. The corresponding result belongs to B. Riemann [Rie] (see
also [AI]). Recall that a multivalued function ¢ in  is regular iff it has at most
polynomial growth in sectors near singular points.

8.35. Theorem of Riemann about multivalued functions. ([Rie]) Let ¢, (), ..., ¢, (t)
be a system of multivalued and regular holomorphic functions on Q such that its
Wronskian det(qbgj)) # 0 and such that the prolongations of ¢;’s along the loops
7v; define automorphisms of the space of functions spanned by ¢, ’s. Then there
exists an n-th order differential equation of the Fuchs type such that the system
D1y, 0, of functions is its fundamental system.

Proof. For each t € Q consider n + 1 vectors qu(O) (t),qﬁ(l)(t), .. .,¢(")(t), where
qu(j) has components d’¢,/dt?, i = 0,...,n. They are linearly dependent. By as-
sumption the vectors ¢(” (t), .. .,(;S(”*l)(t), t € Q, are linearly independent. So
¢(n) = > b, (t)qi)(j) and this representation is unique. Because the vector func-
tions ¢\ (t) have the same monodromies, the functions b;(t) are single-valued.
Because b; have representations as quotients of determinants (Cramer’s formula)

of matrices with entries ¢(k) (t) and ¢, are regular, also b; are regular and hence
meromorphic. O

\{

Figure 5

Corollaries.

(a) Algebraic functions satisfy differential equations of the Fuchs class.



296 Chapter 8. Linear Differential Systems

(b) Abelian integrals satisfy differential equations of the Fuchs type.

Proof. (a) Recall that algebraic functions y(x) are solutions of equations of the
type F(x,y) = 0, where F'is a polynomial. This equation has several local branches
of solutions y = 4, ...,9,. They are multivalued with branching at the finite set
F = F; =0 (see Figure 5). It is possible that the branches are linearly dependent,
e.g. for the equation y™ — x = 0. We choose the maximal system ¢,,...,¢, of
independent branches. We restrict them to the set Q@ = C\ (branching points) \
{W = 0}, where W is the Wronskian. It is clear that the assumptions of the
theorem of Riemann (i.e. regularity, W # 0 and monodromy) are satisfied.

(b) It was proved in Theorem 5.29(a). O

§56 Riemann—Hilbert Problem

The fundamental problem in the theory of meromorphic differential equations
on the Riemann sphere is the Riemann—Hilbert problem. It was first formulated
explicitly by D. Hilbert, as the XXI-th of his famous list of problems [Hil|. Later
people working upon it (H. Rohrl and others) realized that questions of the same
kind were earlier investigated by B. Riemann (see [Rie]) and began to call it the
Riemann—Hilbert problem.

It is striking that this problem has turned out to be very productive in math-
ematics, especially in algebraic geometry. Such tools as Grothendieck’s étale co-
homology theory, Deligne’s mixed Hodge structures and his proof of the Weil
conjectures, D-moduli and perverse sheaves owe their existence to investigations
on this problem.

The formulation of the Riemann—Hilbert problem, which we present below, belongs
to Yu. S. I'yashenko and was first formulated in the survey article [AI]. We follow
this survey.

8.36. The Riemann—Hilbert problem. Find:

(A) an equation ™ + ... =0 of the Fuchs class,

(B) a system z = Az with regular singularities,

(C) a system z = Az from the Fuchs class,

such that its singular points and monodromy operators are given.

Remarks. 1. The original Hilbert’s formulation of his problem is the following.
“Prove that there always exists a Fuchsian system with given singularities and
a given monodromy” . It caused some misunderstandings among mathematicians
studying it. For example, H. Rohrl [Roh] and J. Plemelj [Ple] proved the version
B of this problem and many authors treated the Riemann-Hilbert problem as
finished. However, the version C of the problem, which can be formulated as to
find the residue matrices A; (of the Fuchs system) as functions of the positions
of singular points ¢; and monodromy matrices M;, may have no solutions. A. A.
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Bolibruch [AB] constructed such an example. (Below we present the proof of the
Plemelj-Rohrl theorem and Bolibruch’s example).

2. In view of Theorem 8.8 above the solution of the problem B implies the solution
of the problem A. Indeed, having regular differential system we can easily associate
with it a differential equation of higher order; (for example, for the first component
z1(t)). Regularity of this equation is equivalent to the fact that it belongs to the
Fuchs class (Theorem 8.8).

8.37. Theorem of Plemelj and Rohrl. The problem B always has a solution.

Below we present Rohrl’s proof [Roh] of this result. Plemelj’s proof of this theorem
is given in [Ple] and is different. It relies on a theory of integral operators developed
by him especially for this purpose.

Proof. 1. We use the following covering of the Riemann sphere CP'. The point oo
is covered by the disc

Koo = {Jt| > r} U {oo}

and the disc
Ko = {‘t| < R}, r< R,

is covered by domains U;, each homeomorphic to a disc, each containing exactly
one singular point ¢; and with only non-empty intersections U; N U;4+; which are
simply connected. Moreover, the sets Uy U Uz U ... U; are also simply connected
(see Figure 6). The basic point ¢y and the loops v, C U; are also presented in this
picture.

Figure 6
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2. Firstly we solve the Riemann—Hilbert problem for the disc Ky. Instead of looking
for the matrix function A(t) (in the equation 2 = Az) we try to find a fundamental
matrix F(t).

In fact this matrix is a multivalued function; so we write it as F (). Here  belongs
to the universal covering of Ko\ {t1,...,tmn}. When some functions are univalent,
then we use the usual argument t.

We look for F such that above each U; \ ¢; we have

f(f) = q)j(t)(f— tj)cj, Cj = lnMj/Qm', (5].)

where ®; are holomorphic in U; matrix functions.
Thus in the intersection U; N U;11 we have the equality

_ s o df
()1 (t) = (£ — )7 (E = tj41) "G = F .

On the right-hand side of this equality is the known function Fj i1, (which now
can be treated as function of t). The collection {F; ;+1} can be treated as a Cech
1-cocycle associated with the covering of Ky by U;’s (with values in the sheaf
of invertible matrix functions). The existence of the above ®;’s means that this
cocycle represents zero cohomology class. In [For|, [GrRe| and [GuRo] it is shown
that the first cohomology group of any open Riemann surface (or Stein manifold)
with coefficients in this sheaf is zero. Because the open disc K is such a manifold
then the system of equations (5.1) has a solution.

The proof of vanishing of the cohomology groups uses the Lemma B of Cartan.
Therefore we present this lemma (with the proof) and, applying it to our situation,
we give a direct solution of the Riemann—Hilbert problem for a disc.

8.38. Cartan Lemma B. Let Uy, Us be simply connected domains in C with piece-
wise smooth boundaries and such that U; N Us is simply connected. Let F €
Hol (U N Uy, GL(n,C)), i.e. F is holomorphic in a neighborhood of the closure
of U1 NUs. Then there exist F1 o € Hol (Uy2, GL(n,C)) such that

F(t) = Fi(t) F2(t)

i U NUs.

We apply Lemma 8.38 to the domains U; and Us. We find &, = Ffl and &5 = I
satisfying the relation (5.1). Thus we have defined a fundamental system F» in
U; U Us; (more precisely, in the suitable universal covering).

In Uz we have the fundamental system (f — t3)¢3. We glue together these two
fundamental systems to one system in U; U Us U Us by means of the formula

Wy (t)Fa(t) = 3(t)(f — t3)",

where ¥y and @3 are holomorphic in U; UUs and in Us respectively (here we again
use Cartan Lemma B).
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Repeating this procedure we obtain a fundamental matrix defined in the whole Ko
and such that near each singularity we have F = ®;(f — a;)%. Because F = AF,
then we get the following formula for the matrix A(¢):

At) =FF ' = 0,07 + 0,C;0; "/ (t — aj).

We see that it has only a first order pole at ¢;. From this proof we get the following
corollary.

8.39. Corollary. The Riemann—Hilbert problem in version C has a positive solution
in a disc.

3. The case of the Riemann sphere. Let Fy be a fundamental matrix in Ky with
only Fuchsian singularities; (its existence was proved above). In K, we have the
fundamental matrix Fao = t~ . If one could find matrix functions ®. holomor-
phic in K1 and such that ®¢Fy = P Fo in Kg N Ko, then we would have a
solution of our problem with all singularities of the Fuchsian type. That property
is equivalent to the solution of the equation FyF, = F for given holomorphic F
in Ko N K.

The latter equation usually does not have a solution. Instead we have the following
result belonging to G. D. Birkhoff [Birl] and A. Grothendieck [Grol]. (In the
algebraic version it first appeared in the works of R. J. W. Dedekind and W. E.
Weber [DW], see also [0SS].)

8.40. Theorem of Grothendieck and Birkhoff. For any holomorphic function F in
KoN K with values in GL(n,C), there exist holomorphic matriz-valued functions
Fy00 : Ko0o — GL(n,C) and a unique (modulo permutation of entries) diagonal
integer matriz J = diag (j1,...,jn) such that

F = Fyt' Fy

mn KoN K.

Having this result we can finish the proof of the Réhrl-Plemelj theorem. The
matrix function
F=F;'"Fo=t'FFuw

defines a regular fundamental matrix in Q. It satisfies the differential equation
F = AF, where A(t) is a meromorphic matrix function. A has simple poles in
t; (in Ko) and pole in oo (maybe non-simple). This is because near co we have
A= J/t +tVFoFM7 =t/ F Coo FX't~7 and the action Adys may lead to a
non-simple pole at infinity.

Theorem 8.37 is complete modulo the proofs of Lemma 8.38 and Theorem 8.40. [

8.41. Proof of the Lemma B of Cartan. We will follow the proof from the book of
R. Gunning and H. Rossi [GuRo|. Another proof is given in [GrRe].

1. Firstly we consider the abelian case
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Lemma. Let Uy and Us be as in the assumptions of Lemma 8.38, simply connected
with simply connected intersection. Let f € Hol (Uy N Ug,(Ck). Then there exist
two functions fio € Hol (Uy2,CF) such that

f=h+F

(in the intersection) and we have an estimate

where the norms are the supremum norms in suitable domains and the constant
K depends only on the domains.

Proof. Let V be a neighborhood of Uy NUs, where f is defined. Let v be a loop
in V' \ Uy NUs. Then we have f(z) = 2mf F(Q)d¢/ (¢ — 2) for z € Uy NUs.

Figure 7

We divide v into two parts v; and 7, (as in Figure 7). Thus 7, does not pass
through Uy \ Uz and v, has the analogous property. Then the functions

fialz Qm/ <

satisfy the thesis of the lemma. |

2. Consider now the case when F' is a matrix function in a domain larger than
Uy NU; and is close to the identity matrix, F(t) = I + Fy(¢).

Using the arguments from the abelian case we can represent F} as the sum G1+Hq,
where G; is holomorphic in U; and H; is holomorphic in Us. Moreover ||G1|| ~
O(||F1]), [|H1| ~ O(||F1]])- We can write

I+ Fy = (I+G1)I + F2)( + Hy)
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where one has the estimate ||F|| ~ O(||F1]|?).

Now we repeat this procedure with F,. We represent it as Go + Ha, where Go
and Hy are of the second order with respect to ||Fi||. One obtains F3 of order
O(||F1|[*), and so on. Finally we get

F=(I+G)I+G2)...... (I + Hz)(I + Hy)

where the two infinite products converge uniformly in the domains U;.

3. The general case is reduced to the case 2 by a polynomial approximation K (t)
of F(t). If || K — F|| is small, then F} = K~!(F — K) is also small and we have

F=K(I+F). O

8.42. A few words about vector bundles. Before presenting the proof of the Gro-
thendieck—Birkhoff Theorem we make some comments about algebro—geometrical
interpretation of this result.

In the language of holomorphic vector bundles this theorem states that:

Every holomorphic vector bundle over CPYis isomorphic to a Whitney sum of line
bundles.

The above needs some explanations. A vector bundle £ — X is holomorphic iff
its transition maps (U; N U;) x C" > (x,2) — (x, hyj(x)z) are holomorphic. E is
a Whitney sum (or direct sum) of Eq and Es, E = E1 & Ey, iff hyj = fi; & gij,
where fj;, gi; are the cocycles defining the bundles 1, Es. A vector bundle is a
line bundle iff its fiber is one-dimensional, n = 1.

If X = CP!, then it has a covering by two open discs K, K, where the restric-
tions of the bundles to each of them is trivial. (This is because the corresponding
first cohomology group vanishes, which follows from the Lemma B of Cartan.)
In algebraic geometry the roles of Ky o are played by the Zariski open subsets
U; =C (=CP'\ 00) and Uy = C* U co with Uy N Uy = C* = C\ 0. If the bundle
is a line bundle, then the cocycle his is a scalar nonzero function on C*. We can
multiply it by nonzero (in C*) functions which are analytic in U; or in Us, i.e. we
can add to it a coboundary. The only invariant of such an equivalence relation is
the topological degree of his : C* — C*. This means that:

Any line bundle over CP* is isomorphic to O(j) with the cocycle hya(t) =t7.

The bundles O(j) are usually interpreted in terms of sheaves. The sheaf of local
sections of such a bundle is also denoted by O(j). In particular, O(0) is the same
as the sheaf Oy of germs of holomorphic functions on X = CP!.

If ¢o is some distinguished point (divisor), e.g. to = 0, then we can consider the
sheaf J(tp) of ideals consisting of germs vanishing at to. Because in the affine part
U, = C, J(0) is generated by s1(t) =t and in Uy by s2(t) = 1, then the transition
map hiz =t~1, (51 0 h1a = s2), and this sheaf is isomorphic to O(—1).

If we take the bundle associated with the divisor D = ty with the transition map
hi2 = f1/f2, where f; = 0 are the equations for the divisor in U;, then we obtain
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the bundle O(1). If the divisor is more general D = Y n;t;, n; € Z, t; € CP1,
then the bundle O(D) associated with it has the transition maps [](fi1/fi/2)™
and the bundle is isomorphic to O(3 n;). Here f; ; = 0 are the equations for the
divisors t; in Uj.

The canonical bundle Kx = Qx of holomorphic 1-forms on X = CP! is isomorphic
to O(—2).

The bundles O(j) have natural generalizations for higher dimensional projective
spaces CP%. We have the natural covering of the projective space, with the homo-
geneous coordinates (to : t1 : ... : tq), by the sets U; = {t; # 0} and parameterized
by xgj) =1to/tj,. .., ) = tn/t;. The cocycle functions defining O(j) are equal to
hi = (1 /2;)7. Here, as in the one-dimensional space, the sheaf of ideals of germs
of functions vanishing at a hyperplane is equal to O(—1) and the sheaf associated
with the hyperplane divisor is equal to O(1). The space of global sections of the
bundle O(j), 7 > 0 is isomorphic to the space of homogeneous polynomials of
to,...,t, of degree j. Every line bundle on CP? is isomorphic to one of O(j). The
canonical bundle Kx = Q% on X = CP? is isomorphic to O(—d — 1).

The theory of bundles of higher rank, i.e. n > 1, on projective spaces is an advanced
and rather non-trivial theory. We refer the reader to the book of G. Okonek, H.
Schneider and H. Spindler [OSS].

8.43. Proof of the Grothendieck-Birkhoff Theorem. 1. Recall that having a holo-
morphic function F' : Ko N Ko — GL(n,C), we have to find matrix-valued
holomorphic functions F1 on K4 and a diagonal integer matrix J such that
F = Fyt!' F. Here K is a disc containing ¢t = 0 and K., contains co.

If we treat F as a cocycle defining a holomorphic bundle in CP?, then the state-
ment of this theorem says that this cocycle is equivalent to the diagonal cocycle
t/ =71 @...@t/". This means that the bundle is isomorphic to O(j1)®. .. ®O(jn)-
Let us pass to the proof, which belongs to Birkhoff and which we have taken from
the book of D. V. Anosov and A. A. Bolibruch [AB]. We divide it into some steps.

2. The case F = I + Fy, where Iy is small. We define the operators
Iy : Hol(KoyN Kus,GL) — Hol (K4+,GL),
where GL = GL(n,C), as follows. If G(¢) has the Laurent expansion G =
> Gjt?, then
e’} —1
MG =) Git!, TG=> Gt
0 —00
We seek the solution in the form
Fo=FI+X), J=1I Fe=0U+X)"",

with X small and holomorphic in K. The condition Fy € Hol (Kp) means that
o (F(I + X)) =0. It leads to

TX = T F (5.2)
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where T is the linear operator (in the space of matrix functions) defined as TX =
X + I (F1 X). Because F is small the operator T is close to the identity. Thus
T is invertible and the equation (5.2) has a solution.

3. Reduction to the case with rational F' and such that its only pole in Ky ist = 0.
Using a sufficiently long finite Laurent expansion of I’ we approximate F' by a
matrix G(t) with only poles at 0 and co. Thus FG~1 is close to the identity and
using the previous point we get the representation ®¢®o = FG~!, where ®¢
are holomorphic in Ky . Thus we have

F = 94(PG). (5.3)
Now we apply the same to ®,,G. We approximate it by a rational H (with poles
at 0,00) and get the representation H 1®.G = ¥ V., with ¥ o analytic in
K. This gives
Uy =H 1o, GV

On the left-hand side of the latter formula we have a function holomorphic in Ky
and on the right we have a function meromorphic in K. Thus ¥y is rational.
Now from (5.3) we get the formula

F=34(HYV))V,
where F} = HW is rational with the only possible pole in Ky at t = 0. We see
that the problem is to represent F} in the needed form.

4. Determination of J. Recall our equation FFO_1 = t/F,,, where F is rational
with the only pole in Ky at ¢ = 0. Denote the columns of the matrix F(;1 by C(t)
and of F, by Dy(t). Therefore we have to solve the series of vector equations
FCy =t/ Dy,.

Consider the general equation

F(t)C(t) =t/ D(t), (5.4)
with the boundary condition
C(o0) = y. (5.5)

Here C(t) is a rational vector-valued function holomorphic in K¢ and D(t) is a
rational vector function holomorphic in K.

Definition. A triple (j,C, D) is called an admissible triple for y € C™ \ 0 iff the
equations (5.4)—(5.5) hold.

Below we present some properties of the admissible triples.
(a) The admissible triples exist for any y.

Indeed, let
F(t)=t""¢ ' (t)P(t), degP =a,

where ¢(t) is a scalar polynomial with zeroes outside Ky and P(t) is a poly-
nomial matrix. Then the triple (—3,y,¢ ! Py) is admissible for y.
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(b) We have j < o — 3 for any admissible triple; (a, 3 are above).

It follows from the equation
P(t)C(t) = "+ q(t)D(1),
where P(t) ~ const - t*, C(t) — y as t — oo.

Definition. An admissible triple (j, C, D) is called mazimal iff the integer j
is maximal possible.

(¢) If the triple (j,C, D) is mazimal, then C #0 in Ky and D # 0 in K.

If C(a) =0 (or D(a) = 0) for a € KgNK, then D(a) = 0 (respectively C(a) = 0).
Thus C(t) = (t — a)Cy(t), D(t) = (t — a)D1(t) and, replacing C by ,* C and D
by t_Da, we get

t

F. O =ttt D

t—a t—a’ (5.6)

which means that (j + 1, tt_ca, t_Da) is admissible for .
The formula (5.6) remains true when D(a) =0, a € Koo\ K and when C(a) =0,
a € Ko\ Kxo.

Definition. The function y — v(y) = max{j : (j,C, D) is admissible for y} (with
v(0) = 00) defines a valuation on C", which we call the Levelt valuation. It has
the usual properties of valuation:

v(Ay) = v(y), A # 0 (obvious) and
v(y1 + y2) = min(v(y1), v(y2))-

Indeed, if (j1,C1, D1) and (j2,Ca, D2) are admissible for ¢, and yo and j; < jo,
then (j1,Cy + Co, Dy + 72771 Dy) is admissible for y; + yo.
The valuation v(-) defines the filtration

0=FEyCFE,C...CE,=C0C",

such that v|g,\g,_, = const.
The integers ji in the matrix diag (j1,...,Jn), j1 = J2... > jn are the values of
the valuation function v(-), where the i-th value is taken dim E; — dim E;_; times.

5. Construction of the matrices Fy o.. We choose a basis y1, . . ., y, in C" associated
with the above filtration. It means that each y; has a maximal triple (ji, Ck, D).
We define )

FO_ == (Cl,...,cn)7

Fe = (D1,...,Dy).

It remains only to show that these matrices are invertible.
Assume that det F_;l(a) = 0 (the proof in the case det Foo(a) = 0 is analogous).
Then there exists a nontrivial combination C(t) = > A;C;(t) which vanishes at
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t =a Let y = > Ny; and let y € Ei \ E;—1. The valuation v(y) is equal to
VB, = min{ji : A # 0}. Let D(t) = ST A\tI W) Dy(t). Tt is clear that the
triple (v(y), C, D) is a maximal admissible triple for y # 0.

By the property (c¢) of maximal triples (see above) C(t) # 0 in Ky. This gives a
contradiction.

From the above analysis it follows that the integers ji, ..., j, are defined uniquely.
The proof of Theorem 8.40 is complete. (|

Now we pass to the version C of the Riemann—Hilbert problem. One asks whether
it is possible to improve the result of R6hrl and Plemelj and to get a Fuchsian
system with prescribed singularities and monodromy. As we shall see later, it is
not possible in general. However, when one adds some restriction (on dimension of
the system or on the monodromy), then one gets the positive result in the problem
C. One of them is presented in the next theorem belonging to J. Plemelj [Ple| (see
also [AI]).

8.44 Theorem. If one of the monodromy matrices M; is diagonalizable, then the
problem C has a positive solution.

Proof. We can assume that the matrix Mo, = (M, ... Ml)_l, associated with the
loop around oo, is diagonalizable. We assume that My, and Cy, = 2}& In M are
diagonal.

From the proof of the Plemelj—Rohrl theorem we can find a fundamental matrix
F such that F = ®&¢Fy = @mt’cx, where ®( is analytic in the disc Kgy, Fy is a
fundamental matrix in Ky with Fuchsian singularities and ®, is meromorphic in
the disc K, with the pole at oco.

8.45. Sauvage Lemma ([Sau]). There exist matriz-valued functions P(t),V(t), D
such that P(t) is polynomial with det P = 1, U(t) is analytic and invertible in
Koo, D = const is integer and diagonal and the identity

O, = P(t)-U(t)-tP

holds.

Using this lemma we easily finish the proof of Theorem 8.44. We put G = P~'F. It
is a fundamental matrix with Fuchsian singularities in Ko (because P~! is analytic
and invertible there). In K., we have G = WtP~C~ (here we use the fact that D
and C, commute). This matrix also gives Fuchsian singularity (with the residuum
U(00)(Coo — D)¥~1(c0)). |
Remark. The commutativity property of D and C is essential in the proof. For
example, if X = tPt¢, C = < 8 (1) ), D = < 8 (1) >, then XX ! has a second
order pole.

Proof of the Sauvage Lemma. 1. We borrowed the name of this lemma from [AI],
where the reference to the book of P. Hartman [HaP]| is given. In fact, in [HaP)|
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another result is proved. It is shown that any holomorphic matrix function F(t)
in the disc K., has a representation in the form F = P(t)t?G(t), where P(t) is
polynomial with det P = 1, D is an integer diagonal matrix and G(t) is invertible.
The proof of Lemma 8.45 is much more complicated than the proof from [HaP|. In
the book of Plemelj [Ple| the proof of Theorem 8.44 is based on other properties
of fundamental systems than the ones used in our above proof.

We shall not present the complete proof of the Sauvage lemma. We limit ourselves
to the case n = 2.

2. Firstly, by applying the change t — 1/t we can assume that we are in the disc
Ky around 0. Thus, given a meromorphic F' with pole at 0, we look for the repre-
sentation F' = P(1/t)¥(¢)t? with polynomial P, det P = 1, analytic ¥, det ¥ # 0
and diagonal integer D. Of course, it is enough to obtain this representation with
det P(1/t) =const # 0.

3. The action of a diagonal matrix diag (A1, ..., A,) onto a given matrix from the
right means multiplying its columns by the numbers A;.

Note also that diagonal matrices commute and the automorphism Z — QZQ ™",
with @) a matrix of permutation of coordinates, sends diagonal matrices to diagonal
matrices with permuted columns. Therefore we apply from the right: diagonal
matrices t#, constant diagonal matrices and permutations of columns.

Action of some matrix onto a given matrix A from the left means some action
on the rows of A. We apply the following three types of action onto the rows of
meromorphic matrices.

(i) Transpositions of rows. (ii) Multiplication of rows by constants (it is the action
of a diagonal matrix). (iii) Adding to a row another row multiplied by a polynomial
of 1/t (this means action of a triangular matrix with 1 at the diagonal and a
polynomial above or below the diagonal).

We see that in all the cases we multiply from the left by a matrix with constant
determinant.

4. Let F = (t% f1,t% fo) = (f1, f2)t*, where f; are holomorphic columns, f;(0) #
0, and A is diagonal. If det(f1, f2) # 0 then we have the result.

5. Assume that this determinant vanishes. Using eventual transposition of rows
and multiplications of rows and columns by constant numbers, we can assume
that the components of the first row start from 1. After extracting a multiple
of the first row from the second row and eventual permutation of columns, we
AR ) ab # 0, a > B. We multiply

the second column by ¢=# and, after little modification, we obtain the matrix
( 1 P+

arrive at the matrix (

at® + ... 1
6. Now we multiply this matrix from the left by an upper-triangular polynomial
p(1/1)
0 1
that after multiplication the upper-right corner of the resulting matrix becomes
analytic.

matrix > of the type (iii). The polynomial p(t) is chosen in such a way
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7. If «a > B, or a = [ but ac # 1, then we obtain the matrix
< a;ia—:_' o Og) ), d # 0, which is invertible and the lemma is proved.

.
8. If « = § and ac = 1, then we get the matrix < Z:ai O§1) ) = F -

9
< tO (1) > where det F; has lower order than the determinant of the matrix from

We apply the above (5., 6. and 7.) to the matrix Fj. After a finite number of such
steps we obtain a matrix which is holomorphic and invertible. O

§6 The Bolibruch Example

The negative answer to the Riemann—Hilbert problem in version C (i.e. existence
of a Fuchsian system with given monodromy) is given in the below result of A. A.
Bolibruch from [AB|. The proof of Bolibruch’s theorem is relatively long. But the
reader can learn from it a lot of methods and tricks. For this reason we included
it in the book.

8.46. Theorem (The counter-example of Bolibruch). Consider the system %z =
A(t)z with

L [0 1 0 . 0 6 0
0t 0 |+ -1 1
2
4 X0 o0 —¢ 6+ \ o 1 1
N L 0 0 2 L 0 -3 -3
+ 0 -1 -1 |+ 0 -1 1
20-1)\ o 1 3t-1/2) \ o 1

This system has only reqular singular points and there does not exist any system
from the Fuchs class whose singular points and monodromy group are the same as
for the above system.

Proof. 1. Firstly we investigate the singular points of the system Z = Az. Of
course, the points t1 = 0, t3 = 1, t3 = —1, t4 = % are singular. As t — oo we
have A(t) ~ | Y resy, A(t) and, because Y res, A(t) = 0, the point ¢ = oo is not
singular.
A(t) has simple poles at t2 3 4; so these points are Fuchsian and hence regular. At
t1, A(t) has a second order pole. The regularity of ¢; is obtained in the following
way. Let z = (Z), where 2 € C, y = (y1,92) " € C2. The system for z is equivalent
to the system

& = a(t)yr + b(t)ys,

y = By,
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where
B(t) =Y Bi/(t —t).

Because the system for y is Fuchsian its solutions y;(t) are regular, of polynomial
growth at singular points (in particular, at ¢ = 0). Because a(t) and b(t) are ratio-
nal then, integrating the equation for x, we obtain the regularity of the solutions
x(t).

2. Note that the matrices B; = res;, B(t), j = 2,3,4 are nilpotent. Indeed,
Tr B; = det B; = 0 (so the eigenvalues are equal to zero) but B; # 0. This means
that we have resonances at t;, Ay — A2 € Z (see Definition 8.16). Using Theorem
8.17 and Remark 8.18 we obtain that the normal forms of the system for y at
23,4 are given by triangular matrices: = (ei/(t — t:))Y2, o = 0. This leads to
triangular monodromy matrices.

At the point t; we have the eigenvalues \; = 1, Ao = —1. So here we have
also resonance but the normal form is slightly different: 31 = (1/t)§1 + eito,
2 = (—1/t)fjo. This also gives a triangular monodromy matrix.

Because the system for z is block-triangular, all its monodromy matrices are equiv-
alent to triangular matrices. Thus the assumptions of Theorem 8.44 are not satis-
fied and there is a hope that we will obtain a good counter-example.

We will prove the above facts about the normal forms and local monodromies
later.

3. Here we develop a theory which describes the local behaviour of fundamen-
tal systems near regular singular points. In particular, we shall construct certain
invariants which allow us to distinguish fundamental matrices of local Fuchsian
systems.
If a fundamental matrix F(f) is regular near the singular point ¢ = 0, then it has
the form F () = G(¢)t, where G is meromorphic (univalent), C = 22 and M is
the monodromy matrix (in the basis given by the columns of F). It follows from
the proofs of Theorems 8.12 and 8.17.
The logarithm of the monodromy matrix is not chosen uniquely. In order to ensure
this uniqueness we assume
0 <Re Hy < 1

where p; are the eigenvalues of the matrix C.
It turns out that the above formula for F can be canonically improved. We shall
show the representation

F(t) =U)tVic (6.1)
where V' = diag (v1,...,v,) is an integer matrix such that v; > ve > ... > v,
and U(¢) is holomorphic. The integers v; will be defined canonically as values of
a certain ‘valuation’ in the space of solutions of the system ¢ = By, B = FF-L.

4. Definition of the Levelt valuation. If y(t) ~ Ct*(Int)* in a sector with vertex
at t = 0, then we put
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i.e. the integer part of the exponent «, and call it the Levelt valuation on y(¢). For
example, v(v/t) =0, v(tInt) = 1.

If X is the space of solutions of §y = By, then the function v : X — Z has the
usual properties of valuation:

(i) v(0) = co (by definition);
(i) v(Ay) = v(y), A € C\ 0;
(iil) v(y1 + y2) > min(v(y1),v(y2)), with the equality iff v(y1) # v(y2).

The valuation defines a natural filtration of X
0o=XCcXrCc...CAh=4X

such that v|x,\x,_, = const. Moreover, the monodromy operator M preserves the
above filtration, M X; C X;. This means that it has a block-triangular form. The
operators Gr; M (of the gradation of M) are found on the diagonal, acting on the
graded space Gr X = @ X/ X;_1.

By choosing Jordan bases in &;/X;_1 the operators Gr; M can be represented as
triangular matrices. Using this we can choose a basis yi,...,y, in X such that
the sequence v; = v(y;) is decreasing and the matrix of a monodromy operator
(written in this basis) is triangular. Such basis is called the Levelt basis.

One can see that, if we take the fundamental matrix F as composed of the vectors
y;(t), then it has the representation (6.1).

5. Lemma. The singular point t = 0 of the reqular system y = By is Fuchsian iff
the matriz U(t) from (6.1) is invertible.

Proof. (a) If U(0) is invertible then we have
. . 1 1 1
B=FF 7 =UU+ UVU "+ U'CtVU™ = [ULU™' +O(t)]

where
L=V +tVct™V.

Note that the matrix C' = tVCt=V is analytic. Its 7j-th matrix element is equal to
ci;t" 7" where the matrix elements c¢;; of C' vanish for ¢ > j. So the block-diagonal
submatrices of C remain the same as in C and the off-diagonal submatrices acquire
positive powers of ¢; (because v; —v; > 0 for i < j).

Now the Fuchsian property is obvious. Moreover, the residuum of B(t) at 0 is
By =U(0)L(0)U(0)~1, L(0) = V + (block-diagonal part of C).

(b) Assume that U is not invertible. In particular, ker U(0) # 0. Suppose also that
the system is Fuchsian, y = (Bo/t + ...)y. We will get a contradiction.

The formula By = U(0)L(0)U(0)~! from the previous point cannot hold any
longer. However its analogue

BoU(0) = U(0)L(0)
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should be true.
This means that L(0)(ker U(0)) C kerU(0); (if y € kerU(0) and z = L(0)y then
U(0)z = BoU(0)y = 0). This leads to the inclusion

£ O ker U(0) C ker U(0).

Let yo € ker U(0) \ 0 and let y(f) = F(f)yo. Let v(y(t)) = vy,. We shall show that
v(y) should be greater than v,,, which will give us the needed contradiction.
We have

y(t) U(0)t"tyo,

= U(0)HOyo + (U(t) — U(0))FOyg + U(#)(¢VEC — i)y,

The first term in the second row of the above formula is equal to zero (see
above). The second term is of the form O(t)i*(9y, where L(0) is equal to V
(with Vyo = vmyo) plus the block-diagonal part of C' (with positive real parts of
the eigenvalues). Thus [tX(©yg| ~ [t[*=¢ € > 0, and the valuation of the second
term is greater than v,,.

Finally, the matrix tV¢¢ — ¢%(%) contains only off-block-diagonal terms which are
of higher order than the block-diagonal part of tV¢¢. This implies that also the
third term is of order [¢t[vmT1+e. O

6. Lemma. Consider a global system % = A(t)z, t € CP! with regular singular
points ti,...,tm. Let L; = V; + tVi Cjt_vj be the matrices associated with the
corresponding local systems and constructed in the previous point. Then

> trL(t;) <0

and the equality holds for systems from the Fuchs class.
In particular, if the matrices C; are nilpotent and the system is Fuchsian then
Zter = Z” Vi, =0 (where v, are the Levelt valuations, i.e. the eigenvalues

of Vj).
Proof. Consider the 1-form tr A(t)dt = d(Indet F) which is meromorphic in the

Riemann sphere. We have ) res;, (tr Adt) = 0.
On the other hand,

resy; d(Indet F) = tr L(t;) + order of zero of det U;(t)

for F = U;(t)(t — t;)Vi(t — t;)%, L(t;) = V; + diagéj. (Here diagéj is the
block-diagonal part of C.)
The result follows from the fact that U; are holomorphic. ]

7. Now we begin to apply the tools and results obtained in the previous two points
to the Bolibruch’s system. In this point we consider the 2-dimensional Fuchsian
system ¢y = By from 2., i.e. the subsystem of the Bolibruch system.
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Recall that, if at the singular point ¢ = 0 of a system § = (C/t + ...)y there is a
resonant relation \; = \; + k with non-negative integer k, then the term t*~1y;
cannot be removed from the i-th equation (see Definition 8.16).
Applying this fact to the singular points t3 34 (which are resonant A\; = Ay + 0)
we can assume that the system is locally equivalent to systems § = (C;/(t —t;))7
. _ 0 €
with C; = ( 0 0
matrix take the forms F(#) = U;(t)(t — t;)¢7 with invertible U;. We have V; = 0,

L(t;) = C;. )
N ? C.: 1 €5 ln(t — t]) .
ote that (t —t;)% = 1 with the monodromy maps M; =

0
1 2mie;
0 1

At the point t = t; = 0 we have By = diag (1, 1) and the normal form is the
following: g1 = (1/t)91 + e1t@e, Y2 = (—l/t)gg.

We must calculate e;. For this reason we calculate the first terms of the expansion
of the matrix B(t) near 0. We have

)<é 0 >—(t2+...)< 0 é)]

The diagonal terms are reduced to their normal form using diagonal changes of
y. The off-diagonal terms are reduced using off-diagonal changes, like (y1,y2) —
(y1,y2 + ct?ys) (and higher order changes). It is clear that during such changes
the first term in the upper-right corner of B(t) remains unchanged. Therefore

), e; # 0. The representations (6.1) for the fundamental

B:H(H

€1 = —1.

In this case we have Uy (t) = (1+...)I+O0(t?),V = diag (1,-1),Cy = < 8 _01 >
Thus F equals

1+... O t 0 1 —Int\ [ t+... —tlnt+...

o) 1+... 0 t! 0 1 Loy tt+.. )
8. Definition. We introduce the following invariant of a 2-dimensional Fuchsian
system y = K(t)y, called the Fuchsian weight of K:

YK = Z(Ul,tj - Uz,tj)
J
where v s, > va4; are the values of the Levelt valuations at the singular points
tj. We will also denote them by wv; ¢, (K) in order to underline their dependence
on K.
Of course, we have v = 2 for the 2-dimensional subsystem of the Bolibruch
system.
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Let Mon = Mon (K) be the monodromy group associated with a 2-dimensional
Fuchsian system ¢y = Ky. The Fuchsian weight of the monodromy group Mon is
the number

YMon = Min{yp : Mon (D) = Mon }.

9. Lemma. We have 7o, (p) = 2 for the matriz B(t) from the point 1.

In 12. below we will show that the Fuchsian weight of a certain 2-dimensional
Fuchsian system associated with any 3-dimensional Fuchsian system must be equal
to zero. Therefore 7,,,(p) is the invariant in deciding the Bolibruch counter-
example.

10. Proof of Lemma 9. Suppose that there exists a system y = Dy with v, < 2 and
Mon (D) = Mon (B), where B is the matrix of the 2-dimensional subsystem of the
Bolibruch system. So we have v, = >, v1,¢,(D) — > v2¢,(D). But 3 v14,(D) =
— > v2,¢;(D) (by Lemma 6 applied to the Fuchsian system defined by the matrix
D with nilpotent C;). This means that v, is an even number and, because vy 3, >
v2,¢;, we have

Yp =0, vit; =vay;.

Denote the latter integers v1 ¢, by m; and apply the change y = ([J(t —t;)™7 )u.
If y satisfies the Fuchsian equation defined by the matrix D, then wu satisfies the
Fuchsian equation

myg
t—t;

i=F(tyu, F=D(t)-)Y_

Moreover, we have v; ¢, (F') = 0.
Let G be a fundamental matrix associated with the equation @ = Fu. Near the
points t; we have the representations

G(t) = Wi(t)(t — )%, det W; # 0,

with analytic W;. Let F be the fundamental matrix for §y = By with the local
representations

F=U(t —t;)%, i =2,3,4; F=Ut"i,

= o )

and with

Because F and G have the same monodromy, the function FG~! is univalent and
then meromorphic (regularity). Near t;, i = 2, 3,4, the matrices FG~! = U¢Wi_1
are analytic and invertible. Near ¢; we have

FG = U, - diag(t,t™Y) - Wt = ( Of) O(t) > ,
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We see that the first row of the matrix FG~! is holomorphic in the Riemann
sphere. So it is constant and, because it vanishes at ¢ = 0, it should be identically
zero. But then the matrix FG~! could not be invertible outside singularities.

This contradiction proves Lemma 9. (|

11. Here we study the 3-dimensional Bolibruch system. In the points ¢34 the
residua of the matrix A(t) are of the form

0 abd
4= ( 0 B )
with nilpotent 2 x 2 matrices B;. Thus A; are nilpotent and the 3-dimensional

1 =

0 N, ) , where IV; are the monodromy

monodromy maps are unipotent, M; = <

matrices of a 2-dimensional subsystem.

Consider the point t;. We shall choose a Levelt’s basis in the form ¢,(t) =
(1,0,0)T, 655(8) = (32°), where (g, v5) = ( tO—iEt.?’.). fj?i+
damental system from the end of 7. Of course, ¢, is a solution with the valuation
v(¢y) = 0. Note also that ¢; is an invariant vector for any operator from the
monodromy group generated by the Bolibruch system.

In order to find the first components of ¢, 3(t) we integrate the equation & =
a(t)yz + b(t)ys with a(t) = t=24 ..., b(t) = 1 + ... (see 1.). This gives () =
Int+ ..., x3(f) = —1n*#/2 +.... Hence v(¢y) = 0, v(¢3) = —1.

The Levelt filtration of the space of X of solutions consists of the 2-dimensional
subspace X; (with valuation 0) and of X (with valuation —1).

The monodromy matrix M; and its ‘logarithm’ C; in the above basis take the
forms

is the fun-

1 2m * 0 1 =
M1 = 0 1 —2m1 5 Cl = 0 0 -1
0 0 1 0 0 O

12. Let w = E(t)w be a supposed Fuchsian system with the same singularities
and monodromy as the Bolibruch system z = Az. This means that there is an
isomorphism © between fundamental systems of both equations. Thusif x; = ©¢;,
then £(t) = (X1, X2, x3) is a fundamental system for the equation for w. (Here ¢;
are the solutions from the previous point.)

Consider x; = ©¢;. Because ¢; is the unique vector fixed by any monodromy
operator, then x; also has this property. This means that y;(¢) is a univalent
function and therefore rational (regularity).

Moreover, x; is the first vector in the Levelt basis; (because of triangularity of
M;). This implies that the valuations v, (x;) at the singular points ¢; take the
maximal values, which we denote by vy ;.

We have the inequality ) v, (x;) < 0. (For each component the sum of orders is
zero but vg, (x;) is the minimum of orders of the components.)
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By Lemma 6

Z Z Ut (Xz) =0,

because we have the Fuchsian case. But the above double sum is a sum of three
partial sums s; = Zj Vi, S2 = Zj Vo, 83 = Zj v3,¢,. Because s1 > s > s3
all three sums are equal to zero, s; = 0 and, moreover, vi;;, = Va2, = V34,
j=1,2,3,4. We denote the latter numbers by n;.

Let u = (Hj(t - tj)"f) w = f(t)w. It is easy to see that u satisfies a Fuchsian

equation @ = Fu. In the latter system we have all valuations equal to zero.

The vector-function n; = fx; is holomorphic in the whole Riemann sphere. So,
it is a constant vector and, after some transformation, we can assume that 7, =
(1,0,0)T. This means that & = Fu = < 8 2 )u Here G is a 2 x 2 matrix
defining a 2-dimensional subsystem.

13. Lemma. We have v = 0.

Proof. Recall that v is the Fuchsian weight of the 2-dimensional system defined
by G(t) and is equal to ) [v14, (G) — va,1,(G)]. We have proved that v, (F') = 0.
Because v ¢, (F') = v, (u1), then va ¢, (F') and vz, (F) are the Levelt valuations of
the system defined by G. Hence v, = 0. O

14. Lemma 13 provides a contradiction with Lemma 8. This completes the proof
of the Bolibruch theorem. O

Before ending this subsection we present some results about positive solutions of
the Riemann—Hilbert problem (version C). We do not present the proofs.

8.47. Theorem of Lappo—Danilevskij. ([Lap|) If the monodromy operators M; are
sufficiently close to identity, then the answer to problem C is positive.

In his proof in [Lap| P. S. Lappo—Danilevskij finds the expressions of the mon-
odromy matrices M; as series expansions of the residue matrices A; (for fixed
loops «; surrounding the singular points). If A; are small then the series are con-
vergent and can be reversed, A; are given by series in I — M.

8.48. Theorem of Dekkers. ([Dek|) If n = 2 (dimension of the system) then the
answer to the problem C'is positive.

The idea of the proof is the following. If all monodromy operators M; are non-
diagonalizable then they turn out to be simultaneously transformed to upper-
triangular Jordan cells. Such cells commute one with another. Then one can choose
the matrices A; also in such upper-triangular forms.

8.49. Theorem of Kostov and Bolibruch. ([Kos|, [AB]) If the monodromy group is
irreducible (i.e. without proper invariant subspaces), then the answer to problem
C is positive.
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§7 Isomonodromic Deformations

As in other theories, also in the theory of Fuchsian systems it is natural to consider
families of Fuchsian systems and to investigate the variation of their invariants.
One of such invariants is the monodromy group. One can ask which deforma-
tions are isomonodromic, i.e. when the monodromy group of a family of Fuchsian
systems remains constant. (This notion will be defined.)

The natural parameters of Fuchs systems are the positions of their singular points.
When we assume that the matrices-residues at these singular points also depend
on these positions, then we obtain a simplest natural family. It can be written in

the form
. Ui Az(a)
= eC”, 7.1
: (zt_) . )
where A;(a) = A; depend on a = (ai,...,a,). We assume also that the point

t = oo is singular with the residuum A., = —>_ A;.
We study this system under the following fundamental assumption.

8.50. Assumption. The local systems near the singular points a,; are non-resonant.
This means that the eigenvalues of any of the matrices Ay, ..., As do not satisfy
any resonant relation of the type A\; — \; € Z.

(By Theorem 8.17 this means that the local systems are analytically equivalent to

z2=(Ai/(t—a;))z.)
Therefore, all the matrices A; are diagonalizable and we can find invertible ma-
trices G; = G;(a) (depending on a) such that the matrices

AY =G A;G;

are diagonal. Because we consider the case with constant monodromies the matri-
ces A? do not depend on a.
We choose the fundamental matrix F(#) such that

F =0 t) %, Do(o0) =1,

in a neighborhood of ¢ = co (here @, is holomorphic and invertible near infinity).
It is clear that this condition defines the fundamental matrix uniquely.

By the theory developed in the previous sections, the behaviour of F near other
singular points is

F=G;®;(t)(t—a;) Hj, ®;(a;) =1,

where ®,(¢) are holomorphic and invertible and H; = H;(a) are constant invertible
matrices. (One can check that A(t,a) = FF " = G;A)G/(t —aj) +....)
The monodromy matrices are now well defined and are of the form

_ =1 _2miA% 17
Mj—Hj e iHj.
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8.51. Definition. The deformation (7.1) is called isomonodromic if the matrices M
do not depend on a. Equivalently: if the matrices H; can be chosen not depending
on a.

Remark. We have here two kinds of data associated with the equation (7.1): the
singularity data

{aj, A}, Gj(a)}
and the monodromy data

{Clj, Ag), Hj(a), j: 1,...,00},

where Go, = I, Hy, = I and the relations A1 + ...+ Aso =0, M1... M =1
hold.

The following theorem of Schlesinger [Sch2] answers the question of conditions
needed to ensure the isomonodromicity of the deformation (7.1).

8.52. Theorem of Schlesinger. Let assumption 8.50 hold. The deformation (7.1) is
isomonodromic iff one of the two equivalent conditions holds:

(a) The fundamental matriz F(t,a) constructed above satisfies the system of
equations

—A.
8F: JF7 j:17...,m.
8aj t—aj

(b) The matrices A; satisfy the system of equations, called the Schlesinger equa-

tions A
0A; _ jrAi ; .
8aj - ajfai ? t # =77
04A;  _ 3 [4;,4:]
da; - i#j aj—a;

8.53. Remark (Connections and curvatures). Before proving this theorem we must
comment on its formulation. The condition (a) is a condition formulated in terms
of the fundamental matrix, whereas the condition (b) concerns only the matri-
ces A;. The explanation of their equivalence goes through connections and their
curvatures.

Introduce the operators of external derivative

J:Zﬁ%£/ d:ﬁ;+m

and the 1-forms with values in the space of matrices

t—aj

Then the condition (a) of the Schlesinger theorem says that d'F = Q'F. This
equation together with the equation F = A(t,a)F can be written in the form

(d—Q)F =0.
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Consider the trivial (principal) fiber bundle E : U x gl(n,C) — U, where U C
CP! x C™ is an open set with variables ¢ and a;. Introduce the operator D =
d—Q:0y(E) — Oy(E) ® Q; = QF(F) on the sheaf of germs of section of E.
It defines a connection in E. The equation DF = 0 means that F is a horizontal
section of F with respect to this connection.

Not every connection admits horizontal sections. (Usually we can only prolong
sections along curves in the base, but prolongation along a closed curve may lead
to a point (in the initial fiber) which is different than the initial point). The
obstacle to existence of horizontal sections (above open subsets of the base) is the
curvature defined as follows.

We can extend the connection operator D to an operator on Q%](E), with values
in Q% (F). Then we have Do D =dod—doQ—Qod+QAQ=—(d2—-QAQ)
(because do Q2 =Qod— (dQ2) A (+)). The 2-form with values in gl(n,C)

R=dQ-QAQ

is the curvature tensor of the connection.
Lemma. The Schlesinger equations are equivalent to the condition R = 0.
Proof. We should show that:
(i) if the dt A da;—components of R vanish then the Schlesinger equations hold;

(ii) if the Schlesinger equations hold then R = 0.

The dt Ada;~component of dS is equal to — > i 8‘?1{3@1

of QA Q is equal to (Z tfé,») : (;‘:’) + (tf;i) . (Z tfij)‘ Its residuum at the
point ¢ = a; is equal to [A;, A;]/(a; — a;) for j # i and — >, ;[Ax, Ail/(ak — a;)
for j = 4. This gives the Schlesinger equations.

We have just proved that the Schlesinger equations are equivalent to vanishing
of the dt A daj-components of R. So it remains to show that in this case the
da; N daj-components of R vanish too.

The da; Adaj-component of d is equal to (0A4;/0a;)/(t—a;) — (0A;/0a;)/(t—aj)
which, in view of the Schlesinger equations, is equal to [A;, A;]/(t — a;)(t — a;).
The same is the da; A daj-component of 2 A €.

Proof of Theorem 8.52. Equivalence of the conditions (a) and (b):

If (a) holds then the fibration E has a section F horizontal with respect to the
connection D. So the curvature of the connection vanishes and the Schlesinger
equations hold.

If (b) holds then the curvature of the connection d—2 vanishes and the distribution
defined by it is integrable. This means that there is a horizontal section F of the
connection.

. The analogous component

Isomonodromicity = the condition (a): We have to show that the matrix function
d'FF~1is equal to the meromorphic form €'.
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Firstly, from the isomonodromicity it follows that the operation of prolongation of
F(t,a) along a closed loop (in the t—plane) commutes with the operation of external
derivation d’ (with respect to a). Thus the prolongation along loops around a;
leads to the transformations F — FM;, d'F — d'FM,;. This implies that the
form d’FF~! is univalent and hence meromorphic.

In order to find the formula for ' we investigate its behaviour near the singular
points a; and co. We shall look only for the polar parts of ' at these points. Using
the asymptotic formulas for F (before Definition 8.51) it is easy to check that near
ai, 831 FF1=—-A;/(t—a;)+...,if j =4, and that 82j FF~1is analytic if j # i.
Moreover, d FF~1 = O(1/t) as t — co. This implies that ' has only simple poles
with definite residues and the formula ' = — 3" da; A4;/(t — a;) follows.

Univalency of Q = isomonodromicity: We have to show that d'M; = 0.
Univalency of 2 implies F — FM;, dF =QUF - QF-M; =d'F - M;. But d'F
is transformed to d'(FM;) = d'F - M; + F - d’'M;. So, d'M; = 0. O

The problem of isomonodromic deformations is trivial when the number of singular
points is two or three. In both cases we can move these singular points to fixed
ones, using a Mobius transformation. So we can assume that these points are either
0 and oo, or 0,1 and oo, and there are no parameters of deformation. Also the
case when the dimension n of the Fuchsian system is 1 is elementary.

The first nontrivial case is when m = 3, n = 2.

8.54. Isomonodromic deformation in the case m = 3, n = 2 and Painlevé 6. It
turns out that this problem leads to the equation of Painlevé 6,

1/1 1 1 1 1 1
"o N2 _ /
T 2<y+y—1+y—$>@) <$+m—1+y—$>y

y(y—1)(y — ) T T — r(r—1)
22(z —1)2 [“*%2”(@/—1)2* <y—x>2]

Let us pass to formulation of the problem. We have the system

o[ 0 1)

and we must write down the equations for A;(z) which imply the isomonodromic-
ity.

Firstly, using the change z — w = ([[(t — a;)*¢) z we can reduce the problem to
the analogous problem with traceless matrices A;.

Assume that the numbers

+00/2, 101 /2, £05/2, £000/2

are the eigenvalues of Ag, A1, As, Ao, where Ag + A1 + Ao + Ao = 0 and Ay is
diagonal. The numbers 6; are constant parameters of the problem.
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So we have to determine the matrices Ag and A;. We choose them in the form
s = 1/ z0(z) wo(x) A = 1/ z1(x)  wi(x)
72 wlx) —z() ) 2\ vi(z) —=(z) )°

Thus

2 —vp — V1 O + 20 + 21

The six functions zp 1(z), uo,1(z),vo,1 () are dependent. The conditions for eigen-
values imply that

A2:1<—(900+20+Z1) —Ug — U >

22 +ugug = 02, 22 +uv = 63, (7.2)
(900+z0+z1)2+(u0+u1)(vo+v1) 293. (7.3)
Therefore there are only three independent functions. We shall choose them as
- - U
Zl('r)a 2’2(33), y_y($) - xuo—l—(x—l)u{
We put also u = ug/u1. We have

—1
we YL (7.4)

x(y —1)
Let us pass to differentiations, where the / will denote the differentiation with
respect to z. The Schlesinger equations are A = [Aa, Ag]/x, A = [A2, A1]/(z—1).
The calculation of the upper-left and upper-right entries gives the four equations:

/@ /@
07 200 FLT Moo ) (7.5)
D = uguy — urvo = u(f — 23) —u= (05 — 23),
and 0 N 0 7
/ 0o ! oo
Uy = — T uo + T’ Ul——I71U1— z—1" (76)

U = uy (20 — uz1)-

Above we have expressed v; as (67 — 2z2)/u; from (7.2).

We use (7.6) to calculate the derivative of u = wo/uy which, after applying (7.4),

gives
o = x(y_i 3 [Gooi + (20 — uzl)} . (7.7)

The calculation of the same derivative from (7.4) gives

o — 1 z—1, Y
Cz(y—1) y—ly x|’
This together with (7.7) gives
rz—1,

zo—uzlz(l—Qm)i—y_l
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The equation (7.3) can be rewritten in the form
2000 (20 +21) = =02, — (1 +u 102 — (1 +w)03 + 605 +u 20 —uz)®  (7.9)

This and (7.8) allow us to express zg and z; in terms of u, 6; and (2o — uz1)?.
Namely, we find

Oz = 0O Igff_;)y/ _ [920 — 2900(1 — eoo)g] ;E;j:i;
Oz(y—=1) _  2*(y—1)° (7.10)

62 92 )
“ou T 2 T 2(y—z) y(@—1)(y—) (z0 — uz1).

Of course, zp —uz; can be expressed by the right-hand side of (7.8) but we do not

do it now.
Finally, we calculate y” from (7.8). This gives

N2 —
y// = (;/_)1 + |:(]' - 900)1{1_1) - Ti1i| y/

o #le—D) (7.11)
—(1=0o0) K071 = V71 (20 — uz)'.
But from (7.5) we find that
, 1 0 0fu (20 —uz1)? Yy
— = — = — "0 . 12
(20 —uz) x(y—1) | 2u 2 2u et (7.12)

Substituting (7.10) to (7.12), next (7.12) to (7.11) and then using (7.8) (for (z¢ —
uz1)?), after rather exhaustive calculations, one obtains the equation Painlevé 6.
(If the reader wants to repeat the computations himself then we have one word of
advise for him: calculate separately the expressions before terms like (y')?, 3/, 03,
etc.)

The coefficients of the Painlevé 6 take the forms

a=(1-0x)"/2, B=—05/2, v=061/2, 6 = (1-63)/2.

Having a solution y(z) of the Painlevé 6, we can find z; = z;(z) and u(z) = uop/u;.
The differential equation for ug gives uf,/ug = (=0 +u 120 — 21) /2 which allows
us to determine ug(x) (and than also uq(z)). The functions wvg 1 (z) are calculated
from (7.2).

We have proved the following result.

8.55. Theorem. The problem of solution of the Schlesinger equations for isomon-
odromic deformation of the 2-dimensional Fuchsian system

3
z= (Z Ai(a)/(t — ai)> z
=0

is equivalent to the problem of integration of the equation of Painlevé 6 and usual
quadratures.
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Remark. The above theorem is taken from the lecture notes of G. Mahoux [Mah]|.
However the first author who associated the Painlevé 6 with isomonodromic defor-
mations was R. Fuchs [Fuch]|. He considered the second order differential equations
of the Fuchs type with four singular points t = 0, 1, x, oo, where the coefficients
are functions of ¢, (rational in t). The condition of isomonodromicity also leads
to the Painlevé 6.

8.56. Movable and non-movable critical points. The origins of the Painlevé equa-
tions. Let

F(z,y,9 .. ,y™)=0

be an analytic differential equation defined by means of a polynomial F'. Here
the argument x and the function y take complex values. y can take values in the
complex projective plane CP!.

If ¢(x) is a solution of this equation, then it is usually a multivalued holomorphic
function with some branching points, poles, essential poles, etc. A point zq is
called critical if it is neither regular nor a pole of the solution ¢; after turning
the argument around zoy we arrive at another branch of ¢. The critical point is
called movable if its position changes with the change of the solution. Otherwise
the critical point is called non-movable.

Examples. (a) The equation y’ = y? has the solutions y(z) = C/(1 — Cx). The
solutions have poles which are not critical points in the sense of the above defini-
tion.

(b) The equation 2y’ = 3 has the solutions y(z) = (¢ — z)~*/2. The points = = ¢
are movable critical points.

(¢c) The linear equation a(z)y’ = b(x)y has only non-movable critical points.

The situation with equation of first order F(z,y,3') = 0, eg y =
P(z,y)/Q(z,y), is more or less clear (see [Gol] and [AI]). The only critical points
of its solutions are algebraic branching points, like y = (z —2¢)?/9+. .. (Painlevé).
The equation y" = P/Q has no movable critical points iff it is the Riccati equation

Y = ao(2)y® + a1 (2)y + az(x).

(The proof relies upon the fact that any holomorphic vector field on CP! is
quadratic, the tangent bundle is equal to O(2).)
Painlevé and B. Gambier classified the equations

y"' = R(z,y,y")

with rational R without movable critical points. They treated two such equations
as equivalent if one is obtained from the other by means of changes of the variable
x and Mobius type transformations in each fiber x = const.

Firstly Painlevé found 14 such equations (omitting Painlevé 6) and later R. Garnier
|Garl|, [Gar2] had finished this classification. There is a list of 50 equations (see
[Gol]) of which 44 are either integrable in quadratures or are reduced to equations
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of the type F(z,y,y’) = 0. The remaining six are the Painlevé equations. They
are the following:

P oy = 6y®+u,

Py = 2P +ay+a,

Py: oy = (yg/j)2 _ .1;' + ocyi+,6 TPt 27

Py o = ("’222 + 3y3 +day? — 2(2® — o)y + S,

Poooy = (0, 4,0) 007 =Y+ O (ay 7)ot 4 en Y
and FPs.

The solutions of the equations of Painlevé are called the Painlevé transcendents.
They form a new class of special functions, different from elliptic functions, hy-
pergeometric functions, Bessel functions, etc. Their investigation is not finished
(see [GL]). They appear in many branches of mathematics and physics. For ex-
ample, if y(z) is the second transcendent of Painlevé, then the function u(t,z) =
t=2/3[y’ (t)+y>(t)] is a solution of the Korteweg-de Vries equation u; = 6utly—zzs.
Recently K. Okamoto [Oka] has shown that with the Painlevé equations an inter-
esting group action can be associated. For example, on the 4-dimensional space of
Painlevé 6 (parametrized by «, 3,7, d) the affine Weyl group with the root system
Dy, (see 4.28) acts. This is an infinite group generated by reflections with respect
to mirrors. If the parameter belongs to such a mirror, then the corresponding
Painlevé 6 is expressed by means of hypergeometric functions.

A very nice explanation of these symmetries was given recently by Yu. I. Manin
in [Man3|, where he used the R. Fuchs’ formulas (from [Fuch]) which connect the
Painlevé 6 with elliptic integrals and he related the Painlevé 6 with the Gromov—
Witten invariants. Manin has rewritten the Painlevé 6 in a form which is much
easier to remember:

d?z 1)\2< ,
dr2 (271'2') ZajPZ(Z—'_Tj/Q’T)’
j=0

where P(z,7) is the Weierstrass function associated with the elliptic curve C/(Z+
TZ) (see 8.10.(viii)), To = 0, Ty = 1, To = 7 and T3 = 1 + 7 are periods and the
parameters «; are defined by (ao,...,a3) = (o, —5,7, % —9).

In an impressive paper [DM] B. Dubrovin and M. Mazzocco found algebraic solu-
tions to Pgs; We describe this result in 12.20.

8.57. Other Painlevé equations and isomonodromic deformations. The natural
question is: why we do obtain just Painlevé 6 as an equation for isomonodromic
deformation in the simplest nontrivial case? Do the equations P,—P5; play some
role in the theory of isomonodromic deformations?

It turns out that these questions have positive answers. They imply isomon-
odromicity of deformations with irregular singular points. We explain briefly what
it means. We begin with the Painlevé 5.
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Lemma. The limit transition

(t7y7a7ﬂ7775) - (]- +€t>y704»5a7/6 - 5/6275/62)
as € — 0 in the equation Ps gives the equation Ps.

Remark. It turns out that there are more limit relations between the Painlevé
equations; Py is a limit of Ps, Ps is a limit of P, etc.

When one applies the limit procedure from the above lemma to the Fuchsian
system from 8.54, then he gets the system

. <A0 AO + Aoo .’EA] >

Z= z.

t t—1 (t—1)2

The points t =1 and t = x tend to t = 1 as € — 0 and the point ¢ = 1 becomes
non-Fuchsian. It is irregular, because the matrix xA; standing before (¢ — 1)~2
has generally non-resonant eigenvalues. Then the system can be locally formally
transformed to a diagonal system (or to two independent equations) with a second
order pole at t = 1. (Recall that resonances correspond to A; = A;.)

Therefore one should extend the Schlesinger theory of isomonodromic deforma-
tions to the case of systems with irregular singularities. Such a theory was initiated
by H. Flaschka and A. Newell in [FN], where they obtained the equation Painlevé
2.

The general theory was constructed by M. Jimbo, T. Miwa and K. Ueno [JMU] (see
also [Mah]). There the role of parameters of deformation are played by the poles
a; and certain coefficients in the formal normal forms near irregular singularities.
If this normal form is equal to

- Tjr, T2 A7\
Z‘Z<<t—aj>r Tt e )

with diagonal Tj ;, Ag, then the additional parameters are the diagonal elements
of the matrices 7} ;.

Into the set of monodromy matrices M}, associated with a fixed fundamental ma-
trix, one adds the set of Stokes operators .S; ;, corresponding to a suitable covering
of the punctured neighborhoods of the irregular singularities a; by sectors (see Def-
inition 8.26). Like the monodromy operators the operators S; ; are associated with
a fixed basis of the space of solutions (fundamental matrix); we do not give the
precise definitions.

The deformation is called isomonodromic iff M; =const and S;; =const as func-
tions of a; and T} ;. The analogue of the Schlesinger theorem, proved by Jimbo,
Miwa and Ueno, states that the deformation is isomonodromic iff the fundamental
matrix F(t,a,T) satisfies a certain system of linear partial differential equations
(like in the condition (a) of Theorem 8.52). Also analogues of the Schlesinger
equations hold (see [Mah]|).
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All the equations of Painlevé play roles of isomonodromic deformation equations
for suitable linear meromorphic systems with irregular singularities.
As an example we present the system leading to the Painlevé 1 ¢ = 6y2 + z:

[ ) () (3]

It turns out that the property of absence of movable critical points in the equations
of isomonodromicity of deformations, which we observed in the above examples,
is a general rule.

8.58. Theorem of Malgrange and Miwa. ([Mal4], [Miw]|) Solutions of the equations
for isomonodromic deformation (in the Fuchsian and irreqular cases) do not have
movable critical points.

§8 Relation with Quantum Field Theory

There exists an interesting connection between monodromy theory of Fuchsian
linear meromorphic differential systems and holonomic quantum fields. This theory
was developed by M. Sato, M. Jimbo and T. Miwa in the series of papers [SMJ1]
and [SMJ2].

The theory of holonomic quantum fields is rather technical and does not concen-
trate only on applications to differential equations. Its constructions deal with
fermionic fields with values in Clifford algebra and has applications in such areas
as the 2-dimensional Ising model.

Unfortunately the constructions are highly technical and it is difficult to follow
the proofs. In particular, the authors give explicit formulas for the solution of the
Riemann-Hilbert problem but without stating explicit assumptions. More pre-
cisely, they give a formula for the (regular) fundamental matrix F(f); this gives
the solution of the problem B. They claim that they obtain a solution of the prob-
lem C by making references to the Schlesinger equations. Probably the assumption
that the monodromy matrices M; are close to identity is needed.

Below we present only the general ideas of the construction of the mentioned
solution without pretending to full explanation and without the proofs. We begin
with some basic notions of the quantum field theory.

8.59. The origins of quantum field theory. Quantum field theory was created be-
cause quantum mechanics has turned out not compatible with relativity theory. In
quantum mechanics one can determine the position of a particle by means of the
square of the absolute value of the wave function. It is the density of the probabil-
ity of finding a particle in a fragment of the configuration space. In this approach
one loses information about the momentum of the particle.

It turned out that, when the velocities are limited (as in the case of relativistic
particles), one cannot determine even the position of the particle. The wave func-
tion of an individual particle does not have sense. The only outcome of this trap is
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to allow particles to appear and disappear in reactions with other particles. This
leads to a construction called second quantization.

8.60. Definition of bosonic and fermionic Fock spaces and operators of creation
and annihilation. Let H be a Hilbert space. Define the spaces

F(H)=CoHaPHoH)®...,

F,(H)=CeHoP(HoH)&...,

where P; and P, are symmetrization and anti-symmetrization operators acting on
H®" = H®...®H (n times). For example, P,(f1®...® fo) = 1 3 €(0) fr1)®
-+ ® fo(n), where the summation runs over permutations of the set of indices and
€(o) = £1 is the sign of the permutation. (Above Fl, # = s, a are understood as
closures of the infinite direct sums.)

F,(H) is called the Bose-Einstein Fock space and F,,(H) is the Fermi-Dirac Fock
space. We denote by F;, = Fl , the n-th component of Fl.

If f € H then we define the creation operator a*(f) as

a*(f)g=Vn+1P4(f ®9), g € Fyn.

The annihilation operator is equal to a(f) = (a*(f))* ; it can be written in the
form

a(f)gl R...0 09y, = \/n(fa gn)gl Q... gn—1-

The generator of the component C of unit norm is called a vacuum vector and is
denoted by Q

8.61. Example. If H = Ly(R™) is the Hilbert phase space of a quantum parti-
cle, then Fy , consist of functions f(x1,...,2,) (on R™") which are symmetric
(or anti-symmetric) with respect to permutations of arguments. The vector
represents a function on the 0-dimensional space (R™)? (a point). The function
fi(z1) ... fulzn), ||fjll = 1, can be interpreted as a wave function of n inde-
pendent particles, each in the state defined by f;. The creation and annihilation
operators can be interpreted as generalized functions (distributions) with values
in the space of operators on Fl:

o) = [a@i@is, @'(f)= [a @
where f is a test function (smooth with fast decaying at infinity). The latter
operators are called field operators.
8.62. Proposition.

(a) In the Bose—Einstein case the following commutation relations hold:

[a(f), alg)] = [a”(f), " (9)] = 0, la(f),a"(9)] = (f, 9)I-
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(b) In the Fermi-Dirac case the following anti-commutation relations hold

{a(f),alg)} = {a”(f),a"(9)} = 0, {a(f),a”(9)} = (f, 9)]
where {A, B} = AB + BA is the anti-commutator.
(¢) In both cases a(f)Q = 0.

From Proposition 8.62 it follows that the vectors of the form a*(f,)...a*(f1)Q
form a dense subset of Fl.

In the Bose—Einstein case there can be many particles in one state, e.g. the state
a*(f)a*(f)...a*(f)Q2 corresponds to the situation when several particles are in
the same state defined by the wave function f.

In the Fermi-Dirac case this is impossible because a(f)a(f) = 0 and, if a vector
0 € F, contains particles in the state f, then a(f)0 does not contain such particles.
Thus 6 can contain at most one particle in the state f. This property constitutes
the known Pauli exclusion principle.

In terms of the field operators a(z), a*(x) the commutation and anti-commutation
relations mean that

and

{a(x),a(y)} = {a"(2),a"(y)} = 0, {a(z),a"(y)} = (z —y).
Usually in theory of elementary particles the particles have spin and their wave
functions are vector-valued. For example, the field operators associated with elec-
trons have four components (spinors). Associated with them are the field operators
for the positrons (also four components).
The authors in [SMJ1] consider the field operators taking values in Clifford algebra.

8.63. Definition of Clifford algebra, Clifford group and normal ordering. Let W be
a complex vector space equipped with a scalar product (-, -). The algebra A(W),
generated by elements of W with the relations

ww' +w'w = (w,w') € C (8.1)

for w,w’ € W, is called the Clifford algebra.
The group

GW)={ge AW): 3g~* and gwg™" € W for w € W}

is called the Clifford group. If wq,...,wy is a fixed basis of W, then we have
guig™t =Y tijw,
J

where T' = (¢;;) is an orthogonal matrix. This mapping induces the exact sequence
of Lie groups 1 — C* — G(W) — O(W) — 1, where O(W) is the orthogonal
group.
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In [SMJ1] the authors consider the situation when the space W is expanded into
the direct sum V* @ V such that

(v, v3) = (v1,v2) =0, Vi, €V, vip €V

In analogy with the field operators the elements of V* can be called the creation
operators and the elements of V' are the annihilation operators. 1 € A(w) can be
treated as the vacuum. The subspaces V*, V' are the maximal subspaces isotropic
with respect to the scalar product. Such subspaces are sometimes called holonomic.
Here lies the origin of the notion ‘holonomic quantum fields’ ; these are the fields
taking values in a Clifford algebra with holonomic decomposition.

The Clifford algebra, treated as a vector space, is isomorphic to A W, the exterior
algebra over W. The latter consists of vectors v A...AvIAviA...Avs and has the
gradation A\ W =CoW @ /\2 W .... The isomorphism between the two algebras,
which is called the norm mapping and is denoted by Nr, is constructed as follows.
In any monomial we move the creation operators to the left and the annihilation
operators to the right, using the relations (8.1). For example, Nr1 =1, Nrov* =
{(v,0%) —v* Av, Nrw(v +v*)? = (v,0*)w.

One defines the so-called normal ordering mapping : - : from AW to A(W) as the
inverse to Nr. Thus : 1:=1, : v* Av := v*v, etc.

One denotes by (a) the component of 0-th degree of Nra in A W. It is a kind of
vacuum average. For example ((v* + v)?) = (v,v*), (v) = 0.

8.64. Remark. If we replace the field C of coefficients by R, then the group SO(n,R)
has two-fold ‘spinor representation’ in G(R™) (where R™ has the standard scalar
product). Its image becomes the spinor group Spin(n,R) which forms the two-fold
covering of the special orthogonal group SO(n,R). In the case n = 3 the Clifford
algebra is generated by the Pauli matrices

(01 (0 =i (1 0
1=\10/)°%2=\Vi 0o )07 o0 -1 )

It is the algebra M (2,C) of 2 x 2 matrices. There is a map (z1, z2,z3) — 101 +
X902 + 2303, which has the property that any rotation T from SO(3) induces
an automorphism of M (2,C). Any such automorphism is internal, B — gBg~!
where ¢ = gr can be chosen unitary and is defined modulo const-I. We have
SO(3,R) ~ RP3 and Spin(3) = SU(2) ~ S3 is its universal covering (see [DNF]).
We have also SO(4,R) =~ RP?3 x §3 and Spin(4) = SU(2) x SU(2).
If W is the (real) Minkowski space and SO(W) = SO(3,1) is the proper Lorentz
group, then the corresponding Clifford algebra is generated by the Dirac matrices
0 _ I 0 i o 0 0j
= 0 —-I » = —0j 0
of SO(3,1) in the Clifford group G(W). The corresponding two-fold covering of
SO(3,1) is equal to SL(2,C). It is realized as a certain sub-representation of the
spinor representation (see [DNF).

) and there is a ‘spinor representation’
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The Clifford algebra A(R?") and the corresponding Clifford group is used in
Onsager’s solution of the two-dimensional Ising model (see [Hua]). The transfer-
matrix of this model is an operator from the Clifford algebra and, in order to find
its eigenvalues, one applies the automorphisms gy induced by orthogonal trans-
formations of R?". In this way the free energy of the Ising model is calculated. In
[SMJ1]| this method is developed further and the correlation functions of the Ising
model are calculated.

8.65. Theorem (A formula for gr). Let wi,...,wny be some fixed basis of W =
V*@ V. Let K be the matriz with the entries

(w; - wy).

Assume that we have an orthogonal matrix T € O(W). Define a matriz R = (r;;)
as
(T-I)(K+K'T)™!

and an element p e \>*W as
Z TijW; A Wj.
]

Then the transformation T is induced by the element
g=:e"?:

1

from G(W). In other words, gwg~" =Tw (or g = gr).

We will not give the proof of this theorem. We refer the reader to [SMJ2]|. Now
we pass to the promised solution of the Riemann—Hilbert problem.

Figure 8

8.66. Reformulation of the Riemann—Hilbert problem. The authors of [SMJ1]
make the restriction that the singular points t1,...,t,, lie all on the real axis (in
the complex t-plane). Assume that ¢ < to < ... < t,, (see Figure 8). With them
certain monodromy matrices M; are associated. The task is to find a fundamental
matrix F(¢) which is regular and undergoes the transformations F(t) — F(t)M;
as t varies along closed loops surrounding just one point t;.

(In order to have Fuchsian singularities one should require that FF1 has only
first order poles. In [SMJ1] and [SMJ2]| this issue is not discussed. Therefore, only
the version B of the Riemann-Hilbert problem is solved here.)
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The point at infinity is supposed to be non-singular. Thus one has to find a mul-
tivalued matrix F(¢) which has definite behaviour at the upper and lower cuts of
the t-plane along the real axis. We normalize it by putting F(tg) = I for some real
point tg > t,,.

If we denote Fy (z) = F(z+i0%), 2 € R, then we have Foo () = Fo(x) for z > t,,,,
Fi=FooM,, for t,,—1 <z <t etc.

Define M;(z) = I for > t; and M;(x) = M; for x < t; and

M(z) = My(z) ... My (x).
Then we should have
Fi(zr) = Foolz)M(z), z€R.
8.67. Reformulation in the language of field theory. Let ¢’ (), 7*(z) be fermionic

fields taking values in the Clifford algebra generated by W = R"™ @ R™ with the

scalar product defined by the matrix ( 9 0

damental matrix F. Thus we have the relations {wi(x), 7 (y)}= {w*i(x), P+ (y)}=
0, {¢"(x),¥"(y)} = dijo(z —y).

Assume that there is a field operator ¢(z) satisfying the following relations:
B () = Tt @om()
(@) (x) = 2T (@)o(x)mi;(x),
where (m;;) = M(z) and (mj;) = (M (x)")~!. These relations can be written in
short as gzbzz = ngzSM and gzﬁzz* = 12*¢M* , Where 125 is the column vector with
components ¢’ (x).
We define the matrices
Fo@)y = —2mil* (zo)ola)s )/ (6(a)),
(Fi(@)ig = —2mi{e™ (o)’ (2)d(x))/(6()).

The following result follows from the above commutation relations.

) . Here n is the dimension of the fun-

Proposition. The functions Fi can be prolonged to the upper and lower complex
half-planes respectively and they satisfy the relation Fy = F_M.

8.68. The solution. Thus the problem is reduced to the problem of solving the
equations

¢~ =T, ¢ ¢t = i) (8:2)

with respect to the field operator ¢(x). Here T3 = Ti(z) and Tp = Ts(x) are
matrices such that the block-diagonal matrix T' = diag (T1,T>) is orthogonal.
Note also that the argument z is fixed in the equations (8.2).
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However this is the problem of inversion of the map g — gp from the Clifford
group to the orthogonal group. Its solution is given in Theorem 8.65. It remains
only to apply it to our situation. We present the answer without proof.

Let L be a fixed matrix (it will be one of L; = In M;) and let a € R (it will be one
of t;). Define the field operator

#(a, L) =: e @1)/2

where

—k

ety = [ [ dedy $) ARG = 0= ) )

i L —imL
R(z,y) = sin(rL) exp(im ) exp( mr.) .
r—y+i0 z—y—10
Theorem. If there is only one singular point t1 with the monodromy matriz M,
then the operator ¢(t1,L1) satisfies equations (8.2).

In the general case the solution to equations (8.2) is given by the field operator

(;b — ¢(t17L1) R ¢(tTn7Lm)
(¢(t1, L1) ... d(tms Lim))

8.69. Remark. The notion of normal ordering is used also in the bosonic field
theory. In particular, the canonical commutation relations (from Definition 8.61)
have representation in such large spaces as La(S'(R™), 1), where S’ is the space of
tempered distributions on R™ and p is a certain Gaussian measure. The field oper-
ators have natural interpretations in terms of multiplication operators by Gaussian
random variables and variational derivatives. In particular, the normal ordering
of the product of a Gaussian variable f, : f” : is the value of the n-th Hermite
polynomial on f.

The reader interested in these topics is referred to [GJ].

8.70. Frobenius manifolds in conformal field theory and isomonodromic defor-
mations. B. A. Dubrovin in [Dub] introduced the following notion of Frobenius
manifold.
A Frobenius algebra is a commutative algebra A over C with unity e and equipped
with a C-bilinear symmetric non-degenerate inner product (-, ) : Ax A — C being
invariant in the sense that

(ab, c) = (a, be).

A manifold M is called Frobenius manifold if each of its tangent planes T; M is
equipped with a structure of Frobenius algebra and (additionally):

(i) the invariant inner product defines a flat metric (i.e. with zero curvature)
and with the Levi—Civita connection V;

(ii) Ve=0;



§8. Relation with Quantum Field Theory 331

(iii) the 4-tensor V,(uv,w) is symmetric;

(iv) (iv) there is an Euler vector field F such that V(VE) = 0 and whose flow
acts on Ty M’s by rescaling these algebras.

An example of a Frobenius manifold appears when we have a function F(t),
t = (t',...,t") such that its third derivatives cog, = 9>F/0t*0tP0t" obey the
following relations:

(a) The matrix 7,3 = c144 is non-degenerate with inverse n®’; (we use 7 to raise
and lower the indices).

(b) The constants Clg =3 1N Ceap define an algebra A; ~ T,C™ = span ey, . . .,

en], eq = /0t by the formula e, - eg = N clﬁev; A, is associative iff so-
called WDVV equations (E. Witten, R. Dijkgraaf, E. Verlinde, H. Verlinde).
hold

(¢) F is quasi-homogeneous.

Then the unit of 4; is e = ey, (€, e3) = 1,5 and the Euler vector field
is B =) d,0/0tq, the field associated with the quasi-homogeneous action
of C*.

The natural situation, when a function F' satisfies the WDVV equations, is the
case when F is the generating function for correlations in the conformal field
theory. Such theory arises in the case when the ‘fields’ are holomorphic maps
1 : CP' — X, where X is a Calabi-Yau manifold and the role of the space of
configurations is played by the moduli space of such maps. The generating function
F for correlations turns out to be a function on M = @ H?*(X) and its coefficients
are important invariants of enumerative geometry of X, called the Gromov—Witten
invariants.

Another example of a Frobenius manifold is the space of isomonodromic deforma-
tions of linear differential equations of the form

dz/dt = (U +V/t)z

where U and V' are constant complex matrices; U = diag (u1,...,un), u; # u; is
diagonal and V is skew symmetric.

The isomonodromicity condition implies that V' = V(u). Thus the space M
is parametrized by w. The Frobenius structure is given by: 9/0u; - 0/0u; =
6:50/0uj, (-,-) = S_*du?, where (¥y,...,9,)" is an eigenvector of V = V(u),
e=>.0/0u;, E=> u;0/0u,.

The latter Frobenius manifold admits an action of the monodromy group, i.e. the
representation of mq (M, ), M = C"\{u; = u;, i # i} in T;, M. There appear
Stokes operators and groups generated by reflections. We cannot describe all this
here and we refer the reader to Dubrovin’s article [Dub].
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Holomorphic Foliations. Local Theory

The previous chapter was devoted to linear analytic differential equations. In this
chapter we develop the theory of analytic nonlinear differential equations, i.e.
holomorphic vector fields.

Therefore the time is treated as complex and the phase curves become Riemann
surfaces. The phase portrait of a holomorphic vector field defines a foliation into
phase curves. This foliation may have singularities, e.g. at the singular points of
vector fields. Also in applications one often deals with algebraic manifolds and
the foliations are defined by means of polynomial vector fields (in affine charts).
Such foliations are called holomorphic foliations. Our analysis will be principally
restricted to the case of holomorphic foliations in CP2.

We study holomorphic foliations in CP? from the local and global point of view;
in this chapter we concentrate on the local theory.

The local analysis includes the Bendixson—Seidenberg—Dumortier—van den Essen
theorem on resolution of singular points of a holomorphic planar vector field. We
present the proof of this theorem. It is an analogue of the Hironaka resolution
theorem 4.56 but it is restricted to the dimension 2. After resolution one obtains
only elementary singularities.

An elementary singular point has a separatrix, a leaf diffeomorphic to the punc-
tured disc D*. A loop in D* defines a holonomy map which constitutes a nonlinear
analogue of the monodromy map from the previous chapter.

The analysis of geometry of leaves of a holomorphic foliation near an elementary
singular point leads to the theory of analytic orbital normal forms (for the holon-
omy diffeomorphisms of (C,0) and for germs of vector fields in (C2,0)). Due to
investigations by the French (J. Martinet, J.-P. Ramis, J. Ecalle, B. Malgrange,
J.-C. Yoccoz, R. Perez-Marco), Russian (Yu. S. Il’yashenko, A. D. Briuno, S. M.
Voronin, P. M. Elizarov A. A. Shcherbakov) and Brazilian (C. Camacho, A. Lins-
Neto, P. Sad) mathematicians this theory is now practically completed. In the
resonant cases the analytic classification is described by the Ecalle-~Voronin func-
tional moduli (for diffeomorphisms) and by the Martinet—Ramis functional moduli
for saddle-nodes and in the non-resonant case there is the so-called Briuno con-
dition (with its dynamical interpretation by Yoccoz). We present this theory with
details.

We begin with an auxiliary section containing the main notions of foliations and
almost complex structures.
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§1 Foliations and Complex Structures

Recall the definition of a foliation of codimension k£ in an n-dimensional manifold
M. Here K = R if the manifold is real and K = C if it is complex.

9.1. Definition. Such a foliation F is defined by means of an atlas ¢, : Uy, —
K"~ x KF such that the transition maps $q, 5 have the form

(z,y) = (f(=,9),9(v)).

The leaves of the foliation F are locally defined as ¢, ({y = const }).

If K= C, i.e. M is an analytic manifold, and the transition maps are holomorphic,
then F is a holomorphic foliation without singularities.

Another definition of a foliation involves the notion of distribution in the tangent
bundle. It is a system V, C T,M of codimension k subspaces of the tangent
space. Such distribution is called integrable iff it arises from a certain foliation, i.e.
V, =T, L where L is a leaf of the foliation passing through z.

The subspaces V, can be defined as kernels of 1-forms V, = {wi(z) = ... =
wi(z) = 0}. The Frobenius theorem (see [KN] and below) says that the foliation
is integrable iff dw; vanish at V. In other words dw; = )" a;j A w;.

When the situation is holomorphic and w; are holomorphic forms, then it is natural
that w;(z) can vanish at some points and V,, can change its dimension.

We say that a foliation F which is locally defined by means of zeroes of holomor-
phic 1-forms is the holomorphic foliation iff its set of singular points has complex
codimension > 2.

9.2. Theorem of Frobenius. A distribution {V,} C TM is integrable iff it is in-
volutive. The latter means that for any two vector fields X,Y lying in this dis-
tribution, X (x) € Vg, Y(x) € Vy, their commutator [X,Y] also lies in the dis-
tribution. Equivalent condition: for any 1-form w wvanishing on the distribution,
V. C kerw(x), its external derivative also vanishes on the distribution.

Proof. The equivalence of the two definitions of involutivity is a consequence of
E. Cartan’s formula

24w(X,Y) = X((,Y)) — Y ({0, X)) - w([X, Y]).

If the distribution is integrable and the vector fields X, Y are as in the formulation
of Theorem 9.2, then XY are tangent to a leaf of the corresponding foliation. Such
is also the commutator [X, Y], which shows the involutivity.

If the foliation is involutive, then near xg € M one defines a system Xi,...,
X1 of vector fields such that (X;(z)) define a basis of V,.. Denote g%, the phase
flows generated by X;. The map

(b1 toek) — g, 0.0 g% (x0)

defines a leaf of the needed foliation passing through zy. The involutivity of the
distribution ensures that this definition of leaf does not depend on choice of the
initial point xg. O
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9.3. Example (Holomorphic foliation in CP? defined by a polynomial vector field).
Any vector field which is holomorphic in the whole CP? is a vector field from the
Lie algebra of the Lie group of projective transformations.

(Recall that any vector field holomorphic in the whole Riemann sphere CP! is
quadratic. The vector field 20, generates the group of hyperbolic transforma-
tions e’z, the field (22 + 1)0, generates the elliptic transformations (zcost +
sint)/(—zsint 4+ cost) and the field 0, generates translations z + t (parabolic
transformation) These three 1-parameter groups generate PSL(2,C). An analogue
holds in the two-dimensional case.)

If V(z,y) = P(z,y)0; + Q(z,y)dy is a polynomial vector field on C? of degree n,
then it defines a field of directions in CP?. In the chart (z,u) = (1/z,y/x) the
field V takes the form —22P(1/2,u/2)0, + 2[Q(1/z,u/z) — uP(1/z,u/z)]0z and
has a pole along the line z = 0 (provided n > 2). After multiplying it by a suitable
power of z we get a holomorphic vector field in the affine (z,u)-plane. This power
is either n — 2 or n — 1 depending on whether the leading terms of Q and uP in
@ — uP cancel themselves or not. However, multiplying a vector field by a function
does not change its phase portrait; only the velocities along phase curves undergo
changes.

One speaks of the field of directions which is a well-defined object. This field of
directions defines a holomorphic foliation with singularities. The leaves of this
foliation are either singular points of the field of directions or Riemann surfaces
(complex phase curves of V).

The fields of directions (or the holomorphic foliations) are well-defined objects in
algebraic compact projective surfaces S C CPY. In affine charts they are given by
means of polynomial vector fields tangent to the surface.

The above statement can be reversed. If a field of directions in CP? is locally
defined by means of local holomorphic vector fields outside a subset of (complex)
codimension 2, then this vector field must be polynomial in the affine charts.
With the field of directions, defined locally by means of the vector field P9, +Q0,,
one associates the holomorphic 1-form

Qdx — Pdy.

Its kernels are exactly the directions defined by the field of directions.

One can also describe the above picture in terms of the homogeneous coordinates
(z : y : 2) in CP% With the homogeneous vector field X9, + Y9, + Z0, one
associates the homogeneous 1-form Pdz 4+ Qdy + Rdz, where

P X z Yz—Z2y
Q | = Y |[Al y | =] Zz2—Xz
R Z z Xy—Yz

(see [Jou)).

We pass to the presentation of some facts from complex geometry which will be
needed in the sequel.
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9.4. Definition. Consider the following situation. Let M™ be an n-dimensional
complex manifold. Let us treat it as a 2n-dimensional real manifold ®A/%". Assume
now that the complex atlas on M is replaced by a C'-smooth atlas on ®A/?". An
analogous situation occurs when there is a C'-diffeomorphism ¢ from a complex
manifold N to a real manifold ®A/?". It turns out that the complex structure
from M is not completely lost on ®A/2". There remains its trace called the almost
complex structure. Also such an almost complex structure appears on M (in the
second example).

An almost complex structure on a real manifold M is a field J = {J,} of endo-
morphisms of the tangent spaces T, M satisfying the identity

J2+1=0.

In other words, it is a field of splittings of the complexifications of tangent spaces
into eigenspaces of .J, with eigenvalues i = v/—1 and —i,

‘T, M=T,M®C=T1"eT

of equal (complex) dimension n.

9.5. Example. The standard complex structure on a complex manifold N, with
local complex coordinates z; = x; + iy;, induces an almost complex structure by
the formulas JO,, = 0y,;, JOy, = —0;.

9.6. Definition. An almost complex structure J is called integrable if locally it is
an image of a complex structure by means of a C'-mapping. It means that in a
neighborhood of any point on M there exists a local system of C'-coordinates
x;,y; such that the formulas from Example 9.5 hold.

If M is a real analytic 2n-dimensional manifold and €M is its local complexifi-
cation (a complex 2n-dimensional manifold containing M as its real part), then
the integrability of the almost complex structure means simultaneous integrabil-
ity of the two distributions T%° = (JT19(®M) and T%!. The local leaves of the
corresponding foliations are {z1 +iy1 = c1,...,2n + iy = ¢} and {z1 —iy1 =
diy...,xn — iy, = dn}, l'j,yj,Cj,dj eC.

The splitting of the complexifications of the tangent spaces induces analogous
splitting of the complexifications of the cotangent spaces into forms of the type
(1,0) and of the type (0, 1),

(CT*M _C 51 — 51,0 @50,1;

w is of the type (1,0) iff it vanishes at 70!, This induces splitting of all differential
k-forms (with complex coefficients) into forms of the type (p, q).

As we know from the Frobenius theorem 9.2, the distributions 7% and T%! (of
vectors of the type (1,0) and (0,1) respectively) are integrable iff they are in-
volutive. This means that the commutator of any two vector fields from T'!:°
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(respectively from T%1) is a vector field from T (respectively from T%1). This
condition can be written in the following compact form.

9.7. Definition. The torsion (or the Nijenhuis tensor) of the almost complex struc-
ture J is the following bilinear form on the space of vector fields on M:

NX,Y)=2{[JX,JY] - [X,Y]| - JX,JY] - J[JX, Y]}
This tensor, written in the language of differential forms, is
w—dwo(JANJ)—dw)—dwold)o(JA id+ id A J).

Vanishing of the torsion is equivalent to the fact that the derivative of a form w
of the type (1,0) does not have a component of the type (0, 2).

9.8. Theorem of Newlander and Nirenberg. ([NN]|) An almost complex structure
1s integrable iff its torsion vanishes.

In the case of real analytic manifold M this result follows from the above remarks
and the Frobenius theorem. Newlander and Nirenberg have proved it in the finitely
smooth case.

Now we pass to the 1-dimensional case. Here the problem of integrability of almost
complex structures is treated differently. Assume that we are in a 2-dimensional
plane (local chart), which we identify with the complex plane C. Here the splitting
of ©T*C can be defined by means of one 1-form

w=dz+ pdz

where = u(z, z) is a function. We have €10 = Cw and the other space %! is
its conjugate.
The function p is not defined invariantly. Notice that when we replace the complex
variable z by w = ¢(z) (¢ holomorphic), then the analogous 1-form @ = dw + jidw
takes the form

¢.dz + ig.dz = ¢ [dz + i~ (¢./¢.) - dz]. (1.1)
This rule of transformation of p suggests the following definition.

9.9. Definition. The quantity

p- (dz/dz)
is called the Beltrami differential defining the almost complex structure. In par-
ticular, |u| is a well-defined function.

The integrability of the almost complex structure, defined by the Beltrami dif-
ferential, means existence of a differentiable complex function ¢ = ¢(z, z) which
is a homeomorphism and such that the almost complex structure is defined by
¢*du = do = ¢.dz + ¢-dz, i.e. the Beltrami equation

¢2 = :u¢z
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holds. The Beltrami equation is a partial differential equation and is solved in a
suitable Sobolev space.

(Note that the torsion of any almost complex structure in C vanishes. It is be-
cause /\2 E'@C = EMONEL is one dimensional and contains only 2-forms of the
type (1,1). Therefore here we have a different kind of problems than in the multi-
dimensional case. In particular, one condition of integrability would be preserva-
tion of orientation by the map ¢; it is equivalent to the property |u| < 1.)

The next theorem has many authors (L. V. Ahlfors, B. Bojarski, L. Bers, A.
Newlander, L. Nirenberg).

9.10. Theorem. ([Ahl]) If u is continuous and satisfies the estimate
lu(z)| <k <1,

then the Beltrami equation has a solution and the almost complex structure defined
by udz/dz is integrable.

9.11. Remarks. (i) In the proof of this theorem one uses the fact that if ||p||e =
k < 1, then the operator 0 — ud, is invertible in a suitable Sobolev space. Here
it is enough to assume that p is only essentially bounded, p € L*°, and then ¢ is
a homeomorphism. This proof can be found in [Ahl|.

The ¢’s satisfying the Beltrami equation are called quasi-conformal maps and
B = pg is called the modulus of ¢.

(ii) If g is a conformal (i.e. analytic) mapping, then ¢ o g is quasi-conformal with
modulus f14, = pg0g-(9'/9") (see (1.1)).

(iii) If g is conformal, then g o ¢ is quasi-conformal with s, = p,. This means
that the Beltrami equation has many solutions.

(iv) If [|pglloo = & < 1 then, the map ¢ transforms an infinitesimally small sphere
around any zo to an infinitesimally small ellipse with the ratio of lengths of the
semi-axes (longer to shorter) K (z). We have K = sup K(z0) = (1 + k)/(1 — k).
(v) If p1y = p1, then the map ¢ o ¥~ ! is conformal. (w_l maps circles to ellipses
which are sent again to circles by ¢.)

(vi) If [|pgllooc = k < 1, then the map ¢ is Hélder continuous with the exponent
(1—-k)/(1+k) (A. Mori). The proof can be found in [Ahl]|.

9.12. Example. Let f : C* — S be a smooth map to a Riemann surface S. Define
w = fL/f.. We say that f is regular if p(z) can be continuously prolonged to C
with 1(0) = p(oo) = 0.

9.13. Proposition. If f is reqular, then there is a conformal mapping g : C* — S.
This means that S has the conformal type of C* (not of an annulus or of a
punctured disc).

Proof. We prolong p to C and integrate the corresponding Beltrami equation in the
Riemann sphere. Using an eventual composition with a Mébius automorphism we
can assume that the solution u : C — C is a homeomorphism such that «(0) = 0,
u(o0) = 00.
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We have 1, = pi; in C* and the map wo f~!: S — C* is conformal (see 9.11(v)).
|

9.14. Moduli of quadrangles and annuli. If Q C C is a (curved) quadrangle, con-
sidered together with a pair of arcs on its boundary (b-arcs), then it can be trans-
formed conformally onto a rectangle (with sides a, b) such that the b-arcs are sent
to the vertical sides. The ratio of the lengths of sides is called the modulus of Q
(see [Ahl])

m(Q) = a/b.
m(Q) is an invariant of conformal transformations; (by applying the Schwarz
lemma one easily shows that two rectangles are conformally equivalent iff their
moduli are the same).
The condition of quasi-conformality (for a map ¢) says that m(Q’) < Km(Q) for
any quadrangle @ transformed to a quadrangle )'. Here K = (1+k)/1 —k) is the
constant from the point (iv) of 9.11. It means that K measures the distortion of
small squares.
There is another definition of the modulus of quadrangle which does not make use
of conformal mapping to a rectangle (see [Ahl|):

m = sup L)/ Alp). (1.2)

where p are square integrable non-negative functions, A(p) = [ fQ p?drdy and
L(p) = inf f7 pldz| and « are paths joining the b-arcs.

If P C C is a domain, which can be conformally transformed to an annulus {r <
|z| < R}, then we define its modulus as

m(P) =1In(R/r).

Note that the map In z transforms the standard annulus, cut along a radius, into
the rectangle with the sides In R—Inr and 27. Thus, up to a constant, the modulus
of a ring is the same as the modulus of the corresponding quadrangle.

The formula (1.2) holds also in the case when the quadrangle is replaced by the
ring.

§2 Resolution for Vector Fields

9.15. Definition. A singular point of a germ of a holomorphic planar vector field is
called elementary (or reduced) iff at least one of its eigenvalues is nonzero.
Thus we can assume that we have

T=Mx+..., y:/\2y+..., /\17’50
An important invariant of the singular point is the ratio of eigenvalues

A=/
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If A € C\ R then we say that the singular point is a focus; if A > 0 then it is a
node; if A < 0 then it is a saddle; if A = 0 then it is a saddle—node.

The singular point is called resonant if X is a rational number. The resonant node
is called dicritical if it is formally equivalent to its linear part.

(Recall that, by Poincaré—Dulac Theorem 8.14 and Example 8.15, the resonant
node can be formally reduced to the form & = Az, § = Aoy +ax?, if A\ = p/q > 1.
In Remark 9.25 below it is proved that this change can be made analytic. The
dicriticality means that ¢ = 0. In that case a whole family of invariant analytic
curves x? = const - yP pass through the singular point.)

The definition of resolution of singularity of a hypersurface in C", or of a function,
is given in the point 4.55 (in Chapter 4). Below we repeat it in the 2-dimensional
case and in applications to vector fields.

9.16. Definition. The elementary blowing-up map (or the o-process) is the map
™1 (M, E) — (C?,0),

where M is a 2-dimensional complex manifold equal (as a set) to (C2\0)UE, where
E ~ CP! is the set of lines passing through the origin. E is called exceptional
divisor. If (u; : ug) are homogeneous coordinates in CP!, then the blowing-up
map is locally given by the formulas

(z,u) — (x,zu), u=mwu2/ur, (u1#0),

(y,z) - (yv,y), v = ul/u2’ (u2 # O)

If V: (C%0) — (C?,0) is a germ of a holomorphic vector field, then after the
elementary blowing-up we obtain usually not a vector field in M but rather a
field of directions V' near the distinguished divisor E. In the local (z, u)-charts (or
(y,v)-charts) in M this field of directions is defined by means of an analytic vector
field.

Let V : (C?,0) — (C2,0) be a germ of a holomorphic vector field. We say that
it admits a good resolution if after a finite number of elementary blowing-ups
we obtain a field of directions in a 2-dimensional complex manifold with only
elementary and non-dicritical singular points.

9.17. Examples. (a) A general homogeneous vector field of degree n

jj = P”('ray)? y = Q7l($7y)
has n + 1 invariant lines.

Indeed, in the blowing-up coordinates x,u=y/x we get the system &=1x"P, (1, u),
=" Qn(1,u) —uP,(1,u)] = 2" 1 H,,_1(u), where the polynomial H,,1(u) in
the square brackets is (generally) nonzero. In order to obtain a field of directions
one has to divide the latter system by z"~!. The zeroes u; of H, t1(u) define the
invariant lines y = u;x.
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Figure 1

In order to draw real pictures one uses the polar blowing-up, which relies on
rewriting the vector field in polar coordinates © = rcos#, y = rsin @ and dividing
it by a suitable power of r. In the above example we get

P rlcos 0P, (cos 8, sin 6) + sin 6Q),, (cos 6, sin )],
0 = cos6Q,(cosh,sinf) — sinOP, (cosh,sinb).

The corresponding pictures in the case n = 2 are given in Figure 1

If the zeroes u; are isolated, then we can perturb this vector field by adding terms
of degree > n and the above blowing-up gives the resolution of the perturbed
vector field; the singular points (u;,0) remain elementary.

If P, = 2Rp—1,Qn = yR,—_1, then H,11 = 0 and the foliation in the (z,u)-
coordinates is the flow-box foliation. If additionally we consider perturbation, with
terms of higher degree of general type, then in the resolution we must divide
the blown-up vector field by x™. The blowing-up defines the resolution of the
singularity but the exceptional divisor z = 0 is not invariant for the corresponding
foliation. In such a case we say that the divisor F is dicritical.

(b) Consider the Bogdanov-Takens singularity
t=vy, y=ax>+bry+cy®+...,

where we assume that a # 0. This system can be treated as a small perturbation
of the Hamiltonian system Xy with the Hamilton function H = %yz — gm?’ with
a cusp singularity. Indeed, in the quasi-homogeneous filtration with exponents
ar = d(z) = 2,as = d(y) = 3, the Hamiltonian part has degree 1 and the
remaining terms have greater degrees.

The blowing-up of the cusp curve is presented in Figure 32 in Chapter 4. It is easy
to see that the same elementary blowing-up maps can be applied to the Bogdanov—
Takens singularity. The resolved field of directions has the same singularities as
Xy which are also hyperbolic saddles. The curve I' is an invariant curve of the
vector field (separatrix) and has a cusp singularity. The real picture with polar
blowing-ups is given in Figure 2.
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L

We shall return to this singularity in the next chapter.

Figure 2

9.18. Theorem of Bendixson—Seidenberg—Dumortier—van den Essen. Any germ of
an analytic planar vector field with isolated singularity admits a good resolution.

Remark. I. Bendixson [Ben] announced this theorem under the assumption that
the vector field is real and analytic. In the thesis (of his theorem) there was only
the statement that the resolved field of directions has only elementary singularities
(they can be dicritical).

F. Dumortier [Dum]| also considered the real case with only elementary singularities
at the end. Moreover, he assumed only that the initial vector field is smooth.
The assumption that the singular point is isolated is replaced by the fojasiewicz
condition

V(@) > Clz|*.

Our version of the desingularization theorem was first formulated by A. Seidenberg
[Sei]. However its final proof, which is the best proof, was given by A. van den
Essen [Ess| and can be found in the paper of J. F. Mattei and R. Moussu [MM].
We note that there is an analogous theorem (about desingularization) for germs of
holomorphic foliations of codimension 1 in (C2,0) (see [Can]). But no analogous
result about the codimension-1 foliations is known in dimensions > 3. Also there
is no desingularization theorem for holomorphic vector fields in dimensions > 2.

Theorem 9.18 has important consequences. One of them is the proof of Hironaka’s
resolution theorem 4.56 in the 2-dimensional case.

9.19. Corollary. Let f: (C%,0) — (C,0) be a germ of a holomorphic function with
isolated singularity at 0. Then the resolution of the Hamiltonian vector field Xy
defines also the resolution of the germ f and of the hypersurface f~1(0).

9.20. Corollary. The resolution of a singular point of a real vector field allows us
to determine its topological type modulo the solution of the center—focus problem.
This means that after polar blowing-ups the phase portrait near the distinguished
divisors can be composed from the finite collection of standard portraits (presented
in Figure 3). If there is a characteristic trajectory of the resolved field (tending to
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a point in the distinguished divisors) then the topological type of the vector field is
completely determined; if there is no characteristic trajectory, then we say that the
singular point is monodromic and the topological type is determined by the stability
type of the singularity.

= U A Ak
AL Ul i B

Figure 3

Proof of Theorem 9.18. (We follow the article [MM].)
1. Resolution of dicritical singular points. If we have a p : ¢ resonant node

T=pr+..., y=qy+..., p<gq,

then the resolved vector field has two singular points in the divisor F = {(uy : uz2)}:
the p : (¢ — p) resonant node (1 :0) (ie. & =~ px, & = (¢ —p)u) and p : (p —q)
resonant saddle (0 : 1). If the node z = y = 0 is dicritical, then the node (1 : 0) is
also dicritical.

Repeating this several times, we arrive at a 1 : 1 resonant node which after ele-
mentary blowing-up is transformed to the flow-box (see Example 9.17(a)).

2. Two invariants: index and rank. We work with the vector fields
V =b(z,y)0; — a(z, y)0y
and with their equivalent 1-forms
w = adx + bdy.

The index of the vector field (or of the 1-form) io(V) = ig(w) = i(a,b;0) is the
same as defined in Chapter 2. Here we use definition 2.25(d). We recall it.

Let b(xz,y) = 0 be an irreducible (analytic) curve passing through the origin. It
can be locally parametrized by an analytic map (C,0) > t — ~(¢) € (C2,0) such
that boy = 0. There is the so-called primitive parametrization such that any other
parametization of the same curve is induced from the primitive parametrization
by a change of parameters. (Example: the primitive parametrization of the cusp
y? = 2% is @ = t?,y = t3.) Then we have aoy(t) = at? + ..., a # 0. We get
i(a,b;0) = d.

If the function b has the representation b = bll1 ... blr with irreducible b;’s, then
i(a,b;0) = Z Lj - i(a, by; 0).
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Note that ig(V) = 1 iff 0 is a non-degenerate elementary singular point, i.e. not a
saddle-node.

The rank of the vector field (or of the 1-form) v(V) = v(w) = vo(w) equals the
order of the first nonzero term in the Taylor expansion of V' at 0. Analogously one
defines the rank of a function.

3. Lemma. Let 7 : (x,u) — (z,7u) be the blowing-up map with the distinguished
divisor E = 7~1(0). We define the functions a,b by the formulas

aom=2"Yg, bor=a"®p.

Then we have

i(a,b;0) = v(a)v(b) + Z i(a, b;c).

ceER

Proof. When the polynomial b(0,u) has only simple zeroes c € E (there is v(b) of
them), then each such zero contributes v(a) +i(a, b; ¢) to the index i(a, b;0). The
general case is a consequence of the additivity of the index. O

4. Proposition. There exists a sequence of elementary blowing-ups such that at the
end we obtain only singularities with rank < 1.

Proof. Let w, = a,dz + b,dy be the homogeneous part of w of order v = v(w) =
min(v(a),v(b)). We put
Pl/+1 =Tay + ybl/

Then we have

m™w = a(x,ux)dr + b(z,ur)d(ux)
= (a+ ub)dx + xbdu
= z'{[P,y1(l,u)+..]dz + z[b,(1,u) + .. .]du}.

Here the case with P, = 0 is dicritical.

For any ¢ € E we define the germ @ = @, as the germ of 7*w at ¢, divided by
the greatest common multiplier of the components of the germ. Thus if 7w =
ardx + bidu, then @ = 7w/ ged(aq,b1). The Pfaff equation @ = 0 defines the
blown-up foliation near c.

Proposition 4 follows from the following result. O

5. Lemma. If v > 1, then for any c € E we have
1e(@) < ip(w).
Proof. Consider first the dicritical case, i.e. P,y1 = 0. We shall show the identity
io(w) =17 +v—1+Y i(@).

We can choose a local system of coordinates (z,y) — (z+ ...,y +...) such that
the following conditions hold:
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(i) P(z,y) = za + yb has rank exactly v + 2;
(ii) b(0,y) =y ** (then P(0,y) = y"*?).
We have
i(P,b;0) = i(z,b;0) +i(a, b;0)
where (by Lemma 3)

i(Pb;0) = v(v+2)+ Y _i(P,bic)

and i(z,b;0) = v+ 1 (by (ii)). Now one must only notice that © = Pdz + bdu and
thus i(P,b; ¢) = i.(@).
Consider now the non-dicritical case P,y1 # 0. We shall prove that

io(w) =17 —v—1+Y i(@).
We have (by Lemma 3)

i(a,b;0) = v + Zi(d, b;c). (2.1)

Next o R R
(@) = i(a + ub, zb; c) = i(a + ub, x; c) + i(a, b; c)

where i(a + ub, ¢) is the multiplicity of ¢ as zero of the polynomial P,,1; the
sum of these multiplicities is v + 1.

Summing up the latter equality over ¢’s and taking into account (2.1) we get the
result. (]

6. The case v = 1. The only case with a non-elementary singular point of rank 1 is
the case with nilpotent linear part £ = y+..., y = .... The corresponding 1-form
is

w = [y + Al(xv y)}dy + Bl(xa y)dxv
with v(A;),v(By) > 2.
After blowing-up in the z-direction, i.e. with y = zu, we get © = x(u + xAg)du +
(u? 4+ xBy)dx where Ay, By are analytic functions (without restrictions on ranks).
The latter form can be included in the series of forms

n=a2(y +xA)dy + (ny* + 2B)dx (2.2)

where n is a natural number. In what follows we deal with (2.2).
Note also that v(n) = 2.

7. The case B(0) = by # 0. Here we blow up 7 in the y-direction by putting = = vy.
We obtain
n=v[(n+ 1)y + bov + A'|dy + y[ny + bov + B'|dv.
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This form has a good quadratic part. Notice that the polynomial
Ps(77) = vy[(2n + 1)y + 2bgv]

has distinct factors. After the next blowing-up we obtain three elementary singular
points (see Example 9.17(a)).

8. The case B(0) = 0. From (2.2) we get
Ps(n) = z[(n + D)y? + azy + By*] = (n + Da(y — c12)(y — cax).

If ¢; # ¢, then the next blowing-up solves the problem (as in 7.).

Let ¢1 = c2. Eventually applying the change y — y — cx we can assume that
c1 =cy =0, ie. P3(n) = (n+1)zy? The singular point (0 : 1) € E, corresponding
to the line z = 0 in P3 = 0, is elementary; the point (1 : 0) is non-elementary.
Then the calculations of the blowing-up with y = ux give

7 =a(u+ A)du+ [(n + 1)u? + 2B']dz,

where A’ = A(z,uzx), B’ = B(z,uz)/x + uA(z, uz).
Here if A(0) # 0, then the point x = u = 0 is elementary.

9. Let A(0) = 0. Then A’ = zA” and 7 has the same form as 7 in (2.2) but
with n replaced by n 4+ 1. So we can repeat the analysis from 7. and 8. We have
two possibilities: either after finitely many steps we obtain an elementary singular
point or infinitely many times we obtain the form (2.2).

However the second possibility contradicts Proposition 4, because we would get
infinitely many times v > 1. This contradiction proves Theorem 9.18. (]

§3 Ome-Dimensional Analytic Diffeomorphisms

After the resolution theorem our next task is to describe the analytic classifi-
cations of planar holomorphic foliations near elementary singular points. As we
have said this theory is practically completed. However before classifying the
two-dimensional vector fields we shall present the classification of analogous one-
dimensional objects.

These objects are the germs of analytic diffeomorphisms f : (C,0) — (C,0):

2 — f(2) = pz4az® +.. ..

9.21. Definition. Two germs f, f of conformal diffeomorphisms of (C,0) are ana-
lytically equivalent (respectively formally equivalent, topologically equivalent) if
there is a germ h(z) of an analytic diffeomorphism (respectively a formal power
series h(z) ~ h1z + h22? + ..., a homeomorphism h(z)) conjugating f with f. It
means that

f=h"tofoh.
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An analogous definition applies in the case of multi-dimensional diffeomorphisms
of (C™,0).

The diffeomorphism h transforms the orbits of f, i.e. the sets {...,(f)~!(z),
2, f(2),(f)?(2) = fof(2),...}, to the orbits of f. Thus f and f have diffeomorphic
sets of fixed points and of periodic points of given period.

9.22. Definition. Let f(z) = Bz + ... be a local diffecomorphism of (C”,0) and let
lq,- -, by, be the eigenvalues of the matrix B. The system (uq,...,u, ) satisfies
the resonant relation for diffeomorphism of the type (i;k), i = 1,...,n, k =
(k‘l,...,]{}n) ez, k‘j >0, if
py= gy

9.23. The Poincaré—Dulac theorem for diffeomorphisms. Let f(z) = Bx+... be a
local diffeomorphism of (C™,0). There is a formal change x — y = x + ... which
formally conjugates f with the map

y — By + Z airye;

where the sum runs over the set of resonant relations for a diffeomorphism satisfied
by the system of eigenvalues of B.

This theorem is proved in the same way as Theorem 8.14. Here the map f can be
treated as the phase flow map associated with the vector field & = Ax + ... with
B = e,

Applying Theorem 9.23 to the one-dimensional case we find the following result.

9.24. Theorem.

(a) If w is not a root of unity, then the map f is formally linearizable, i.e. it is
formally equivalent to the linear map pz.

(b) If |u| # 1, then f is analytically linearizable.

Proof. Only the statement (b) needs some comments. The reduction to the linear
form is obtained by means of infinite composition of conjugating maps of the form
2z — 2+ grz" applied to the maps puz +az” +. ... The homological equation gives
gk = ar/ (@ — p*), where | — p*| are bounded from zero by a positive constant. If
the coefficients a; grow at most exponentially then the coefficients g behave in
the same way. From this it is easy to obtain a rigorous proof. O

9.25. Remark. The point (b) of Theorem 9.24 has the following analogue in the
case of vector fields.

We say that a germ of vector field V : & = Az + ... is in the Poincaré domain
iff the convex hull (in C) of the set of its eigenvalues A1, ..., \, is separated from
0. Then also the phase flow diffeomorphism g{,(x) = ez + ... is in the Poincaré
domain.

If V is in the Poincaré domain, then there is only finitely many resonant relations
between the eigenvalues. Thus the homological operator L 4, from the proof of
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Theorem 9.14, has few eigenvalues \; — Zj kjA; equal to zero and all its other
eigenvalues are estimated as follows: [A; — >, k;jA;| > 6 - [k| where 6 > 0 is a
constant not depending on (i; k). If the coefficients of the Taylor expansion of V
grow at most exponentially with |k|, then the coefficients of the Taylor expansion
of the conjugating diffeomorphism also grow at most exponentially. This gives the
following statement (see also [Arn5|):

If an analytic vector field © = Ax+ ... is in the Poincaré domain then the change
y=x+ ..., reducing it to the Poincaré-Dulac normal form, is convergent.

The problem of analytic classification of diffeomorphisms with |u| = 1 but g # 1
for any N will be considered later (see §7 below).
Now we focus our attention on germs of analytic diffeomorphisms tangent to iden-
tity

f)=z+azP™ 4 ..., a#0.

Note that, after suitable normalization, we can assume that a = 1. Following
II’'yashenko in [I15] we denote the space of such germs by A,,.

9.26. Theorem (Formal classification). Any germ from A, is formally equivalent
to the germ

fp,/\ = gqlu?
where gt is the phase flow map after time t of the vector field

Pt 9

W= = 1+ A2P 0z

and A € C is the invariant of the formal classification.

Proof. We cancel the suitable terms in f by means of the conjugating maps z —
2+ bz, Simple calculations show that the leading contribution from this change
is the term

(1 —p—1)b2' TP,

If I # p+1 then the corresponding power of z in f can be cancelled. There remains
only the power z2PF1,

Thus the formal normal form is z + 2T + v2?PT1, Expanding f, » into powers of
z we see that the latter form is formally equivalent to fp » for A=p+1—-v. O

The space of germs f which are formally equivalent to f, » is denoted by A, .

9.27. Theorem (Topological classification). ([CS1|, [Shcl]) Any germ from A, is
topologically equivalent to g = f, 0 = 2(1 — zP)~1/P,

Proof. We present the proof in the case p = 1. Assume that f(z) = z + 2% +..;
itiscloseto g(z) =2/(1—2)=z+22+25+....

The phase portrait of the vector field 2 = 22 (with real time) is presented in Figure
4(a).
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Consider the partition of the punctured neighborhood of the origin by sectors
bounded by the curves ly,ly and ki, ko as in Figure 4(b). Here 1,12, k1, ko are
transversal to the integral curves of the field 220., (I1,l2 are straight segments).
The same partition is associated with the map f € A, where we denote the curves
by primes, {1 = l; etc. We need that the images and preimages of 1,1} under f lie
completely inside the corresponding sectors. Also f (k) does not intersect k} and
f71(K}) does not intersect k. This construction is possible due to the fact that f
and g are close one to the other.

We construct the conjugating homeomorphism using the above two partitions.
First, one defines the homeomorphisms between [; and l{, between l5 and I}, and be-
tween k1 and k{; it is equal to identity. Then the conjugation condition h = f~'hg
implies that we have also a homeomorphism between the curves I3 = g~ !(l1),
ly = g7 '(l2), k3 = g~ (k1) and the corresponding curves 3,1}, k4. We prolong
this homeomorphism (arbitrarily) to a homeomorphism between the thin domain
bounded by the six curves l1,ls, k1, 13,14, k3, and the analogous domain in Figure
4(c).

Figure 4

This homeomorphism is extended to a homeomorphism of the sector bounded by
l1,12, k1, (here we use the conjugation condition).

After defining the identity homeomorphism between ko and k}, we extend it to
the sector bounded by 1,2, k2 in the same way as before.

In the case of general p > 2 the phase portrait of 2”719, contains 2p elliptic sectors
(see Figure 4(d)) and the construction of the conjugating homeomorphism needs
more refined partition of the neighborhood of z = 0. However the proof remains
the same. |

The functional moduli of the analytical classification of germs of conformal map-
pings are connected with the structure of the space of orbits of the action of such a
mapping on a neighborhood of the fixed point. It means that we look at the space
U*/f, where U* = U \ 0 is a punctured neighborhood of z = 0 and points z and
f(2) are treated as equivalent. (The space U*/f is Hausdorff, but the analogous
space U/ f space is not Hausdorff.)
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The structure of the orbit space can be better seen in the ¢-chart where
t=1t(z) =—1/pzf + Alnz

is the time in the vector field wy, ». Because the solution of the equation z = wj, »
is ¢ = t(2)+ const the map f, » = gL takes the simple form

t—t+ 1.

Assume for a while that A = 0 (then ¢(2) is single-valued) and that p = 1. Then the
neighborhood U* = {|z| < r} replaced by W = {|t| > R}. The set W is divided
into the vertical strips of width 1. Identifying two sides of such strip we get a
cylinder which can be identified with the doubly punctured sphere C*: —ioco — 0,
+ioco — oo. The space W/(id 4 1) consists of two copies of C with identifications
near 0 and oo, as in Figure 5. The vertical strips from the t-chart correspond to
the crescents in the z-chart.

Figure 5

In the general case (A and p arbitrary and f close to fj x) the chart (2) is a
well-defined diffeomorphism in sectors

Sj:{]ﬂ—a<argz<J7r+a},
p p

7=1,...,2p, where o > 0 is small.

The function t(z) sends S; to §j. In §j we denote t; = t(z)|s; the local charts,
where the branches of In z are such that they are real in S; NR, t; = ¢;41 in the
intersections S; N Sy for 7 < 2p and top, = t1 + 27,

The maps fp, » and f are replaced by the mappings

fp,)L: t; — tj+1,
fi tj — tj+1+Rj(tj),

in S;. Here we can assume that

Ry (t) = (™M)
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for some large M. The vertical strips from Figure 5 and orbit spaces will be only
slightly perturbed. The vertical lines are replaced by the iterations of one line,
f™(lp) where, due to the fact that R(t) is small, there are no intersections between
them.

Therefore, U*/ f is topologically equivalent to 2p copies of C with suitable iden-
tifications of the neighborhoods of 0 and co. More precisely, we have the spheres
Cx{j},7=1,...,2p and identifying maps of the form:

¢;: (C,0)x{j} — (C,0)x{j+1}, jeven,
¢;: (C,00) x {j} — (C,o0)x{j+1}, jodd

The functional invariants of the classification of germs of maps are the invariants
of the holomorphic structure on the space U*/f.

9.28. Proposition. The quotient spaces gj/f are conformally equivalent to C*.

Proof. This quotient space, which we denote by T, is obtained from the (non-
straight) strip between the lines o = {Ret = ¢} and f(lo) by identifying its sides.
Here f(c+ i) = ¢+ i1 + 1 + Rj(c + i7) where R(t) is small.

We treat C* as the straight strip ¢ < Ret < ¢+ 1 with identified sides. It is
parametrized by § € [0,1] and T € R: t = ¢+ 0 + iT.

We construct a map from C* to T',

Flc+0+ir) =c+0+ir +0R;(t).

Because Iy = 1+ R(t)/2 + OR(t), Fj = R;(t)/2, the map F' is quasi-conformal
and satisfies the condition of regularity from Example 9.12. The modulus of quasi-
conformality pp = F;/F{ is small and tends to zero at the ends of the strip
{c < Ret < ¢+ 1}; (they correspond to 0 and oo in C).

Applying Proposition 9.13 from the previous section we get the assertion of Propo-
sition 9.28. ([l

In the spheres one uses conformal coordinates ¥;. (If f = f, », then one can take
19j — e27ritj )

¥, are defined uniquely modulo multiplication by a constant. If we have chosen 9,
then 5 can be taken in such a way that Jo2 = ¢,(91) = V1 + o(1) as ¥ — oo,
3 = ¢y (92) = P2 + 0(192) is such that ¢5(0) = 1, etc. However the charts 5, and
Y1 near oo cannot be correlated in this way. We have ¥9, = e2mitap — 2mity —4mIA _
vy, Thus ¢y, (92p) = vap + 0(Vap), v = exp(—4m>X).

Changing the chart ¥; — C%¥; induces the same changes in the spheres C; and
the maps ¢, become conjugated by means of C. The above suggests the following
definition.

9.29. Definition of the moduli space M7 ,. Consider the space of collections ¢ =
(¢1,- .-, bgp) of germs of maps ¢, : (C,0(c0)) x {j} — (C,0(00)) x {j + 1} with
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Figure 6

the linear part equal identity for j < 2p and gzb/zp(oo) = v. Two such collections
¢, ¢ are called equivalent ¢ ~ ¢’ iff there exists C' € C* such that

The set of equivalence classes of such ¢’s is denoted by My ;.

If f € Ap x, then the construction (with the strips in gj’s and identifications of
U*/f with a collection of glued together Riemann spheres) defines a collection
¢. Thus we have a mapping from A,y to M7 . It is the first statement of the
following theorem.

9.30. Ecalle—Voronin Classification Theorem. There is a map f — Iy from Ap A
to M3, | with the following properties:

(a) If f and f are holomorphically equivalent, then W= /f]‘; (invariance).
(b) If py = ,uj}, then f and f are holomorphically equivalent (equimodality).

c) For any class [¢] € M? , there exists f € Ay, x such that [¢] = p% (realiza-
A ) f
tion).

Remark. J. Ecalle [Ecl| proved a variant of this result in 1975. It was a starting
point of his theory of resurgent functions [Ec2]. That theory relies on exploit-
ing the Borel transform. It has applications in other fields (linear meromorphic
systems with irregular singularities, the problem of limit cycles, relaxational oscil-
lations, quantum field theory). It stimulated development of the Gevrey analysis
and summability theories.

S. M. Voronin’s proof appeared in 1981 [Vor| and it relies on application of analytic
methods (almost complex structures and quasi-conformal mappings). Below we
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present Voronin’s proof (following II’'yashenko’s paper [I15]). In the next section
we present the main ideas lying behind Ecalle’s approach.

However it must be said that the Ecalle-Voronin moduli were already described by
G. D. Birkhoff in 1939 in [Bir2] and the sectorial normalization (i.e. conjugation
with translation) was constructed about a century ago by L. Leau |[Lea|. Thus the
theory is not as new and as extraordinary as it was publicized. Only some old
works fell into oblivion.

Among other mathematicians who contributed to this field we mention N. Abel, P.
Fatou, G. Szekers, P. Erdés, E. Jabotinsky, J. Hadamard, J. N. Baker, T. Kimura,
J. Rey, L. S. O. Liverpool, and M. Kuczma [Kuc|. A very interesting review of the
history of the problem of analytic classification is presented in the lectures of F.
Loray |Lor2|.

The essential part of the proof of the Ecalle-Voronin theorem is the fact that the
dynamics defined by the map f and by the model map are conjugated holomor-
phically in sectors.

9.31. Sectorial Normalization Theorem. In every sector S; there is a unique ana-
lytic diffeomorphism of the form

Hy(2) = 2+ hy(2), hy = o(z*),
conjugating f with fp x.

Prooj It is enough to construct the conjugating diffeomorphisms in the ¢-charts,
ie. Hj(t) =t + hy(t), tGS Then H; =t~ 1o Hjot.
The conjugation condition H of = proHJ, ie.t+14+R; +h of = t+h +1,
means that R o

hj = hj o f + Rj.

Iterating this equation (with respect to iLJ) infinitely many times, we find the

solution
Z R fn

The condition |R;| < |t|=* and the property f™(t) ~ O(n) ensures that this series
is convergent and represents an analytic function of ¢. O

Proof of Theorem 9.30. 1. The normalizing cochain and its coboundary. Take the
system H; of germs of diffeomorphisms from Theorem 9.30. It can be interpreted
as a certain Cech cochain. Namely we consider the (non-Abelian) sheaf on S of
germs of analytic diffeomorphisms strongly tangent to identity. If U is an open
arc in S', then the group of sections of this sheaf at U consists of diffeomorphism
Hgwy = id+ hgwy, hsw)(z) = O(2Pt1) defined on a sector S(U) with base at U
(in the polar coordinates S(U) = {z = re?, § € U}, see [MR1]).

The system

H = (Hy,...,Hyp)
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defines the Cech cochain associated with the covering of S' induced by the sectors
Si.
We consider the coboundary of this cochain, i.e. 0H = (®1,...,Pgp),

(b] :Hj—'rl OHII

in 5jNSjt1. (The system (®;) will correspond to the functional modulus ¢ € My |
from definition 9.29.)

2. Remark. If we skip the assumption h; = o(2P*1) in the sectorial normalization
theorem, then the normalizing maps H; cease to be unique. We can replace H; by
g% o Hj for some 0 € C. (Here g is the phase flow generated by the vector field
w=[2PT1/(1+ \zP)]D..)

In the t¢-charts this non-uniqueness means that the coordinates ¢; are defined
uniquely up to a translation; note that g¢ = id+ 6. It is the whole non-uniqueness
in the definition of Hj;.

Indeed, if G; is another normalizing diffeomorphism then the map G; o H ;1 is
defined on a right half-plane Ret > ¢, commutes with translation id+ 1 and tends

to id+const at infinity. Therefore it can be prolonged to the whole complex ¢-plane
with the same properties. But any such map is a translation (apply the Liouville

theorem to C:'j o I?j_l —id).
3. Lemma.
(a) The maps ®; commute with the standard map fp .

(b) They are exponentially close to identity
1B;(2) — 2| < e~/

equivalently, H; — H;11 are exponentially small).
walently, H; — Hj4 jall )
(c) They are defined uniquely up to conjugation with the map g8 for some 6 € C.

Proof. (a) The first statement follows from the identity H; o f = f, x o Hj.
(b) The second property follows from the first one. Indeed, in the ¢-chart the
commutativity of the induced map

B;(t) =1+ &(1)

with the standard map ¢t — ¢ 4+ 1 means that the functions a)j(t) are periodic,
(}j(t +1) = (%j (t). Thus (%j are expanded into the Fourier series 3 c;;e?™!t.

The function ®; is analytic in S; N S;41 which corresponds to the domain Im ¢ >
to > 0 in the ¢t = t;-chart in Sj, if j is odd, and to the domain Im t < —tg, if j is
even. Moreover, §>j(t) =t+o(t) ast — oo (because ﬁj have this property).
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This implies that

Bi(t;) = i+ Lpso e, j odd,
~ Q;(t) = tj+ Zl<0 lee27”l"c7’7 4 j even, (3.1)
Dop(tap) = —2miX+top + > ciie?milh.

The constant in the latter formula follows from the difference between the local

charts to, = t1 + 2mi\ and ¢;.

Now we have ¢; = tj_jl o®; ot with t; =—1/(pzP) + Alnz. If j is odd then we
see that @;(2) = 2 + O(|cj1 2%~ 2™/ (P")]). Analogous estimates hold in the case
of even j.

(c) This point follows from Remark 2. O

4. Remark. The coboundary 1-cochain § H takes values in a sheaf analogous to the
Stokes sheaf defined in Definition 8.28.

5. Definition of the space M;; ,, of functional moduli. Consider the space of systems
= (By,..., 5217) of the form (3.1). Two systems are called equivalent, ® ~ &’ iff
E); =(id—0)o E)j o (id + 6)). The space of equivalence classes of the systems ® is
denoted by M;x

The construction of the functional coboundary ® defines a map
f—ujeMt,.

6. Lemma. The moduli space ./\/l;: x 18 diffeomorphic with the moduli space M7 |
from Definition 9.29.
Proof. Recall that the moduli space My  is the space of conformal structures

on the orbit space U*/f. Thus we should associate with any system da system
of conformal charts on the spaces S;/f (or §j / f) and a system of gluing maps
between them. _ _

We introduce new charts 7; := H;(t;) = t; + ... in S; having the property that
they conjugate f with the translation id + 1. They are defined by the formulas

Tj:thHj.

One easily checks that 7;0 f o ijl = id 4 1. It is also clear that the space gj/f
is conformally equivalent to the 7;-plane divided by the action of the translation
id + 1. B

The identification of .S; /f with C* = C* x {j} is given by the formula

. L 2miTy
T =0, =e .

The gluing maps ¥; — ¥;11 = ¢;(J;) (see Definition 9.29) arise from the differ-

ences between 7; and 7,41 in S; N §j+1. We have ¢; = [exp 2mi(-)] o (741 OT;I) o
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[(1/2mi) In(-)]. Therefore we should find an expression for 7, o 7—;1. We have
-1 _ -1 -1 _ g
Tj+1 OTj —tj+1 OH]‘_H OHj Otj —q)j.

If ®; are defined by the formulas (3.1), then ¢;(9;) = exp{2mi[T; + Zcﬂﬂ;]}, or

¢; = O+ > dud,
¢2p viap + 3. dj119l2p~

(Above the sums run either over positive or over negative I’s.)

Like ¢;, the variables 7; are defined uniquely modulo translation by a constant 6.
This means that the charts 9; in C* x {j} are defined uniquely modulo multipli-
cation by the constant C' = 27, ]

7. Invariance of the class ,u}". Let f,g be two analytically equivalent germs from
the class Aj, x, h being the conjugating holomorphism: ho f = go h. Let H, G be
the cochains normalizing f, g respectively. Then the cochain G o h normalizes f.
From Remark 2 we find that go h = g% o H (as H and G o h conjugate the same
f with f»). So

Gjr10Gy =gy 0 (Hjpr o Hy ) og,’.

This means that, if @, T are the coboundaries associated with f,g (expressed in
the t-charts), then they are equivalent by means of the map id + 6 (in the sense
of Definition 6.).

8. Equimodality. Let &’, ¥ be two collections associated with maps f, g respectively.
Assume that they are equivalent in the sense of Definition 6. Therefore choosing
another normalizing cochain we can obtain the coincidence of the cochains ® and
v

But the identity Gj41 G;l =Hji 0 H;l is equivalent to
-1 -1
Hj OGj:Hj+1OGj+1.

This means that the maps H j_l o G; are prolonged to a punctured neighborhood
of z = 0 as a single-valued mapping. By the Riemann removability of singularities
theorem we prolong it to an analytic map h in a whole neighborhood of 0.
Moreover, because G; conjugates g with f, » and H;l conjugates fp x with f,
then h conjugates g with f.

9. Realization. Let u* € M; , be an element of the moduli space. We have to
show that pu* = ,u}" for some map f.
We choose a representative ® of pt and associated with it the 1-cocycle ® = (P;)

of germs of holomorphic maps in the sectors S; N S;y1, strongly tangent to the
identity.
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Consider the disjoint collection of the sectors, i.e. Sj x {j}. Denote by z; the charts
induced by (z, j). We glue these sectors using the mappings ®; : zj11 ~ ®;(z;) as
in Figure 7. We obtain a certain topological space S homeomorphic to a punctured
disc. This space has a conformal structure arising from the coordinates z;. The
space S (and its closure §) admits a homeomorphism fy induced from f, » at each
S; x {j}. fo is analytic with respect to the conformal structure. Our task is to
show that the conformal structure of S coincides with the conformal structure of
the punctured disc and that fy belongs to A x.

Let x;(z) be an infinitely smooth partition of unity associated with the covering
Sj. We need that the functions x; and their gradients have at worst power type
singularities as z — 0.

We construct the map

Hy = ZXj(Zj)Zj
from S to a punctured disc D* C C. The mapping Hj is quasi-conformal (see §1).
Indeed, in S;N.Sj+1 we have Ho = x ;2 +X;j412j+1 = 25+ (P;(25) — 25)X ;41 which
implies

aHO/aZj =1+o0(1), 8H0/82j = (q)j — Zj)axj/afj = o(1).

This means that the almost complex structure, induced on D* by Hy, is defined
by the Beltrami differential p(dz/dz), where u = u(Hy') is exponentially small
together with its derivatives.

Let us prolong p to the whole disc D. By Theorem 9.10 the almost complex
structure on D is integrable and there exists a diffeomorphic mapping G: D — C
such that pg = p. This means that the composition H = Go Hy : § — C is
conformal and § is conformally equivalent to D*.

The mapping fy in S, induced from f, 5, is prolonged to a mapping of D. We
denote it by f. Of course, it is analytic.

Because the functions p, G, H are smooth and f is conjugated by means of H with
fp.x at the sectors S;, then their linear parts are also conjugated. So f'(0) = 1
and f € A; for some I.

But the index [ is a topological invariant (see Theorem 9.27), it is the number of
‘elliptic sectors’ (divided by 2). So [ = p.

Finally, the formal classification invariant X is included into the functional modulus
Dop = —2miA +top + .. ..

Note that the maps H; = z; 0 H~! form the normalizing maps for f (the normal-
izing cochain). Its coboundary maps are z;j41 o z; 7' = ®;. This means that the

collection ® is the functional modulus for f-
Theorem 9.30 is complete. |

Using the Ecalle-Voronin Theorem we can obtain other results about analytic clas-
sification of germs of 1-dimensional diffeomorphisms. These results tell us about
extraction of roots from such maps, about their embeddings into flows and about
analytic classification of germs with resonant eigenvalue.
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Figure 7

9.32. Theorem (Extraction of roots and embedding). Let a germ f € A, x have
the Ecalle-Voronin modulus p} = [(¢y,. .., ¢ap,)] € My |

(a) f admits extraction of the n-th root tangent to identity,

Jdg: g"=f 40)=1,
2mi/n .

iff the modulus % commutes with the multiplication by e ; i.e. the gluing
maps take the form ¢;(9) = 9, (9").

(b) f can be imbedded in a certain flow gt (1-parameter family of diffeomor-
phisms generated by a vector field v) iff f has trivial Ecalle—Voronin modu-
lus, py = (id, ... id,v); i.e. f is analytically equivalent to fy \ = gL

Proof. (a) If f = g™, then g commutes with f and maps orbits of f to orbits of

g. The latter induces the mapping m.g : U*/f — U*/f. Recall that U*/f is a

collection of doubly punctured Riemann spheres C* x {j}, glued into a chain by

means of the diffeomorphisms ¢;.

The map 7.g, restricted to each sphere, is holomorphic and its n-th iterate is

identity. Thus 7.g(¥;) = €2™/™9;. This action of m.g is compatible with the

gluing maps ¢;, which means the commutativity of ¢; with e2mi/n,

(b) If f is embeddable into flow, then the gluing maps commute with multiplication

by any root of unity. So they commute with multiplication by any number ¢ with

absolute value 1: if ¢;(z) = S agzF, then ¢ 3 apz® = 3 arzF¢. Only linear maps

satisfy this condition. This implies the triviality of u}.

On the other hand, any map holomorphically equivalent to the f,  is embeddable.
O

Now we consider conformal maps of the form
f(z) = e m/mz ...,

i.e. f/(0) is a primitive root of unity of order n.
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9.33. Proposition. Any germ of this form is formally equivalent to

_ an—i—l 8
RS VLLE T

2mim/n 1

e w?

w

Proof. The Poincaré—Dulac theorem for diffeomorphisms allows us to reduce f to
the form e>™/"2(1+ 3" a;2™). Let k be the first index [ with nonzero a;. We can
assume that the coefficient a; = 1.

Next, repeating the proof of Theorem 9.26, we successively cancel the terms a;z™ !

using the changes z — z+b;2"(!=%) Tt is possible to do it in all cases but I = 2k. [

One denotes by Ay, » 1, x the space of germs with the formal normal form having
the indicated indices.

Let us pass to analytic classification of the germs from A, 5 i . Notice firstly that
f™ is tangent to identity, it belongs to A, 3, p = nk with some 3 (defined by ).
Consider the orbit space U*/f", consisting of 2nk Riemann spheres C* x {j}.
The map f transforms the orbits of f™ to orbits of f™ and induces the map
mof 1 U*/f™" — U*/f™. We describe the action of this map on Riemann spheres.
Note that the sphere C* x {j} is the quotient of the sector S; with bisectrix
argz = 7(j — 1)/(2kn) and the transformation f is approximately rotation by the
angle 2rm/n. Therefore f(S;) = Sjiorm and . f : C* x {j} — C* x {j + 2km}.
Moreover, 7, f is a holomorphic diffeomorphism and takes the form m, f(¥;) =
C;¥j42km - It means also that Y421, o f = C;9;. One can see that C; = e2mi/n,
Indeed, because ¢; = ;11 o 191_1 are close to identity (or to multiplication by the
constant v for | = 2p = 2kn) then ¥4 2kn+1 079;+12kn = Vj1oknt1 ofof_loﬂjll%n =
Cjs19j4100; 1oCt = Cj1¢,0C; " =id+.... S0 Cj = Cjy1 = ... = C. Because
T " =1id, C™ = 1.

From the above it follows that only 2k first gluing maps are needed to determine
the functional modulus 4}, Indeed, we have ¢, oy, = e?™/m ¢ 0 e~ 2mi/m For the

last gluing map we get @y, = 1/627”/”@252(,%1)” 0 e 2m/" where v = ¢y, (00) is
the constant expressed by the formal modulus .

All this leads to the following result.

9.34. Theorem (Analytic classification of germs of resonant 1-dimensional diffeo-
morphisms). The space Ay pnix of germs of a conformal diffeomorphism modulo
analytic equivalence is in one-to-one correspondence with the space M’:n’n,k’A of
systems

¢:(¢17...7¢2k)

(of germs of analytic diffeomorphisms ¢;(C,0) — (C,0) (j odd) or ¢,;(C,00) —
(C,00) (j even) with identity as linear part) modulo the equivalence ¢ ~ D¢ o
D1,
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§4 The Ecalle Approach

J. Ecalle proved an analogue of the Ecalle-Voronin Theorem in 1975 in [Ecl]|. On
this occasion he created a new branch of complex analysis, the theory of resurgent
functions (see [Ec2]). Unfortunately, for a long time his results were unknown to
the wider mathematical community; probably due to unconventional language and
notions. Later French mathematicians (B. Malgrange, F. Pham, J.-C. Tougeron, J.-
P. Ramis, J. Martinet and others) detected the leading ideas in Ecalle’s theory and
presented them in standard mathematical language. They also developed Ecalle’s
ideas further.

Below we present Ecalle’s approach based on the article of Malgrange [Mal5|.

9.35. The Borel transform of the formal series conjugating a map from A, to its
formal normal form. We consider germs of the form f(z) = z + 2% + 23 + O(z%),
ie f=gl+0(2%) € Asp. It is more convenient to work in the variable t = —1/z
where we have

t—g(t)=t+1+a(t), alt)=) ant™"
n>2

Theorem 9.26 asserts that there exists a formal power series

h(t) =t+b(t) =t+ > byt™"

n>1
which formally conjugates g with go = id + 1,
hog=gooh.

We know that (usually) the series b(t) diverges. However this divergence can be
controlled. It turns out that the coefficients b,, grow no faster than n!.

One associates with b its Borel transform Bb(¢) = 3 (nb_"l)!fnfl which has good
properties. It is analytic near £ = 0 and prolongs to a multivalued holomorphic
function in (C\ 27iZ) U {0} with exponential growth at infinity.

The ‘inverse’ to the Borel transform is the Laplace transform: if ®(¢) is defined in
(C\27iZ) U {0} and grows at most exponentially at infinity |®(&)| < ¢l then
the Laplace transform of ® equals ¢(t) = LO(t) = [;° ®(¢)e"CdE.

Note that this integral is convergent for Ret > R and represents there an analytic
function ¢(t). In the case ® = Bb the function ¢ can be prolonged analytically to
a larger domain. Namely, we can vary the path of integration in £&: instead of the
ray arg & = 0 we take the rays argé =0, 0 € (—7w/2+¢€,7/2—¢€) (see Figure 8). The
result is a prolongation of ¢ to the sector Sy = {|t| > R, argt € (—7 + €, — €);
(it is the same as the sector :9: from the previous section). Denote the function
obtained by b;.

If we apply the integration along the rays argt =6, 0 € (7/2+¢,37/2 — €) to the
formula for the Laplace transform, then we obtain an analytic function b in the
analogous sector Ss.
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Img

arg £=0

Re &

Figure 8

It tuns out that:

(i) b1,2(t) have the same asymptotic power series expansions as the series b(¢)
and the maps hj o = t + b1 2 represent analytic diffeomorphisms from the
Sectorial Normalization Theorem.

(ii) The Ecalle-Voronin moduli can be expressed by means of the singularities of
the function Bb at its singular points & = +2mi, +4mi, . . ..

This approach is in the spirit of Gevrey expansions and summability. We shall
return to it later, but first we will get acquainted with the strictly Ecalle approach.

9.36. Definition. The space of resurgent functions. Let D = D(r) = {|¢] < r} be
a disc in the complex &-plane (of relatively small radius) and let D* = D\ 0. Let
&o > 0 be some base point of D*.

We denote O = O(r) the space of holomorphic functions on D. Let O = O(r)
be the space of multivalued holomorphic functions on D*; they are obtained by
prolongation of analytic germs at £, along paths in D*; (they are holomorphic in
the universal covering l/)\*) Finally we put

C=cC(r)=0(r))O(r).

There is a natural monodromy operator T : O — O which associates to a germ
of a function at &, its prolongation along the loop in D* surrounding 0. The map
T — id defines the variation operator var : C — 0.

If Q C C is a discrete set with one-point intersection with D, QN D = 0, then one
defines the space of resurgent functions as

C(Q)={F €C: var(F) is holomorphic in (C/\\Q}

Equivalently: F € C(Q) iff there exists F holomorphic in C \ Q and such that
F|p = F + holom. function.
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9.37. Convolution and its properties. For two elements F, G of C with representa-
tives F',G € O(r) we define the function

H(E) = / Fe— OGO, (eCR,

where the integral runs along the loop v = Veg,e0 0 < €<< &y, starting at £, > 0,
and running first along the upper ridge of the cut along the interval [0, r], next
making the counterclockwise turn along the circle |¢| = € and then going back along
the lower ridge of the cut along [0,r]. H prolongs itself to a holomorphic multi-
valued function, H € (5, and its class in C does not depend on the representatives
of F' and of G and on the point £,. We denote this class by

F G = [H]

and call it the convolution of F' and G.

(Up to a constant this convolution is the same as the convolution of two distribu-
tions defined by functions f(z) and g(x) with support in Ry: f*g(z) = foz flax—
y)g(y)dy. It turns out that the functions f(z), defined for x > 0 and locally
integrable, can be included in C in the following way: let F(¢) = (1/2mi) [ f()
dz/(x—&) define a holomorphic function outside real axis, then one defines Pf(f) =
[F]. For example, Pf(z%) = [£%/(e*™> —1)].)

The convolution operator has the following properties:

(i) associativity and commutativity;

(i) 0 = {2:”15} is the convolution unity (it follows from the Cauchy formula);

(i) fe(F*G) =% +G;
(iv) E(FxG) = (EF) « G+ F x (£G).

The latter formula means that the multiplication operator by —¢ is a derivation
of the convolution algebra. It is denoted by

9=—¢.

It turns out that C(2) is a convolution subalgebra of C (see [Mal5|).

9.38. The Laplace transform and its properties. If ' € C with a representative
F € O, then we define its Laplace transform as

CF(t) = / F(e)etéde

where v = Veg.e 1 the same loop as in the definition of convolution (in the previous
point). One shows that the Laplace transform does not depend on the representa-

tive F' and on &,.
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(Usually this definition is applied to functions of the form £%(In&)?G(€) with
analytic G. This class of functions is sometimes called the Nilsson class.)
For example, £([¢%]) = (¢2%® — 1)D(a + 1)/t2+! and

L5™ = £(d"6/de™) = 1"

We see that, up to some normalization, this definition of Laplace transform agrees
with definition 9.35.

The inverse to the Laplace transform is called the Borel transform, B = £7!.
The Laplace transform has the following properties:

(i) L(F*G)=LF - LG,
(i) L(OF) = 4 (LF),
(i) L(%) = t(LF).

9.39. The Ecalle composition. Let F € C(27iZ) and H = §' + E, E € C(2miZ).
Then one defines the series

1
Fo.H=>Y 1 (OF) « B
n>0

It turns out that, under assumption of local integrability of F and F, this se-
ries is convergent and represents an element of C(27iZ), which we call the Ecalle
composition of F' and H.

The Ecalle composition is the Borel transform of the usual composition of series
f=LF ~> fit*Fand h=LH ~t+ > bit™* =t +b(t). It follows from the
Taylor expansion fo (t4b) =) (d"f/dt™)b(t)".

9.40. Application to conformal germs tangent to identity. Recall that in the point
9.35 we had two maps g(t) = t + 1 + a(t), go(t) = ¢t + 1, which are formally
conjugated by the series h ~ ¢ + b(t). We shall show the following.

Proposition. The Borel transform of b(t) belongs to the resurgent space C(2miZ)
and the Borel transform of h belongs to &' +C(2wiZ). It means that Bh is analytic
in C\ (2miZ\ 0).

Proof. The conjugation condition hog = ggoh means that t+1+a(t)+b(t+1+a) =
t+b(t) + 1 or, after replacing ¢ by ¢ — 1,
b(t —1) —b(t +a(t)) = a(t). (4.1)

It is an equation for b.

We introduce two linear operators K (t) = ¢ (t+a)—(t), Ly(t) = p(t—1)—9(t)
and the equation (4.1) takes the operator form [L— Kb = a. Note that the operator
L is dominating here; if ¢ = ¢t=" then L) ~ nt=""! and K ~ O(t="=3). Thus
the solution of (4.1) takes the form

b=> [L7'K]"L™'a, (4.2)
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where the series is well defined.

Now we rewrite the formula (4.2) in the Borel chart. There the operator I + L is
replaced by multiplication by the function ef: ¥ (t — 1) = >_(—d/dt)"/n!, where
—d/dt is replaced by & (see the (ii) in 9.38). The operator I + K is calculated using
the formula from 9.39: B(I + K)B~1U = ¥ @, A = > ((£)™W¥) x A*™, A = Ba.
Because (e¢ — 1)~ has poles in 2miZ and A(€) is an integer function, the Borel
transform of b, i.e. B = Bb, is meromorphic in C \ 27iZ.

One can also show that |B(¢)| < const-ecos¢I¢l, O

9.41. The alien derivations and the Ecalle invariants of holomorphic classification
of germs tangent to identity. J. Ecalle has introduced the following operators
acting on the space of resurgent functions C(2miZ).

Denote by Iaqp, the set of 27~1 paths in C \ 2miZ with the beginning at £, and
end at £+ 2min; the paths differ in the way they omit the points 27ij, j = 1,...n.
If v € Topin and f € C(2miZ) then

A, f

is the germ of prolongation of f along v with argument translated by —2min, i.e.
to neighborhoods of &,. If n > 0, then such a path v can avoid the singularities
2mij, 0 < j < n from the right or from the left. Let 5., ; be the path running
on the right. We define the formal operator

A+HAH =1id+ Z A'Y2m‘,n,+An'
n>1
It turns out that A*[[A]] is a homomorphism of the algebras C(27iZ) and

C(2miZ)[[A]] (with natural extension of the convolution).
Moreover, if one defines the operators Ag,;, by the formula

(A []) = 3 Aorin X"
then:

(i) Aarin are derivations of C(2miZ) (called the alien derivations by Ecalle) and
(11) Agﬂ—in(F Re H) = (8F Re H) * NopinH + (Z(—’H,H)*m) * ((AQ.MRF) Re H)

Analogously one defines the alien derivations for n < 0. (The alien derivations can
be expressed by means of the maps A, v € Iorip (see [Mal5]).)

Applying the alien derivations to the both sides of the equation G®. H = H®. Gy
(G=08+5+A, Gy =0+ 6 - Borel transforms of g, go) one obtains the equation
(0G ®. H) * AyH = ALH ®. Go. This implies that the functions ¥ = () =
L(ALH, w = 2min satisfy the linear formal functional equation (¢’ o h)y) = 1 o
(id 4+ 1), the same as the derivative h'(t). By uniqueness there exists a constant
A, € C such that ¢» = A R/, or

A H = A,0H,
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(Ecalle calls the latter equation the bridge equation.)
Namely these constants A, w € Q\ 0, Q = 2miZ form the complete infinite set of
invariants of analytic conjugation of germs f = z + 2% + 2% + ... from Ay o:

Two germs f, f' € Aso are analytically equivalent iff A, = AL, w € Q. More-
over, the coefficients A, can be expressed in terms of the functional coboundary
operators: Hngl(t) =t+ Y cye?™ Tmt >> 0 and the analogous operator for
Imt << 0 (see the proof of Theorem 9.31).

In [Mal5] there is a formula expressing the coefficients ¢j; in terms of A,,.
Ecalle’s theory has a natural generalization to a theory which can be applied to
the germs from the classes A, for any p. We present it in the next point.

9.42. The Gevrey series and expansions. Let h(t) be a germ of a function holo-
morphic in a sector S with vertex at co, h € O(S) with the asymptotic expansion
h ~ > a,t~™. We say that h is of Gevrey type of order s if

k—1

h(t) =Y a;t™

0

|t < O (k)L Ak

where the constants C, A depend on f and on the sector S.
A formal series h = > a,t~™ € C[[1/t]] is of Gevrey type of order s iff

lan| < C(n)* A"

The following result is a generalization of the Borel-Ritt theorem (see Theorem
5.52 in Chapter 5).

Theorem ([MR1], [Gev]). Let a series h € C[[1/t]] be of Gevrey type of order s > 1
and let S be a sector with angle < (s—1)m. Then there exists a function h € O(S)

of Geuvrey type of order s and such that its Taylor expansion at infinity coincides
with h.

Proof. One can reduce the problem to the case when S is a sector with bisectrix
along the positive real axis. Then h is given by the explicit formula

ht) = pt /0 " D(€) exp (—€7P) € e

where p =1/(s—1) and ®(§) = >, F(1m /D) ¢" is an analytic function near £ = 0
with radius of convergence > 7.

Note that when s = 2 the function ®(¢) equals the derivative of the Borel transform
of h. Also the integral defining h recalls the Laplace transform. O

As in the case p = 1 the functions h from this theorem depend on the sector and
the representatives corresponding to different sectors do not need to coincide.

The series h (of Gevrey type of order s =1+ 1/p) is p-summable in the direction
6 if h forms a asymptotic expansion of some function hg € O(S), where S is a
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sector with bisectrix argt = 6 and with angle > w/p = 7/(s — 1). Note that this
inequality is reverse to the inequality from the Borel-Ritt—Gevrey theorem.
The series h is p-summable if it is summable for all but a finite number of directions

6.

Example. The formal series h(t), conjugating the diffeomorphisms g and go = t+1
in 9.35, is 1-summable. It is summable in all directions but § = £7/2.

If h is p-summable then we can associate with it a certain functional cochain.
Namely, we take a covering of a neighborhood of infinity by sectors S; with angles
> 7/p such that in S; there is a function h; (of Gevrey class of order s) with h
as the Taylor expansion. The system (h;) is a functional Cech cochain associated
with the covering (S;). The coboundary of this cochain is the cocycle hjiq o h;l
with values in a sheaf resembling the Stokes sheaf.

All this is applied to holomorphic classification of germs of analytic diffeomor-
phisms (see the next point).

9.43. Germs of the type z+ 2P +.. . Let f € A, x = foat..., for = g;p/(pﬂ\zp)
be two germs of holomorphic diffeomorphisms (from Section 3). In the t-chart
t =—1/(pzP) + Alnz we have the maps g=t+1+...and go = ¢+ 1.

There is a formal power series h=t+ > bt~ conjugating g with go.

Theorem. ([MR1]) The series h is of Gevrey type of order s = 1 + 1/p and is
p-summable. Associated with it the functional cocycle hjiq o h;l s the Ecalle—
Voronin modulus of the analytic classification of germs f.

§56 Martinet—Ramis Moduli

The saddle-node singularity of an analytic planar vector field is such that one
of its eigenvalues vanishes and the other eigenvalue is nonzero. First we present
a formal classification of saddle-nodes and next we describe the moduli of their
analytic classification.

9.44. Definition. Two germs of vector fields V, W (in R™, C", smooth or analytic)
are called (topologically, formally, analytically) orbitally equivalent if there exists
a (C*, formal, analytic) diffeomorphism H transforming the phase curves of V'
to phase curves of V. It means that the corresponding foliations, defined by the
phase portraits of V' and of W, are transformed one to the other by means of H.
In the smooth and analytic cases we have

HV=F-W
where F' # 0 is some function (of definite class).

9.45. Theorem (Formal normal form of saddle-nodes). Any complex analytic
saddle-node is formally orbitally equivalent to

i=aPT g = —y(1 4 \aP).
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Proof. The Poincaré—Dulac theorem 9.14 and Example 9.15(b) give the following
(non-orbital) normal form & = ap12PT + aprxP™ + ... ¥ = Xoy(l + bz +
box? + ...), where api1 # 0; if all a; = 0 then the singular point would have
infinity multiplicity (non-isolated in the complex analytic case). By linear changes
of variables and time we can assume that a,41 =1, A = —1.

Now we divide the field by 1 + byx + ... which gives y = —y and

=2 1+ ez +..)). (5.1)

Therefore the problem is reduced to formal non-orbital classification of 1-dimensi-
onal saddle-nodes (5.1).

The latter problem is solved in the same way as in the proof of Theorem 9.26
(about formal classification of diffeomorphisms z + zP*! +...). Using the changes
x — x +d;x!, we obtain the (leading) term (I —p — 1)d;z"*P9, in the transformed
vector field. If [ # p 4 1, then the corresponding monomial vector field can be
cancelled. There remains only the field wy,, = 2PT(1 + vaP)d,, where v is the
formal invariant.

Of course, one can fix also other terms in 9, like P71 (1 — A\azP + (\aP)2 —...) =
2PTL(1 4+ A2P)~1) A = —v. Multiplying this vector field by 1+ \zP gives the vector
field from the thesis of Theorem 9.45. O

The integer p is called the codimension of a saddle-node and A € C is the modulus
of formal classification.The space of germs with the formal normal form as in
Theorem 9.45 will be denoted by &, .

9.46. Problem. Show that if (5.1) is analytic, then the change reducing it to & =
2P 4 v2?Ptl s analytic.

This means that in the one-dimensional case the (non-orbital) formal and analytic
classifications of saddle-nodes coincide.

Hint: under the assumption that (2p + 1)-th jet of (5.1) is as in the normal form,
solve a functional equation for the change * — z + 2?P*2¢(z) in some space of
analytic functions (of ¢’s).

As we shall see, the normal form from Theorem 9.45 is not analytic. However some
of its statements have analytic equivalents. Note that it has two formal invariant
curves: the strong manifold = = 0 and the formal center manifold y = 0. It turns
out that the strong manifold is always analytic (see the next result) but usually
the center manifold is not analytic. The next theorem, which concerns the cases
of saddle-node and of saddle, was first proved by C. A. Briot and J. C. Bouquet
[BB.

9.47. The analytic Hadamard—Perron theorem. Consider an analytic planar sys-
tem
T=Mx+..., Y=Xy+...

such that Ao # 0 and A\ /A2 < 0. Then there exists an invariant analytic curve
tangent to x = 0 at the origin.
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Proof. In the case of a saddle-node we can assume that 9° = Fl@y) - with
dy A2y+g(z,y)

f,g € m? (square of the maximal ideal) and f(0,y) = O(y?), and in the case of a
saddle we can assume that ‘flz = ’/\\;zig ((:53 with f,g € m3 (because the resonant
terms in the Poincaré—Dulac normal form start from cubic monomials).

We put the equation of the invariant curve in the form = = y2¢(y). In the case of
a saddle-node we get the equation y2¢' +2y¢ = f(y20,v)/(A2y + g(y3¢,y)). After
division by y? it takes the form ¢’ + 2¢/y = F(y,¢) (F — analytic) which can be

written in the integral form

oly) =y? /OJ s2F (s, ¢(s))ds.

The latter equation is solved using the contraction principle in some ball in the
Banach space of analytic functions ¢ defined in a disc |y| < € with the sup-norm.
In the saddle case we arrive at the equation ¢’ = (A—2)¢/y+F(y,d), A = A1/ <
0, or at the integral equation ¢ = y*~2 foy s27AF (s, ¢(s))ds. a

9.48. Remark. The reader can observe that the above proof can fail when the ratio
of eigenvalues A is a positive integer (the resonant node); one can get the integral
[ ds/s. Here the phase curves are of the form z = Cy* + oy Iny, C = const and
are not analytic if o # 0. However in this case the normal form is polynomial
& = Ar + oy, ¥ = y and is analytic; (we are in the Poincaré domain and we can
use Remark 9.25).

Also the proof of Theorem 9.47 does not work in the case of center manifold of
a saddle-node. Already L. Euler noticed that the center manifold can be non-
analytic.

9.49. Euler’s example. ([Eull]) The equation

dy/dz = (y — x)/«”
has the following unique formal solution y = >~7"(n — 1)!z™ passing through 0.

Now we can assume that the vector field has the form (in some analytic coor-
dinates) & = zf(z,y), ¥ = —y + g(z,y). This preliminary form is not satisfac-
tory to our purposes. We want to get the factor 2P*! in the first component.
This is done using a series of analytic changes ©+ — x + xjwj(y), j=1,...,p:if
i = x7[p;(y) + ...] then we get the equation ¢;(—y +...) + ¢;(y) = 0, solvable
provided ¢;(0) = 0.

Thus we can put ¢ = 2Pt!. Moreover, cancelling some initial terms from ¢ and
applying the result from Problem 9.46 we can assume that g has good properties.
More precisely, we have the following.

9.50. Lemma. The initial analytic form is

i=aPt g =—y(l+A2") + go(x) + y’g2(z,y)
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where go,y%gs € mP+2,

We define the extended sectors

27 —1 27 —1
T = |x|<e,\y|<e,(‘7 )W—a<argx<(‘7 )W—i-a
2p 2p
where « is some angle between 7/2p and 7/p (see Figure 9). Note that the pro-
jections of these sectors onto the a-plane are different than the sectors S; (from
Section 3); they have the same angle but different bisectrices.

Figure 9

9.51. Theorem (Sectorial normalization). (Hukuhara, Kimura and Matuda [HKM])
In each extended sector T; there exists a unique analytic diffeomorphism

Hj(xay) = (xay + hj(l',y)), hj = O(prrl)v

conjugating the system from Lemma 9.50 with its formal normal form from The-
orem 9.45.

We will present the main ideas in the proof of this theorem later. Now we pass to
the description of the Martinet—-Ramis moduli of analytical orbital equivalence of
germs from &, .

The reader can guess that these moduli are constructed using the differences be-
tween the normalizing diffeomorphisms,

@j:Hj+lonfl in ijTj+1.

However, the description of the ®;’s can be simplified.
Notice that the diffeomorphisms ®; keep the first coordinate fixed and preserve
the formal normal form wg = 2P™'dy + y(1 + A\zP)dz = 0 (of the corresponding
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Pfaff equation). The latter fact gives a series of restrictions on possible forms of
<I>j’s.

Let us look at the behaviour of the leaves of the foliation defined by wy = 0 in the
sectors T N T41. These leaves are given by

y=Ce '@ t(z)= tj(z) = —-1/(paf) + Alnz, CeC,
and the first integral takes the form

() tj(x)

u(z,y) = u;(z,y) = ye'™ = ye'i't®.

(Because of Inz in the definition of ¢(z) we index the ‘times’ and first integrals in
different sectors. Thus to, = t1 + 2miA, ugp = e2™ M)
The neighborhood of x = y = 0 is divided into sectors of two types:

— the sectors of jump where Rex™P — o0,
— the sectors of fall where Rez™ — —o0.

In the sectors of jump only one leaf approaches the singularity, it is the local center
manifold. Other leaves diverge as x — 0.
In the sectors of fall all the leaves are indistinguishable. All approach the singu-
larity.
We have presented this schematic behaviour of the complex phase portrait in
Figure 10. We see also that the extended sectors 1)1 NT; lie wholly either in the
sectors of jump or in the sectors of fall.

J

fall jump
|

Figure 10

9.52. Proposition. The transition diffeomorphisms ®; take the forms

®j(w,y) = (z,¢;(uz)e”*),
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where
¢;(u) =aj +u, a;€C,

if Tj4+1 N T} lies in a sector of fall,
¢;(u) = u+ajou® + ...,
if Tj11 N1y lies in a sector of jump and j # 2p, and
bop(u) = ey 4 qgpou® + ...

Moreover ®; tend to id exponentially fast as x — 0.

Proof. The first statement follows from the fact that ®; preserve the formal normal
form. So if u;41 is the first integral in 711 then the function u;4q o ®; is the first
integral in T; NTj4;. But also u; is a first integral. Thus the first first integral is
a function of the second first integral, uj11 0 ®; = ¢; o u;.

In the coordinates (z,u) the map ®; is equal to (z,¢;(u)). Passing to the (z,y)
coordinates we get the formula for ®;.

The proof of the next statements relies on the fact that ®; —id = O(zPT1).

Let T; N T;41 be a sector of fall. We have t; = t;41 (because j # 2p) and t(z) —
+00. Let the Taylor expansion of ¢; be Y7 a; nu™. Then

(b] = <$7 aj70€7t(w) + a1y + Z aj,nyne(nil)t(w)> )

The condition ®; — id implies that a;1 = 1 and a2 = a;3 = ... = 0. This
means that ¢, is a translation. Note also that in this case ®; —id = (0, O(e~t®)))
is exponentially small.

Let T; N Tj41 be a sector of jump and j # 2p. Then acting exactly in the same
manner as in the previous case we get a0 = 0,51 = 1. It means that ¢; is a
germ of a diffeomorphism of (C,0) with ¢'(0) = 1. Also in this case ®; — id is
exponentially small.

Let j = 2p. We are in the sector of jump with e?» = e?™Aefi. We have ®q, =
(@, Pop(uzp)e™™) = (x,€2 ™y, (ugp)e™'27). Analogously as in the previous case
we get the formula for ¢; and the exponential closeness to the identity. O

The fact that the diffeomorphisms ®; have different forms can be explained ge-
ometrically. In the sector of jump the values of the first integral are bounded,
u € (C,0). In the sectors of fall the first integral takes values in the Riemann
sphere C and u = oo along the strong manifold z = 0; the corresponding map ¢,
is an automorphism of this sphere satisfying ¢,(c0) = oo.

The collection of ¢,’s satisfying the properties of Proposition 9.52 do not yet form
a complete set of invariants. The reader can notice that the coordinates in the
normalized Pfaff equation wg = 0 are not unique. Its non-uniqueness lies in the
possibility of multiplication of y by a constant. This gives the non-uniqueness of
the choice of the local first integral: u; — Cu;, where C'is the same in each sector.
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9.53. Definition. Two collections ¢ = (1, .. ., ¢,,) and b= (&51, ce &zp), satisfying
the conditions from Proposition 9.52, are called equivalent iff they are conjugated
by a linear transformation: ¢, o C' = C¢;.

The equivalence class [¢] of such a collection is called the Martinet—-Ramis modu-
lus. The space of Martinet—Ramis moduli is denoted by N, ».

The above construction of the Martinet—Ramis modulus, associated to a saddle-
node, defines a map from &, x — Nz,

V—>Ev.

9.54. Martinet—Ramis classification theorem for saddle-nodes. The map €y has
the following properties:

(a) It sends orbitally analytically equivalent germs of vector fields to the same
point (invariance).

(b) If ey = ey, then V and V' are orbitally analytically equivalent (equimodal-
ity).
(c) For any € € N, x there exists V € &, x such that € = ey (realization).

Proof. The points (a), (b) and (d) are proved in the same way as the analogous
points of the Ecalle~Voronin theorem 9.30. Only the realization property needs
separate arguments.

Assume that we have an element from N, y which is an equivalence class with some
representative ¢ = (¢;). These ¢; define the diffeomorphisms ®; in the extended
sectors T; NTj41 (see Proposition 9.52).

Take disjoint union of the extended sectors | |7} x {j} and glue them using the ®;
as the gluing maps. We obtain a certain (real) 4-dimensional manifold S. In each
T; x {j} we have the ‘coordinates’ z; = (z,y;) and zj41 = ®;(z;) at the glued
part.

Note also that S is equipped with a foliation Fy such that in each T} it is the
foliation of the vector field in the formal normal form. We have to define a certain
complex structure on S such that the foliation F arises from a holomorphic vector
field with saddle-node singularity.

First one defines the map Hy: S — W C C2\{z = 0} as

Hy = ZXijv

where {x;} is a partition of unity of S associated with the covering (7)) with
regular properties as x — 0.

Hj defines an almost complex structure on W, the image of the complex structures
on T;. By definition this almost complex structure is integrable (see Definition
9.6). By Theorem of Newlander—Nirenberg 9.8 the torsion of this almost complex
structure vanishes identically.

It turns out that the almost complex structure from W can be prolonged smoothly
to an almost complex structure on a full neighborhood of 0 in C2. Indeed, the
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almost complex structure is defined by (1,0)-forms dz and dy, where dz is good
(with zero derivative). Since y = > x;y;, in T; N Tj11, we have y = x,y; +
Xj+1¥i+1 = yj + hj(x,y;)x; (see the sectorial normalization theorem 9.51). Thus
dy = dy; + o(1), where the term o(1) is exponentially small as z — 0.

The Nijenhuis tensor (torsion) of the latter almost complex structure is also equal
to zero. Applying again the Newlander—Nirenberg theorem, we show that this
almost complex structure is integrable. It means that it is equal to the trans-
portation of the standard complex structure by means of some differentiable map
G : (C%0) — (C2,0)

The composition H = G~ o Hy : S — C? is holomorphic on S and prolongs to
the closure of S. It transforms the foliation Fy to a foliation F in (C2,0).

The foliation F is a saddle-node foliation with the Martinet—Ramis invariant equal
to [¢]. O

The Theorem of Martinet and Ramis allows us to solve the problem of analyticity
of the center manifold and to explain the reason of non-analyticity of Euler’s
solution. Note that at each sector of jump the local center manifold is defined
uniquely, using topological criteria. It is the only leaf of the holomorphic foliation
containing the singular point in its closure. This local center manifold prolongs
itself (uniquely) to the adjacent sectors of fall. The gluing map ®; in the sectors
of jump leave this local center manifold invariant, ¢;(0) = 0.

The problem is whether the local center manifolds from different sectors of jump
lie in one leaf of the foliation. It means, whether the gluing maps in the sectors of
fall preserve the two prolongations of the local center manifolds (from the adjacent
sectors of jump). This condition reads as ¢;(0) = 0, where ¢;(u) = u + a;.

We have proved the following result.

9.55. Corollary. A saddle—node singularity has analytic center manifold iff all
aj = 0 in its Martinet-Ramis modulus. In other words this modulus has the form

(Zda ¢27ida ¢4a R ¢2p)

Problem. Unlike the Ecalle-Voronin moduli the Martinet—-Ramis moduli can be
sometimes calculated explicitly. Show that the Martinet—Ramis modulus of the
singularity

i = —ka" g =y + aka®) + ka1 p(2)

(with an analytic function ¢) is
(id + Ay, id,id + Ag,id, ..., id + Ay, e~ 2 %d),

where the constants A; = [, s“e_l/sk@(s)ds are the same as in Example 8.31(a)
in Chapter 8 (see also [Zo7]).

Especially successful in calculations of the Martinet—Ramis moduli is P. M. Eli-
zarov. Recently he succeed to associate the Martinet-Ramis moduli with some
special perturbations of the formal normal form. He localized the Newton supports
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of this perturbations. Some of these results are described in [Eli2| and others will
be published.
Also L. Teyssier [Tey| has calculated explicitly some Martinet—Ramis moduli.

There is a certain relation between the Martinet—-Ramis moduli and the Ecalle-
Voronin moduli. This connection goes through the monodromy transformation
associated with the smooth analytic separatrix, e.g. the strong manifold.

9.56. Definition of the monodromy transformation for holomorphic foliation. Let
F be a holomorphic foliation in a 2-dimensional complex manifold, L be a non-
singular leaf of 7 and v C L be a closed loop with beginning at a point x(. Take a
small holomorphic disc D transversal to L at x¢ and parameterized by z € (C,0),
z(xg) = 0. We can cover the loop 7 by open sets U;, where the foliation is the
flow-box foliation: F|y, = {dy = 0}.

Figure 11

Let z € D. Take a leaf L(z) passing through z. In each U; we can lift the path
v N U; to the leaf L(z) NU;. After returning of v to the point g, the lifted curve
intersects the disc D again. However, the intersection point can differ from z (see
Figure 11). We denote it by A, (z).We define the monodromy transformation (or
the holonomy transformation) associated with the loop 7 as the map

A, is a local holomorphic diffeomorphism (by analytic dependence of solutions on
initial conditions). It does not depend on the homotopy class of the loop « (for fixed
D); it is a consequence of the theorem about monodromy 1.2 (in Chapter 1). The
change of the section D and of the initial point xg results in internal conjugations
of A, in the group Dif f (C,0) of germs of holomorphic diffeomorphisms of (C, 0).
Of course, one can generalize this definition to more general foliations. We do not
do it here.

The strong invariant manifold of a saddle-node singularity V' consists of two leaves
of the holomorphic foliation defined by V: the singular point and the leaf L dif-
feomorphic to a punctured disc. Take a loop v C L generating its fundamental



§5. Martinet—-Ramis Moduli 375

group. Using Definition 9.56, we associate with v the monodromy transformation
A=A,

Recall that A, , is the space of germs from Dif f(C,0) formally equivalent to the
time 1 flow map generated by the vector field w = [2PT1/(1+azP)]d, (see Theorem
9.26).

9.57. Theorem.
(a) If V€ &pa, then A € Ay o, oo = 2T,

(b) The Martinet-Ramis modulus of V' coincides with the Ecalle-Voronin mod-
uwlus of A. It means that two vector fields are orbitally analytically equivalent
iff their monodromy maps are analytically conjugate. In particular we have
an embedding of the set of equivalence classes of vector fields &y x/(anal) into
the set of equivalence classes of diffeomorphisms Ay o/(anal) (i.e. embedding
of the moduli space Ny x into the moduli space M ).

Proof. The first statement can be checked for the vector field in its formal normal
form. Then we have L = {x = 0 # y}, v = {(0,¢e")} and the foliation is given by
o — dr{:y = 2P /y(1 4+ A2P) = wp . The monodromy map A is given by the
time 27¢ flow map A = exp [2miwy z] = exp [wp,a]-

To prove the second statement let us keep A formally equivalent to g2™*. Then
the sectors S; (from the sectorial normalization theorem 9.31) are turned by the
angle 7/2p; we denote them still by S;. The extended sectors T are of the form
S; x {ly| < €}. We fix also the disc D = {y = yo} transversal to the axis {z = 0}.
The extended sectors contain complete lifts (to the leaves of the foliation) of the
loop in the strong manifold appearing in the definition of the holonomy map.
The normalization diffeomorphisms Hj(z,y) in T} (from Theorem 9.51) define
altogether the normalization diffeomorphisms for the monodromy map A in S; x
{yo} C D. They define the local parametrizations of S; by means of the first
integral u;(x) = uwo Hj|s, x{y,}- In the charts u; the map A is equal to the formal
normal form.

The transition diffeomorphisms H; i o H j_l are expressed by means of the one-
dimensional transition maps u;41 © uj_l. The latter define the Martinet-Ramis
moduli as well as the Ecalle-Voronin moduli. (]

The image of the embedding from the point (b) of the last theorem forms a proper
subset of the set M*p, 5. It is because the diffeomorphisms ¢; are subject to the
restrictions from Proposition 9.52, ¢; = u +a; : (C,00) — (C, 00) (j odd).

It turns out that the correspondence V' — A is not one-to-one even at the level
of topological equivalences; i.e. the sets €, »/top and A, »/top are really different.
(At the level of formal equivalences it is one-to-one.)

As the first example we consider the case with the Martinet—Ramis modulus equal
to (id + a1,id,id + as,id, ..., id) with some a; # 0. The monodromy map A is
topologically equivalent to its formal normal form (see Theorem 9.27) but the
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vector field is not equivalent to its formal normal form because it does not have
analytic center manifold.

Another example concerns the case with A = 0 and with all a; = 0, i.e. with
analytic center manifold. We consider the monodromy map A, associated with the
leaf L. containing the center manifold. The topology of the foliation determines
the topological type of A., which is determined by the order of tangency of A, to
identity (see Theorem 9.27). So the class [A],), is fixed, but there can be infinitely
many classes [Ac]iop-

The problem of topological classification of saddle-nodes was solved (almost com-
pletely) by P. M. Elizarov.

9.58. Theorem of Elizarov. (|Elil])

(a) If there is no analytic center manifold, then the class of the sequence of 0’s
and 1’s

(SZgn |CL1‘, SZgn |a’3‘7 L) S’lg'fl |a’2p—1|)a

modulo cyclic permutations, constitutes an tnvariant of the topological clas-
sification.

(b) If there is analytic center manifold, then we have the following possibilities:

(i) If A € C\R or A € R\Q is a Diophantine number (weakly approximated
by rationals), then the topological type of the foliation is determined by
the topological type of the map A.. (The invariants are sign (Im \) and
A for AeR.)

(ii) If A = m/n is rational, then the vector field is topologically equivalent
either to the formal normal form or to the system

i’:l’p—i_l, y:y(1+)\xp)+xlyk"+l,
with the conditions p+1 <1 <2p+1,2p+1—1=km (mod p) (i.e
indexed by the discrete invariant k).

9.59. Proof of the Hukuhara—Kimura—Matuda theorem. (We follow the book
[HKM]). We shall present the proof only in the case p = 1. Therefore we assume
that 22dy/dx = go(z) + y(1 + A\z) + y2ga(z, y).

Let Ty = {—7/2 + a < argz < 3m/2 — «, |z| < €} be a sector in the z-plane (see
Figure 12(a)). We seek a change (z,y) — (w, z) such that z2dz/dz = 2z(1 + \2?)
in T1.

The proof is divided into two parts: existence of analytic central manifold in T
and analyticity of z(x,y).

1. Existence of the center manifold. We seek it in the form of a graphic

y= v(x)e_l/m, x €Ty,
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where v(z)e~/* = O(x). We obtain the following equation onto v,
220 = G(x,v) (5.2)

where G = goe'/® + Aav 4 v2e /% gy(2,vel/*). We seck the solution to (5.2) in
the class of functions satisfying the estimate

v] < K|z|efted/) (5.3)

for some constant K.

The right-hand side of (5.2) satisfies the estimates: |G(z,v1)—G(z, v2)| < §|v1 —v2|
and |G| < (Ko+0K)|z|eRe(/?) for some small § and fixed K. The first (Lipschitz)
condition will guarantee the uniqueness of the solution.

The equation (5.2) is replaced by the integral equation

v(x) = /OI G(s,v(s))s 2ds,

which is a fixed point equation v = 7 (v) for a nonlinear operator.

Usually one proves existence of a fixed point of 7 using the contraction princi-
ple. Here we can use a stronger result, the Leray—Schauder—Tikhonov fixed point
theorem (see [RS]):

Any continuous map of a compact and convex subset of a locally convex space into
itself contains a fized point.

In our case the set of v’s satisfying (5.3) is convex and compact in the topology of
almost uniform convergence; (it is a normal family). It remains to show that the
operator 7 maps (5.3) into itself.

The latter statement is proved by appropriate choice of the path A of integration
in the formula defining 7. This path is presented at Figure 12(b).

Let s = re. We have the straight segment A; joining 0 with zq = roe!™/2127,
where v > 0 is a small constant and ry will be defined later. In the second part Ag
we have either r(0) = ro\/sin(@ — 7/2 —7) or ro\/sin(r/2 + 3y — 0), depending
on whether argz > 7/2 + 27 or not. If the angle « (defining the sector 77, see
above) is greater than 4+, then 1o < r(0) < Mry (where M = M(y)). Now we
choose r¢ such that Mry < e.

One can show that for large K, the quantity |Gs~2| is bounded by the abso-
lute values of the derivatives of K|s|e®*(1/*) along A; 5 (see [HKM]). This gives
T@W)| = | [ Gs=2| < Klz|eRe1/2),

2. Now we can assume that 22dy/dx = y(1 + Az + ygo) in S. We have to find the
change y — z giving the normal form 222’ = z(1 + Az).

We represent y as a function of z, y = z + ¢(x, 2z). The ¢ satisfies the following
partial differential equation x2¢, + (1 + \z)z¢, = F(z, z, §).

We solve it using the method of characteristics: ¢(z,z) = ¥(t), where & = x
2= z(1+ A\x), ) = F(x,z,1). Here t can be replaced by x which gives x4/,
F(z,z,0), z = Caxre~Y/* This is a family of equations depending on C.

2
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Figure 12

Now we proceed as in the previous point. We put 1) = we™/* where w = w(z,C)
satisfies the equation

22w =Gz, z,w), z= Cate Ve,

analogous to (5.2). We replace it by the integral equation

x
w(z,C) = / G(s,Csre % w(s, C))s™2ds,
0
which we solve in the space of v’s satisfying the estimate |v| < K|z|2.
Using the same estimates as in the previous point (with the same choice of path of
integration) one shows that this integral operator satisfies the assumption of the

Leray—Schauder—Tikhonov theorem.
We refer the reader to [HKM] for more details. O

9.60. Remark. There is an alternative proof of the theorem about sectorial nor-
malization. It is based on the theory of Gevrey expansions. It turns out that:

(i) The series ¢(x), appearing in the definition of the center manifold y ~ ¢(x),
admits Gevrey expansion of order s =14 1/p and is p-summable.

(ii) The series h(z,y) = > hn(y)z™, appearing in the formal change H(x,y)
= (z,y + h(z,y)) reducing the saddle node to its normal form, is of Gevrey
type of order s and is p-summable.

The proof of this is sketched in [MR1] for p = 1. As in the case of Ecalle-~Voronin
moduli this proof relies on application of the Borel transform to ¢ and to h(z,y),
solving the corresponding equations in the Laplace image and then returning to
the phase space by means of the Laplace transform.

§6 Normal Forms for Resonant Saddles

Here we finish the description of analytic normal forms for germs of planar vector
fields with elementary singular points. In the previous section we classified the
saddle-nodes.
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The singular points from the Poincaré domain, i.e. when the convex hull of the
eigenvalues (in C) does not contain the origin (which means that the ratio of
eigenvalues is not a negative number), have analytic Poincaré-Dulac normal form.
This means that the normalizing transformation can be chosen analytic. The proof
of this fact is given in [Arn5] (see also Remark 9.25).

Therefore, it remains to investigate the saddles, i.e. singularities with negative
ratio of eigenvalues —A < 0. The saddles are of two kinds: resonant (i.e. with
rational A = m/n) and non-resonant. The nonresonant saddles are considered in
the next section.

The description of moduli of resonant saddles relies on the classification of germs
of resonant 1-dimensional diffeomorphisms and was completed first by J. Martinet
and J.-P. Ramis [MR2]; (although Yu. S. I'yashenko, P. M. Elizarov and S. M.
Voronin arrived independently at the same results, see [I15]). We describe these
results in this section.

The problem of analytic conjugation of non-resonant saddles is analogous to the
problem of analytic linearization of germs of non-resonant 1-dimensional diffeo-
morphisms and was solved by J.-C. Yoccoz|[Yoc|. Those results will be described
in the next section.

9.61. The monodromy transformation. The connection between saddles and one-
dimensional maps lies in the holonomy transformation associated with any of its
separatrices. (Recall that, by the analytic Hadamard-Perron theorem 9.47, the
saddle has both separatrices analytic.) We can assume that

g=Xx(l+..), §=—yd+...).

Consider the monodromy transformation A(x) corresponding to a loop in z = 0.
One can easily check that

Alx) =e TPg 4
The next result was first proved by J. F. Mattei and R. Moussu [MM].

9.62. Theorem. Two germs with saddle singularity with the same ratio —\ are
analytically orbitally equivalent iff the corresponding germs of monodromy maps
are analytically equivalent.

Proof. If two germs of vector fields are orbitally equivalent, then restriction of the
conjugating map H to a disc D transversal to {x = 0} defines a conjugation of
monodromies (in D and in H(D)).

Let the monodromies be conjugated. Consider two copies of (C2,0) with foliations
F and F’ (by the phase curves L, L’ of the two vector fields V' and V’). In each
copy we consider the fibration 7 : (z,y) — y. Their fibers outside y = 0 are
transversal to the leaves of the foliations F and F’. We denote by Fy the foliation
by the fibers y = const.

Take two discs D = {y = ¢, |z] < e} and D' = {y =¢, || < 2¢}. Let h: D — D’
be the map conjugating the monodromies.
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We extend the map h to a map Hy: A — A’, where A = {|z| <€, €/2 < |y| < €},
A" = {|z| < 2¢, €/2 < |y| < €} are ring-like domains. Hy preserves the foliation
Fo, i.e. Hy(z,y) = (F(x,y),y) and sends leaves L of the foliation F to leaves L’ of
the foliation F’. Because of the transversality of the fibers iy = const to the leaves
L, L’ in the domains A and A’ the prolongation Hy is locally analytic and unique.
Hj is single-valued in the whole domain A. Indeed, the change of Hy, as the argu-
ment turns around the axis y = 0, is equal to the composition of the monodromy
map (defined by F) and of Hy. Because h = Hy|p conjugates the monodromies
Hj is univalent.

Therefore we have the Laurent expansion

oo

Ho(z,y) = > hj(x)y’, (6.1)

j=—o0

with analytic coefficients h;(x) = (2mri)~! flylze Ho(x,y)y 7~ 1dy. If we knew that
the sum in (6.1) contains only positive powers of y, then we would obtain the
prolongation of Hy to the whole neighborhood of 0. We could use the Cauchy
formula H(z,y) = (27i) 1 f\g\:e Ho(z,¢)(¢ —y)~tdC.

To show that the sum (6.1) runs over positive powers of y, we use the assumption
A = ) (equality of the ratios of eigenvalues). Contrary to [MM] and [MR1], we
apply topological arguments (taken from [Str]). It is enough to show that any
circle C, = {z =7, y = ee’?, 0 < § < 27} (with the linking number with the axis
y = 0 equal to 1) is sent to a circle with the linking number with the axis y = 0
also equal to 1. But the assumption A\ = A’ means that the vector fields V and V'
are close to the origin. A point x = r, y = ee? from C, belongs to a leaf L starting
at the point x = 2¢(#),y = € in D, where x((0) =~ re’*? (because dx/dy ~ —\z/y
and x =~ const y~*). We have

Ho(r,ee?) =~ (h(zo)r~™%, ee®) ~ (ar,ee'?),
provided h(z) ~ ax. This shows that Hy(C;) is close to Cy,. O

Consider first the case when A = —m/n, ged(m,n) = 1, is a rational number.
Then the monodromy map A = e>™™/"z 4 s a resonant one-dimensional map
considered in Section 3. Its formal normal form is of one of the following types
e2mim/ngl = w = [+ /(1 + X\2"F)] 2 (see Proposition 9.33). The class of such
maps was denoted by Ay, n k. x-

The above form for diffeomorphism corresponds to the following formal orbital
normal form for vector fields

i=xz, g=yl—m/n+u"(1+au®)™"),  u=a"y",

where @ = 2min\. (The proof relies on passing to the variables z, u in the Poincaré—
Dulac normal form and further applying the reduction as in the case of saddle-
node.) We denote the class of analytic saddles with such formal orbital normal
form by By n k-
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9.63. Theorem (Analytic classification of resonant saddles). ([MR2]|) The space of
classes of analytical orbital equivalence of vector fields from the class By, pn i 15
the same as the space of classes of analytical equivalence of diffeomorphisms from
the class Ay nkx described in Theorem 9.34.

Remarks about the proof. In view of Theorem 9.62 the proof of this theorem is
reduced to demonstration of the surjectivity of the map V' — A from By, pn k2
to Am,n’k’ »- One has to show that any resonant map arises from some resonant
saddle as its holonomy. The construction of V is analogous to the construction
of the realization parts of the Ecalle-Voronin and Martinet—Ramis classification
theorems. We shall not do it here and refer the reader to [I15]. O

§7 Theorems of Briuno and Yoccoz

Now we pass to the non-resonant saddles. Their one-dimensional equivalents are
the germs of non-resonant analytic diffeomorphisms f of (C,0) of the form

2 — e, 4 O(zz),

where a € Q, 0 < a < 1. The Poincaré-Dulac theorem for diffeomorphisms says
that any such f is formally linearizable (see 9.23 and 9.24); there exists a formal
power series h(z) ~ z + hgz? + ... such that h™'o foh ~ Az, A = > The
problem is:

Under which assumptions is f analytically linearizable, i.e. when is the series
defining h convergent?

The positive or negative answer to this question depends on how quickly the
number « can be approximated by rational numbers. If « is slowly approximated
by rationals, then any such diffeomorphism is analytically linearizable. If « is
quickly approximated by rationals, then there should exist diffeomorphisms f for
which the series h is divergent. Let us make these results precise.

9.64. Theorem of Siegel. ([Sie]) If there exist two constants C, p such that for any
integer p,q,

la —p/al > ClgI™", (7.1)
then any f = e?™z + ... is analytically linearizable.

The short proof of this result, based on the Newton method, can be found in
[Arn5].

Remark. If ;1 > 2, then the set of those «, for which there exists C' such that the
inequalities (7.1) hold (for any p, ¢), is a set of full Lebesque measure. (The reader
can prove this by himself.)
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9.65. Theorem of Briuno. ([Briu|) Let g, be the numerators of the n-th reducts in
expansion of « into continued fractions. If the Briuno condition

3 man1 _ (7.2)

Q7l
holds, then any analytic diffeomorphism f is analytically linearizable.

The proof of Briuno’s theorem is an example of a complete exploration of Newton’s
method. We shall present its main idea below.
Already A. D. Briuno and H. Cremer had noticed that the Briuno condition is
close to an optimal condition for convergence.

9.66. Theorem. ([Briu], [Cre]) If

In
lim sup Intt _ 0,

Q7l
then there exists an analytic diffeomorphism [ which is not analytically lineariz-
able.

The proofs of this result are based on estimations. V. I. Arnold has commented
on them in the following way (see [Arn5|):

“The proofs of divergence (Poincaré, Siegel, Briuno), preceding Pyartli’s work,
are based on calculation of the growth of the coefficients and do not explain the
reason of divergence in the same sense as the calculation of the coefficients of the
series arctan z shows its divergence for |z| > 1, but do not reveal the reason — the
singularities at z = £¢” .

These words were written about the proofs of divergence of normalizing series for
non-resonant singular points of vector fields. In the work of A. S. Pyartli [Pya]
finite parameter perturbations of such vector fields are considered. When we pass
through resonance an invariant analytic manifold is born. If the resonances ap-
proach quickly the unperturbed non-resonant case, then these invariant manifolds
cannot be destroyed and form obstacles to the linearization.

Of course Arnold’s words are relevant also in the existing proofs of convergence.
The main achievement of J.-C. Yoccoz was to give a geometrical proof of the
theorem of Briuno and to show that the Briuno condition (7.2) is also necessary
for convergence in the following sense.

9.67. Theorem of Yoccoz. ([Yoc|) If the irrational « does not satisfy the condition
(7.2), then there exists an analytic diffeomorphism f = €2™%z + ... which is not
analytically linearizable.

Before passing to the proofs we say a few words about expansions of real numbers
into continued fractions and present conditions equivalent to (7.2).

9.68. The continued fractions. In books on the theory of numbers the continued
fractions are introduced using a lot of formulas. We prefer the geometrical defini-
tion such as in [Arn5| (but we cannot avoid formulas).
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Figure 13

Let 0 < a < 1 be an irrational. Consider the real plane with coordinates x,y
(see Figure 13). We draw the line y = ax. We distinguish the points with integer
coordinates (g,p) in the first quadrant. They all, except (0,0), do not belong to
our line. We consider the convex hulls of the sets of integer points of the quadrant,
which lie at one side of our line (below and above respectively). (One can imagine
the integer points as nails and our line as a thread with one end fixed at infinity;
next one stretches the thread in the down direction and in the up direction). The
vertices (g, p) of the broken lines just constructed define the best approximations
of the number « by rationals p/q. It turns out that |a — p/q| < 1/¢>.

We describe the construction of our broken lines in another way. Denote the basic
vectors e_1 = (0,1), eg = (1,0). They lie on different sides of the line y = ax. We
shall construct the sequence of vectors e, es,... as follows. Let e,_; and e, be
already constructed and lie on different sides of the line. We shall add the vector
en t0 e,_1 as many times a,, as it is possible with the condition that the sum lies
on the same side of the line as e, _1.

In this way we obtain the sequence of natural numbers a, and the sequence of
integer vectors

€1 =€_1+0a1€0,...,€x41 = €1+ Ani1€p. (7.3)

(Note that a; = [1/a], the integer part of 1/a.) The endpoints of the vectors
en = (qn,pn) are the vertices of the above two convex hulls.
We denote by f,, the ‘distance’ of the point e, to the line y = ax,

B = (=1)"(gna — pn). (7.4)
From Figure 13 it is seen that 8_; =1, B, = «, the fractional part of «, and

Brs1 = Bno1 — an+108, (7.5)
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which implies that the ratios p, /g, form the best approximations to «, in the
sense that |a — p,/qn| < | — p/q| for any p and any g < @,. In fact, we have the
stronger statement 3, < |qa —p| < 3,,_; for ¢,—1 < g < gn.

We define also the numbers

Qp = 5n/ﬁn71' (76)
Thus oy = a. They lie between 0 and 1.
Dividing (7.5) by 3,,, we obtain

ayt = an + an. (7.7)

This means that ag = {a},...,ant1 = {a; !} where {-} denotes the fractional
part. Moreover, iterating (7.7) we recognize the continued fraction

1 1
a=ag+ayg=ag+ =ag + =....

1
a; + a; a1+a2+a2

We have also other properties of the introduced quantities.
Lemma.
n

(a) The (oriented) area of the parallelogram with sides ey, en—_1 is equal to (—1)".

(b) We have
Qn+16n + Qnﬁn_H =1. (78)

Proof. (a) For the initial parallelogram (eg,e_1) it is obvious. In the general case
this area equals
€n+1 X €n = Qqn+1Pn — AnPn+1

and is proved by induction using (7.3).

(b) We have ¢ = 